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Abstract

We study a novel variant of the multi-armed
bandit problem, where at each time step,
the player observes an independently sam-
pled context that determines the arms’ mean
rewards. However, playing an arm blocks it
(across all contexts) for a fixed number of fu-
ture time steps. The above contextual setting
captures important scenarios such as recom-
mendation systems or ad placement with di-
verse users. This problem has been recently
studied |Dickerson et al., [2018| in the full-
information setting (i.e., assuming knowledge
of the mean context-dependent arm rewards),
where competitive ratio bounds have been
derived. We focus on the bandit setting,
where these means are initially unknown;
we propose a UCB-based variant of the
full-information algorithm that guarantees a
O(log T')-regret w.r.t. an a-optimal strategy
in T time steps, matching the Q(log(T)) re-
gret lower bound in this setting. Due to the
time correlations caused by blocking, exist-
ing techniques for upper bounding regret fail.
For proving our regret bounds, we introduce
the novel concepts of delayed exploitation
and opportunistic subsampling and combine
them with ideas from combinatorial bandits
and non-stationary Markov chains coupling.
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1 INTRODUCTION

There has been much interest in variants of the
stochastic multi-armed bandit (MAB) problem to
model the phenomenon of local performance loss,
where after each play, an arm either becomes unavail-
able for several subsequent rounds [Basu et al., 2019],
or its mean reward temporarily decreases [Kleinberg
and Immorlical [2018] |Cella and Cesa-Bianchil, [2019].
These studies provide state-of-the-art finite time re-
gret guarantees. However, many practical applications
of bandit algorithms are contextual in nature (e.g., in
recommendation systems, task allocations), and these
studies do not capture such scenarios where the re-
wards depend on a task-dependent context.

Our paper focuses on the following contezrtual blocking
bandit problem: We consider a set of arms such that,
once an arm is pulled, it cannot be played again (i.e., is
blocked) for a fixed number of consecutive rounds. At
each round, a unique contezt is sampled according to
some fixed distribution over a finite set of contexts and
the player observes this context before playing an arm.
The reward of each arm is drawn independently from a
different distribution, depending on the context of the
round under which the arm is played. The objective
of the player is to maximize the expected cumulative
reward over an unknown time horizon.

Applications of the above model include scheduling
in data-centers, task assignment in online or physi-
cal service systems, and more generally, settings where
the contextual nature as well as transient unavailabil-
ity are important. As an example, consider a group
of agents (arms) with different expertise on a (mone-
tized) question-answering platform (e.g., JustAnswers,
Chegg, Quora). When a question is presented, the
platform assigns it to one of the agents, who answers
the question after a fixed amount of research time
(a.k.a. blocked time). If the answer is satisfactory, the
reward is ‘1’; else it is ‘0’. The probability that the an-
swer is satisfactory varies across agents based on their
individual expertise. Here, the context is the question
type, and the context-dependent mean reward is the
probability of a satisfactory answer. The goal of the
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platform is to match questions to agents who are both
available and have relevant expertise. At a high level,
settings such as that above forms the main motivation
of our model.

1.1 Key Technical Challenges

We introduce and study the problem of contextual
blocking bandits (CBB). In this setting, greedy ap-
proaches that play the best available arm fail. Instead,
for adapting to unknown future contexts, a combina-
tion of randomized arm selection and selective round
skipping (i.e., not playing any arm in some rounds)
is required for achieving optimal competitive guaran-
tees. This technique, that ensures sufficient future arm
availability, has been noted in [Dickerson et al.l [2018]
and |[Chawla et al., [2010| |Alaei et al.| [2012].

Prior work in the full-information case where the mean
rewards are known [Dickerson et all [2018], devises a
randomized LP rounding algorithm that is based on
round skipping. Critically, the round skipping proba-
bilities are time-dependent and computed offline given
the LP solution (see Section . These skipping prob-
abilities, however, cannot be precomputed in a bandit
setting, thus requiring some form of online learning.

To address the challenges of a bandit setting, a natural
idea is to use a (dynamic) LP. This LP would use upper
confidence bound (UCB) values (that vary over time)
in place of the true mean values that would be avail-
able in the full information setting (as in [Agrawal and
Devanurl, [2014, [Sankararaman and Slivkins| [2018]).

This strategy, however, creates a significant technical
hurdle: the LP is now a function of the trajectory,
and the availability state of the system depends on the
dynamically changing LP solution several steps into
the future. This correlates past and future decisions
and thus, prior techniques for analyzing the impact of
skipping rounds cannot be applied.

The LP using UCB values has a further challenge: An
action derived from the LP might not be available in
a particular round (due to blocking); thus no action
would be taken leading to no new sample of reward,
and thus, no evolution of the information state (main-
tained by the bandit to learn the environment).

1.2 Owur Contributions

(i) We develop an efficient time-oblivious bandit algo-
rithm for k arms and m contexts, that achieves

O (W) regret bound w.r.t. an a-optimal
strategy, with A the difference between the optimal
and best suboptimal extreme point solution of the LP,
and where « is the best possible competitive guaran-

tee. This requires two key technical innovations:

(a) Delayed Exploitation. At each time t, our algo-
rithm uses the UCB from the (past) time (¢t — M),
where M; = O(log(t)), for computing a new so-
lution to the LP. Introducing this delay is crucial
— it ensures that the dynamics of the underly-
ing Markov chain over the interval [t — My, t] have
mixed, and decorrelates the UCB from each arm’s
availability at time ¢. We believe that this tech-
nique might be of independent interest.

(b) LP Convergence under Blocking. We lever-
age techniques from combinatorial bandits |Chen,
et all 2016, [Wang and Chenl [2017] and combine
them with an opportunistic subsampling scheme,
in order to ensure a sufficient rate of new samples
associated with suboptimal LP solutions.

We validate our theory with simulations on synthetic
instances in Section [6] and Appendix [H]

(ii) For the full-information case, we prove an uncon-
ditional hardness of a = -dmax_ 7, Where dyax is the
maximum blocking time, es?gf)lishing that our algo-
rithm (and the one in [Dickerson et al.|[2018]) achieves
the optimal competitive guarantee. This improves on

the 0.823-hardness result of [Dickerson et al.l [2018].

(iii) As a byproduct of our work, we improve on [Dick-
erson et al.l [2018], in the special case where the block-
ing times are deterministic and time-independent.
Specifically, our algorithm (a) does not require knowl-
edge of the time horizon T, (b) involves a (smaller) LP
that can be optimized via fast combinatorial methods,
and (c) leads to a slightly improved competitive guar-
antee (asymptotically) for finite blocking times.

1.3 Related Work

From the advent of stochastic MAB [Thompson, [1933]
and later [Lai and Robbins| [1985|, decades of research
in stochastic MAB have culminated in a rich body of
results (c.f. [Bubeck and Cesa-Bianchil, 2012 [Latti-
more and Szepesvari, |2018]). Focusing on directions
which are relevant to ours, we first note that our prob-
lem differs from contextual bandits as in [Langford and
Zhang] 2008, [Beygelzimer et al.l 2011, [Agarwal et al.|
2014]. Although these works face the challenge of ar-
bitrarily many contexts, they do not handle blocking.

Our problem lies in the space of stochastic non-
stationary bandits, where the reward distributions
(states) of the arms can change over time. Two im-
portant threads in this area are: rested bandits |Git-
tins| [1979] |Tekin and Liu, 2012, (Cortes et al., 2017],
where the arm state (hence, reward distribution)
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changes only when the arm is played, and restless ban-
dits [Whittlel [1988] [Tekin and Liuj, 2012, where the
state changes at each time, independently of when the
arm is pulled. Our problem differs from these settings
(and from sleeping bandits [Kleinberg et al., 2010]),
as our reward distributions change in a very special
manner, both during arm playing (becoming blocked)
and not playing (i.i.d. context and becoming avail-
able). Our problem also falls into the class of con-
trolled MDPs with unknown parame-
ters. However, the exponentially large state space (i.e.,
O(d¥,..)) makes this approach highly space and time
consuming, and the finite time regret of known algo-
rithms [Auer and Ortner} [2007], [Tewari and Bartlett],
12008, |Gajane et al.,|2019] non-admissible.

In recent works [Kleinberg and Immorlica) 2018, [Basul
et all, [2019, [Cella and Cesa-Bianchi, [2019, [Pike-
Burke and Grunewalder| [2019], the reward distribu-
tion changes are determined by some fixed special
functions. Our setting belongs to this line of work,
as blocking can be translated w.l.o.g. into determinis-
tically zero reward. However, our problem differs from
the above, as the optimal algorithm in hindsight must
adapt to random context realizations. The models
in [Gyorgy et al.l 2007, |Pike-Burke and Griinewélder]
also assume stochastic side information and arm
delays, but consider different notions of regret, com-
paring to our work.

From an algorithmic side, the full-information case
of our problem has been studied in |[Dickerson et al.|
, in the context of online bipartite matching with
stochastic arrivals and reusable nodes (see also
for an interesting, yet unrelated to ours,
combination of matching and learning). In addition,
the non-contextual case [Basu et al., [2019] is related

to the literature on periodic scheduling [Holte et al.|
11989, Bar-Noy et al., 1998) |Sgall et al., [2009).

The idea of combining UCB [Auer et al., 2002] and
LP formulations also appears in bandits with knap-
sacks [Badanidiyuru et al., 2018, |Sankararaman and
Slivkins|, [2018], [Agrawal and Devanur], [2014] [Agrawal
et al), [2016]. Our problem differs from this model
(and from bandits with budgets [Slivkins| 2013, |Combes|
2015a)), as we assume both resource consump-
tion and budget renewal (i.e., arm availability) that
depend on the player’s actions. Finally, due to block-
ing, our problem differs from combinatorial bandits and
semi-bandits |Combes et al., [2015b, |Chen et al., 2013,
[2016, Kveton et all [2014, 2015]. However, we draw
from the techniques in [Wang and Chen| 2017] for an-
alyzing the regret of our LP-based algorithm.

2 PROBLEM DEFINITION

Model. Let A be a set of k arms (or actions), C
be a set of m conterts and T € N be the time hori-
zon of our problem. At every round ¢t € {1,2,...,T},
a context j € C is sampled by nature with probabil-
ity f; (such that > . f; = 1). The player observes
the realization of each context at the beginning of the
corresponding round, before making any decision on
the next action. When arm i € A is pulled at round
t under context j € C, the player receives a reward
X, Vt€{1,2,...,T}. We assume that the (context
and arm dependent) rewards {X; j ¢ };[r] are i.i.d. ran-
dom variables with mean u; ; and bounded support in
[0,1]. In the blocking bandits setting, each arm is in
addition associated with a delay d; € N>, indicat-
ing the fact that, once arm ¢ is played at some round
t, the arm becomes unavailable for the next d; — 1
rounds (in addition to round t), namely, in the inter-
val {t,...,t+d;—1}. The player is unaware of the time
horizon, but we assume that she has prior knowledge
of the context distribution {f;};ec and arm delays. As
we explain in Section [7} it is straightforward to relax
the above technical assumption, since these attributes
are independent of the player’s actions and, thus, can
be efficiently learned by the algorithm.

A specific problem instance I is defined by the tu-
ple (A,C,{di}viea, {fjtviec, {Xijt}vije), with each
element as defined above. We refer the reader to Ap-
pendix [A] for additional technical notation.

Online Algorithms. In our setting, an online algo-
rithm is a strategy according to which, at every round
t, the player observes the context of the round, and
chooses to play one of the available arms (or skip the
round). Specifically, the decisions of an online algo-
rithm depend only on the observed context of each
round and the availability state of the system. We
are interested in constructing an online algorithm 7,
that maximizes the expected cumulative reward over
the randomness of the nature and of the algorithm
itself, in the case of a randomized algorithm. Let
AT € AU 0 be the arm played by algorithm 7 at time
t, C; be the context of the round, and Ry be the ran-
domness due to the contexts/rewards realizations and
the possible random bits of 7. For any instance I and
time horizon T, the expected reward can be expressed
as follows:

Rew](T) = RJE

Z ZZXi,j,tH(A? =1,Cy = j)

te[T) jeCicA

Oracle. In order to characterize an optimal online
algorithm, one way is to formulate it as a Markov De-

cision Process (MDP) on a state space of size O(d~ ),
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which is exponential in the number of arms. Instead,
we take a different route by comparing our algorithms
with an offline oracle, i.e., an optimal (offline) algo-
rithm that has a priori knowledge of the context real-
izations of all rounds and infinite computational power
(a.k.a. optimal clairvoyant algorithm). Clearly, the
expected reward of the oracle, denoted by Rew7(T),
upper bounds the reward of any online algorithm.

Competitive Ratio. The competitive ratio, p™(T),
of an algorithm 7 for T time steps is defined as the
(worst case over the problem instance) ratio between
the expected reward collected by 7 and the expected
reward of the oracle, and is a standard notion in the
field of online algorithms El An algorithm 7 is called
a-competitive if there exists some « € (0, 1] such that
p™(T) > a,VT € Ny. Thus, an a-competitive algo-
rithm achieves at least « - Rew}(T) expected reward.

Approximate Regret. Let 7* be the oracle. Note
that, for any finite 7', and due to the finiteness of the
number of contexts and actions, such an algorithm is
well-defined. The a-regret of an algorithm 7 is the
difference between a times the expected reward of an
optimal online policyﬂ and the reward collected by T,
for a € (0,1], i.e
aRegl (T) = a-Rew;(T) — Rew] (7).

The notion of a-regret is widely accepted in the com-
binatorial bandits literature [Chen et al.l 2016, [Wang
and Chen, [2017] for problems where an efficient algo-
rithm does not exist, even for the case where the mean
rewards {j; j}vi; are known a priori (thus leading in-
evitably to linear regret in the standard definition).

3 FULL-INFORMATION SETTING

We begin by considering the full-information (non-
bandit) variant of the problem, where the mean re-
wards {f; j }ica jec are known to the player a priori.
Note that in both variants, we assume that the dis-
tribution of contexts {f;};ec and the delays {d;}ica
are known to the player (see Section , but the time
horizon is unknown. This case of our problem has
been also studied in [Dickerson et al. 2018|, in the
setting where the delays can be stochastic and time-
dependent, but the time horizon is known.

LP Upper Bound. Our first step is to upper bound
the reward of an optimal clairvoyant policy, Rew}(T),
which uses an optimal schedule of arms for each con-

Formally, p™(T) = inf; ﬁixi ((;))

2In fact, we use a stronger notlon of a-regret by assum-
ing that the optimal online algorithm is clairvoyant.

text realization. Consider the following LP:

maximize: Z Z Wi 52,5 (LP)
icAjecC
s.t.: Zz” < Vz cA (C1)
jec
Zzi,j < fi,Vjec (C2)
€A

zij > 0,Vie A VjeC.

In , each variable z; ; can be thought of as the
(fluidized) average rate of playing arm ¢ under con-
text j. Intuitively, constraints indicate the fact
that each arm ¢ € A can be pulled at most once ev-
ery d; steps, due to the blocking constraints. Similarly,
constraints suggest that playing (any arm) under
context j € C happens with probability at most f;. As
we show in the proof of Theorem provides an
(approximate) upper bound to the expected reward
collected by an optimal clairvoyant policy (when we
multiply its objective value by T'), and this approx-
imation becomes tighter as T increases. Finally, we
remark that, as opposed to the LP used in [Dicker-
son et all 2018]: (a) We do not require knowledge of
the time horizon T in order to compute an optimal
solution to (LP)), and (b) its structural simplicity al-
lows the efficient computation of an optimal extreme
point solution, using fast combinatorial methods (see

Appendix .

Online Randomized Rounding. Our algorithm,
FI-CBB, rounds an optimal solution to in an on-
line randomized manner (as in |[Dickerson et al., |2018],
but for a different LP), and serves as a basis for the
bandit algorithm we design in the next section (see
Appendix for a pseudocode):

FI-CBB: The algorithm initially computes an optimal
solution, {27}, to . At any round ¢, and af-
ter observing the context j; € C of the round, the
algorithm samples an arm, based on the marginal dis-
tribution {2, /fj, }ica. At this phase, any arm can
be sampled, independently of its availability state. If
no arm is sampled (because ), 4 27, /fj, < 1), the
round is skipped and no arm is played. Let i, € A
be the sampled arm of this phase. If the arm 4; is
available, the algorithm plays the arm with probability
Bi,+ (formally defined shortly)- otherwise, the round
is skipped.

For any arm i € A and round t, we set B, =
min{1, 57 d — o } where ¢;; is the a priori probabil-
ity of ¢ being avallable at time ¢ (i.e., before observing

any context realization). The value of g;;, can be re-
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cursively computed as follows:

gip=1and g1 =qie(1—Bie Y 27))
jec
+1(t > di) gi,t—d;+1Bit—di+1 Z zig (1)
Jjece

In the above algorithm, the arm sampling at the begin-
ning of each round ensures that, on average, each arm-
context pair, (i,7), is selected a 2] -fraction of time.
Moreover, {8;+}vis correspond to the non-skipping
probabilities— their role is to ensure a constant rate of
arm availability over time. The technique of precom-
puting these probabilities as a function of the expected
arm availability has been proven useful for achieving
optimal competitive guarantees in various online op-
timization settings (see, e.g., |[Dickerson et all [2018|
Chawla et al., [2010| [Alaei et all [2012]), where other
approaches (such as greedy LP rounding) fail.

In the following theorem, we provide the competitive
guarantee of our algorithm FI-CBB. Due to space con-
straints and the partial overlapping with [Dickerson
et al., 2018, its proof has been moved to Appendix

Theorem 1. For any T, the competitive ratio of
FI-CBB against any optimal clairvoyant algorithm

y dmax _ dmax*1 —
is at least T (1 1+T)7 where dpax =

x—1 Amax—

maX;e A dl .

4 BANDIT SETTING

In the bandit setting of our problem, where the mean
rewards {u; ;}vi; are initially unknown, we design
a bandit variant of FI-CBB, that attempts to learn
the mean values of the distributions {X; j;}v for all
i1 € A, j € C, while collecting the maximum possible
reward. Our objective is to achieve an a-regret bound
growing as O(log(T)), for a = Qdimﬁ. Due to space
constraints, the proofs are deferred to Appendix [El

4.1 The Bandit Algorithm: ucb-cbb

Our algorithm, named UCB-CBB, maintains UCB in-
dices for all arm-context pairs, and uses them (in place
of the actual means) to compute a new optimal solu-
tion to at each round. Given this solution, the
algorithm samples an arm in a similar way as FI-CBB.
We expect that, as the time progresses, the LP solu-
tion computed using the UCB estimates will converge
to the optimal solution of and, thus, the two al-
gorithms will gradually operate in an similar manner.

However, as the UCB indices are intrinsically linked
with arm sampling, the future arm availability and,
thus, the sequence of LP solutions become correlated

across time. This makes the precomputation of non-
skipping probabilities, {f; .}, as before, no longer
possible. In order to disentangle these dependencies,
we introduce the novel technique of delayed exploita-
tion, where at each round, UCB-CBB uses UCB esti-
mates from relatively far in the past. This ensures
that the extreme points used in the meantime are fixed
and unaffected by the online rounding and reward re-
alizations in the entire duration. Using this fixed se-
quence of extreme points, we adaptively compute non-
skipping probabilities that strike the right balance be-
tween skipping and availability.

We now outline the new elements of UCB-CBB (which
we denote by 7), comparing to FI-CBB.

Dynamic LP. As opposed to the case of FI-CBB,
where the mean rewards are initially unknown, our
bandit algorithm solves at each time ¢ € [T] a linear
program (LP))(t). This LP has the same constraints
as (LP)), but uses UCB estimates, {fi; ;(t)};;, in place
of the actual means in the objective. Following the
standard UCB paradigm, for every ¢ € A and j € C,
this estimate is defined as

1} . (2)

In the above formula, T; ;(¢) denotes the number of
times arm ¢ is played under context j up to (and ex-
cluding) time ¢, and fij.1; ;(t) denotes the empirical
estimate of p; ;, using T; ;(¢) i.i.d. samples.

3In(t)
2T 5(t)’

fi,j(t) = min {ﬂi,j,n,j(t) +

Delayed Exploitation. In order to decouple the
UCB estimates and, thus, the extreme point choices,
from the arm availability state of the system, our al-
gorithm, at any round ¢, uses the UCB indices from
several rounds in the past. For any ¢ € [T], let
Z(t) = {z,;(t)}i; be the optimal extreme point so-
lution to (LP)(¢), i.e., using the indices {f; ;(¢)}i;
in place of the actual mean rewards. Moreover, let
Z(0) be an arbitrary extreme point of . For any
t € [T], we fix M; = O(logt), in a way that there is
a unique integer T, > 1, such that t > M; + 1 if and
only if t > T, (see Appendix .

At any t € [T], and after observing the context j; € C
of the round, our algorithm samples arms according
to the marginal distribution {z;j,(t — M)/ fj, }ica,
namely, using the solution of (t — M;). In the
case where t — M; < 0, the algorithm samples arms ac-
cording to the marginal distribution {z; ;,(0)/f;, }icas
based on the initial extreme point Z(0).

Conditional Skipping. In UCB-CBB the non-
skipping probabilities of each round ¢ € [T, {8 }vis
now depend on the sequence of solutions of up
to time ¢, that are used for sampling arms. We define
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by H; the history up to time ¢ for any ¢ > 1, which in-
cludes all context realizations, pulling of arms, and re-
ward realizations of played arms. For every arm ¢ € A
and time ¢, the non-skipping probability is defined
as iy = mm{l, 5. _1m}, where g; +(Hi— )
now corresponds to the probability of ¢ being avail-
able at time ¢, conditioned on the history up to time

Hy .

For t < T,, where the extreme point Z(0) is used at
every round until ¢, the probability g¢;(Hp), for any
i € A can be recursively computed similarly as in the
full-information case (using the recursive equation ,
where every z7 . is replaced with z; ;(0) for any i €

A, jeC).

For t > T, the value ¢; +(H;_n,) is the probability
that arm ¢ is available at time ¢, conditioned on H;_yy, .
By definition of T, for any 7 € [t — My, t], it is the case
that 7—M,; <t—M; and, thus, H,_j;. C H;_py,. This
implies that all the extreme points in the trajectory of
(LP)(r— M) for T € [t— M, t], as well as the involved
non-skipping probabilities {8; r }ic4 are deterministic
and, thus, computable, conditioned on H;_js,. The
computation of ¢;;(H;—_p;,) can be done recursively
similarly to . However, the extreme point solutions
depend on arm mean estimates that vary over time,
thus requiring a more involved recursion (see Appendix
for more details). Our choice of M; = O(logt) is
large enough to guarantee sufficient decorrelation of
the extreme point choices and the future arm avail-
ability, but also small enough to incur a small additive
loss in the regret bound.

»J

The above changes are summarized in Algorithm
In Appendix we provide a routine, called
coMPQ(i,t,H), for the computation of ¢; 1 (Hi— s, )-

Algorithm 1: UCB-CBB
Set fi;,;(0)41 for all i € A, j € C and compute an

initial solution Z(0) to (LP).
fort=1,2,... do
Set M < |2log, (t)] + 2 - dmax + 8, where
c1 =e%/(e? —1).
if ¢t < M then Set M =1t.
Compute solution Z(t — M) = {z; j }ica jec to
[EP)(t — M).
Observe context j; € C and sample arm i, € A
with probability z;, j,/f;,-
if i; # 0 and i; is available then
Set g, +(Hy— M)%COMPQ(it,t H,_pr) and
Bi, ¢ min{1, 2d = m}
if u < G, +, for u ~ U[0,1] then Play ;.
Update the UCB indices according to Eq. .

4.2 Analysis of the a-regret

We define the family of extreme point solutions Z =
{27;}i of as Z. We note that, as (LP))(t) varies
from only in the objective, the family of extreme
points remains fixed and known to the player. We de-
note by Z* = {2} }vi; any optimal extreme point of
(LP]) with respect to the mean values {p;¢}vi:, and
we denote by Z5 the set of suboptimal extreme points.
We now define the relevant gaps of our problem by spe-
cializing the corresponding definitions of [Wang and
Chen| 2017], in the case where the family of feasible
solutions coincides with the extreme points solutions
of . As we discuss in Appendix the follow-
ing suboptimality gaps are complex functions of the
means, {p; ;}iea jec, arm delays, {d;}ica, and con-
text distribution, {f;} ec-

Definition 1 (Gaps [Wang and Chen, 2017]). For
any extreme point Z € Z° the suboptimality gap
s Ny = ZieAZjecum(z;"j — zZZ]) and Apax =
supzez Az. For any arm-context pair (i,j), we de-
fine Amm =infycgs .2 the minimum Az

over all Z € 25 such that z ;> 0.

>OAZ; ie

The first step of our analysis is to show that de-
layed exploitation, indeed ensures that the dynamics of
the underlying Markov Chain (MC) over the interval
[t — M, t] have mixed. This weakens the dependence
between online rounding and extreme point choices
and, thus, decorrelates the UCB from arm availability
at time ¢. Let Fft be the event that arm ¢ is available
at time t. Using techniques from non-homogeneous
MC' coupling, we prove the above weakening formally
in the following lemma.

Lemma 1. For any arm i € A and rounds t,t' € [T]
such that 0 <t —t' < d; and t > T,, we have:

P (F, |He—
( zt| t Mt) S1+CO'CfMta
( zt"Ht/ Mf/)

62 2dmax 62
forcog=e (62—_1> and ¢1 = .

Proof sketch. The key idea of the proof is to link
the quantities P ( i t,|Ht M,) and P ( 7 t,|Ht/ M /) to
the evolution of a fast- mixing non- homogeneous MC.
Let us fix an arbitrary run of UCB-CBB upto time
t — My, which fixes the sequence of extreme points in
the run as z;;(7 — M;), and the skipping probabilities
as B for 1 <7 <t (see Appendixfor details). For
this run and any fixed arm ¢, we construct the non-
homogeneous MC with state space {0,1,...,d; — 1},
where each state represents the number of remain-
ing rounds until the arm becomes available. At time
7 > 1, the MC transitions from state 0 to state (d; —1)
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w.p. Bir Zj 2 ;(T — M;), and from state d > 0 to
state (d — 1) w.p. 1. Let v(7), be the first time on
or after 7 when arm 7 becomes available. We show
that P (Fi’:rt, |Hs— Ms) equals the probability that an in-
dependent copy of the above MC which starts from
state 0 (available) at time v(s — M), named Xj, is
available at time #’. As the two independent MCs
{Xs,s = t,t'} evolve on the same non-homogeneous
MC, we show using coupling ideas that at time ¢’ the
L1 distance between their distributions decays expo-
nentially with M;. Specifically, we construct a Doe-
blin coupling [Lindvall, 2002] of the two MCs, where
at each time 7 > (t — M; + d;) w.p. at least 1/e?, the
two MCs meet at state 0, thus coupling exponentially
fast. |

As we show below, Lemma [I| allows us to relate
aReg] (T) to the suboptimality gaps of the sequence
of LP solutions used by UCB-CBB. This comes with an
additive O(log(T)Anyax) cost in the regret.

Lemma 2. For the a-regret of UCB-CBB, for a =
2ddmax_1 and M = ©(log T + dmax), we have

max

T—M
a Regj (T) < £ SN wag (21— z4()

N Y21 e A jec

+ % In(T)Apmax + 6dmax + 71.

Proof sketch. Starting from the definition of
aReg’ (T): We upper bound a-Rew7(T) using Theo-
rem [I} while we incur regret in four distinct ways. (a)
We incorporate the (1 —©(7~'))-multiplicative loss
as a O(dmax) additive term in the regret. (b) We
upper bound the total regret during time 1 to T, by
(max;j ptij)Te = O(dmax). (c) We separate the rounds
t > T., when M, is increased (and, thus, the same
UCB values are used more than once). This happens
©(log(T')) times, adding another ©(log(7T")) Apax term
to the regret. (d) For the rest of the “synchronized”
rounds ¢t > T, (i.e., where each one uses strictly up-
dated UCB estimates), using Lemma (I} we show that
i € Ais played under j € C with probability “close” to
#zm (t — M), where the total approximation loss
leads to an additive ©(1) term in the regret. |

By Lemma [2] we see that UCB-CBB accumulates only
constant regret in expectation, once all the extreme
points of Z5 are eliminated with high probability. For
this to happen, we need enough samples from each of
the arm-context pairs in the support of any Z € ZS
(i.e., supp(Z) = {(4,5) \zZZJ > 0}). Once the algorithm
computes a point Z € Z5 (as a solution of (LP))(t)),
each pair (i,j) € supp(Z) is played with probabil-
ity zZZ] > 0, assuming there is no blocking or skip-
ping. Leveraging this observation, we draw from tech-

niques in combinatorial bandits with probabilistically

triggered arms [Chen et al.| 2016, |Wang and Chen)
2017]ﬂ In this direction, following the paradigm of
[Wang and Chen, [2017], we define the following sub-
families of extreme points called triggering probability
(TP) groups:

Definition 2 (TP groups |[Wang and Chen, [2017]).
For any pair (i,j) € AxC and integer | > 1, we de-
fine the TP group Z; ;,={Z € Z | 2_l<zfj§2_l+1},
where { Z; 51} 151 forms a partition of {Z€ Z | z7;>0}.

The regret analysis relies on the following counting ar-
gument (known in literature as suboptimality charg-
ing) — now standard in the combinatorial bandits lit-
erature [Kveton et all [2015] |Chen et al. 2016, Wang
and Chen, 2017]: For each TP group Z; ;;, we asso-
ciate a counter V; ;;. The counters are all initialized
to 0 and are updated as follows: At every round ¢,
where the algorithm computes the extreme point solu-
tion Z(t), we increase by one every counter N; ;;, such
that Z(t) € Z; ;;. We denote by N; j;(t) the value of
the counter at the beginning of round ¢.

Opportunistic Subsampling. In the absence of
blocking, it can be shown [Wang and Chen, [2017]
that at any time ¢ and TP group Z;;;, we have
T;;(t) > £27'N; ;,(t) with probability 1 — O(1/¢t%).
This guarantees that by sampling arm-context pairs
frequently enough, the algorithm learns to avoid all the
points in Z% with high probability. However, no such
conclusion can be drawn in our situation, where arm
blocking can potentially preclude information gain.
Specifically, the naive approach of subsampling the
counter increases every d; rounds, can only guarantee
that T3 ;(t) > O(2Nyu(t)) with high probability,
thus, leading to a ©(y/dmax) multiplicative loss in the
regret. We address the above issue via a novel oppor-
tunistic subsampling scheme, which guarantees that,
even in the presence of strong local temporal correla-
tions, we still obtain a constant fraction (independent
of d;) of independent samples with high probability.

Lemma 3. For any time t € [T], TP group Z,,, and
O(2'1og(t)) < s <t —1, we have:

P (Ni,j,l(t) = S,Tiyj(t) S ﬁ?ilNiJ,l(t)) S tig
Proof sketch. Due to blocking, there is no uniform
lower bound for playing a pair (4, j) each time N; ;,(t)
is increased. Therefore, we subsample the increases of
N, ;i(t) in a way that: (a) the subsampled instances
of increases are at least d; rounds apart, and (b) the
subsampled sequence captures a constant fraction (in-
dependent of d;) of non-skipped rounds of the original
sequence. The two properties ensure that, in the sub-
sampled sequence, the number of times a pair (i, 7)

3The papers [Chen et al., 2016, Wang and Chen), [2017]
capture a more general setting, which we omit for brevity.
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is played concentrates around its mean. For a TP
group Z; j,;, we consider blocks of (2d; — 1) contigu-
ous counter increases. From each block we obtain one
sample in the first d; counter increases, opportunisti-
cally picking a non-skipped round if there is one. By
construction, the samples remain d; rounds apart, en-
suring property (a). Also, we show there is at least
one non-skipped round per block with probability at

least (2d 1)2 ! ensuring property (b). |

As we observe, the small size of implies that
all its extreme points are sparse. This makes it less
sensitive to the error in the estimates; which, in turn,
leads to tighter regret bounds (see Theorem .

Lemma 4. For any Z € Z, |supp(Z)| < k +m.
By combining Lemmas and [4] along with subopti-
mality charging arguments of [Wang and Chen) [2017]

(as described above), we provide our final regret upper
bound in the following theorem.

Theorem 2. The a-regret of UCB-CBB for a =
—dmax _ gnd o universal constant C > 0 satisfies

Zdmax—1
<ZZ k+A7?Zjlog( )

€A jEC min

+7ZZI < Z+m)>Amax+6'dmax~

i€ A jec min

o Regi (T

5 HARDNESS RESULTS

Unconditional hardness. The NP-hardness of the
full-information CBB problem follows by [Sgall et al.|
2009, Basu et al., [2019], even in the non-contextual
(offline) setting [Basu et al., 2019]. In the follow-
ing theorem, we provide unconditional hardness for
the contextual case of our problem (see Appendix
for the proof). This result implies that the competi-
tive guarantee of FI-CBB is (asymptotically) optimal,
even for the single arm case. Moreover, since the con-
struction in our proof involves deterministic rewards,
the theorem also implies the optimality of the algo-
rithm in [Dickerson et al. 2018], thus, improving on
the 0.823-hardness presented in that work.

Theorem 3. For the (asymptotic) competitive ratio
of the full-information CBB problem, it holds:

dmax

lim supp™(T) < 1

T—+o00

Tightness of the regret bound. It is an intriguing
open question whether the O(M log(T)) depe-
dence in the a-regret of UCB-CBB is the best possi-
ble. Unfortunately, there exists no known framework
in the literature for lower bounding the a-regret of

a bandit algorithm for a < 1. In part, this is be-
cause, for instances that are “hard” to learn, the con-
sidered family of algorithms must strictly collect (in
expectation) an a-fraction of the optimal expected re-
ward, in the full-information setting. In the opposite
case, these algorithms can exhibit negative regret [Basu
et all 2019, thus, invalidating any attempt to con-
struct lower bounds.

Nevertheless, there is evidence to support that the de-
pendence of our a-regret bound is not far from op-
timal. Indeed, consider the following easy instance
where lower-bounding regret for « = 1 is possible:
assume k arms, each with delay m, and m contexts
each with frequency % Let the contexts arrive in a
deterministic round-robin manner. In this setting, the
optimal algorithm (i.e., @« = 1) plays a specific arm
for a specific context obtained by solving the max-
weight bipartite matching problem between arms and
contexts, with p; ; being the weight between arm ¢ and
context j. By leveraging existing works (e.g., [Merlis
and Mannor| [2020]), we can provide a lower bound
of Q((kmmin{k, m}/Anin)log(L)), where Ay, is the
mean difference between the reward of the max-weight
and second-max-weight matching, nearly matching our
dependence in k and m. Converting this to a full proof
for our setting (with stochastic contextual arrivals) re-
mains open.

6 NUMERICAL SIMULATIONS

We compare the cumulative regret of our algorithm,
UCB-CBB, with a natural greedy heuristic, called UCB-
GREEDY, that plays the arm of highest UCB index for
the observed context, among the available arms using
numerical simulations.

OB
= UCB-GREEDY UCB-CBEB

= UCB-CBB

— block
skip
—Ip skip

Probability

(f
=

0 2000 4000 65000 8000 10000

. 2o i ov sl Lwcu
Time

Time

(a) Cumulative Regret (b) Round Skipping Rates
Figure 1: We present the empirical a-regret of UCB-
CBB/UCB-GREEDY and skipping rates for uCB-CBB. We
consider 10 arms and 10 contexts (i.e., effectively 100 re-
ward distributions). The arm delays are selected uniformly
from {8,9} and the context distribution is sampled uni-
formly from a simplex. The best arm per context has mean
0.9, whereas all other arm-context pairs have means chosen
uniformly in [0, 0.3].

We simulate the UCB-CBB and UCB-GREEDY algo-
rithms, for 60 sample paths and 10k iterations, and
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report the mean, 25% and 75% trajectories of (a) cu-
mulative a-regret. Additionally, for the UCB-CBB al-
gorithm we report (b) the empirical probabilities of
(i) LP skip: skipping due to the sampling according
to the LP solution (i.e., when ), , Zf—: < 1 for some
context j5), (i) skip: skipping due to our adaptive skip-
ping technique (with probability 1 — j; ; for a sampled
arm i), and (iii) block: skipping because the sampled
arm is already blocked.

As we observe in Figure [l the UCB-CBB algorithm us-
ing adaptive skipping balances the instantaneous re-
ward and the future availability to achieve a logarith-
mic a-regret, whereas the UCB-GREEDY algorithm suf-
fers a linear regret. See Appendix [H] for extended def-
initions of the above metrics, the UCB-GREEDY algo-
rithm, and additional simulations.

7 EXTENSIONS

In this section, we discuss possible extensions of our
model and techniques.

Delayed feedback. In practice, it is natural to as-
sume that the reward of an action is realized at the end
of the blocking period (see, for example, the question-
answering application provided in Section . Clearly,
this is already captured by our model in the full-
information setting where the actual reward realiza-
tions do not matter. Further, due to our technique of
delayed exploitation, our bandit algorithm, UCB-CBB,
already incorporates the above characteristic, since, by
construction, it only uses knowledge on an outcome of
an action at least dyax rounds after its playing.

Unknown Context Frequencies and Delays. Our
technical assumption of known context frequencies can
be relaxed by using empirical estimates of the frequen-
cies in constraints of the , instead of the ac-
tual frequencies. As the context realizations are inde-
pendent of actions, the above estimation does not suf-
fer from explore-exploit tradeoffs and, thus, our proofs
can be extended to provide a sublinear 5 d‘fn“;i"_l—regret
bound. Further, deterministic delays can be estimated
trivially by playing each arm once.

Context Dependent Delays. A generalization of
our model that would extend the range of applica-
tions captured is that of context dependent delays,
namely, the case where each arm i € A can have
a different delay d;;, when played under context
j € C. On the technical side, it can be proved that
our algorithm maintains its a = 3 dfiiil—competitive
ratio, simply by replacing constraints (C1)) with
djecdijzij < L,Vi € A and by adjusting the
recursive computation of the non-skipping proba-

bilities as G;; = min{l,@ddmﬁ}, where ¢;; =
’ max i,

P(EjeC 3t elt—dij+1,t—1]: A, =1,C; = ).
In the bandit case, our technique of delayed exploita-
tion together with the coupling arguments suffices to
provide a logarithmic a-regret bound. A caveat in the
above extension is that the aforementioned guarantees
hold against a non-clairvoyant optimal solution.

Stochastic Delays. An interesting open direction is
the case where the arm delays are stochastic and their
distributions are initially unknown. On the positive
side, our techniques can be extended in the case where
the delay distribution is known, simply by replacing
the constant d; with E[d;] in constraints of
and adjusting the computation of non-skipping prob-
abilities. However, this computation now relies on the
complete knowledge of the distribution, which, in the
bandit case, can only be learned empirically using sam-
ples. It would be interesting to explore whether our
techniques suffice for maintaining a sublinear a-regret
bound, under this additional online learning aspect.

Conclusion

In this work, we consider a variant of the blocking
bandits problem [Basu et al.|[2019], where a stochastic
context is observed at the beginning of each round that
determines the arm mean rewards. Using the novel
techniques of delayed exploitation and opportunistic
subsampling, we have developed a bandit algorithm
with logarithmic (approximate) regret guarantee. We
believe that these techniques could potentially serve as
building blocks for approaching similar problems.
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Supplementary Material

A TECHNICAL NOTATION

For any event &£, we denote by I(€) € {0,1} the indicator variable that takes the value of 1 if £ occurs and

0, otherwise. For any number n € N, we define [n] = {1,2,...,n} and for any integer r € Z, we define
[r]* := max{r,0}. Moreover, we use the notation ¢t € [a,b] (for a < b) for some time index ¢, in lieu of
te[T)n{a,a+1....,b—1,b}. Unless otherwise noted, we use the indices ¢ or i’ to refer to arms, j or j’

to refer to contexts and ¢, t’ or 7 to refer to time. We use log(-) for the logarithm of base 2 and In(-) for the
natural logarithm. Let A7 € AU{0} be the arm played by some algorithm 7 at time ¢ and let FJT, be the
event that arm ¢ is free (1 e. not blocked) at time ¢ for some algorithm 7. We denote by C; € C (or simply
ji+ € C) the observed context of round ¢. For a given instance I, let dynax = max;e4{d;} be the maximum
delay of an arm. In this reading, expectations can be taken over the randomness of the nature, including the
sampling of contexts (denoted by R¢) and the arm rewards (denoted by Rx), as well as the random bits of the
corresponding algorithm (denoted by R, for an algorithm 7). We denote by Ry, the randomness generated by
the combination of the aforementioned factors.

B OMITTED PSEUDOCODES

B.1 Pseudocode of Algorithm fi-cbb

Algorithm 2: FI-CBB

Compute an optimal solution {z},}vi; to

Initialize the non-skipping probabilities: ¢;1 <1, 8i1 + 575, Vi € A.
fort=1,2,... do

Observe context j; € C.
Generate u,v ~ U|0, 1].

Sample arm i; such that u € [Zi,—:ll Zif’J;J‘t S Zif’;ft) (assuming a fixed arm order).
Jt Jt
if iy # 0 and i, is available and v < f3;, ; then
‘ Play arm ;.
else
‘ Skip the round without playing any arm.

for i € A such that d; > 2 do

Qit+1 < Qit ( - 51‘ t dec ”) +1 (t > d; )Qi,t—dﬁlﬂi,t—dﬁl Zjec Zz*j

1
ﬁl 41 < mln{l, 2d _1 m}
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B.2 Computation of the Conditional Non-skipping Probability, compq (i,¢, H;_ s, )

Algorithm 3: coMPQ(i,t, H;_pr,)
if (i,t) in Cache then
return Cachel(i,t)] // Global Cache
Let Z(t') be the solution of (LP)(¢') Vt’ € [T] and Z(0) = Z(7) V7 < 0 be an initial solution.
Set tg < the first time on or after max{1l,¢ — M;}, when arm i becomes available.
Set Qity < 1.
for t' =ty,...,t —1do
t" 1t —d; + 1.
Bir < min{l, ;% L y} for 7 € {t',t"}.

’ 2d;—1 compQ (i,7,Hr_ .
Q' +1 < Qv (1 = Biw D jec it — Mt’)) + 1" > to) qi,er Bisr D jec 7, (8" — Myr).
Cachel(,t)] = ¢i,t- // Memorization
Remove all (i,t') s.t. ' <t — M, from Cache. //Garbage Collection
return g; ;.

C DISCUSSIONS

C.1 Optimizing over (LP) using Combinatorial Methods

The linear formulation (LP) contains & - m variables and k- m + k + m constraints (including the non-negativity
constraints).

From a practical perspective, an optimal extreme point solution to can be computed efficiently using
fast combinatorial methods. Indeed, every instance of the can be transformed into an instance of the
well-studied MAXIMUM WEIGHTED FLOW problem and solved by standard techniques such as cycle canceling
|Goldberg and Tarjan|, (1989] or fast implementations of the dual simplex method for network polytopes [Orlin
et all, [1993].

We now describe the reduction: We consider a node i for every arm ¢ € A and a node j for every context j € C.
We define two additional nodes: a source node s and a sink node ¢. For each variable z; ;, we associate an edge
(¢,7) of capacity ¢; ; = 400 and weight w; ; = ; ;. In addition, for each node i € A, we consider an edge (s, 1)
of weight ws; = 0 and capacity ¢s; = 1/d;, while for each node j € C, we consider an edge (j,t) of weight
w;+ = 0 and capacity c;; = f;. It is not hard to verify that the optimal solution to coincides with a flow
of maximum weight in the aforementioned network.

C.2 Suboptimality Gaps

In general, the suboptimality gaps, A%n, of the LP are complex functions of the means, {y; ;} ;, arm delays,
{d;};, and context distribution, {f;};. This fact should not be surprising— it is the combination of all these
parameters that determines how an optimal (or near-optimal) solution must behave.

Interestingly, when applied to the standard MABE| problem |Lai and Robbins, [1985] (i.e., single context and unit
delays), the gap Ay’ for i > 1, matches the standard notion of gap A; = uy ; — i, j, where i = 1 is the arm of
highest mean reward (and j the unique context).

As another example of suboptimality gaps, consider the following structured instance: Let k > 2 arms and
m = k contexts. All the arms have equal delay d; = k,Vi € A and all contexts appear with equal probability
fi = +,Vj € C. We assume that y;; = A >0, if i = j, and p; ; = 0, otherwise. In the above instance, it is not
hard to verify that the variables {z; ;}; ; in any extreme point solution of (LP)) take values in {0,1/k}. Moreover,
the support of the optimal extreme point solution corresponds to a maximum bipartite matching (w.r.t. the
edge weights {f; j}i ;) in the underlying bipartite graph consisting of arm (left) and context (right) nodes.

Let M C [k] x [k] be the maximum matching in the above bipartite graph with respect to the mean values.
Moreover, we define M; ; C [k] x [k] for any ¢ # j to be a maximal matching in the above graph that necessarily

“The standard MAB regret lower bound is O(k - %), where A is the minimum gap between two arms.
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contains the edge (4,7) of p; ; = 0 (which corresponds to a matching of k — 2 edges). In addition, we define
M, ; = M\ (i,7), namely, the maximum matching with the edge (i,4) removed. Using the above definitions, we
can see that the optimal solution to (LPJ) can be expressed as Z(i’j)GM Azl = kA% = A. It is not hard to

verify that the suboptimality gap of any pair (4, ) with ¢ # j can be expressed as

» 1 k—2 2
AZJ- — A — Af = A R —— = — .
min ‘ Z k k A kA
(.5 ) €M, ;
Finally, for the suboptimality gap of any pair (i,i), we have
i 1 k—1 1
Y= A — —=A-—A=-A.
Amm A Z A k k k

(¢',j")EM; 4

C.3 Difference in a-regret Definition

We note that in Definition 5 in [Chen et al.,|2016], a super-arm (which is analogous to an extreme point of
in our paper) is defined as bad, if the reward from this super arm is less than « times the reward of an optimal
super arm. However, in our case an extreme point is bad if its reward is less than 1 times (not 5 diln:i"_l times)
the optimal solution of the LP (LPJ]). This difference is present in our paper, as we require solving the LP (LP))
optimally with probability 1 at each time slot, in order to ensure a %—appmxima‘cion algorithm. This is in
contrast with the combinatorial bandits literature [Wang and Chenl [2017| |Chen et all [2016], where in each time
slot the oracle provides an a-approximate solution to the combinatorial problem with probability at least (3, for
a, B € (0,1]. Our approximation loss comes from the online rounding, rather than from the LP solution at each

time slot.

D CONCENTRATION INEQUALITIES

In this section, we outline the standard concentration results that we use in our proofs.

Theorem 4 (Hoeffding’s Inequality). E| Let X1, ..., X, be independent identically distributed random variables
with common support in [0,1] and mean p. Let Y = Xy + -+ + X,,. Then for all 6 > 0,

P(|Y — nu| > ) < 2e725°/m,

Theorem 5 (Multiplicative Chernoff Bound). ﬁ Let Xq,...,X, be Bernoulli random wvariables taking values
from {0,1}, and E[X¢|Xt—1,...,X1] > u for everyt <m. Let Y = Xy +---+ X,,. Then, for all0 <6 <1,

(52nu

PY<(1-0nu <e >

E FULL-INFORMATION PROBLEM AND COMPETITIVE ANALYSIS:
OMITTED PROOFS

E.1 Proof of Theorem [1]

We now prove a lower bound on the competitive guarantee of FI-CBB, against any optimal clairvoyant algorithm.
The proofs of the lemmas we use in the proof of the following theorem are also contained in this section of the
Appendix.

Theorem 1. For any T, the competitive ratio of FI-CBB against any optimal clairvoyant algorithm is at least

dinax (1_ dinax —1

dmax—14+T )7 where dpax = max;e 4 d;.

2dmax—1
5This is a standard concentration result and the statement can be found, e.g., in [Lattimore and Szepesvari, 2018|
5The result is a combination of Theorem 4.5 and Exercise 4.7 in [Mitzenmacher and Upfal, [2017[, in the case where
the {X:}icjn) are independent. The authors in [Wang and Chenl, |2017, |Chen et all [2016] describe a slight modification
that directly proves the statement.
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Proof. The first step in our analysis is to show that the optimal solution of (LPJ), denoted by ReW%P yields a

(1 — dm:fiilii“) approximate upper bound to the maximum (average) expected reward collected by any (clair-

voyant) algorithm, denoted by Rew}(T). Note that, since Rew?” represents an upper bound on the average
collected reward, we multiply it with 7', in order to compare it with Rew}(T). Finally, we emphasize that the
multiplicative approximation of the upper bound asymptotically goes to 1 as T" increases.

Lemma 5. For any time horizon T, we have

Amax — 1
T Rewr' > (1 - —22 —
ew _< dmax*]-“l’T

> Rew;(T).
We denote by F, the event that arm ¢ is available in time ¢, and by Ay the arm played at time ¢, where
AT € {AU 0}. Moreover, we denote the event of playing arm ¢ at context j at time ¢ as I (AT =i,C = j) for
all i€ Aand j € C. We fix a time horizon T, for the purpose of the analysis.

The FI-CBB algorithm at each time ¢ plays an arm ¢ if it is (7) sampled (i) available and (%) not skipped. The
sampling of arm 7 under context j € C happens with probability 27 ; and the arm is not skipped with probability
Bi.+, independently. Finally, the arm is played if it is available, which happens independently of sampling and
skipping, with probability P (Fft) The above analysis leads to a recursive characterization of P (Fft) Upon
inspection, this is the same characterization as for ¢; ; given in Eq. . We formally summarize the above in the
following lemma:

Lemma 6. At every round t € [T] and for any arm i € A and context j € C, it is the case that
P(A7 =4,Cr =j) = 2} ;Bis P (ET,). Moreover, we have q;+ =P (F[,), Vi€ A,t € [T).

We observe that by design of the skipping mechanism f;;, the quantity §;: - lP’(FZ-Tt) never exceeds s d’i —

Leveraging this observation, we show that at every time ¢ € [T, it is the case that P (Fft) > 5 d . This allows
us to completely characterize the behavior of the algorithm as it is shown in the following lemma

Lemma 7. At every round t € [T, the probability that FI-CBB plays an arm i € A under context j € C is exactly
P (A7 =1i,Cy = j) = gii72f;-

In order to complete the proof of the theorem, the expected cumulative reward collected by FI-CBB in T time
steps can be expressed as

Rew](T)= E SN X (AT =i, Cy = j)

te[T lic A jecC

:RCER ZZZE wt t:ivc’t:j) (3)

te[T] i€ A jeC

=RE 1D 2.2 mig AT =i,Cr =)

| te[T]icAjeC

D DD mig B [H(AF =i,C =)

te[T)ieAjeC

=Ty > mj 2d =y (4)

€A jeC
a 2dmax -1

dmax dmax -1 *
> 1- R T )
- 2dmax*1 ( drnax1+T> eWI( )’ ( )

where follows by independence of {X; ;+}s ., follows by Lemma [7| and follows by Lemma O
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E.2 Proof of Lemma 5

Lemma 5. For any time horizon T, we have

dmax_1
T Rewy" > (1_d1+T
max ~

> Rew;(T).

Proof. We denote by ¥ : [T] — C a fixed sequence of context realizations over T' rounds, where, at each time step
t € [T], context j € C appears independently with probability f;. Let S be the family of all possible sequences.
Given that the context of each round is sampled independently according to the fixed probabilities {f;},cc, the
probability of each sequence is given by P () = Hte[T] Ix(t)- Note that we overload the notation and denote by
Y. the event that the sequence is realized.

Consider the optimal clairvoyant algorithm that first observes the full context realization and, then, chooses
a fixed feasible arm-pulling sequence that yields the maximum expected reward for this realization. Let
I(Af =i,Cy =j | ¥) be the indicator of the event that under the realization ¥, the optimal algorithm plays
arm ¢ on time t under context j. We emphasize the fact that the event Cy = j is deterministic conditioned on
the realization X. Finally, notice that we can assume w.l.o.g. that there exists an optimal clairvoyant policy
maximizing the expected reward that ignores the realizations of the collected rewards.

We fix any realization ¥ € S§. In any feasible solution and for any arm i € A, we have
vt t+d;—1] jEC

as the arm can be played at most once during any d; consecutive time steps. By summing the above inequalities
over all t € [T], for any arm i € A, we get

St IA =i, Co=j D)+ > &> I(A;=i,Cr=j| %)<

te[l,d;—1] jeC teld;, T] jeC
@Y di> TA=i,C=5|5)<T+ Y (di-t)) (A =iC=j|X).
te[T] jeC tell,d;—1] jec

By feasibility of (LP), we have that >Z, ., 4 1y(di —1)> ;o 1(A; =i,Cy = j | X) < d;i — 1. Therefore, by
dividing the above inequality by d; - T', we get

Ly Y _th_3|z)<( ‘- ),WGA.

te[T] jeC

Now, by multiplying the above inequality with the probability of each context realization ¥ and taking the sum
over all ¥ € §, we get

ZZ oI A*:i,Ct:j|Z)IP(Z)§dli< diT_1>,vz'eA. (6)

jec ses L te[T]

For each context j € C and any time t € [T], we have

Y I(A; =i,C =34 |2) <T(C, =5 | %),

i€ A
where the inequality follows by the fact that at most one arm is played at each time in any feasible solution. By
taking the expectation in the above expression over the context realization, we get

E D 1A =iC=j|9)| <E[C=]|9)=) IC=]|DPE) =F,
€A Yes

where the last equality follows by the fact that the probability that any context realization sequence satisfies
Cy = j is exactly f;. Finally, by taking the sum of the above inequality over all ¢t € [T] and dividing by T yields
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ZZ%ZH(AIZivthJ\Z)P(E)Sfj- (7)

IEANES T te[T)

For the expected cumulative reward of the above optimal clairvoyant policy, we have:

Rew(T) = E | max { YD D Kigel(A7 =i,Cr = g)}

te[T)icAjeC

=E 1330 > XAl =i, =7 | D)P(¥)

YeSte[T]icAjeC

ZZZZE aJt I(A; =i,Cr =7 | £)P (%)

YeSte[T]i€eAjeC

=33 3D i LA =i,Cr=j | D)P(D), (8)

i€ A jeC LeS te[T)

where the second and third equalities follow by the fact that the optimal clairvoyant policy plays a fixed arm-
pulling solution for any observed context realization sequence and that this solution is independent of the observed
reward realizations.

Consider now a (candidate) solution of (LP)), such that:
sy = (14 Gmax = 1) Z N I(A; =i, Ci=j | D)P(R),Vie AjeC
1,] — T - Z t — .7 ? )y J .
ses T te(T)

It is not hard to verify that, for this assignment, constraints (C1)) and (C2|) are satisfied by making use of @
and 7 respectively. Moreover, for the objective of (LP)), using (), we have:

TZZ/LZ'JZ@J‘:(l—‘rd][naL;—l) ZZMZ,]Z Z A*:Z,Ct:j|E)IP(E)

i€ A jeC i€ A jeC eS te[T)

dmax -1 !
= (1 + ) Rew;(T)

T
dmax -1 *
=(1- -2 ) Rew’(T
( dmax_1+T> ew[( )7
where in the last equahty follows by the fact that ; + s =11 + 115 for any 0 € R. Therefore, by exhibiting a feasible
solution to of value (1 - %) Rew’(T), we can conclude that Rew? > (1 - dm:aifl_iif) Rew; (T).

O

E.3 Proof of Lemma

Lemma 6. At every round t € [T] and for any arm i € A and context j € C, it is the case that
P(A] =4,Cr=j) =2 ;Bi+ P (F; ) Moreover, we have ¢; = P(Fift), Vie At e [T].

Proof. Although our algorithm FI-CBB computes and uses an optimal extreme point solution to (LP)), the analysis
that follows holds for any feasible solution {z; ;}; ;. We denote by ST, the event that arm ¢ is sampled by FI-CBB

at round ¢ (with probability P (S{ft) = z}“ for a sampled context j;) and by B i+ the event that arm ¢ is not
skipped at round ¢. Finally, we denote by F7, the event that arm ¢ is available at the beginning of round ¢.

In order to prove the first part of the claim, we first notice that the event { AT = i} is equivalent to { ST, BT, F, },
namely, in order for an arm ¢ to be played during ¢, the arm needs to be sampled, not skipped and avallable
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For any fixed i € A, j € C and t € [T], we have:

P (A7 =14,Cy = j) =P (A] =1|C, = j) P (Cy = j)
= [iP(Af =ilCe =) 9)
=P (Sint’FiTtaBZt‘Ct =)

= [;P(ST4|Ct = j) P (B,|Cy = j) P (F[5|Ct = j) (10)

= [P (ST,|C = j) P (BT,) P (FT3) (11)

= fj/Bi,tP(SZt|Ot :j)P(FiT,rt) (12)

-y zf] Bis P (FT,) (13)
J

= 2B P (Fft) .

In the above analysis, equality @[) follows by the fact that P(Cy = j) = f;, while in we use the fact that
the events S{ft, B, and F]7, are mutually independent, by construction of our algorithm. Moreover, in we
use that the events B, and [, are independent of the observed type j € C. Finally, in and , we use
the fact that P (ST,|Cy = j) = zf—J’ and P (BT,) = Bi+, by construction of our algorithm.

We now prove the second part of the statement, namely, that the computed probabilities, {¢; ¢ }vi: (by the
recursive formula (T))), indeed match the actual a priori probabilities of the events {F7 }wit- The main idea
behind the computation of ¢;+ is that an arm is available at some round ¢, if it is available but not played at
time ¢ — 1, or if it is played at time ¢ — d;.

For any fixed arm i € A, we prove the statement by induction on the number of rounds. Note that we only
consider arms such that d; > 2, since, otherwise, we trivially have that ¢; ; = P (F;,Tt) = 1,Vt € [T]. Clearly, for
t = 1 the computed probabilities are correct, since P (Fi’fl) = 1. We assume that up to round ¢ — 1, the computed
probabilities are correct, namely, ¢; v = P (F[,), V' € [t — 1]. Considering the event FJ;, we have:

L(F7) = T(F Fya) +1(E ~ )
= T(F7y Flyy) A L(F ~F gt > di + 1) + T(F, ~FTy oyt < dj)
:H(FiTtvFithl)+H(Fz’7ftv_'Fithlvt2 di+1) (14)
=1 (FiTmFithl) +I (Ff,rt, S F gt > di + 1)
F T (Fy, —Fy g, ~Fl g, t > di + 1)
=1 (Fi‘waiTt—l) +1I (F;,rta —F Bt > di + 1). (15)

In equality (14), we use the fact that the event {F],, ~F[, ,t < d;} is empty. This follows by noticing that for
t < d;, if an arm is not available at round ¢—1, then it has to be pulled during some round ¢ € [t—1] C [d;—1] and,
thus, cannot be available on round ¢. Similarly, in (I5]), we use the fact that the event U ) N
d; + 1} is empty. The reason is that, if the arm is not available at round ¢ — d; and neither at round ¢ — 1, this
implies that the arm is pulled during some round ¢’ € [t — d; + 1,¢ — 2]. However, if the arm is played at any
such t/, then it cannot be available at round ¢.

Notice, that the event {F,, F],_} occurs with probability (1 — 813 cc 2ij) P (FT_,), since the arm is,
either not selected on round ¢t — 1, i.e., I (Sfft_l) = 0, or skipped, i.e., I (Bgft_l) = 0. Moreover, the event

BT —~F g BTy gt > di + 1}, for t > d; + 1 is equivalent to the event {AT , = i}, since the arm has to be
played at time ¢ — d;, in order to be available at round ¢ for the first time after ¢ — d;. By taking expectations
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in and combining the above facts, we have:

P (Fft) =P (Fzﬂt’szt )FIE>di+1)P (Futv_'FiTt—hFiTt—di)

=(1-P (Si,t_l, Bgft_l)) P(Ff_q)+1(t>di+1)P(A]_ 4 =1)
= (1 -P (SZt—lv Bth_l)) P (FZ,Tt—l) +I(t>d; +1) ( T t—d;> th—dpFiT,rt—di)

L- Z]P) (Sztflﬂ Bthh Cio1 = J)) P (FiT,rt*1>

Jjec

P
+I(t>d;i+1) ZP ( Zt—di,v Bz?tt—div Fz?,rt—div Ci—a, = ])

JjE

1_ﬂzt 12317] 1t 1)+H(t>d +1 /th d; Zzl,] zt d) (16)

jec jec

where . ) follows by the analysis of the first part of this proof. By setting ¢+ 1 instead of ¢ in the above relation
and settlng zij = 2} ;,Vi € A, j € C, we can easily verify that the formula that computes these probabilities in
formula and Algorithm I is correct, which concludes the proof of this lemma. O

E.4 Proof of Lemma

Lemma 7. At every round t € [T, the probability that FI-CBB plays an arm i € A under context j € C is exactly

P (AT =i,Cy = j) = 5527

Proof. Similarly to the proof of Lemma @ the analysis of this proof holds true for any feasible solution {z; ; }vi ;
of -, including the optimal extreme point solution. Recall that by Lemma @ the probability of each event
FT is equal to the actual probability of the event, namely, ¢; ; = IP’( it ) Vi € A,t € [T]. Moreover, by the same
lemma, we have:

P (AT =i,Cy = j) = 2z} ;fiu P (Fi’ft) (17)

Recall that 3; ; = min{1, Qd o

time t € [T, it is the case that: IP’(A;r =i,Cy = j) = 52 zf ;. Clearly, for t = 1, we have P (F[)) =1 = g;

(by initialization) and, thus, 8;1 = Qd—, implying that lP’(A{' =4,C) =j) = Qdd—l 2} ;. Suppose the argument
is true for any 7 € [t — 1]. For time ¢, we distinguish between two cases:

L1 We now prove by induction that for every fixed arm i € A and for every

Case (a). Suppose 3;: < 1. Then, by construction, it has to be that 8;; = d‘?i i _t, while by Lemma@, we

have that ¢;; =P (Fft) By . this immediately implies that P (AT =4,C; = j) = 2d 12

Case (b). Suppose B;; = Then, by definition of B;;, it has to be that ¢;; < 2d 7, which

1
in turn implies that P(th) < 3 d‘?i_ 7. Therefore, we can upper bound the probability of mterest as:
P(A;=1i,Cr=j) = 25 iBit (F{Tt) < %z;‘j In order to complete the induction step, it suffices to also

show that P (Af =i,Cy = j) > 5 dd;l z; ;- By a simple union bound, we can lower bound the probability of arm

1 being available using the probablhtles that the arm has been played within time [t — d; + 1,t — 1]:

P (AT =i,C =j) =z ;P (F;jt)
=2, (1P ()

2

>t Y. D P(Af=i,Cu =)

t'et—d;+1,t—1] j'eC

However, by induction hypothesis we know that V¢’ € [t — d; + 1,t — 1] and Vj' € C, it is the

case that P(A} =1i,Cp =j) = 2(1‘571'_122‘7]4/. Moreover, by constraints (C1) of (LP)), we know that
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Zt,e[tfdiﬂ 1] Zj’GC zi i < %. Combining the above facts, we have:

T . . * dl *
P(Af =1,Cy =j) > 2}, 1_2d~—1 Z Zzz}j’

t'elt—d;+1,t—1] j'€C
d; d;—1
>F (1 —
= Fig ( 2d; — 1 d; )

>

.
2d; — 1 4J
which completes our induction step, since the combination of two inequalities implies that P (AT = i,C; = j)

d; * -
3d;—1%i,j" O
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F BANDIT PROBLEM AND REGRET ANALYSIS: OMITTED PROOFS

F.1 Properties of M,; and the Critical Time T,
We consider the delayed exploitation parameter, My, specifically defined as

M; = [2log,, (t)| + [log., (co)] + 1 = [2log,, (t)] + 2dmax + 8,

5 N 2dmax

where ¢y = ¢ (ef—_l) and ¢; = 626—1'

We define the critical round T, as the smallest integer such that T, — M7, > 1. It is not hard to verify that,
by definition of My, this implies that ¢t — M; > 1 for all ¢ > T, (see the next paragraph), and ¢t — M; < 0 for all
t <T.—1 (by definition of 7..). By definition of the algorithm, at each round ¢ > T, and in order to sample the
next arm to be played, UCB-CBB uses an extreme point solution computed with respect to the UCB estimates
before exactly M; time steps (i.e., at round ¢ — M;). For t < T,, where t — My < 0, the algorithm uses an initially
computed extreme point solution Z(0) = {z; j(0)}; ;. In this section, we study several useful properties of M,
and T¢.

Bounded Increases of M;. We now show that for t > T,, the value of M; increases by at most one unit per
round. This fact significantly simplifies our proofs and results in the analysis of the a-regret.

Let us first compute the condition that must be satisfied for any ¢t € [T, such that the value ¢t — M, is strictly
positive. Formally

t— M, >1<=t—[2log,, (t)] > 2dmax + 9.

By noticing that dyax > 1, we can easily verify that by the time ¢ — [2log, (t)] > 2dmax + 9, it also holds that
t —|2log,, (t)] > 11, which, in turn, implies that ¢ > 69.

We are now looking for the smallest ¢, after which M; increases by at most one unit per round. Consider
the (fractional) breakpoints of the form czl/ % for any positive integer ¢. These breakpoints, corresponds to the
points such that the value of M, increases, when time ¢ passes them. We consider intervals of the form C; =
[03/2 Cgiﬂ)/?) i/2 (i+1)/2).

. The first step is to find the smallest 4, such that there is at least one integral point in [¢; 7, ¢;

Notice that the above condition is true if

STV G2 s e (2 ~ 13.25.

>
— -1
Therefore, for any ¢ > 14, the value of M; increases by at most one unit per time step.

We can conclude that, for any ¢ € [T] such that ¢t — M; > 1 (in other words t > T.), the value of M; changes by
at most one unit per time step, since in that case ¢t > 69 > 14.

Fact 1. For anyt > T, the value of My increases by at most one unit per round, namely, My < My _1+1,Vt > T,.

Notice that the above fact implies that for ¢ > T, the value t — M; is nondecreasing.

Upper and Lower Bounds on 7,. We would like to compute some non-trivial upper and lower bounds on
the value of T,.. The lower bound is used in the proof of Lemma/[l] while the upper bound is used in Lemma [2]

We first compute an upper bound on T.. Recall, that, by definition, T is the smallest positive integer such that
T, — [2log,, (Tc)| > 2dmax + 9. Therefore, for T, — 1 it has to be the case that

Te —1 < 2dmax + 8+ [2log,, (T — 1)) < 2dmax + 8+ 2log,., (1¢.)

We can get an upper bound to T, by noticing that for any ¢ > 1, it is the case that 2log, (t) <t/3 + 38. Using
this, we can see that

T < 2dmax + T2/3 + 47.
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By the above, we conclude that T, < % (2dmax +47) < 3dmax + 71.

We are now looking for a lower bound on 7. Since T, satisfies T, — Mr, > 1, by the analysis of the previous
paragraph (on the boundedness of M;), it has to be that T, > 69. Using that, we have

Te > 2dmax +9 + [21og, (T¢)| > 2dmax +9 + [21og,, (69)] > 2dmax + 67.
Fact 2. We can bound T, as 2dyax + 67 < T, < 3dmax + 71.

Consider now any t > T, and any t' € [t — dpax,t — 1]. We have:
t/ Z t— dmax Z Tc - dmax 2 2dmax + 67 - dmax > dmax + 677

where in the second inequality we use Fact [2| Therefore, since ¢’ > 67 > 14, then by the above paragraph (on
the bounded increases of M;), we have that for any 7 € [t/, ], the value of M; is increased by at most one.

Fact 3. For anyt > T, > dmax and t' € [t — dmax,t — 1], then for any T € [t',t] we have that M, < M,_; + 1.
This also implies that t' — My <1 — M, <t — M, for any 7 € [t, t].

Correctness of Delayed Exploitation. Finally, we present one additional property that is proved useful in
proving the correctness of the routine COMPQ(i,t, Hy—ps,) and the overall correctness of our algorithm. Specifi-
cally, we would like to prove the following inequality for any ¢ € [T, t' € [t — dmax,t — 1] and 7 € [t/ — My, t' — 1]:

max{7 — M,0} < max{t' — My, 0} < max{t — M,,0}.

Consider any fixed ¢,¢' and 7 that satisfy t' € [t — dpax,t — 1] and 7 € [t — My, ¢’ — 1]. We first notice that if
T—M, <0, then we trivially have that max{r—M,,0} < max{t'—My,0} and max{r—M;,,0} < max{t—M,,0}.
We focus on the case where 7 — M, > 1. By the above analysis, we can see that for any 7 such that 7 — M, > 1,
it has to be the case that 7 > 69 > 14 and, thus, for any time step 7/ in the interval 7/ € [1,t — 1] the value of
M.+ increases by at most one unit. This immediately guarantees that 7 — M, <t — My <t — M;.

Consider now the remaining case, where 7 — M, < 0, thus, max{r — M,,0} < max{t' — M;,0} and max{r —
M;,0} < max{t — M,0}. We still have to verify that max{t' — M ,0} < max{t — M, 0}. Following the same
reasoning, if ¢ — My < 0, then the inequality is trivially satisfied. On the other hand, if ¢ — My > 1, then
t’ > 69 > 14 and, thus, the value of M, for any round 7’ € [t/,t — 1] can be increased by at most one unit. This
suffices to conclude that t' — M <t — M;.

Fact 4. For anyt € [T], ' € [t — dyax,t — 1] and 7 € [t — My, 1" — 1], we have
max{r — M,,0} < max{t' — My,0} < max{t — M;,0}.

F.2 Computing the Probability g;(H;_ )

In this section, we show that during a run of UCB-CBB, each value of the form ¢; ;(H¢—pz, ), as computed by
coMPQ(i,t, Hy—pz,) (Algorithm [3), is equal to the probability of arm ¢ being available at round ¢, conditioned on
Hy_,, that is, ¢; ¢ (Hi—pr,) = P (FT| Hi—n,),Vi € At € [T] (assuming that ¢ — M, > 1). For any integer ¢, we
define [t]* := max{t,0}. Therefore, for any ¢ € [T] such that t — M; < 0, we have Hy_ 1+ = Ho (recall that,
in this case, UCB-CBB samples arms according to an initial extreme point solution Z(0) = {z;;(0)}; ;). In the
following, we fix any arm i € A and any point in time ¢ € [T]. Recall that T, is defined as the smallest ¢ € [T
such that t — M; > 1.

We first consider the case where ¢ < T, (and, thus, t — M; < 0 and Hy )+ = Hp). In that case, for every
round 7 € [t], the algorithm uses the initially computed extreme point Z(0) in order to sample arms. Following
the same reasoning as used in Lemma |§| for the full-information case of our problem, we can see that g;(Hy)
(and, thus, the conditional probability P (Fft| Ho)) can be computed by the following recursive formula: We set
(J¢,1(H0) =1 and

Gip+1(Ho) = qiw (Ho) | 1= Biwr Z zi,j(0)
jec

+I(t" > d;) @it —di+1(Ho)Bitr—ds+1 Z z;,5(0),
jec
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d;

where each (; - is by construction equal to min{1 : L .
BZ’T y 4 { 7 2d;—1 qi,t'(H['rfMT]‘F)}

It is not hard to verify that in the above recursive formula, ¢;¢(Ho) = qit(Hy—nr,)+) for t < T¢ is indeed
equal to P (Fft| H[t—Mt]‘*')a and that compQ(i,t, H;_ps,) computes exactly this value. The correctness of this
computation follows by the fact that for any ¢" < ¢, we have that q; ¢ (Hy—r,,)+) = oo (Hye—ar,)+), since for all
rounds ¢’ <t < T,, we have Hyy_py,)+ = Hp_pg,)+ = Ho. Therefore, all the non-skipping probabilities ;¢ for
t' <t are deterministic and, thus, computable, conditioned on Hp_ s+ (thus, the algorithm can simulate them
recursively at time t).

We now consider the case, where ¢t > T, (and, thus, ¢ — M; > 1)). In this case, the algorithm uses the extreme
point Z(t — M) for sampling arms. Recall that the skipping probability of each round ¢, is defined given the

value of g; s, as computed, conditioned on Hyy_yy,1+, namely, f; ¢ = min{1, 2;1,-71 I } +)}. Therefore,
i it/ (e ar

for being able to compute (i.e., simulate) 3;, while being at some round ¢ > #/, it suffices to show that
[t — Mp]t <[t — M]".

In the case where t' < T, < ¢, the extreme point solution used for sampling arms at time ¢’ is Z(0) and, thus, is
computable conditioned on H;_py,. The same holds for the non-skipping probability, 3; ¢, used at time ¢'. On
the other hand, consider the case where T, < t' < t. By the analysis in Appendix (see Fact , since t’ > T,
we know that for any 7 in the interval 7 € [t/,¢], the value of M, can increase by at most one unit per round,
namely, M1 < M, + 1. By using this argument, we can directly show by induction, that ¢’ — My <t — M,
and, thus, Hy_p, C© Hy_pr,. Therefore, both the extreme point Z(#' — M) and the non-skipping probability
Biw used at time ¢’ can be computed (recursively) by the algorithm at time ¢.

The above discussion leads to the following recursive computation of g; (H;—az, ) for any arm ¢ and time ¢ > T,.
Let v(i,t — My, H;—py,) be the first time 7 > ¢ — M, that arm ¢ is deterministically available, conditioned on the
history Hy_pr,. We set Qi,u(ittht,Htht)(Ht—Mt) =1 and for any t' > v(i,t — My, Hi—pp,), we set

i1 (Heoar,) = g (Heonr) | 1= Biw Yz ([ — M{]Y)
jec

AT —di+ 1> v(i,t = My, Hoa,) @i —diet (Heag)Biw—aen Y 2zig ([ = di + 1= My_g44]"),
jec

It is easy to verify that comPQ(i, ¢, H;—pz, ) produces exactly the same result as the above recursive formula for
t>1T.,.

Given the above analysis, we have now established the correctness of compQ(4,t, Hy_pr, ). We remark that in the
pseudocode provided in Algorithm [3] the recursive computation of the non-skipping probabilities is implemented
efficiently by caching and reusing past values.

F.3 Proof of Lemmal/[l
Lemma 1. For any arm i € A and rounds t,t' € [T] such that 0 <t —t < d; and t > T, we have:
P (F[y|Hy- )
P (th"Ht’—Mu)

< 1+co~cl_Mt,

2 2dmax
forcyg=e (ef—_l) and ¢ = 626—1'

Proof. Recall from Section that for any fixed arm 4, the quantity ¢; s(Hy—ps) in Algorithm [3| equals
P (FZFS|Ht—M,,) for t — d; < s < t. Therefore, we are interested in the ratio @i (eonty) 1) bhe rest of

Qe (Hyr—r,,)
this proof and for simplicity of notation, we assume that H,; = Hy and {z; j(7)};; = {#;(0)}; ;, for any 7 < 0.

Let us fix any run of the UCB-CBB algorithm upto time ¢ as h;. The sequence of random variables {Z(7), 8; - :
1 <7 <t— M} is computable at time ¢ given the history H;_js, (see Fact 4] in Appendix [F.1). Therefore,
fixing a run of the UCB-CBB algorithm up to any time ¢ (in terms of sampling and non-skipping probabilities),
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corresponds to fixing Hy_pr, = hy—pg,, which, in turn, fixes the sequence {Z(7 — M;),8;r : 1 < 7 < t}. This
follows from the computability of 5, as discussed in Appendix

For a particular run hy_p;, upto time ¢ — M, and a specific arm ¢, the computation of ¢; -(Hi—ps,) for any
7 < t corresponds to simulating a specific Markov chain as detailed next. We consider the time-nonhomogeneous
Markov transition probability matrices (TPM) M = {P, : 1 <7 < t}, that at any time 7 < ¢t makes transitions
as follows. If it is in state 0 it moves to state d; w.p. Bi - ;¢ 2i,;([T — M;]T), otherwise it stays in state 0. In
the case the Markov chain is in state d > 0, then it moves to state (d — 1) w.p. 1. Here, we denote the TPM at
time 7 as P..

Let us also denote the first time on or after time 7 where the arm 4 becomes available as v(7) (which is fixed
for a run h¢, as it is computable using H;). Using this definition, we denote by X (resp. X:) the Markov
chain that lies in state 0 (w.p. 1) at time v(¢' — My) (resp. v(t — M;)), and moves following the TPM M.
We emphasize the fact that both X; and X} have the same transition probabilities for all time steps between
max{v(t — M), v(t' — My)} and ' (see Fact [4] in Appendix [F.I)).

We claim that the probability that the Markov chain X} is in state 0 at time ¢’ equals ¢; ¢ (Hy — My)v namely,
P (X (t') = 0) = i, (Hy— 1, ). This follows induction on 7 for the statement

P (Xt’(T) = 0) = d4i,r,

where ¢; ; is as given in Algorithm As the base case, at tg = v(t’ — My) we have by construction that
P (X (to) = 0) = ¢i,1, = 1. Let us assume that the argument is true for all time up to 7. Then we have,

P(Xt/(T + 1) = 0)

=P (X (1) =0) [1=Bir > 214(7 — M)

jec
+1 (T —d;+1> to) ]P’(Xt/ (T —d; + 1) = O) Bi,f—dﬁ—l Z Zi7j(7— —d; +1— MT—dH—l)-
jec
=¢qir | 1—Bir Z 2 j (T — M)
jec
+I(r —di +1>t0) @i,r—d;+1Bi,7—di+1 Z Zij(T—di +1—=M;_g,11)

Jjec
=i, r+1,
which proves our claim. Using similar arguments we have that P (X;(t') = 0) = ¢ (Hi—p1,)-
The rest of the proof relies on showing that P (X,(¢') = 0) = P (X} (¢') = 0) for large enough time (specifically, for

time min{t’ —v(t' — My),t' — v(t — My)}). We accomplish that by the use of a Doeblin type coupling argument
for the two Markov chains X; and Xj.

Doeblin Coupling of two Markov Chains. The argument of the rest of the proof relies on a Doeblin type
coupling of the above two MCs. Let X;(7) and X (7) be the states of the MC X; and Xy at time 7, respectively.
Recall that X, starts from state 0 at time v(t — M;), and Xy starts from state 0 at time v(¢' — My/). Given the
fact that the transition functions are common in both MCs, the two chains evolve independently up until the
point they meet for the first moment. Afterwards, they get coupled and evolve together.

We consider the evolution of the bi-variate Markov chain {(X;(7), Xy (7))}, where, for 7 > vy = max{v(t —
M), v(t' — M)}, we have the following evolution of the two Markov chains,

P.(s],81)P-(sh,s2), if 8] # sb,
=< P.(s),81), if 8§ =85 A sy = sa,
0, otherwise.
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It is easy to check that the bi-variate MC has the property X;(7) 4 X, (1) and Xy () 4 Xy (1) for all integers

T > Umax (here, 2 indicates equality in distribution).

Let the random variable R, = inf{r > vmax | X:(7) = Xy (7)} denote the first time after vmax, when the two
chains &; and Xy become coupled. From standard arguments in Doeblin coupling [Lindvall, 2002, we have
P (X () = 0) =P (A(t') = 0)| < P(X(t)) £ X4(t)) < P(Ro > ).

We now make a claim that under the Markov TPM M at any time 7 > v(t — M) we have P (X;(1) = 0) > 2.
The claim follows by noticing that arm 4 is sampled by UCB-CBB with probability at most 1/d; at each time,
and it is available, if not sampled in the last (d; — 1) time slots. Formally, for all 7 > v(t — M;) we consider the
event E = {X(7') # 0,V7’ € [t — d;, 7 — 1]}, and derive the following
P(X(1)=0)=P(EAX(1)=0)+P(E°AX(1)=0)

=P(E)+ Z P (X;(7") = 0) P (Xi(7) = 0] X, (") = 0)

> P(E)+ Px() =0 ] L= Brn Y 2 j(7" = M)

T'=T7—d; Telr,r—1] jec
(iid) 1
> P(E)+ ( > P = o>> | D DEFICAR T
T/=7—d; "elr—d;,T—1] jec

2 B(B) (- B(E)(1 - 1/a) ) 2 L

In the equality (i), we use if the i-th arm is unavailable for a contiguous stretch of length d; before 7 (given by
event F) then it will be available on 7. Also, we break E° into mutually exclusive events. The inequality (ii) uses
the events that the MC stays in state 0 from time 7”7 = 7/ to 7 to lower bound the probabilities. In inequality (iii)
we further lower bound these probabilities by replacing 7/ with 7—d;. For inequality (iv) we use 8,/ > jec g (r'—
M) < 1/d; due to the LP constraint (CI)), and the fact that 8, < 1. Also, Z:;ﬂ_di P(X(r") = 0)P(E°).
Finally, in (v) we minimize over P (E) and d; to obtain the bound. /

Similar results hold for the MC AX}. Thus, we obtain that for any time 7 > ., we have
min{P (X;(7) = 0),P(Xp(7) =0)} > 1/e.

Therefore, at each time 7 > vy.y, we know that the two chains get coupled with probability at least e% Formally,

P(R. >t +1) 2P (X,(t) £ Xy (t') | Re > )P (R, > ')

W1 —PX(#) = X () | Re > t)P(R. > 1))
(#4d)

< (=P (X(t) = Xu(t) =0 | R. > t))B(R. > ¥)

—~
<0
<

=

1-PX(t)=0]| R >t"P(Xy(t')=0]| R. >t))P(R.>1)

1
(1 — 6—2}1(7&’ > umax)> P(R. > 1),

INZ A

where (i) follows by definition of coupling, (iii) follows by the fact that {X;(t') = X (t') = 0} C {X:(t') = X (¥')}
and (iv) follows by the fact that the two MCs evolve independently before round R.. Finally, (v) follows by the
fact that the probability of X, (resp. Xy/) being at state 0 is at least %, for any time 7 > vyax as shown above.
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By repeating the arguments leading to (v) until we reach the event {R. > tjax — 1} we have

P(R.>t'4+1) < (1—]I(t >umax))]P’(Rc >t)

e2

tl
P(Re > vmax—1) ][] (1 -~ ;)

T=Vmax

(’L)i) 1 t/_’/max"l‘l
< (1-=
(vid) 1 My —2d;
S (1 - 2> )
(&

where in (vi), we use the fact that P (R, > 2d;) < 1. In (vii) we use the following derivations

¢ — max{v(t — M), v(t' — My)} Lt — u(t — M)

®)
> M+t —t—d; + 1.

(©
> My —2d; + 2.

The equality (a) in the above derivation holds since for ¢ > T, and ¢’ € [t — d; + 1,¢t — 1], then by Fact [3|in
Appendix it has to be that ¢ — My <t — M; and, thus, v(t' — My ) < v(t — My). Inequality (b) holds since
i becomes deterministically available in at most d; — 1 time steps after t — My, i.e. v(t — M;) <t— M; +d; — 1.
The last inequality (c) holds as t — ¢/ < d; — 1.

Therefore, for concluding the proof of the lemma, we have:

P(Fi;rt’ | Hy_11,) _ G (Hi—n,) <14 ‘1 _

P( it | Ht’ ) Qi,t’(Ht/th/) B
t
P(Re>t) _q,

¢t —2d; o2 2dmax €2 —M;
<1 .
P(X(r)=0) ~ 1 = “(e?—l) <e2—1>

The above results follow by use of triangle inequality and substituting the bounds derived so far. O

Gi,e (He—p,)
qit (Htth, )

'S1+‘1_P<Xt<t’>:0>’

P (X, () = 0)

<1+

F.4 Proof of Lemma [2

Lemma 2. For the a-regret of UCB-CBB, for a = Qdd"‘a"_l and M = ©(log T + dpax), we have

a Regj (T) < IE Z ZZ/J‘ZJ Zl](t))

t=1 i€ A jeC

1
+ 3 In(T)Amax + 6dmax + 71.

Proof. In the following proof, we start from the definition of a-regret and we prove the regret upper bound of the

statement, by applying a sequence of transformations: First, we incorporate the (1 — %)—multiplicative

dmax

loss, due to the use of as an upper bound, into an O(dax) additive term in the regret. Second, we upper
bound the total regret due to the rounds such that ¢ — M; < 0, by another O(dmax) term in the regret. Then,
focusing on each round such that ¢ > M;, we apply Lemma [l|in order to (approximately) express the regret of
any such round by # (zjj — 2 4(t— Mt)), for any i € A and j € C. We show that the total approximation
loss for that case can be transformed into a constant additive loss in the regret. Finally, we notice that in the
rounds, such that ¢t > M,;, where M, is increased (by one unit as we show in Appendix , the arm sampling is
performed using the same extreme point solution as in the previous rounds. By observing that this can happen
at most O(log(T)) times, we separate the rounds that use strictly updated UCB estimates, while we incorporate
the rest as an O(log(T)Amax)-additive loss in the regret bound.
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In the following, we denote by S”t the event that UCB-CBB Samples arm i € A at round ¢t and by BF '+ the event
that arm i is not skipped at the round. Finally, we denote by F" ", the event that arm ¢ is available at round .

Incorporating Time-Dependent Approximation Loss. The first step in proving the bound is to incorpo-
rate the (1 — %)—multiplicative loss, due to the use of (LP)), into the regret. By definition of a-regret,

we have

aReg] (T) = aRew(T) — Rew] (T)
. dmax 1 - dmax - 1 dmax - 1
N 1 d

) Rew}(T) — Rew? (T)

2dmax_ max_1+T dmax—1+T
dmax dmax_1 - 2
< 1— R *T _R 7-rT “ dmx—l’
_Qdmax—1< dmax—1+T> ew(T) = Rew] (T) + 3 (dmax — 1)

where in the last inequality, we use the fact that

dmax dmax -1 * dmax dmax -1 * dmax
Rew’(T) < Rew’(T) < — 2% (d,. —1),
Y — L — 17 BV S gty = Rewi(D) < 575 ( )

using that Rew7(T) < T and the fact that for any possible dpayx, we have 2dd‘“'“_1 (dmax — 1) < % (dmax — 1).

Now by applying the result of Theorem [I} we can further upper bound the a-regret by using the fact that the
algorlthm FI-CBB produces, in expectatlon a constant rate of regret over time. More specifically, by denoting
Rew/} " the optimal solution to (LP)), we have

T dm X dm X 1 * T 2
aRegi(T) < 2dmaxa_ T <1 - dmaxa— 1 —|—T) Rew;(T) — Rew [ (T) + 3 (dmax — 1)
dmax T 2
<o 10 ReW?P ~Rew (T) + 3 (dmax — 1) (18)

Z Z Z‘U’W 2d Rew[ (T) + % (dmax - 1) , (19)

te[T)icAjeC

IN

where follows by Lemma |5| and . 119) by the fact that % < Qdc_l—i_l for any i € A.

Simplifying the Expected Reward of ucb-cbb. By the independence of the rewards { X ;  }vi j+, we have:

| 220D XusI(AT =i, C = )

te[T]i€A jeC

ZZZ Xt L(Af =i,Cy = j)]

e[T)icA jGC

DI [[uﬂtdaﬁ>

te[T)icAjeC

DD DI: {[m

te[T]icAjeC

e IP IR TN CHESACES)]

te[T]ieA jec 7

2 2D s LA =i Ci=)

te[T]icAjeC

]

AF ,ot] (A7 =i,C, j)}

Using Delayed Exploitation for Large Enough ¢. The remainder of this proof is dedicated to bounding
the difference between the expected reward collected by FI-CBB and UCB-CBB. More specifically, our goal is to
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directly associate the loss of any round ¢ with the suboptimality of the extreme point solution of (LP)) computed
by UCB-CBB at the same round. More specifically, we are interested in upper bounding the term

ZZZM1J2d 1 1] Rewl( )

te[T)icAjeC

The first step is to lower bound the expected reward of UCB-CBB, namely,

ReW?(T):RIEyﬁ ZZZX'LJt]I t_ZCt_J)

| te[T] i€ A jeC

=, Z SO pigI1(Af =i,Ch =)

| te[T] i€ A jeC

Let T, be the minimum round such that 7. > My, + 1. By the discussion in Appendix we know that
t> M+ 1> 2dy.y for any t > T,.

We now fix any round ¢ € [T] such that ¢ > T,.. By using linearity of expectation, we can further simplify the
expression of the expected reward of UCB-CBB, by conditioning on the history up to time ¢ — M;. For any fixed
i€ Aand j € C we have:

E [I(47 =4,C, =j)]

RN,#
- & [B[ri =ico=i)|mon]]

RN,
= E |: |: (Sth’Bz?TﬂFZrt?Ct:j) ‘Ht—Mt:|:|

RN, #
= RE [P (Szﬂ-t?Bszt? it Ct - ]|Ht Mt)]

N, 7
= B [P(ST Co = I Heot) P (BL|Hooaa,) P (FL Hea,)] (20)
T R [P (STy[ Hi-ar,, Cr = §) P(Co = j|Hina,) B P (FLy [ Hi-n,)] (21)
Zij t— M, F

" Ras [J(fjt)fjﬁi,t P (Fi,thMt):|
= E [ij(t = M)Bie P (FJy | Heour,)]

RN, #

where in (20), we use the fact that the events S{“t, ’Tt and F ", are independent conditioned on H;_pz,. The
reason is that the outcome of ngt depends on the observed context and on the UCB indices computed before
time ¢ — M;, while the outcome of the event th has probability 3; ;, which is computable using only information
from H;_yy,. Finally, in (21)), we use the fact that the observed context of round ¢ is independent of Hy_ s, , Bf,
and F,.

Clearly, by observing the history H;_py,, one can easily compute the first time arm i € A becomes available after
time ¢ — M;. If the arm is available at time ¢t — M, and is not played, then we know that P ( Tt M, +1 |H,— M,) =1,

while if the arm is blocked at time t— M;, then it is played at some time ¢’ < t—M; and, thus, P (Fl vd, |Ht_Mt)

1. The conditional probabilities of an arm being available, that is, ¢;(Hi—n,) = IP( 7| Ht_Mt) can be
computed by Algorithm [3] as described in Appendix [F.2] In short, given the fact that the algorithm uses at any
round ¢ > T, the extreme point computed in round ¢t — My, for any ¢’ € [t — M, t], the extreme points used are
computable given H;_js, and the algorithm can efficiently simulate any possible 3; 4.

By the above analysis it follows that at any time t > T,, we have:

P L 1 L 1
i+ — ImMin = min = .
ot "2d; — 1 q; 0 (Hi—p1,) "2d; — 1P (F],|Hy-ar,)
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Similarly to the proof of Lemma |Z|, we distinguish between two cases on the value of 3; ; conditioned on H;_py,:

Case (a) In the case where 1 > d = B i} we immediately get that:

F"t|Ht My

E I:Z'LJ (t - Mt)ﬁi,t P (Fft|Ht7]V[t)}
RN, #

d; 1
2d; —1P(Ft\Ht Mt)

= E |z;(t— M) P (F[|He—,)
RN,

di
= &, g oyt

Case (b) In the case where 1 <

d; 1 : 7 d; -
20,1 B(EF, [y nry) we directly get that P (Fi,t|Ht—Mt) < 54,1 and 3;; = 1.

In order to get a lower bound on P (F[:‘t|Ht_Mt), we attempt to upper bound P (- [:rt|Ht_Mt) by union bound
over the probability of each arm 4 being played at some round ¢’ € [t — d; + 1,¢ — 1]. More specifically:

RE [zi,j(t — M)B;+ P (FZTJHtht)]
N,7

= B [ei(t = M)P(F,|Hen,)]
o

s T

— B [susle— M) (1= B (-FF Hiar)]

> E zii(t— M) [ 1— Z P (A} =i|Hi—n1,)
e i tE[t—d;+1,t—1]
= RIE,& zij(t— M) | 1 - Z P (Sz_ftw B;ﬁ,—t’v th' ‘Ht_Mt)

t'eft—d;+1,t—1]

For each t' € [t — d; 4+ 1,t — 1], the events Sft, BZ » and F, are independent conditioned on Hy_pr,, since
the outcomes of S " and Bl » depend on the extreme points computed by UCB-CBB before time ¢ — M;.
Moreover, sm?e M; > d;, we have that ]P’( 'L,t/|Ht*Mt) = Z] rec ( 17t,|Ct/ =7, Ht,Mt) (Cy|Hi—pr,) =
djec i P (ST |Cw = j', Hi— a1, ), where the last equality follows by independence of Cy and Hy_yy,, for My > d;.

Finally, we have that PP ( th,|C’t/ =4 Hi_m,) = % since the probability of the event S“t, depends on

the extreme point computed at time ¢’ — My, and is computable conditioning on H;_,s, (see Fact [4 I in Ap-
pendix [F.1). By combining the aforementioned facts, we have:

E [2i;(t — M)Bis P (Fy | Hi- )]
RN, #

> EV Zi’j(t—Mt) 1-— Z ]P( Zrt’? it/vFZrt’|Ht*Mt>
t'eft—d;+1,t—1]

= E |zig(t—M)|1- > P (STy|Hy—1,) P (B [ He—nr,) P (ETy [He—ar,)
' tet—d;+1,t—1]

Z’L M/ ﬁ.
= E Jzi;(t—M) | 1- Z ij = t)ﬁz v P (Fy | Hi—u,)
t'e[t—d;+1,t—1] j'€C fi

= E zij(t— M) [ 1- > >z (t = My)Biw P (Fp| Hiu,)
L teft—di+1,6—1] 5'€C
By definition of B; 4, we have that f8;y < 5% L Moreover, for any extreme point solution of

2di—1 P(Fiﬁ:t/‘Ht’—A{t/)
[LP). by constraints (C1), we have that >, 2,5 (t' — My) < <. Therefore, the above relation becomes:

i
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o 21,5 (t = My)Bi o P (Fy | Hy—a,) |
N,
> B et =M (1 Z Z 2o (t' = My)Biw P (F]y | He—n1,)
L t'eft—d;+1,t—1] j’€C
1 dl P iﬁ-/|Ht7Mt
ZR ) Zi7j(t7Mt) 1—— Z d_l ( t )
N, I Ly elt—dy11,t—1] P (Fft/|Ht/_Mt/)
1 P Ff, H,_pp,
= E Zi,j(t_Mt) 1_2d ( tl tM)
RN,# I i_ te[t—di+1,t— 1]]P< zt’|Hf/ M/)

Forany t > Tc and ¢’ € [t —d; + 1,t — 1], by Lemma we have:

P (FiT:rt’lHt*Mt) M,

- <l+co-cf
P (FiTt"Ht/_Mt’)
By using inequality , we get:
<E (21, (t = My)Bi s P (F7 [ He—aa,)]
N,#

- R]Eﬁ _Zw(t SMO (1 Qdil_ 1 t’E[t—liiZ+l,t—1] <1 e Cl_Mt)
= R :Zi’j(t M) (1 - 2d¢;i__11 + QCZi__llcO ClMt)]

= RIE,% zu(t — M) <2didi 1 2621_—11 o - clMt>}

= & [rate— 0 (g + ety )

By summing over all ¢ € [T,,T| and using the above analysis, we have:

ZZZX,NH Af =i,Cy =j)
A= TzeA]eC
T ~
:7215,? ZZZMi,jH(AfZi,Ct:J’)

t=T.i€A jeC

DD 0D izt

t=T.i€A jeC

[T
2 o Z ZZMi,jzi,j(t

t=T. i€ A jeC

— My)Bi+ P (F{|Hi—n1,)

T

Z > S migg

Lt= T.i€AjeC

zw(

where in the last inequality we use the fact that

ERDopw o s e

t=T. i€ A jeC t=T.
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Furthermore, by our choice of M;, we have that

M, = |_2 logcl (t)J + |—10gc1 (CO)—‘ +1= 210g01 (t) + logcl (CO) = logcl (CO ’ t2)7

—log,, (t2
08y (#:c0) < ;;oft% = ™ Therefore, inequality

which implies that ZtT:TC co- M < 2 terr) €0 * ¢ &

becomes:

2

ZZZXWH AT =, Ct—j 2 ZZZ““Jgd zl,j(t—Mt) —%. (24)

NF =T, ic A jeC N =T, icA jeC
Bounding Small t and Combining Everything. By construction UCB-CBB, for the first rounds where
t < T, — 1, the algorithm selects arms and constructs non-skipping probabilities with respect to an initial
extreme point solution Z(0) = {z; ;(0)}vi; to (LP). Since we cannot bound the expected reward of UCB-CBB
for the these time steps, we accumulate this loss in the regret as follows:

ZZZ”MM ZZZMZ] tzi,Ot:j)

t=1 i€ AjeC N =1 i€ A jeC
< ZZZMW iy < Te—1 (25)
t=1 icA jeC

For the overall regret we have:

22D Mg Qd — Rew}(7)

te[T)icAjeC

ZZZM”M 1% " RE ZZZX”H A7 =1.C=J)
te[T)icAjeC ©o[telT]ieAjeC
= S Y S gy, | X kT4 =G = )
te[T]icAjeC T LtelT]ieAjeC ]
fr Z
=D ID I W= D 3D B) WIS EE)
te[T)icAjeC L t=1 ieAjec ]
. Z

RDIPIPIIFAACHESRCES)

t=T. i€ A jeC

d; ) To—1 N
< ZZM1772d 1509~ ma s - ZZszH(At :Z,Ct:j)
te[T)icAjeC t=1 icAjeC ]
T 2
TR > Hii o = M) |+ (26)

& .
< E |2 2D magg—y (i —ws(t = M) | 4T =14 & (27)
mr | t=T.i€A jeC ]
- ., | )
= RIE% Z ZZNUW (25— zig(t — M) | 43 - diax + 70 + = (28)

T 2

< E~ ZZZMZ] Zz](t—Mt)> +3'dmax+70+%, (29)

t=T.i€AjeC
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where (| . ) follows by inequality (2 d . by inequality . Finally, equahty 28)) follows an upper bound

on T, (given in Fact 2| of Appendlx F.1) and inequality . by the fact that 5 d 1 < 1 for any i € A.

Synchronizing the Large Time Steps and Completing the Proof. For completing the proof of the
lemma, we focus on the quantity

RNW ZZZNU Zw(t_Mt))

t=T. i€ A jEC

Recall that for any ¢ > T,, the algorithm uses for arm sampling the extreme point solution Z(t — M), computed
using the indices {f(t — M)}, ;. As we show in Appendix (see Fact [I)), for ¢ > T, the value M; cannot be
increased by more than one unit per round. Given any time interval [¢,t3], with ¢; > T, we say that the UCB
indices of the interval are synchronized (or, simply, we say that the interval is synchronized), if for any t € [t1, to],
there exists a integer constant M’, such that UCB-CBB at round ¢, uses information from time ¢ — M.

Let ¢’ be the first time that M; increases by one after time T,. Clearly, the time interval [T.,t’) is synchronized
as the information used at each round from T, to ¢’ — 1 corresponds to times T, — M7 ,T. — M, +1,...,t' —
1 — Mr,. However, at time t’, given the fact that My = Mr, + 1, the index used corresponds, again, to time
t'—1— Mg, =t — Myp. Hopefully, by ignoring time ¢’, we can see that the index used at ¢’ 4+ 1 corresponds to
time ¢’ + 1 — My = t' — My, which remains synchronized with the interval before ¢'.

By repeating the above procedure, we ignore the non-synchronized rounds (that correspond to the unit increases
of M;) and we merge the remaining rounds into a single synchronized interval. Let L be the number of non-
synchronized time steps in [T, T], which is formally defined as

L=|{te[T.+1,T]| My = M;_1+1}|.
By definition of M, the total number of non-synchronized time steps (as t') can be upper bounded by Mr |
which, in turn, can be upper bounded by 2log, (T) + log,, (co) + 2 < 1 In(T) + 9 + 2dmax.

Let Amax = supzcz Az, be the maximum suboptimiality gap over all the extreme points of Z. The regret
associated with each non-synchronized time step greater than T, can be upper bounded by Anax. By the above
analysis, it follows directly that

RN,, ZZZ“M Z’L,j( *Mt))

t=T.1€A jeC

T—L
* 1
< Ros Z Z Z i, 5 (zi,j + 2i5(t — MTC)) + <3 In(T)+ 9+ 2dmax) Apax
| t=Tci€AjeC
[T—L—Mr, .
< —
T Rn# Z Z Z'U"J + ZZ,J( )) + (3 hl(T) +9+ 2dmax> Anax
| t=Tc—Mrp, icAjeC

By combining the above inequality with and , we can prove the following upper bound:

T—L—Mr
) : ) 2
aRegi(T) < _E ) Y > i (2 + z4() +§(dmax -1)
N,7
| t=T,— Mg, icA jeC

2

1
+ (3 In(T)+9+ 2dmax) Amax + 3 dmax + 70+ %.

By noticing that A, < 1, we can simplify the less important constants of the above bound as

T—L—Mr,

N 1
aReg? (T) < IE: > ZZM (25, + 2i5(t)) 3 () A + 6 - dina + 71
t=T.—Mr, i€ A jeC
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Finally, we use that T, — My, > 1 and we let M = L + M. = ©(log T + dmax), which leads to:

1
aRegi (T) < . ZZZ“H 2l + 205 (0) | 45 I0(T) Ao + 6dmae + 71
t=1 €A jeC

F.5 Proof of Lemma [3

Lemma 3. For any time t € [T], TP group Z; j; and O(2'log(t)) < s <t —1, we have:

P (Nigalt) = 5. T (1) < 927 Nija(t)) < .

Proof. We fix an an arbitrary TP group (4,75,1). Let ¢, be the time and Zj be the suboptimal extreme point
used by UCB-CBB for sampling arms when the counter N; ;;(t') is increased for the k-th time. Moreover, we
denote by Y =1 (Atk =1,C, = j) the event that the TP group (4, 7,1) is triggered at time ¢z, namely, arm ¢ is
played under context j and 27! < zZ’“ =z ;([tk — My, 7)) < 2711 where [t]* = max{t,0} for any integer t. We

require concentration bounds for Zk 221y, conditioned on N; 1(t) = s. The main roadblock in the analysis,
comparing to [Wang and Chen| [2017], is that, due to the blocking constraints, the random variables Y}, are not
mutually independent. Indeed, if |ty — ti| < d; then Y}, and Yy cannot be simultaneously equal to 1. In order to
overcome the above issue, we opportunistically subsample the events {Yj} to ensure that the distance between
two contiguous subsampled events, where Y;, = 1, is at least time (d; + 1) apart (inclusive of the first instance).

We first separate each triggering (i.e., arm pulling) event into two stages: attempting to trigger Y =
(Sftk, ; tk,Ctk =j), and actual triggering Yy, =1 (Sgtk, H tk,Ctk Fftk). Given this distinction, the sec-
ond stage takes into account the blocking constraints, while the first stage takes into account the randomness

introduced by nature and the random choices of UCB-CBB.

We partition the sequence {1,2,..., N, ;;(t)}, into [N, ;s ( )/(2d; — 1)| many windows of length (2d; — 1). The
{-th window consists of the subsequence {¢(2d; — 1) +1,. + 1)(2d; — 1)}, starting from ¢ = 0. Notice that
I<

(L
for s > 2- 2! > 2d;, we have at least one such window, since 2~ di

-

We now define the indicator for the triggering event in window ¢, denoted by Yy, and the triggering time (if the
arm is triggered) in window /, denoted by #;. In each window ¢, if there exists a k in the last d; steps in the
window (i.e. k € {{(2d; — 1) +d;,..., (£ +1)(2d; — 1)}) such that the algorithm tries to trigger at time #; (i.e.
Y =1), we set Y; = Y}, and time tg = t. Otherwise, we set Y, = 0 and &, = £(2d; — 1) + d;. Thus, we have
constructed an opportunistically subsampled sequence of tuples (Y7, %) for 0 < £ < [N i(t)/(2d; — 1)), from
the original subsequence (Yj,tx). Clearly, %]:ng’l(t)/adﬁm Y, constructs a lower bound for T; ;(t).

To avoid repetitive notations, let us denote by H, = {(371, 51), ce (Y(g,l), f(g,l))} the subsequence from 0 upto
(and excluding) the ¢-th entry in the sequence. We call the first event of observing at least one Y, = 1 in the
{-th window as &;. As the sampling only happens at the later part of each window, the previous subsampling
ensures that the random variables ¢, are at least d; time steps apart. We now claim that when Y7 is set to Yy
then irrespective of the past (Yy, i), we have P[Yy|E;, He] > (1 — d%)(d i1 > 1 The above is true because,

«_y) = 1/e. Phrased
differently, if an arm is not deterministically blocked, then it is available with probability at least 1/e.

we know that when conditioned on history at least d; time steps apart we have IP’[Fft~2|Hg
Whenever the counter N; ;,;(t) is increased it is, by definition, due to an extreme point which plays the arm
(i,7) with probability at least 27!, i.e. P (S;ftk,Ctk = j) > 27!, Moreover, BT, is a Bernoulli r.v. with mean

1
’2d 71
P( bt | Hy *Mtk]Jr)

B, stochastically dominates an independent Bernoulli r.v. of mean

. Furthermore, it is not hard to see that 3, > % and, thus,

thk = min | 1 2d;

26{?—11. Similarly, P (ST, ) stochastically
dominates an independent Bernoulli r. v of mean 2~'. Therefore, the probability of event {Y}; = 1} (trying to
trigger arm 4 at context j) i . We have
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P& M) =1 = P[E7|H,]

d.

>1—(1— 2 ydit!
di(di +1) ,_;  di(di +1), di 5, _o

> vt T/ _

> T s (g —7)2 (31)
di(di + 1) 1 di(di + 1) d; —1 1

P ) 27— 2
di(di +1)
202d; — 1)

where (| . ) holds due to the Taylor expansion of (1 — z)%*! around z = 0, and ( . ) follows by noticing that
2= < 1/d; and 57 < 1. Finally, . ) follows by the fact that for any extreme point, arm i is played with
probability at Inost 1 /d,, given that > . .z ; < 1/d;.

By combining the above inequalities, then for all 0 < ¢ < |N; ;(t)/(2d; — 1)|, we have

E[Ye|He] > E[Ye|E, He]P[E|He]
1di(d; +1)

) o1
€2(2d; — 1)
l

>

M

1
>(2d; —1)27"—.
> (2d; - 127 o

The first inequality holds as Y, > 0, and the second inequality is obtained by substituting the above appropriate

lower bounds.

We next apply the multiplicative Chernoff bound for dependent random variables as stated in Theorem [5| to
obtain the final concentration inequality. We use ¢ = 2/3.

P (Mgat) = 5 Tust0) < g 52207 | 2t - 21 L) < e 3 | 55 1 |2 w2 )

-3 2dl -1 e
< exp(—31n(t))
1
= t—37

where the second inequality holds for s > 109 - e - 2! In(¢) > 108 - e - 2! In(t) + 2d; — 1, where we use the fact that
2! > d;. O

F.6 Proof of Lemma [4]

Lemma 4. For any Z € Z, |supp(Z)| < k +m.

Proof. Recall that in any feasible extreme point solution of (LP)), there exist | A||C | = k-m linearly independent
inequalities that are tight (i.e., they are met with equality). By the structure of , we know that at most
k of them can be from the set and at most m can be from the set . Therefore, the remaining tight
inequalities should be nonnegativity constraints and, thus, they are of the form z; ; = 0. This implies that at
most k + m variables can be nonzero and, therefore, that the support of any extreme point solution of has
cardinality at most k + m. O
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F.7 Proof of Theorem [2| (Regret Upper Bound)

Theorem 2. The a-regret of UCB-CBB for a = Mdm% and a universal constant C > 0 satisfies

C (k+m)log(T)
o Regj(1) < Y 3 S
€A jeC min

+7ZZI < Z:m>>Amax+6'dmax~

i€ A jec min

Proof. The proof of our regret bound follows closely the structure of [Wang and Chenl 2017]. In the following,
we present a version of their proof simplified and adapted to our setting. We start from the upper bound on
the regret given by Lemma [2} Then, we study this regret upper bound using techniques from [Wang and Chen|
2017] and making use of our Lemmas [3| and |4} in order to achieve tighter final regret bounds.

By Lemma [2] we have the following upper bound on the a-regret

1
aReg[ Z Z Z Hi j 2 ] + zi5(t )) +§ In(T)Amax + 6dmax + 71,

t=1 (€A jeC

where M = O(log(T') + dmax)-

By using our definition of suboptimality gaps, we can express the first term of the above bound as

ZZZ“M 5+ 24(t) RN,, ZAZ(t

t=1 icAjeC

where Ay is the suboptimality gap of the extreme point solution of (LP))(t)

In the above summation, notice that for the computation of every Z(t) for t € [T — M], the algorithm uses
strictly updated UCB indices, since we have already excluded the rounds where indices are reused, due to the
increases of M; (see Lemma [2)).

We start by defining several important events that may occur during a run of our algorithm UCB-CBB. A reader
familiar with the work of [Wang and Chen) 2017] should easily recognize their role. Recall that T; ;(t) denotes
the number of times arm 4 is played under context j up to (and excluding) time ¢. Moreover, we denote by
N; j1(t) the value of the counter that corresponds to the TP group Z; ;;, at the beginning of round ¢.

Definition 3 (Nice sampling). We say that at the beginning of round t, UCB-CBB has a nice sampling, denoted
by N, if it is the case that:

N 3ln(t) . )
‘,uz',j,Tq;,j(t) - ,Ui,j| < W»Vl cAVvjeC.

It is not hard to verify that, on any round ¢ such that N holds, we have:

31n(t)
2T;,5(t)

.U%,j_ﬂZJ()<min{1a,ui,j+2 },ViGA,VjEC.

The following lemma provides a lower bound to the probability that the UCB-CBB has a nice sampling at some
time ¢.

Lemma 8. The probability that UCB-CBB has a nice sampling at time t is at least P (N) > 1 — 2kmt 2.

For the rest of this proof, we fix the constants B; = 109 - e and By = 24 - e. Moreover, for any real number y, we
denote by [y]* = max{y, 0}.
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Definition 4 (Nice triggering). We say that at the beginning of round t, UCB-CBB has a nice triggering, denoted
+
by N7, if for any TP group Z; ;; associated with the pair (i,7) and for any 1 <1< logQ(%)} , given that

min

BiIn . —
N < 1t holds Ty j(t — 1) > g:Nija(t — 1)27".

Lemma 9. The probability that UCB-CBB does not have a nice triggering at time t is at upper bounded by
+
2(k+ _
P(-WT) < Yiea Djec |loga(24)] 172,

min

We consider the following functions:

96 -2 . By(k+m)2InT
o[22 e

4.271 if s =0,
kiT(A,s) = 2\/M, ifl1 <s<{p(A),
0, if s > £17T(A).

For any extreme point Z € Z, we denote by Z = {(i,j) € AxC |27; > 0} the set of arm context pairs in its

support. Notice that by Lemma [4f for any extreme point Z € Z, we have |Z| <m+k.

2¥)
min

Forany Z € Z, let I'y = max(i’j)GZ{Ai’j over all pairs (i,j) € Z. Our proof relies on

>4} be the maximum A
the following technical lemma.

Lemma 10. (Suboptimality decomposition). For any round t € [T, if {Azq) > Tz} and N7, N hold, we
have:

AZ(t) < Z Hli,j,T(Agfi—nv Ni7jali,j (t - 1))a
(1.1)€Z(t)

where l; ; the index of a TP group such that Z(t) € Z; 1, ;-

We are now ready to prove the regret bound, with respect to {Afﬁzn}Vi,j and Apax. For simplicity, we replace
T — M with T in the regret upper bound of Lemma[2] Even though the rounds above T'— M might not correspond

to UCB indices that were actually used in the run of UCB-CBB, we still get an upper bound to our regret by
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assuming a larger instance in the underlying combinatorial bandit problem. We have that:

ZZZNU Zm())

te[ T] i€ A jeC

= E | > Az
Lt€(T]

= D Az (Bzwy 2Tzm) |+ B | Y Az 1(Aze <Tze)

RN, RN, %
Lt€(T] ] te[T]

= Z Az I(Azwy 2T zw)
’ te[T]

= Z Az (T(Azwy 2Tz, N?Y) +1(Azwy = Tz, NF))
te[T]

< Z AZ(t AZ(t > T'z(t), NS) +1 (_‘NS))

L tE(T]

A
2
2

— 15 Z Az (T(Azwy 2T 20, N NT) +1(Azwy = Try, NE N ) +1(-NY))

L te(T]

< E Z Az (L(Az@) 2 Dz, NENT) +T(ANT) +1(=AY))

Lte(T]

< R]Eﬁ Z Az 1(Azw > Tz, NENT) +R15j > Az I(-NY) +R15j > Az I(-AD) |,
Lte(T] te[T] te[T]

where we use the fact that, if I (AZ(t) < Fz(t)), it must be Az = 0, since, otherwise, it should be that either
N( ) =0, or Agsy < Tzr) = max, jyc 70 A = AT for some (",j’) € Z(t). However, by the structure of

min min ?

. we know that VZ € Z, Z # 0, while the fact that Azp < AL
to the definition of I'z ;).

for some (i',§') € Z(t), is a contradiction

mln ?

By Lemma we have that: RE [Zte[T] AZ(t)H(—\j\/‘tS)} < Amaxzte[T]P(—.j\/’tS) < %2 k-m -
N, 7

Amax.  Moreover, by LemmaH we have that R]E [Zte[T] AZ(t)H(—'J\f[)} < Anmax X e P (-N7) <
N, 7

%2 Yiea Zjec log, (2(§fjm)) Anmax- Finally, in order to complete our bound, it suffices to upper bound

Z Aziy LAz =Tz, NENT)

RN, %
te[T]

For any arm-context pair such that (i,j) € Z(t) for some extreme point Z(t) € Z, we define lz(f]) such that
Z(t) e Z, FRIos By Lemma we have:

RIE,i Z] Az 1(Azwy 2Tz, NSNT) | < IE Z Z Ry, 7 mm’Ni,j,lﬁfJ’. (t—1))

te[T T tE[T] (4,5)€Z(t)
+o0 Nij, (T)—-1

=B XX X mrdihe)|,

i€A jeC =1 5=0
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where the last equality follows by the fact that Nj ;;, ; is increased if and only if (7,7) € Z(t). Now, for every
arm i € A, context j € C and | € Ny and by definition of x; (A, s) we have:

N (T)-1 b (AT
Y. mrA < Y mr(Ag,s) (33)
s=0 s=0
(AL
= Hl,T(Afﬁ%nv 0) + Z ki T(Agﬂn’ s)

L1 (A
wn) IR n(
= k(A% 0) + Z 9/ — 2 (T

ZLT( min)
< k(A3 0) +44/By 27t In(T Z ;
S/‘WT m1n7 —|—8\/B1 22— ln \/le Af{fm (34)

where follows by the fact that (A, s) = 0, for s > €, 7(A) + 1, while (34)), follows by the fact that for
any integer n € N, , we have: ZZ=1 \/g < fsn:o \/gds = 24/n. Using the definition of ¢; 1, then becomes:

S k(A s) < mr(Al,,0) +8y/By 271 n(T)y/fr(AL,)

s=0
.2—l . Bo - 2 1n(T
< k(AR 0) 48, /By 2L In(T) | D 2-(k +2m) n(T)
(i)
(k+m)-In(T)
A ’

min

=4.27"4+8y/96-By-By-27".

By summing over all [, for each pair (4, j), we have:

+o0 Nij,1(T)—1

IX:; SZ:% "il,T(Ame, <4 22 +8\/m kJerm 221

min

(k 1
<448/06 B, B, Ftm) @)

A%J

min

By combining the aforementioned facts, we conclude that:

(k )In (T
B ST S )| VIR R S IR,

t=1icAjeC i€ A jeC min

10g2 )+2 k-m Amax
(S 2

€A jeC min
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Finally, combining the above with the upper bound we get from Lemma [2] we get:

1
aReg 7)< IE Z ZAZMU zw(t)) + + gln(T)Amax+6dmaX+71
t=1 i€ A jeC

<896 B, - BQZZHZ*IH)Jer-k-m

€A jeC min

2
ZZlog2 A0 )+2 kem e+ = I(T) | Ao + Glmax + 71

.
i€ A jeC min
(k+m)In(T)
<1089SZZ i +4-k-m
€A jeC Amm

Z]

2(k+m) 2
+— > logy, = N T2 ke S I(T) | A+ 6 + 71
€A jeC min

The above regret bound completes our proof. O

F.8 Proof of Lemma [§| [Nice Sampling]

Lemma 8. The probability that UCB-CBB has a nice sampling at time t is at least P (N) > 1 — 2kmt 2.

Proof. Let =N} be the event that the algorithm does not have a nice sampling at some round ¢ € [T']. By union
bound on the possible arm-context pairs, we have:

. ) N 3ln (¢
P(ﬁ/\/'ts) =P <32 e A jeC, s.t. |/’I/i7j,Ti'j(t) — ,ui,j| > ®) )

2T;4(t)
) 31n ()

<D PR, — pigl > 3T (1)

i€ Ajec ©J

3In (¢

<3552 (-l 50

i€ A jeC s=1

For any s € [t], fi; s is the average of s i.i.d. random variables, denoted by Xz[lj], .. XZ[‘;], drawn from the

reward distribution of arm i € A, when it is played under context j € C. For any fixed s € [t] and for any pair

i€ A, j €C, we have:
(b]
R 3n (t > vels) Xij 3n (¢
P <|Mz‘,j,s — pi gl > 25( )> =P <|€[S] L — gl > 23( )
3s1n (t)

b
=P (1D X0~ migsl > 7

< 2exp (—Q?w;n(t)> =13,
s

where we use Hoeffding’s inequality (see Appendix E[) for upper bounding the last probability. By combining

the above inequalities, we have:
3ln
ﬁN <ZZZP |Mz,gs /~Lz,]| 2

€A jeC s=1

< mkt™2.
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F.9 Proof of Lemma [9] [Nice Triggering]
Lemma 9. The probability that UCB-CBB does not have a nice triggering at time t is at upper bounded by

+
P(N) € X ieaXjec [log2(2(§,+] ))} t=2.

min

Proof. Recall that By = 109 - e and By = 24 - e and consider the case where t —1 > N; ;;(t — 1) > B; 2 n(t).
By union bound, we have:

(k+m)
AL

min

P-N])=P|JdieATjeC,Tle [1, [logz( )

1
}Ti,j(t —1) < —N; ju(t —1)27"
Bo

.
[loms(22) |

min

<% Z P (Tm(t 1)< Bizzvi,j,l(t _ 1)2—1)

€A jeC

|:10g (2(k+m,) ):| +

Arin t

< ZZ Z Z P (N,,j,l(t ~1)=s,T;;(t—1) < B%Ni,ﬂ(t - 1)2—1) . (35)

icAjec s=[B1 -2! In(t)]

By Lemma [3] and since we consider only N; ;;(t — 1) > By -2llog(t) = 109 - e - 2! log(t), inequality can be
further upper bounded by:

.
[loes(22) |

min t

EEGEDHINEDS > -

i€A jeC s=[B1 -2! In(¢)] t3
+
(k+m) _
< Z Z [log2 A —-—) 2.
i€AjeC min

F.10 Proof of Lemma (Suboptimality Decomposition)

Lemma 10. (Suboptimality decomposition). For any round t € [T, if {Azq) > Tz} and N, N7 hold, we
have:

Azwy < >k, m(Ah Nija,, (1)),

(i,)€Z(t)

where l; j the index of a TP group such that Z(t) € Z; 1, ..

Proof. Clearly, we are only interested in the rounds ¢t € [T] such that A z@) > 0, since, otherwise, the inequality
holds trivially. By optimality of (LP)) at time ¢ (i.e. the solution of (LP)) at time ¢ using the indices {f; ;(t)}vi ;).
we have that:

Z Z Hi,j (t)zi,j (t) > Z Z i, (t)z

€A jeC €A jeC

Moreover, by the nice sampling assumption on round ¢, we have:

PIPIFICETED DY TRT A

€A jeC €A jeC

given that under N}, each index overestimates the actual mean value, namely, fi; ;(t) > p; ;,Vi € A,j € C.
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Finally, by definition of the suboptimality gap, we have that Az ) =37 4 D icc Mij%i; = 2ic A 2ojec FijZig(t)-
By combining the above facts, we get:

Azp = Z Z,ui,jzf,j - Z Zm,jzi,j(t)

icAjecC i€ A jeC
<Y (g () = pag) 2i4(8)
(i,5)€Z(t)

Now, by assumption that Az > Tz = max(i’j)GZ{Ai’j } and using the above inequality, we have:

min

Az < =Tzu) +2 Z (fi,j(t) = i g) 2i 5 (1)

(4,5)€Z(2)
— FZ
=2 2, ((Mm(t) — ig) 2 () — =20 >
h9)€Z 2|Z(t)|
(i,)EZ(t)
Al
<2 > |t —mig) =) - 2(/@71”;7@) ’
(i,5)€Z(t)

where in the last inequality, we use the fact that, by Lemma {4} we have |Z(t)| < k +m, and that for any pair
(4,7) € Z(t), we have T'z¢y > A}

min*

For any (i,j) € Z(t), let l; ; be the index such that Z(t) € Z; ;,, ;. For each (i, j) € Z(t), we are trying to upper
bound 2 ((ﬂl i(t

i
— i) Zi;(t) — 2(4;;?;;1))7 by distinguishing between two cases on the value of [; ;.

Case (a): 1 <;; < [log ngitm)Lr By N, we have that f; j(t) — p;; < 24/ 23%:2((%, while by definition of TB

groups, we have z; ;(t) < 27l We further distinguish between sub-cases.

Sub-case (i): Ny, ;(t —1) = 0. In that case, we have that "%,j,T(Ai’j 0) =4-27%J and, thus:

min’

: AL i

2 <(Hi,j(t) — i) Zi5(t) — 2(/<:—|—m)> < 2R, (t) — i) 25 (1)
< 2.9 7l
=4.27 ki
= ﬁli,ij(Ai’ﬂn’ 0)

Sub-case (ii): #Kffiz”] > 1. Then we have that:
RALEN
. AL .
2| ([ (t) — pig) 2i5(t) — 20 +m) <2 (5 (t) — pig) zi g (1)
< 2.2 liatl

< 9.9 lij+1 B1 ln(t)
- N, (t—1)27 "t

4B1 2=l ln(t)
Nija,,;(t—1)

(A Niju,, (= 1))

= K, ;,
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Bi In(t)
N; il (t 1)2

~ 3n(t 3By In(¢)
() — iy <2 .
1 7]( ) H 3] 2111 j t _ 1 \/2N’L]l t _ 1) 2_l77,_7'

Therefore, we have that:

Sub-case (iii): — < 1. Then by Ny and N, we have:

i  [24Byln(t)- 27 }
i.i(t) — ti i) zi.5(t) < min y2:2707 0
(N ,J( ) I »J) J( ) {\/ N; Gl (t - 1)

by

Now, in the case where N, (t — 1) > 6, . 7(A%) + 1, we have: 2482 In()-2 "

min W ~
24 By In() 213 (AL )? @GE)r Al . AL
\/96 Bz i rmyr i =\ aEbm? =  kimy ond, thus, 2 ((Nz:j (t) = pig) 2i,(t) — 2(k+m)> <

min

N N ij i
2 (e — sy ) < 0 = ki, (Al Niga,, (E = 1)), Tn the case where Niju, (¢ = 1) < 4, (A )

. _ N _ At 96 Bp In(t)-2~
we simply use 2 ((ui,j(t) — i) 2i () — 2(k15:51)) <2 ((ui,j(t) — i) 2i(t) — 2(ki‘i;~b)) < 2In(t)-

N@Jllj(t 1) -

4B In(t)-27 "0
NLJ l; J(t 1) :

Case (b): l;; > [log 2(k+m)] + 1. Using the fact that fi; j(t) — p;,; < 1 and the definition of TB groups, we

min

have:

—[log 2EEml ), _jog 2Uetm) AS
- —li ;41 ) 2
(Fij(t) = i) zig(8) < zig(t) <270 ¥ <207 &b <207 Al < CEEh
By using the non-negativity of /ili,jvT(AfIﬁn, N ju.,(t —1)), the above implies that:
Ah] A77] 1 .
(k ilr;n) - (k i’n_lr;n) < O < QHZZ ]7 (A:I’]]ln’ Niajyl'i,j (t - 1))7

and, thus,

7 A:r’ljm %,J
2 ((#m‘(t) — pig) zij(t) — M) < ity (A Niga,, (= 1)),
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G HARDNESS RESULTS: OMITTED PROOFS

G.1 Proof of Theorem [3]
Theorem 3. For the (asymptotic) competitive ratio of the full-information CBB problem, it holds:

dmax
li 3 T < ——
Phm swp pt(T) < 55—

Proof. We now prove an upper bound on the (asymptotic) competitive ratio of the full-information case of our
problem. It suffices to provide an instance I, such that the ratio between the expected reward collected by an
(asymptotically) optimal online policy, denoted by limp_, 4 o Rew?pt (T), and by an optimal clairvoyant policy,
denoted by limr_, o, Rew}(T), is upper bounded by Qdd“%. Recall, that a clairvoyant policy has a priori

knowledge of all context realizations, {C; }vieqr)- "

Consider the following instance I. Let A be a set of k arms and let arm ¢ such that i™ = argmax; c4 dy,
namely, an arm of maximum possible delay. Let C = {1,2} be a set of two contexts, such that f; = e and
fa = 1 —¢, for some small € € (0,1). We assume that the rewards {X; ;}vica jec,te[r] are constants, while
the rewards of all arms except for i, i.e., A\{i"™}, are identically equal to zero for any possible context. The
above implies that, without loss of generality, neither the optimal clairvoyant policy, nor the optimal online
policy ever play these arms and, thus, we can assume that only arm ™ is played. For arm ", we have that
Xim 1,4 = [im 1 = g for some fixed R > 0 and X;m o, = pm o = 1, for all t € [T']. We note that the reward %
may be greater than 1, which can be fixed by dividing all the rewards by (1 + %), in order to keep them within
range [0, 1].

In this proof, we compute the average reward collected by an optimal (non-clairvoyant) online and we lower
bound the average reward collected by an optimal clairvoyant policy for instance I. Given that ¢ is the only
arm played in both cases, we focus only on this arm and we simplify the notation by referring to it as i.

Online Policy. We focus on arm ¢ and consider the behavior of a specific online policy, denoted by alg(q1, g2).
This online policy starts at time ¢ = r for r» € {0,...,d; — 1} with probability m(r) (to be specified later). At
each time, if the arm i is available and the context is 1 (resp., 2) it plays the arm ¢ with probability ¢; (resp.,
q2)-

The behavior of this online policy alg(g1,¢2) can be analyzed using a Markov chain. Specifically, the Markov
chain has d; states, 0,1,...,d; — 1, where each state r indicates the fact that arm 4 is blocked (i.e., not available)
for the next r rounds. Let g1, ¢2 € [0,1] (determined by the policy alg(q1,g2)) denote the probabilities that arm
1 is played, if available, given that the context is 1 and 2, respectively. At each time t, the Markov chain moves
from state 0 to state (d; — 1) with probability (g1 f1 + ¢2f2) and gains the expected reward (u;1¢1f1 + pi2q2 f2)-
Otherwise, the Markov chain remains in state 0 with probability (1 — g1 f1 — ¢g2f2). Given that at some time ¢,
the state is r, for r > 1, the Markov chain deterministically moves to the state (r — 1) (collecting zero reward).
Let mw(r) be the stationary probability of state s, in the above Markov chain, which is parameterized by ¢; and
@2. This is the same 7(r) that is used in the definition of the policy alg(q1, g2).

We can compute the probability m(0) by solving the system: }-, .5 413 7(r) =1 and that (1) = m(2) =

- =m(d; — 1) = 7(0) (¢q1.f1 + g2f2). Recall that the expected reward (u;1¢1f1 + pi2q2f2) is collected only
when the Markov chain is at state 0 (and moves to state d; — 1). Finally, we let the Markov chain start from
stationary state, i.e. at time ¢ = 0 the Markov chain is in state r w.p. 7(r). Due to stationarity, the expected
average reward for the above online policy alg(q1,¢2), for any time horizon 7', denoted by Rew?lg(ql’%)(T), can
be expressed as:

1 (a, . . Rai + (1 —€)g2
Rew8(@:@2) _ E - I (A (q1,92) _ i,Cy = ]> _
I RN .alg(ar.a2) T t;“] J%; ¢ ! 1+ (dl - 1)(6(]1 + (1 - 6)q2)

We have already argued that for the setting under consideration, there exists an optimal online policy which
only plays arm ¢. Further from the theory of Markov decision processes (MDP), as the time horizon T tends
to infinity, there exists an optimal online policy (which only plays arm 4) that is represented by the above
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stationary Markov chain (c.f., [Puterman) 2014]). In particular, this optimal online policy can be designed by
maximizing the time-average expected reward over the probabilities ¢; and ¢o. Therefore, computing the optimal
time-average expected reward in our setting can be formulated as the following optimization program:

Ry +(1—€)ge

maximize: f(q1,q) = 5@ D+ (1—90) s.t. q1,¢2 € [0, 1]. (36)

The following lemma specifies the solution of the above optimization problem for a specific range of (R, ).

Lemma 11. For R > € + ﬁ, the optimal solution to the mathematical program is attained by setting

(q1,92) = (1,0) and its value is equal to WR—DG

Lower Bound on the Optimal Clairvoyant Policy. We now need to compute the expected average reward
of an optimal clairvoyant policy on our instance, namely, a policy that has a priori knowledge of the context
realizations of all rounds. However, given that providing a characterization of the optimal solution for any possible
context realization is a difficult task, we instead attempt to lower bound the optimal expected reward. For this
reason, we study a simpler and (possibly) suboptimal clairvoyant policy. This policy is based on partitioning the
time horizon into blocks of size B, and, then, treating each block, separately, using a simple strategy.

We define the block size to be B = kd;, where k € N is a positive natural number such that £ > 2 and d; is the
delay of arm i. We further assume without loss of generality that the time horizon 7', which we later extend to
infinity, is a multiple of the block size B. Our algorithm works separately, in each of the % blocks, according to
the following simple rule:

Case (a): If context 1 appears at exactly one time ¢ within the first B — d; rounds of the block, then the
algorithm plays the arm on time ¢’ and nothing else.

Case (b): If context 1 does not appear at all within the B rounds of the block, the algorithm plays arm 4 exactly
k — 1 times (every d; times), starting from the first round of the and excluding the last d; rounds of the block.
Case (c): In any other case, the algorithm takes no action during the B rounds of the block.

It is important to notice that, in all the aforementioned cases, no action is taken within the last d; rounds of
each block. This allows us to study the expected reward of each block independently.

The average reward collected by the above policy is at least,

B+1—d;
g(ij?dL«W*”+W;WLwW)=Ru—%m—a®*uw;—au—d?

t=1

Therefore, for R > € + ﬁ and using Lemma the ratio of reward of the online policy over the designed
clairvoyant policy is upper bounded by:

___R
14+(d;—1)e

RO- )0 - 9@+ (F - p)a-9F

We now consider a series of instances, where B = difﬁl, R = 2¢ + ;1< and € approaches 0. The limiting
competitive ratio of an optimal online algorithm becomes:

lim : = : = ‘ ,
DRI G- B D+ (F -3 -F g +a -1

where we use the fact that lim. o (1 — e)ﬁ =1.

Given that d; = dpax for instance I, we can conclude that the optimal asymptotic competitive ratio of the

full-information case of our problem can be upper bounded by 5 dii’;a"_l. O

G.2 Proof of Lemma [11]

Lemma 11. For R > ¢ + ﬁ, the optimal solution to the mathematical program s attained by setting
(q1,q92) = (1,0) and its value is equal to ﬁ.
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Proof. Let f(q1,q2) = 1 vy d:qul)J(re(ql;i-e()fie)qz)' Taking the partial derivative of f(qi, g2) with respect to q1, we get:

af(q1,q2) _ R+ (di — 1)(qre + q2(1 —¢€))) — e(d; — 1)(Rq1 + g2(1 — €))
oq (1+ (di = 1)(q1e + q2(1 — €)))?
_ R+ (d;i—1)g2(1 —€)(R—¢)

(1+(di = 1)(qre + q2(1 —€)))?

Therefore, for R > € we have Mg;‘ﬁ)

attained at g7 = 1. We now take the derivative of f(q1,¢2) with respect to go:
f(a,q2) _ (1 =)L+ (di = V(@€ + ¢2(1 — €))) = (di = 1)(1 — €)(Rg1 +g2(1 — €))
ofip; (1+(di = 1)(q1e + q2(1 — €)))?
(1-e—(d—D)q(R—¢)
(L+(di = 1)(qre +q2(1 —€)))?*

> 0 for all ¢1,¢2 € [0,1] and, thus, the optimal solution in this case is

Therefore, for R > € at ¢f = 1 we have %{;’2) > 0, when (d; — 1)(R —¢€) < 1, and %{;’%) < 0. Therefore,

for R < e+ ﬁ we have the optimal at g5 = 1 and the optimal value is %. For R > e+ ﬁ we have the
optimal at ¢5 = 0 and the optimal value is Wﬁ—l)e' O



Contextual Blocking Bandits

H SIMULATIONS

We simulate the UCB-CBB algorithm for 60 sample paths and 10k iterations on different instances, and report the
mean, 25% and 75% trajectories of cumulative a-regret. The a-regret is defined empirically, using the solution
of the LP as an upper bound on the optimal average reward.

In addition, we report three other quantities:

(i) The empirical probability that the LP solution causes round skipping. Recall at any time ¢ and having
observed context j; € C, UCB-CBB samples arms using the extreme point {z;,;([t — M;]")})i € A, and may return
no arm if flt > iea Zii([t — My]T) < 1. We denote this time-series by Ip skip in the figures.

(ii) The empirical probability that the adaptive skipping technique actually skips a round to ensure future
availability, even after an arm is sampled using the extreme point. We denote this time-series by skip in the
figures.

(iii) The empirical blocking probability, namely, the time-average number of attempts to play an arm that fail
due to blocking. We denote this quantity by block in the figures.

A greedy heuristic: We compare our algorithm with a UCB-based greedy algorithm, called UCB-GREEDY,
that plays, among the available arms of each round, the arm of highest UCB index, given the observed context
Ji € C, namely, if = argmax;cr, fi; j,(t), where j; is the context and F; is the set of available arms at time ¢.
Clearly, this heuristic does not use delayed exploitation, unlike UCB-CBB, no adaptive LP rounding is involved.
For this algorithm Ip skip and skip both equal 0 by construction, whereas blocking may occur in the case where
no arm is available.

In the rest of this section, we provide simulations for empirically verifying that, even for small instances of our
problem, a naive greedy approach like UCB-GREEDY fails to provide sublinear a-regret. A larger instance of 100
arm-context pairs can be found in Section [6}

H.1 Integral instances

In this class, we provide simulations for demonstrating a pathological scenario for UCB-GREEDY, verifying the
fact that selective round skipping is necessary for achieving optimal competitive guarantees. We consider 3 arms
each of delay d = 3, and 3 contexts that appear with equal probability f = 1/3, while the rewards are generated
by Bernoulli distributions (see Figure . Each arm is associated with a unique context of high mean reward,
while for the rest of the arm-context pairs the mean reward is relatively smaller. Specifically, for arm i € [3]
and context ¢, we consider mean reward equal to j;; = 0.9, whereas, for the remaining arm-context pairs have
mean p; j = 0.9 — gap for i # j, with gap = 0.4 for Figure 2a] 2B} gap = 0.6 for Figure 2c| 2d} and gap = 0.8 for
Figure

In these cases, the admits a solution whose support yields a matching between arms and contexts, where
arm ¢ is matched to context i for i € [3]. As a result, the marginal probabilities used by UCB-CBB for sampling
arms are integral (i.e., equal to 1 for the arm that is matched with the current context and 0, otherwise). We
see the UCB-CBB algorithm has a 0.6-Regret that grows logarithimically for all instances, whereas for the UCB-
GREEDY algorithm, the 0.6-Regret is positive linear for gap = 0.8, and 0.6; but is negative linear for gap = 0.4.
As it appears, UCB-GREEDY beats the UCB-CBB algorithm in the cumulative regret for gap = 0.4, as the effect
of choosing the optimal matching in UCB-CBB is countered by the effect of adaptively skipping at a rate %
On the other end, for gap = 0.8,0.6 the UCB-CBB algorithm performs better in the cumulative regret as the
effect of choosing the optimal matching outweighs the effect of adaptive skipping. We note that this instance is
dense, as ), d% = 1. Therefore, it is natural that UCB-GREEDY performs better when facing instances of smaller
gaps among the rewards. In all the cases, the UCB-GREEDY incurs no blocking, whereas the UCB-CBB algorithm
converges to an empirical blocking rate of %

H.2 Non-Integral Instances

In this class, we consider two different instances of 3 arms and 3 contexts each.

In the first instance, for each context i € [3] arm ¢ has mean reward 0.9, whereas all other arm-context pairs
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Figure 2: Integral instance on 3 arms, each of delay 3, and 3 equiprobable contexts for varying gap in the mean rewards.

have mean 0.3. The contexts are equi-probable, whereas the arms have delays 2, 3 and 6. For this instance,
Figure [3] shows that the a-regret is logarithmic for the UCB-CBB algorithm and positive linear for UCB-GREEDY.
We also observe the convergence in blocking probability for both algorithms in the same figure. We note that
the UCB-GREEDY also incurs blocking for this dense (3, d% = 1) instance.

In the second instance with 3 arms and 3 contexts, for each context ¢ € [3] arm ¢ has mean u.a.r. [0.5,0.9],
whereas all other arm-context pairs have mean u.a.r. [0,0.3]. In that case, the context probabilities are again
chosen randomly on a simplex. All the arms have delay equal to 6. We note that this instance is non-dense,
ie. >, di = 1/2 < 1. For this setting, Figure [4] shows a logarithmic a-regret for the UCB-CBB algorithm and
a linear regret for UCB-GREEDY. Both algorithms converge to non-zero probability of blocking. We note that
UCB-GREEDY incurs 0.5 blocking for this non-dense instance, as compared to 0.22 blocking in UCB-CBB. This
happens as UCB-CBB conserves arm ¢ for context ¢, which can be seen through high Ip block for UCB-CBB and
low regret. On the other hand, UCB-GREEDY myopically plays the best available arm at each time slot, incurring
high blocking rate and high regret.



Contextual Blocking Bandits
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Figure 3: Non-integral instances with 3 arms and 3 contexts. The delays of the arms are either 2, 3, and 6. The contexts
are equiprobable. The best arm per context has arm-mean 0.9, whereas all other arm-context pairs have means 0.3.

UCB Greedy UCB CBB
= UCB Greedy 0.5 1.0
200 —_—
—— UCB CBB bl?ck
0.4 0.8 skip
o 50 2 2 — Ip skip
o = 0] — block | =
5 g o3 0 3o
100 © —— skip [
o 024 — Ip skip | 8 o4
[} o
50 = =
25, 2,
0
0.04 0.0
0 2000 4000 6000 8000 10000
ti 0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000
ime . .
time time

(a) Cumulative Regret (b) LP skipping, skipping, and blocking

Figure 4: Non-integral instances with 3 arms and 3 contexts. All the arms have delay 6. The context probabilities are

selected randomly. The best arm per context has mean in [0.5,0.9], whereas all other arm-context pairs have means in
[0,0.3].
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