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—— Abstract

Given a set of vertices V with |V| = n, a weight vector w € (RT U {O})(g), and a probability
vector z € [0, 1](‘2{) in the matching polytope, we study the quantity

EG[VUJ(G)]

Z(u,v)é(‘z/) Wy, Ty,

where G is a random graph where each edge e with weight w, appears with probability x,
independently, and let v,,(G) denotes the weight of the maximum matching of G. This quantity
is closely related to correlation gap and contention resolution schemes, which are important tools
in the design of approximation algorithms, algorithmic game theory, and stochastic optimization.

We provide lower bounds for the above quantity for general and bipartite graphs, and for
weighted and unweighted settings. The best known upper bound is 0.54 by Karp and Sipser, and
the best lower bound is 0.4 for bipartite graphs and 0.33 for general graphs. We show that it
is at least 0.47 for unweighted bipartite graphs, at least 0.45 for weighted bipartite graphs, and
at least 0.43 for weighted general graphs. To achieve our results, we construct local distribution
schemes on the dual which may be of independent interest.
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1 Introduction

We study the size (weight) of the maximum matching of a random graph sampled from various
random graph models. Let V be the set of vertices with |V| = n. Given the probability

vector x € [0, 1](‘2/) and the weight vector w € (RT U {0})(‘2/)7 let DS, . be the distribution of

n,w,r
random graphs with n vertices such that each pair e € (‘2/) becomes an edge with probability
z. independently. If it becomes an edge, its weight is w.. For bipartite graphs, let V; and
V5 be the set of left and right vertices with |Vi| = [V2| = n. Given the probability vector
z € [0,1]**"2 and the weight vector w € (RT U {0})"**"2, let DE , . be the distribution
of random bipartite graphs with 2n vertices such that each pair e € Vi x V5 becomes an
edge with probability x. independently. If it becomes an edge, its weight is w.. We use DS‘@

(resp. DS ) for the unweighted case (w = (1,1,...,1)).
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Understanding the Correlation Gap For Matching

We focus on the case when the probability vector z is in the matching polytope of the
complete (bipartite) graph. Recall that for bipartite graphs, z € [0,1]"1*"2 is in the matching
polytope if each v € V; U V; satisfies ) x,,, < 1. For general graphs, z € [0, 1](‘2/) is in
the matching polytope if each v € V satisfies Zu Zyuw < 1 and each odd set S C V satisfies
> fuwycs Tuw < L(IS] = 1)/2)1

Given a weighted graph G, let v,,(G) be the weight of the maximum weight matching of
G. If G is unweighted, v(G) denotes the cardinality of the maximum matching of G. For

any z € [0, 1](‘;) and w € (RT U {0})(‘;), we have Eg.ps  [V(G)] < Z(u,u)e(‘;) W, v T, vs
simply because the probability that (u,v) is included in the maximum matching is at most
Zy,»- The analogous statement also holds for bipartite graphs.

If z is in the matching polytope?, we can prove that Eg[vy, (G)] = k- Y Wy » Ty, for some
constant 0 < k < 1. For the general graph model, x is known to be at least (1 —1/¢e)? ~ 0.40
for every w [6]. For the bipartite graph model, x is known to be at least 0.4 for every w [5].
Karp and Sipser [11] showed an upper bound of 0.54 for both bipartite and general graphs, by
demonstrating it for the unweighted models where every edge appears with equal probability.
Our main results are the following improved lower bounds on . Our first theorem concerns
the unweighted bipartite model.

» Theorem 1.1. Let |Vi| = |Vo| = n and x € [0,1]V1*V2 be in the matching polytope of the
complete bipartite graph on Vi UV,. Then

EGNDE@ [v(G)]

Z(u,v)evl x Vy Tuv

> 0.476. (1)

We also obtain a slightly weaker result on the weighted bipartite model.

» Theorem 1.2. Let |Vi| = |Vao| =n and x € [0,1]V1%Y2 be in the matching polytope of the
complete bipartite graph on Vi U V. Then for any w € (RT U {0})V1xVz,

Eqops V(G
o ) > <1 - 3) > 0.4481.
Z(U,U)EVl xVa Wu,vlu,v 2e

Finally, we prove an improved bound on the weighted general graph model.
» Theorem 1.3. Let |V| =n and z € [0, 1}(‘2/) be in the matching polytope of the complete
v
graph on Vy U Va. Then for any w € (RT U {0})(2),
Eg~ps

,,u,,m[Vw(G)] < e2—1

> > 0.4323.
Z(u,v)e(‘z/) Wy, v Ty, 2e?

1.1 Applications and Related Work
Contention Resolution Schemes and Correlation Gap

Our work is inspired by and related to the rounding algorithms studied in approximation
algorithms. Given a downward-closed family Z C 2 defined over a ground-set E and a

L Qur result for general graphs, Theorem 1.3 holds even when z satisfies the first type of constraints.
2 If & is not in the matching polytope, one can construct examples where r = Q(n).
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submodular function f : 2¥ — RT, Chekuri et al. [5] considered the problem of finding
maxgez f(S) and introduced contention resolution schemes (CR schemes) to obtain improved
approximation algorithms for numerous problems. Let Pz be the convex combination of all
incidence vectors {1g}scz. A ¢-CR scheme 7 for z € Py is a procedure that, when R is a
random subset of E with e € R independently with probability z., returns 7(R) C R such
that m(R) € Z with probability 1 and Prle € 7(R)] > c for all e € E.

To construct a CR scheme, they introduced the notion of correlation gap of a polytope,
inspired by [1].3 Formally, the correlation gap of Z is defined as

Er~p,[Maxscr,ser Y ocg Wel

k(L) = in
( ) r€Pr,w>0 ZeeE'wae

; (2)

where D, is the distribution where each element e appears in R with probability z. inde-
pendently. It is easy to see that the existence of ¢-CR scheme for all € Py implies x(Z) > c.
Chekuri et al. [5] proved the converse that every « € Py admits a x(Z)-CR scheme.

By setting E to be the set of all possible edges of a complete (bipartite) graph, and Z to be
the set of all matchings of a complete graph, our Theorem 1.2 and Theorem 1.3 for weighted
bipartite graphs and weighted general graphs imply that there exist 0.4481-CR scheme
and 0.4323-CR. scheme for bipartite matching polytopes and general matching polytopes
respectively. Note that these lower bounds hold when E’ is the set of edges and 7' is a
matching polytope of an arbitrary graph G’, since

Egr~p,[maxscr,sez Zees we]

7)) = inf
K(Z) v P w0 > ek Tele
Egrop. |max w
< lnf R 'Dm[ SCR,SeT ZEES 6] _ H(I/).
x| g1 €Pzr, w| gr=0 ZCGE"EEU}&

Maximum Matching of Random Graphs

The study of maximum matchings in random graphs has a long history. It was pioneered
by the work of Erdés and Rényi [8, 7], where they proved that a random graph G,, , has a
perfect matching with high probability when p = Q(IHT") The case for sparse graphs was
investigated by Karp and Sipser [11] who gave an accurate estimate of v(G) for G,, , where

p = <5 for some constant ¢ > 0.

After these two pioneering results, subsequent work has addressed two aspects. The
Karp-Sipser algorithm is a simple randomized greedy algorithm, and the first line of works
extend the range of models where this algorithm (or its variants) returns an almost maximum
matching. Aronson et al. [2] and Chebolu et al. [4] augmented the Karp-Sipser algorithm
to achieve tighter results in the standard G, , model. Bohman and Frieze [3] considered a
new model where a graph is drawn uniformly at random from the collection of graphs with a
fixed degree sequence and gave a sufficient condition where the Karp-Sipser algorithm finds
an almost perfect matching.

The second line of work is based on the following observation: the standard G, , model,
p= Q(l’“T") is required to have a perfect matching, because otherwise there will be an isolated
vertex. This naturally led to the question of finding a natural and sparser random graph
model with a perfect matching. The considered models include a random regular graph,
and a G, , with prescribed minimal degree. We refer the reader to the work of Frieze and
Pittel [10] and Frieze [9] and references therein.

3 [1] defined the correlation gap of a set function f : 2% — R*. Our results apply to this definition too

when f denotes the weight of the maximum matching.
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Understanding the Correlation Gap For Matching

1.2 Organization

Our main technical contribution is lower bounding correlation gaps via local distribution
schemes for dual variables, which are used to prove Theorem 1.1 and Theorem 1.2 for
unweighted and weighted bipartite graphs. We present this framework in Section 2 and
prove our bounds for unweighted bipartite graphs (Section 3) and weighted bipartite graphs
(Section 4). Our result for weighted general graphs is presented in Section 5.

2 Techinques for Bipartite Graphs

Let V = V1 UV4 be the set of vertices with V1| = |Va| = n, E := Vi x V. Fix w € (RTU{0})F
and = € [0,1]¥ in the bipartite matching polytope of (V, E).

Our proofs for Theorem 1.1 and 1.2 for bipartite graphs follow the following general
framework. Let G = (V, E(G)) be a sampled from the distribution where each potential
edge e € E appears with probability z. independently (recall that E =V} x V4 is the set of
all potential edges and E(G) is the edges of one sample G). Let y(G) € (R* U{0})" be an
optimal fractional vertex cover such that for every e = (u,v) € E(G), yu(G) + y»(G) = we.
By Koénig-Egervéry theorem, ||y(G)|l1 = v(G).

Given G, consider the situation where initially each vertex v has mass y,(G), and
each potential edge has mass y.(G) = 0 (we slightly abuse notation and consider y(G) €
(Rt U {0})VYE). We construct local distribution schemes Fg : (V UE) x (VUE) — R
where Fg(a,b) indicates the amount of mass sent from a to b. We require that F(a,a) = 0,
but we allow Fg(a,b) # —Fg(b,a) for a # b (the net flow from a to b in this case is
Fg(a,b) — Fg(b,a)). Let t(G) € RVYF denote the mass of each vertex and edge after the
distribution.

(G) = (@) + Y Faba)— S Fala,b).

beVUE beVUE

We choose F so that it ensures t,(G) > 0 for every v € V. This implies

D t(@ < D @)= > wlG) =) 5(G) =v(G).

ecE acVUE ac€VUE veV

Therefore, if we prove that for each potential edge e € E
Eqlte(G)] 2 a - weze, (3)
for some « > 0, it implies that

Eclv(G)] = a- Z Eglte(G)] =2 a - Z WeTe.

ecl ecE

For weighted and unweighted cases, we construct different local distribution schemes {F¢}¢
that prove (3) with different values of «.

Weighted Bipartite Graphs

Given a sample G = (V, E(G)) and a fractional vertex cover y € (R* U{0})V, our Fg(v,e) =
y»(G)/ dega(v) if e € E(G) is an edge incident on v € V, and 0 otherwise. Intuitively, each
vertex v distributes its mass y,(G) evenly to its incident edges in G. This clearly satisfies
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ty(G) = 0 for every v € V, and for each e = (u,v) € E, we use the following approximation:
E¢lte.(G)] = Prle € G] - E¢ [te(G)e € G]

e [m@ L (@
= rele [degg<u> T degg(w)© € G]

1
max(degq(u), degq(v))

|e€G}.

> 2. Ba | (1(G) + 1(6) ecd]

1
max(degg(u), degq(v))

Z TeWe EG |:

Therefore, to prove Theorem 1.2, it suffices to prove that for every potential edge e € F,

1
Eg. G| > 0.4481,
Pl [maxmegc;(u),degc;(v))e € ]

B

n,w,r

when G is sampled from D with z in the matching polytope. Experimentally trying
several extreme cases indicates that the worst case for e = (u,v) € E happens when z, = ¢
for very small ¢, u has only one other edge e, with z., =1 — ¢, and v is incident on n — 1
L=¢ = As ¢ approaches to 0, Eg| aple € Gl

n—1"°

edges €y, , ..., €y, , With z., =
k2

converges to E[ﬁ

Section 4 formally proves that this is indeed the worst case.

1
max(degg (1), deg g

P n—1

Unweighted Bipartite Graphs

One simple but important observation is that in the above example where E¢[t.(G)] ~
E[ﬁ]xe, e is an edge with very small z, = ¢, and it is adjacent to a large edge e, with

Ze, = 1 —¢. From the persepctive of z.,, the expected number of adjacent edges is at most
2¢, so Eglte, (G)] = z., = 1. Since e, gets much more than what it needs (E[t.,] > 0.476

suffices to prove Theorem 1.1), it is natural to take some value from ¢, (G) to increase t.(G).

Formally, given G = (V, E(G)), our new local distribution scheme Fg : (VUE)x (VUE) —
R is defined as follows. Let ¢ be an universal constant that will be determined later.

vl@ it ecV,be E(G),acb

degg(a)
Fg(a,b) =  cxlay ifaAbe E,anb#0 (4)
0 otherwise.

Intuitively, on top of the old local distribution scheme for weighted graphs, each edge e

pays cxZz to every adjacent edge f with probability 1 (this quantity does not depend on G).

Because this term quadratically depends on the x value of the sender, this payment penalizes
edges with large x values to help edges with small 2 values. For a fixed edge e = (u,v) € E
with fixed z. = €, Theorem 3.1 shows that the worst case is when both v and v have n — 1
other edges of whose = values are equal to 1—;5 Finally, Lemma 3.2 shows that E[t.] > 0.476
for every € € (0,1], proving Theorem 1.1.

3 Unweighted Bipartite Graphs

We prove Theorem 1.1 for unweighted bipartite graphs. Given G = (V, E(G)), consider the
local distribution scheme Fg : (VUE) x (VUE) — R given in (4). This implies that the

] as n grows, where Yy is drawn from a binomial distribution B(n—1, —1=).

32:5

FSTTCS 2017



32:6 Understanding the Correlation Gap For Matching

mass after this new distribution scheme for an edge e = (u,v) is given by

te(G) = a.(G) + Z c(xexfc —22xp) + Z c(xgxe — 22z,),
feB\{e}:f3u geB\{e}:g3v

where a.(G) := yu(G)/ degs(u) + ¥, (G)/ deg (v) denotes the mass after the old distribution
scheme used for weighted bipartite graphs. We define 3,(z) to be the following.

5e(x) = EGND%T [te (G)}

= Egups [0c(@))+ Y clwaf-zl)+ Y @ —alny)
feE\{e}:fou geE\{e}:gdv

To prove Theorem 1.1, it suffices to prove that S (z) > 0.476z, for each e. Fix e = (u,v).
Let ey,,..., ey, , be n—1 other edges incident on v and e, ,...,e,, , be n —1 other edges
incident on v. Eg.pe [ac(G)] is lower bounded by z.Eq| sle € G as
before. Define F(xo, Y1, Yn—1,21,---,2n—1) Dy

1
max(degg(u),degg (v)

1 n—1
F(ﬂfo»yh e Yn—15,215- -, anl) =20 E[HTX(YZ)} + Z C(CL'Oyi2 - xgyz)
’ i=1
n—1
+ Z c(woz? — xkz),
=1

where Y =Y1+.---+ Y, 1and Z := Z; +---+ Z,_1 and each Y; (resp. Z;) is an
independent Bernoulli random variable with E[Y;] = y; (resp. E[Z;] = 2;). By construction,

. —1 ~1
Be(®) = F(2e, ey s s Tey s Tey s o5 e, ). Givenfixed Y307z, and Y377 @y, , the
following theorem shows that F' is minimized when z., =---=uz,,  andz., =---=
Cup_q”
» Theorem 3.1. For zo,y1,...,Ym:21,---,2m € [0,1] where ys := > 1" y; <1 —1z0 and

m
s = Zizl zi <1 —xo,

Ys Ys Zs
F(anyh"'7y7naZ17"'aZ’m)>F(‘r07aa"'a777a"'7

Proof. Without loss of generality, assume y; > ... > y,,. We will show that if y; > y,,

oF  OF
— — — < 0. 5
aym 51/1 ( )

This implies that as long as y; > y,,, decreasing y; and increasing y,, by the same amount
will never increase F' while maintaining y1 + -+ + ym = ¥ys, S0 I’ is minimized when
Y1 ="+ = Ym = 2. The same argument for zy,..., z,, will prove the theorem.

Let Y :=Y1+---+Y,, and Z := Z1+- - -+ Z,,,, where each Y; (resp. Z;) is an independent
Bernoulli random variable with E[Y;] = y; (resp. E[Z;] = z;). To prove (5), we first compute
OR[——L OE[——L

] [”“"‘“‘(Y’Z)]. Let Y :=Y; +--- +Y,,_1. We decompose ]E[il—&-ma)l((Y,Z)] as

OYm oy
follows.
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B a7, )
:ég (Pr[Yzi] Pr(Z = j]- I+miX(zy)>
_i <Pr[Y’ i priz <i(U= yi)ilii ), ym;-t(z’l e, gl-y:zl))
+§ (PY[Y' Zi}-Pf[Z:”l](l;il?m - ?iﬂ;)>
+§:PF[Y'=Z']-PY[Z>”2] ' 3Jlrz'

0 0 1
1+ max(Y, Z)

~—

]

Pr[Y’ =] - Pr[Z < i](

1 2 + 1)
1+7 2+¢ 341

241 341

] - Pr[Z <i(

1 2 n 1)
144 2417 3+1

.
(

Hon =) 3 (Pl = ez =i 1) 4 )
(
(

i 1 2 1
<(y1 — Ym PrlY' =4]-Pr[Z < i —
(v y); V=] Pz <l 2+i+3—|—z’))
gyl_ym

3 )
where the last inequality follows from the fact that

1 2 1 2

1
G oitard) = T+)C+)B1) 53

Finally,
00
aym ayl
0 0 1
< - e B[—— 2 — ca 2 — cxly
(aym ayl)(x [1 ¥ maX(Y, Z)] +cx Y1 CT Y1 + cx Ym CTY )
Te - 9m
<) e gy — ) =0
By taking ¢ = %. <
Therefore, for any e € E, Bc(z) = F(xe, 2257, 7259, 727, - -+ » =7 ) for some y, < 1—2,

and zg <1 — 2. Let

FSTTCS 2017
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Gt 2 ::F(ze’ny—s 1""’ngf 1’nz_51""’nz_s 7
Bl ) 0 Dl G
et
:er[m] + cxeys((%) — ) + cxezs((%) —z)
>er[m] — 2cx?

where Y ~ Binomial(n — 1, -%57), Z ~ Binomial(n — 1, -*57). Note that the final quantity is
minimized when y; = zs = 1 — x.. Finally, let

1
1+ max(Y, Z)

anl(xe) = Te ]E[ ] - Qngv

where Y, Z ~ Binomial(n — 1, 1=2¢)

’ n—1/"

» Lemma 3.2. For any m € N and z, € [0,1], Hy,(z.) = 0.476x,.

Proof. Since the binomial distribution is approximated by the Poisson distribution in
the limit, we use this to ease the calculation. Let Y,Z ~ Poisson(l — z). Let H(z) :=
xE[m] — 2%/3 (we substitute ¢ = 1/6 into the earlier equation). In particular, we
write the expectation in full to get

E[ ii Lt 20w (1 _x)jHC
1+maXYZ — = +maX]k k!
oo k
1 1 1
e2(1—-=) %(;lerax(j,kj)j!(kj)!)( z)

Let P;(z) denote the above sum truncated at k =¢. Le.

1 Gy 1 1
E“ﬂ“'@Uﬂwg%<§%1+nmq$k—jymk—jﬂy1_xﬁ

Jj=

This is a degree t-polynomial in (1 — x) with a normalizing factor of e=2(!=%) and note that
E[m] 2 Pt(l‘) for any t e N.

Truncating this polynomial with ¢ = 15, we can see that this has a minimum value of
0.476 for all values of z € [0,1]. we can see that E[qtp—] — 2/3 > Pi5(z) — /3. In
the interval = € [0, 1], this function achieves its minimum at x = 0 achieving a minimum of

0.476. <

4 Weighted Bipartite Graphs

We prove Theorem 1.2 for weighted bipartite graphs. As explained in Section 2, it suffices to
prove that for each e = (u,v) € E,

1
n,w,r max(degg(u)7 degG (U))

Eqps le € G| > 0.4481.
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Fix e = (u,v) and assume V = {v,v1,...,0p—1 }U{u,u1,...,up—1}. Let Y = degqy(u)—1
and Z = degs(v) — 1. Given e € G, Y and Z can be represented as Y = Y1) 'Y; and

Z = Z?;ll Z;, where Y; indicates where (u,v;) € E(G) and Z; indicates where (v, uz) € E(G).

This construction ensures that

max(degg(i),degG(v)) o € G} =Ev.z [HmalefZ)]

Note that Y7,...,Y,_1,Z1,...,Z,—1 are mutually independent, and E[Y],E[Z] < 1. By
monotonicity, assuming E[Y] = E[Z] = 1 never increases the lower bound. The following
theorem shows that the worst case happens when one of Y, Z is consistently 1 and the other

is drawn from Binomial(n — 1, —1-).

» Theorem 4.1. LetY =Y1+---+Y,, and Z =Z1+-- -+ Z,,, where Y1, ..., Y, Z1, ..., Zy
are mutually independent Bernoulli random variables with E[Y] = E[Z] = 1. Then,

S )
T+max(Y,2)| = |1+ Yy |

where Yy is drawn from Binomial(m, -1).

Proof. We decompose E[ )] as follows.

1
14+max(Y,Z

&=

ii@’r P )

Il
MS
)
=
~
Il
=
=
N
Il
.
H.
+ |~
+
NE
=
=
N
|
)
—_
+|-
<

i=0 J=0 j=i+1
:iPr[Y:z] L —iPr[Y:i} i Pr[Z:]]( 1 _L)
1414 L 1+i 1+7
1=0 1=0 J=i+1
u 1 & = 1 1
=S "pify = N Prz = Y = -
Z l g 141 Z il j]{ ! ](l—H 1—&-])}
i=0 =1 =0
Let t; := Zf:& Pr[Y =i (%ﬂ T ). We prove the following facts about ¢;’s
» Lemma 4.2. For all j >4,

32:9
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Proof. Fix j > 3. By the definition of ¢, and ¢;,

bt

2

:Oﬂy:mu_gm4ﬂyzu(_§0>—;<§?ﬂY=ﬂQii 1iﬂ)
:mw=0h&gﬁw—ﬂ—;<§?ﬂy_ﬂﬂiz_1iﬂ)

=G ) P =0+ (5~ gy P = 1)

(S -i )

111 1 1 1 j—1
Z|ls— 77— —= - ———) | PrlY =0 - — 7)) PrlY =1],
(3 I+ J;(l—i—z 1+])> tl ]+(12 2](]+2)) i ]

where the inequality follows from Pr[Y = 0] > Pr[Y =] for i > 2. To prove 2 — t]i >0, it

P - }
suffices to prove that % — ﬁ — % i, (%_H — ﬁ) >0, and % — m > 0. It is easy to
verify the latter for j > 3. The former can be proved as
11 1§i 1 L
3 145 j&gl+i 14
-1
1 j—2 1 13 1
=—+ - + = -
3 j(1+7) (1+j ji=21+l>
1 ) — 2 1 | — 2
>op -l (175
3 j(1+y) 1+ 37
~G-L)+ G )
3 37 Jjl4+5) 143
2 2
35 jA+4) "7
where the first inequality follows from %_H < % for ¢ > 2 and the last inequality follows from
Jj=3. <

We prove the theorem by considering the following two cases.

Case 1: 2Pr[Y =0] > Pr[Y =1] or 2Pr[Z = 0] > Pr[Z = 1]

Without loss of generality, assume that 2 Pr[Y = 0] > Pr[Y = 1]. It is equivalent to

mW:m>§mW:m+%mW:u
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By Lemma 4.2, it implies that t; > %’ for all j > 2. Then, since E[Z] = 377", j-Pr[Z = j] = 1,

E[l—I—maXYZ} ZPr
2§:Pr[Y— 7—t12j Pr[Z

m

1=0
=Y Py =i]-—— 1
, 141
1=0
1
=E[——].
[1 +maX(Y,1)]

The following lemma proves the theorem in the case t; > %2

» Lemma 4.3. E| | > E]

1 1
14+ max(Y,1) 1+max(YU,1)]'

Proof. Note that Y = Y; + --- + Y,,, and each Y; is a Bernoulli random variable. Let
y; := E[Y;]. Without loss of generality, assume y; > ... > y,,. We will show that if y1 > y,

aE[l+ma§c(Y,1)} _ 8E[1+1+x()’,1)} <0 (6)
OYm o S

This implies that as long as Y1 > Ym, decreasing y; and increasing Ym by the same amount
will never increase E[; +max
is minimized when y; = -+ = y,,,, or Y = Y. Consider the following decomposition of

E[ 1+mai(x,y) J

(Y 1)] while maintaining y; + - -+ + ¥, = 1, so the expectation

1 R L1
Ey {meuyﬂ —PF[Y—O]'TZP“Y—”'lH

1 a _ 1
51_21% )+;Pr[Y:z]~1+i
1 < 1 1

== -3 "Prly = -
2 ; V=i G- 1)
1 & 1 1

=== Prly > - ).
2 ; Wi (G-

To prove (6), it suffices to prove that for all i > 2

OPr[Y >i OPr[Y >1]
— >0
8ym 3y1

Let Y =Y5+---+Y,_1,and fix: >3
Pr[Y 2 7’] = Pr[Y/ =1- 2]3/13/?% + Pr[Y/ =1i- 1] (yl(l —Ym) + (1 = y1)Ym + Y1Ym)

+Pr[Y’ > 4]

-
W =Pr[Y' =i— 2y, +PrlY =i —1](1 - yn)
n
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Therefore,

>1 >1
aPr[Y = Z] - 8PI‘[Y = Z] _ PI‘[Y’ — G- 2](y1 _ ym) +PI‘[Y’ —— 1](ym _ yl)
8ym 32!1

= (y1 — ym) (Pr[Y’ =i — 2] + Pr[Y’" =i —1]).

Finally, it remains to show that Pr[Y’ = j] > Pr[Y’ = j + 1] for all j > 0. The case j =0 is
true since Pr[Y”’ = 0] = []"5' (1 — yi) and

m—1
Yk Yk
Pr[Y' =1] = Pr[Y fO < Pr[lY’' =0
[ 12 — H[ I
PrY’—Oml
= 1[7 Yk < 0]7
Y2 s

where the last line follows from E;"}l y; < 1—y1 < 1—ys9 since y; is the biggest element. The
case j > 1 follows from the fact the sequence (Pr[Y”’ = j]); has one mode or two consecutive
modes, and at least one of them occurs at j = 0 (E[Y’] < 1 implies Pr[Y’ = 0] > Pr[Y”’ = j]
for all j > 2). |

Case 2: 2Pr[Y = 0] < Pr[Y =1] and 2Pr[Z = 0] < Pr[Z = 1]
Since Y " (Pr[Z = i] = 1 and E[Z] = }.",i-Pr[Z = i] = 1, we have Pr[Z = 0] =

Yo, (i — 1) Pr[Z = i]. Together with the fact 2Pr[Z = 0] < Pr[Z = 1], it implies
1-Pr[Z =1]=Pr[Z =0+ Y Pr[Z=i] <2Pr[Z=0] < Pr[Z = 1],
i=2

so Pr[Z = 1] > 1. Finally,
E|l——— Pr[ — Pr[Z =
) - LR >r

1 m
= PrlY =1 - —PriZ=1]-t1 - Pr|Z =
Z[ e RN

= o1 . ot
>ZPr[Y:z}-1+Z_—Pr[Zzl]-t1—2j~Pr[Z:]]~§2

i=0 j=2

- . 1 to
:ZPr[Y:z]-HZ__Pr[Z 1]t =S (1=Pr[Z=1])

o I 1
> =1 - - - £ = - -
/;Pr[y ER i E{l—i—maX(Y,YH)}’

where Yy is drawn from Binomial(2, %) The first inequality follows from Lemma 4.2, and
the second inequality follows from Pr[Z = 1] > 0.5 and ¢; < %
Since Yy satisfies 2Pr[Yy = 0] = Pr[Yy = 1], the analysis for Case 1 shows that

E[ | = E[

14+max(Y,Yx) 14+max(1,Yy) 1"

The following lemma finishes the proof of Theorem 1.2.
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» Lemma 4.4. For any m € N, if Y ~ Binomial(m, 1),

1
E|——| >0.4481
[1 erax(l,Y)}

Proof. Since the binomial distribution is approximated by the Poisson distribution in the
limit, we use this to ease the calculation. Let Y ~ Poisson(1).

1 1
E[l—i—max(l,Y)} :ZmPr *k]+§Pr[Y<2}

_k:2k—|—1k!-e 2'e e

oo

e k! 2 2'e e
k=0
5.1 1
A
> 0.4481 |

5 General Graphs

In this section, we prove Theorem 1.3 for weighted general graphs. Our proof methods here
closely follow that of Lemma 4.9 of Chekuri et al. [5] that lower bounds the correlation gap
for monotone submodular functions by 1 — 1/e. The only difference is that Lemma 5.1 holds
for matching with a weaker guarantee (if v was a monotone submodular function, Lemma 5.1
would hold with 2v(G) replaced by v(G)).

Proof. Fix weights w € (Rt U {0})®. Define F : [0,1] — (R* U {0}) as F(z) :=
Eg.ps . [¥(G)]. Now, fix 2 € [0,1]¥ in the matching polytope. We will show F(z) >
0.43 ZeeE Wele.

Consider the function ¢(t) := F(tz) for ¢t € [0, 1].

@—x VF(tx) ZweaF
0z,

dt ecE tx
For each e € E,

oF 3EG~D§ .t v(@)]

Oz, |,, 0z, .

=Egups , , W(G)le € Gl —Egups |, [V(G)le ¢ G]
—Egops, , MG U{e}) —v(G\ {e})],
where G U {e} (resp. G\ {e}) denotes the graph (V, E(G) U{e}) (resp. (V, E(G) \ {e}).

» Lemma 5.1. For any fized graph G with weights {w.} and any point x in the matching

polytope,
Z z.(V(GU{e}) —v(G\ {e})) +2v(G Z TeWe.
ecE ecE
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Proof. Let M C F(G) be a maximum weight matching of G. Note that

Y (WG U{e}) = v(G\ {e})) +2v(G)

ecE

>3 w(W(GU{e}) —v(G) +2 D wy
ecE feM

> we(@Uie)) — (@) + Y Y wewy (8)
ecE fEM ecE:e~f

where f ~ e indicates that two edges f and e share an endpoint. To prove the lemma, it
suffices to show that for each e € E, the coefficient of of z. in (8) is at least w.. We consider
the following cases.
If M U{e} is a matching, v(GU{e}) > v(G) +w, and v(G\ {e}) < ¥(G), so v(GU{e}) —
v(G\{e}) = w
If e intersects exactly one edge f € M, the coefficient of z. is v(G U {e}) — v(G) + wy. If
Wi = We, it is at least we. fwy < we, MU{e}\{f} is a matching of weight v(G)+w. —wy.
It implies that e ¢ E(G) and v(GU{e})—v(G) = w. —wy, so v(GU{e}) —v(G)+wy > we
If e intersects two edges f,g € M, the coefficient of z. is ¥(GU {e}) —v(G) + ws +wy. If
w4 wy = We, it is at least we. If wy +wy < we, M U{e}\ {f, g} is a matching of weight
v(G) + we — wy — wy. It implies that e ¢ E(G) and v(G U {e}) — v(G) > we — wy — wy,

so v(GU{e}) —v(GQ) + wy + wy > we. <
Combining (7) and Lemma 5.1,
d¢ oF
dat ;ﬂﬂﬁe Oz |,,
— S Bepe W(GUS) ~ 1(G\ o)
ecE
> Z TWe — 2 EGNDSL w.te (@)
ecE
= Z Tewe — 20(t)
ecE

which implies that,

T eto(t) = 260(0) + % > 3 o,

dt =
eckE
Since ¢(0) =
e

Z xewe/ tht = We,

eckE ecE
which proves the theorem. |
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