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—— Abstract

Several recent papers in the literature have addressed the analysis of the cost P, q of partial
match search for a given fixed query q —that has s out of K specified coordinates— in different
multidimensional data structures. Indeed, detailed asymptotic estimates for the main term in the

expected cost P, q = E{P, q} in standard and relaxed K-d trees are known (for any dimension
K and any number s of specified coordinates), as well as stronger distributional results on P, g
for standard 2-d trees and 2-dimensional quadtrees. In this work we derive a precise asymptotic
estimate for the main order term of P, q in quadtrees, for any values of K and s, 0 < s < K,
under the assumption that the limit of P, q/n® when n — oo exists, where « is the exponent of
n in the expected cost of a random partial match query with s specified coordinates in a random
K-dimensional quadtree.
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1 Introduction

One of the fundamental features of any hierarchical multidimensional data structure such as
quadtrees is to efficiently support partial match (PM) queries. These queries are as follows.
Given a collection F' of K-dimensional (K > 2) tuples of the form x = (xg,...,xx_1), with
each z; (0 < ¢ < K) belonging to a totally ordered domain D;, and a query q = (qo, - - -, ¢x—1)
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such that ¢; € D; U{x} (0 <i < K), the goal of a PM query is to find all those tuples in F'
such that x; matches ¢; whenever ¢; # *. Coordinates such that ¢; # % are called specified,
otherwise they are called unspecified; we assume that the number s of specified coordinates
satisfies 0 < s < K.

The average-case analysis of PM queries in random quadtrees and other multidimensional
data structures has a long history. In the case of quadtrees, a fundamental milestone was
the paper by Flajolet, Gonnet, Puech, and Robson [7] where the authors proved that the
expected cost of random PM queries with s specified coordinates in random K-dimensional
quadtrees of n nodes is S, k n(s/K) 4 [ o.t. for some constant Bs.i; and o = as/K) the
unique real solution in [0, 1] of the indicial equation

(a+2)%(a+ 1)K = 2K, (1)

The exponent « turns out to be exactly the same as in the expected cost of random PM
queries in standard K-d trees. It was not until 2003 that Chern and Hwang [2] obtained an
explicit expression for 3, i, for general s and K, this is:

- 1 [ — )
ﬂs,K = (2K—s — 1)F(O¢ ¥ l)K—sI‘(a + 2)8 2<1]'_£K F(—Oéj) ’ (2)

for 0 < s < K and K > 2 and where I is the Gamma function and the «;’s are the roots
of equation (1) and a = a3 > R(ag) > --- > R(ak). Note that Chern and Hwang [2] used
the indicial equation for o + 1 so they gave a formula for 8, k as a function of a; =a; +1,
j=1,...,K -1

In 2011 fixed PM queries were studied for the first time in 2-dimensional quadtrees by
Curien and Joseph [3] where the authors computed the expected cost E{P, q} of a fixed
PM query in 2-dimensional quadtrees. In particular, they showed that if q = (g, *), then
Pog=E{Pnq} ~1vi2-(¢-(1— q))oz/2 -n®, where a = a(1/2) = (/17 — 3)/2 is the same
exponent as in the expected cost for random PM queries [7], and v 2 = ;ﬁ%%
The asymptotic distribution was obtained for this particular case by Broutin, Neininger and
Sulzbach in 2012 [1].

In this work, we extend the results of [3] to give a precise asymptotic estimate of the
expected cost of a fixed PM query in random K-dimensional quadtrees, for general K and s.
In particular, we show that this cost is of the form

a/2

Vs K - H (1 — qi) -n%+lot,
iqi Fx
where v, i is a constant that depends on s, K and the particular query q and o = «a(s/K)
is the same as for random PM queries (see above).

The paper is organised as follows. In Section 2 we give some preliminaries. We explain
our methodology in Section 3 through the simplest case K = 2 (Subsection 3.1). We continue
with the general case of arbitrary s and K (Subsection 3.2). To complete the analysis one
needs to solve an integral equation; that is the subject of Subsection 3.3. Section 4 contains
some final remarks as well as some future lines of work.

2 Preliminaries

Let F be a collection of n multidimensional records, each one endowed with a K-dimensional
key x = (xo,...,ZKx_1), with coordinate z; drawn from a totally ordered domain D;. For
convenience, here we will assume that, for all 0 < j < K, D; = [0, 1].
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Figure 1 A 2-dimensional quadtree of file F = {A, B,C, D, E, F, G} and the partition that it
induces of the space. In this example Fog = {G}, Fo1 = {B,C, E} and Fo. = {B,C, E,G}.

00011011
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» Definition 1. A quadtree T of size n is a 2K-ary tree storing a collection F of n K-
dimensional records. T is either empty (when n = 0) or each one of its n nodes holds a key
from F, such that the root node of T stores a record with key x and pointers to 2% subtrees,
that hold the remaining n — 1 records of F'. Every subtree of T, let say Ty, is associated to
a bitstring w = wow; ... wx_1 € {0,1}% in such a way that T, is a quadtree, and for any
key y € Ty, it holds that y; < z; if w; =0and y; > z; ifw; =1, forall 0 < j < K.

Any quadtree of size n induces a partition of the domain into (2% — 1)n + 1 regions, each
corresponding to a leaf (or equivalently empty subtree) in the quadtree. An example of a
quadtree and the partition of the space that it induces is shown in Figure 1. To build a
quadtree starting from an empty tree, each insertion of a new record with key x follows a
path from the root to a leaf; at each step, we compare x and the key at the current node
to determine in which of the 2% subtrees the insertion should continue recursively, and the
process ends when a leaf is reached and it is replaced by a new node containing x and 2%
empty subtrees. The region associated to the substituted leaf is called the bounding box of
the subtree rooted at x. Following the same convention used for the names of the subtrees,
we will denote by By, the bounding boxes of subtrees Ty, associated to the tree rooted at x
and by Fy the subset of data points of F' that fall inside By, .

Consider a string v over the alphabet 3 = {0, 1, *}. We define as £(v) the set of binary
strings matching v; that is, where each occurrence of the symbol * stands for a 0 or a 1. For
instance, £(001) = {001}, £(0x1) = {001,011} and £(1%%00) = {10000, 10100, 11000, 11100}.
With this notation let us define the following extension of the notion of bounding box

B, U Buw.
weL(v)

Likewise Fy is the union of the (disjoint) Fy’s with w matching v. For example, in two
dimensions B, = [0, 1]? is the bounding box of the root of the quadtree, Fy, is the subset of
all those keys with first coordinate smaller than the first coordinate of the root, that is, the
ones stored in Tpy and Tpy (see Figure 1).

To perform a PM search with query q, the quadtree is recursively explored as follows.
First, we check whether the root x matches q or not, to report it in the former case. Then,
we make recursive calls in all the 25 —° subtrees T, such that the first s bits of w are such
that w; = 0 whenever ¢; # * and ¢; < x;, and w; = 1 whenever ¢; # * and ¢; > x;, 0 < i < s,
and the remaining K — s bits can be either 0 or 1.

One key observation about the PM search in quadtrees (or similar data structures) is

that, except for eventual matches, only the relative ranks of the coordinates matter. Let
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us call the rank vector of a query q the vector r(q) = (rg,...,rx—1) such that r; = =, if
¢; = *, and r; is the number of records x in the collection F' such that x; < ¢; (0 <r; <n),
if g; # *. Then for any two given queries q and q’ with equal rank vectors r(q) = r(q’) the
PM procedure described above will visit exactly the same set of nodes of the tree. In our
analysis, we shall be using rank vectors instead of the queries themselves (as done in [6]) and
consider, for instance, the cost P, , of a PM query with given rank vector r in a random
quadtree of size n. The probability model for random quadtrees that we will use throughout
this work is that the tree is built by inserting in any order n keys drawn independently at
random (coordinate by coordinate) from a continuous distribution. For the sake of simplicity,
we can safely assume that the distribution is Uniform(0,1). Because of the symmetry of the
model we can also assume that the s specified coordinates of q are the first s coordinates,
0 < s < K, and therefore that q = (qo, .-, qs—1,%,...,%) and r = (70, ..., Ts—1,%,...,*).
We shall write hence q = (qo, - . .,qs—1) and r = (ro,71,...,7s—1) with the convention that
the implicit K — s remaining components are all *’s.

3 Analysis

Our goal in this section is to find the expected cost P, = E{P,,r}, measured as the number
of visited nodes, of a PM query with a fixed rank vector r in a random quadtree of n nodes.

In order to show our methodology and to give some intuition on the problem we are
going to start our analysis with the easiest case K = 2 in Subsection 3.1. Afterwards, in
Subsection 3.2, we analyze the general case.

In both subsections we are going to obtain a recurrence for P, ,. Then, in order to solve
the general recurrence, we translate it into an integral equation whose solution will give us
the leading term in the asymptotic estimate for P, . The solution of the integral equation is
given in Subsection 3.3.

3.1 Thecase K =2

Given a 2-dimensional quadtree T, its root splits the space into four rectangles: By (south-
west of the root), By (north-west of the root), Big (south-east of the root) and Bi;
(north-east of the root). These four rectangles are the corresponding bounding bozes of the
four subtrees Tog, To1, T10 and T11 from Definition 1. Recall also that By, = Bgg U Bg1 and
B,y = Bgo U By are, respectively, the rectangles west and south of the root. For any string
u € {0,1,*}2, the number of data points in B, (equivalently, the cardinality of F,) will be
denoted Ny. For a random quadtree the N,’s are random variables.

Let us now address the recurrence for P, ,, and to simplify let us write P, ,,,, asr = (rg, *).
The basis of recursion is trivially Py, = 0. If n > 0, let j = (jo, j1) be the rank vector of the
root. Since q contains only one specified coordinate, the relation between jy and rg determines
whether the query intersects either By, or Bi,. If rg < jg, then the query intersects Byx;
otherwise it intersects Bi.. In our recurrence for P, ,, the value jo = Nox = |Fo«| run
from ry to n — 1, leading to a non-empty intersection of By, and the query, or from 0 to
ro — 1, leading to a non-empty intersection of By, and the query. Because of the randomness
assumptions, each possible value of Ny, has probability 1/n and hence this factor will weight
the expected cost of the PM query conditioned to My, = jo.

The number of data points in By, is jo by definition, and the number of data points
in By, is n — 1 — jo. If the query intersects By, then the rank of the query with respect
to By is still rg, but if it intersects Bi, then its rank with respect to By, is 79 — 1 — jo-
So the contribution to P, ,, coming from the recursive traversal of By, involves a set of jg



A. Duch, G. Lau, and C. Martinez

1 1
I I
1 1
1 1
N . I 1
Tol —|70 Jo — oo 1 1
1 1
1 1
0111 ! !
00J10 : :
1 1
1 1
To 100 : :
1 1
1 1
1 1
1 1
1 1
Fro—1—jo - Fro—1—jo -
70 — I - o n—ro— F=n—70— - o - |
I Jo | — jo —+——n—-1-jo — F——n—-1-jo ——— jo —

Figure 2 A partial match in a two-dimensional quadtree. The first diagram shows the case
ro < jo, the second one the case jo < ro and the third one how the east-west symmetry converts the
second case into the first one.

points and the rank of the query is rg while the contribution coming from Bj, involves a set
n — 1 — jp points and, because of the symmetry P, ., = P, n—r,, the rank of the query is
n — ro. Hence, we can reduce the case jy < rg to the case rg < jg, see Figure 2.

In the general case we would have to consider 2° regions B, described by bitstrings
W = wp - Ws_1 * - --*, where each w; is 0 or 1 depending on whether r; < j; or not; as we
consider all possible j, the query will intersect these 2° different regions, and we will be able
to use these “east-west” symmetry considerations to reduce their analysis to the analysis of
one of them, say, Bog...0x...x-

Let us come back to K = 2. The region By, is the union of the two bounding boxes Byg
and By (in general we will consider regions By, that contain 25~* bounding boxes) and
our goal is to use further symmetries to reduce the analysis of the cost of traversing both
bounding boxes to the analysis of just traversing one of them, say, Byg-

Let Qj,.r, be the contribution to the expected cost of a PM query due to the recursive
call in Typ, when the query has rank ry in the first coordinate and given that there are
jo > 1o nodes to the west of the root.

Suppose that Ngg = ngg. The rank vector of the query in the recursive call to Tgg will be

(7o, %), and the contribution to the expected cost will then be P, So it only remains to

00,70 "
determine: a) the probability that Ny = ngo, given the rank vector of the root j and, b) the
probability that the rank vector of the query with respect to Byg is (fg, *). Let us define
the subsets of data points F), and the corresponding bounding boxes B, like F, and By,

but with respect to the given query, instead of the root. The value 7y is the number of data

points in the intersection between Bog and By, see Figure 2. We will use R gy := |Foo N [, |-

In general, (i) := 0+ 17 so using this convention, we can also write Ny = jo and
|F<’0>| = ro. Conditioned on the sizes of Fyo, Fyoy and F<’0>7 the random variable R ) obeys
a hypergeometric distribution:

() (i 70)
)

Now if we look at the contribution to the expected cost due to the traversal of Ty, we

Pr {Rm) = 7o | Noo = noo, Nioy = Jo, [Fioy| = 7“0} =

have that AMy; = jo — noo and the rank of the query with respect to Bgy is (rg — 7o, *).

The fact that the second coordinate is unspecified allow us to do the analysis above with
no1 instead of ngg and we would have obtained symmetric formulas. We can exploit this
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north-south symmetry that will give us a factor of 2. Taking into account the visit to the
root and our discussion so far we can write

9 ro—1 n—1
Pory =1+ n (Z Qn-1-jo,n—ro + Z Qjo.ro | 3)
Jo=0 Jo=To

where, for ng, > r, we have

Jo ro n00Y (Jo—no0
Qjo,ro = Z Pr {Noo = noo | Noy = jo} Z (Wlﬁomf{)). (4)

To complete the recurrence for P, ,, we need only to obtain the probability that Noo = ngo,
conditioned on M0> = jo. Since N, (1) can take any value in [0..n— 1] with identical probability,
the number of points in Byg will take any value between 0 and jo with identical probability
1/(jo + 1). Plugging this probability and (4) into (3) yields to the desired recurrence for
Prry-

An asymptotic estimate of the main term of P, ,, follows by deriving an integral equation

noo=0 fo=0

for f(z0) := limy oo Pn zon/n™ and solving that integral equation. We give the details of
the derivation of the integral equation in the case of K = 2 in Lemma 4.

3.2 The general case

Let r = (rg,71,...,7s—1) be the query rank vector and let j = (jo,...,js—1) be the first s
coordinates of the rank vector for the root of the random quadtree. Thus we have that j;
is the value of |Fj5| = Nyy. These K strings of the form (i) constitute a “basis” in the
sense that we can obtain any region By by complementation (B,ij.x-1-i = Bi...x \ B(j)) and
intersection of the appropriate B ’s.

Like we did for K = 2 our goal is to use the symmetries of the problem to reduce the
whole analysis to the analysis of the contribution to the total cost of one particular subtree,
namely, Tps. Again, call Q5 the contribution of the recursive call in Tps, conditioned to
r; < j; for all i, 0 < i < s. This condition guarantees that the PM search will recursively
continue in that subtree.

Then, because of the K — s symmetries on unspecified coordinates (like the north-south
symmetry of the case K = 2) and because of the s symmetries for specified coordinates (like
the east-west symmetry when K = 2), we can express P, , in terms of Qj,’s. In particular,
considering all the possibilities for j gives a factor 1/n®, and a summation over all bitstrings
w of length s to cover the cases where the query intersects By,. Finally the factor 2%—*
stems from the 2X~* bounding boxes that each B, contains. Hence,

2K—s

s DD D Q) (5)

we{0,1}° Jjo Js—1

P,r=1+

where the summation ranges are r; < j; <n—1ifw; =0,and 0 < j;, <r; — 1 if w; =1, and
the rank vectors ji, = (j§, .- ., Jje_q) and rl, = (r(,...,75_1) are defined as follows: if w; =0
then j! = j; and 7} = r;, otherwise if w; =1 then j/ =n —1—j; and r, = n — r;.

For any i, 0 < i < K, we will denote 07 the string 0+ ~%, that is, a string of length K
consisting of ¢ zeros, followed by K — i *’s.

The method to obtain a formula for @5, consists of the following steps: 1) First we use
Lemma 5 to obtain the probability distribution of the number of data points Nps in the



A. Duch, G. Lau, and C. Martinez

“corner” hyperrectangle, by intersecting the sets Fioy, Fi1y, - .., Fis—1), with sizes jo, ...,
Jjs—1, respectively. This will be expressed by s — 1 “hypergeometric” sums that will give
us the probability that Mo = £; 2) Given that the last K — s coordinates are unspecified,
and conditioned on j; = Ny, 0 < i < s, all the potential sizes of Ny = [Fiyy|, s <i < K,
are equiprobable. This will be expressed by K — s “uniform” sums that will allow us to
derive the probability distribution for Myx, and 3) Now conditioning on Ngx = |Fyx|, and
given r we intersect Fox with each of F<’O>, F<’1>, cee F{Si1>
rox = (fo,...,7s—1). We will denote R ;) = [Fox N F;| the random variable that gives the
i-th component of rox. As in the case K = 2, the probability distribution of the R;’s is
hypergeometric and it will lead to s additional “hypergeometric” sums.

Nos - g;}

s—1
N()K = f[{, /\ |F(/i>| = Ti} X PgK’roK. (6)

=0

to obtain the components of

Therefore the general formula for Q. is:

Js—1 s—1 0,
Qj,r: ZPI‘{NOSKS /\N(l)jl} X Z Pr{NoK :EK
=0

£s=0 L =0

s—1
X Z Pr { /\ R<l> = 72
LPs—1)

I‘OK:(fo,.. =0

We can expand this last expression as:

N e e
Qr= 2, Z( @ ) )

s=0 £2=0 jl js—l
l Lr—1
1 = 1
X FR O —
ls+1 P z; b 1+1 Z
s+1=0 Lr=0

Lx Arg (ZK) (jo—éK> L Ars_1 (ZK )( J1—lK )

Z & j’(“]o—fo Z == ;::1177«571 PZKv(va--JA’s—l)’ (7)
fo=0 () Fo_1=0 ()

T0

Ts—1

where we have used x A y = min(z, y) to stress the intersections that are involved in each
case, e.g. 7; ranges from 0 to £x A r; since the number of data points is given by |Fyx N F(’i> l;
with |F0K‘ :N()K = KK and F(,i) =T;.

To derive the integral equation corresponding to the recurrence above we can use arguments
similar to those in the case K = 2. We give all the details of this derivation, as well as other
necessary technical lemmas in Apprendix A.

» Lemma 2. If f(20,...,25—1) = lim,, % exists, with a = «a(s/K) the solution of
the indicial equation (1) and z; = lim,oori/n, 0 < z; < 1, for all i, 0 < i < s, then
f(z0,...,25—1) is the unique solution of

Fooreosr2e 1) = (aL)K_S - {

we(041)

/ / f(‘PwO(Zo,Uo),u-,(Pws1(23_1,Us_1))
IW()(ZU) st,l(zs—l)

: (wwo (uo) - ~ww51(u51))a dus—y - duo}7 (8)

where Iy(z) = [0, 2], I1(2) = [2,1], Yo(u) =1 —u, ¥1(u) = u, wo(z,u) = (1 —2)/(1 —u) and
p1(z,u) = z/u, which satisfies the following boundary conditions:
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1. f(z0y...,25—1) is symmetric on all variables, that is, for any i and j,
F(20s s Ziy ooy 2y ooy Zom1) = F(20, 0o 2o ey Zin e ooy Zs—1)-

2. For any z; € (0,1), 0 <i < s, f is symmetric with respect to the axis z; = 1/2, that is,
f(zoyeeosziyenyzsm1) = f(20, -, L— 24y 000y 251).

3. Foranyi, 0<1i<s,

lim f(z0,...,2i...,25—1) = lim f(z0,...,2i,...,25-1) = 0.
Z’L—>O zi—1—

1 1 1
/ / / f(Z()’...,Zsfl)dZO...dZS,I :55,1('
0 0 0

Proof. We will follow a procedure similar to the one in the proof of Lemma 4, which covers
the case K = 2.

The steps that we will give to obtain the integral equation for general K are:
1. Apply Lemma 6 to (7) s times in the s hypergeometric sums (the last sums over the #;’s)

2. Convert the K — s uniform sums (the middle sums over the ¢;’s, s < i < K) into the
corresponding integral by passing to the limit. That gives K — s factors 1/(a + 1).

3. Apply Lemma 7 once to the first s — 1 hypergeometric sums (over the ¢;’s, 2 < i < s).

4. Convert all the sums in (5) into integrals by passing to the limit.

Here, we use ¢; to denote the values that the random variables Ng: can take, like we did in
subsection 3.2, and in particular in (6) and successive.

Defining f(%o, cee TT”) = P, r/n®, where « is the solution of the indicial equation for

quadtrees, we get:

G Z Z( )((’3:1)4").._(‘231)((55)15}31))

s=0 £2=0 Js—1

L L1
1 - 1
y oL »
ly+1 o lrg_1+1 0

EKZ () Go ) EKZ () CATE) pe, By (e
, , e,

#0=0 (ig) fo_1=0 () tx lx "

Hence, defining ug = lim, oo (¢;/n) for s < i < K, z; = lim,00(r;/n) and u; =
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lim,, o0 (ji/n) for 0 < i < K and applying Lemma 6 s times:

s—1 n Ls—1\ (n—1—Cs_1
. Qjir ! ( (311550) ( ‘. )( Jeo1—Es ))
lim —= = lim e =
n—oo MY n— oo Z Z ( " ) ( 1)

£=0 £2=0 Js—1
Ls L1
LI o S S To T )(LK)
X£s+1éz;0 £K1+120f(j0"" o\
sH1= =
Js—1 ]o) (n 1-— ]o) (185_1) (nf1fes_1)
— J1—¢ Ls Js—1—4s
o nh—>ngo Z Z < ( oh ) : e (@71)1
£:=0 £2=0 J1 Js—1
Ups UnK —
Xi o / ™ 1f(ﬁ,...,ZS_l)uS‘KduOK...duos+1
Uos Jo Upk—-1 Jo (27} Us—1

= (i) G enEy)
i 33 (e )

£s=0 £2=0
0 2371) Uos
X — ... .
f(’u,07 b uS—l (O[+ 1)K75

Replacing ugs by £s/n and applying Lemma 7 once to the first s — 1 hypergeometric sums

we obtain:
Q; 1 2 z gl
lim X — (70 5‘1) o 9
oo A (a—l—l)K_Sf u’ " ey 11)“ ©)

Finally, introduce the following notation: Iy(z) = [0, 2], I1(2) = [2,1], vo(z,u) = (1—2)/(1—u)
and p1(z,u) = z/u. Plugging (9) into (5)) and passing to the limit (the fourth step in the
procedure that we have described) yields the stated integral equation. <

Conditions 1 and 2 in the lemma follow from the combinatorics of the problem. By
symmetry, P,, = P, for any permutation r’ of the rank vector r. Likewise, if r =

/
(roy..sTiy...,rs—1) and v’ = (rg,...,7—1,n — 1, Ti41,...,7s—1) then P, = P, . Con-
dition 3 needs an inductive argument in the number of non-extreme (z; # 0 and z; # 1)
coordinates. When all specified coordinates are extreme,say, zg = 21 = ... = 2,1 = 0 we

must have f = 0; indeed, it is very easy to prove that P, «, .0y = o(n ) We do not give
here a complete and detailed analysis when sy < s specified coordinates are extreme; the
computations and the reasoning is analogous to that carried out in [6] for K-d trees. Last
but not least, Condition 4 follows by summing the expected cost P, , over all possible rank
vectors r and dividing by (n+1)%: it must yield the known expected cost of a random partial
match query 85 xkn® + o(n®). In terms of f, we must integrate f in the domain [0, 1]°
obtain f, k. For a detailed justification the reader can refer to [6]: it is straightforward to
adapt the discussion there to the case of quadtrees.

3.3 Solving the integral equation

From the integral equation (8) in Lemma 2 we can obtain an equivalent partial differential
equation (PDE) by application of the differential operators

2
(1) = 21~ %) g%+l ~ VgL —alat
J

20:9
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Indeed, if we define the operator

1
du;

1
R (R N ki
Zi ]

?

zi dv;
(1 —zi)a+l/(; f(zo,...,zi_l,vi,zi_,_l,...,zs_lm

then the integral equation (8) in Lemma 2 can be written as

f= <a_2H>KS Io(Ly(- -+ (Ls—2(f) -+ ),

using the changes of variables u; := z;/u; and v; := (1 — 2;)/(1 — u;).
Then, as

Bi(13(9) = Wily) = (25— 1) 3% — 209

it follows that

2

K—s
a—|—1> Po(@1(- - (Paa(To(La -+ (Lsa(f) ) - -)-

q)O(CDl(' - ((I)sfl(f)) .. ) = <
Now, since ®;’s and ¥;’s commute — ®,(P;(9)) = €,;(P;(9)), ¥i(¥,(9)) = ¥;(¥,;(g)) — and
Q,(V;(g)) = ¥;(Pi(g)) for any i # j, we can manipulate the equation above to get

K—s
<I>o(<1>1(---(<1>51(f))-~-)=< 2 ) Bo(U (- (Tar(f)- )

a+1

or

2

K—s
a+1> \Iloollllo-nollls_l)(f):(), (10)

(Cboo@lo---oq)s_l— (
which is the sought PDE, succintely expressed in terms of the linear differential operators ®;
and ¥;, 2 =0,...,s— 1.

The resulting PDE is homogeneous and linear, hence it is natural to try to solve it
by separation of variables. The shape of equation (10) also cries out to try a solution in
separated variables. Therefore, we will assume that the solution to the integral equation (8)
is a function: f(zo,21,...,25-1) = ¢o(20) - d1(21) -+ Ps—1(25—1)-

Given that the function f is symmetric with respect to any permutation of its arguments,
we can also safely assume that all the functions ¢q, ¢1, -+, ¢s_1 are the same function ¢.
Rather than working with the PDE itself, we may use our assumption to rewrite equation (8)
as:

b(z0) - Bz1) - dzer) = ((}jl)K H ( / o(172) - wdu,

+ /1 qb(zi)uf“dui). (11)

If ¢ is a solution of the following equation

é(2) = (aL)K (/{)Z¢(i_z)(1 u)adu+/:¢(2)uadu>, (12)
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then it would be a solution of equation (11). As shown in [4],

a—+1

3(2) = p(=(1 - 2))""", 5=( : )K;S,

is such a solution, where y is an arbitrary constant and we have discarded additional terms
in the general solution based on symmetry considerations.
Because the exponent « is a solution to the indicial equation (1) it follows that § = § +1

and hence the solution to (8) is:
s—1 9
flz05. s 2s—1) = Vs, K - H(Zz(]- - Zi))a/ )
i=0
where v g is a constant that depends on s and K only. To finish our derivation and to
obtain the value of v5 g we replace f by the expression above in Condition 4 of Lemma 2
and we get:

Vs K (/01 (2(1— z))a/2d2>s = Vs K <W)S = Bs,K,

so we can use the expression for 85 x in Equation (2) to find an explicit formula for v k.

To argue unicity of the solution, we should begin noticing that the linear homogeneous
PDE satisfied by the function f has all real-analytic coefficients in the domain (0, 1)*, because
the coefficients of the operators ¥; and ®; are analytic too in that domain and the PDE
results from the composition of such operators.

Moreover, the highest derivative in the PDE is 025f/022---022_, and its coefficient
[To<;cs 2i(1 = 2) is clearly always positive in (0,1)%, hence, the PDE is elliptic. Then, by
Holmgren’s theorem, any solution is real-analytic; and from Cauchy-Kovalevskaya theorem
it follows that it must be unique, since this last theorem guarantees that there is a unique
real-analytic solution (see for instance [8, 11]). Altogether, these results tell us that the
solution that we have found, starting from the ansatz that it admitted a representation in
separable variables, is unique.

It remains to verify by direct substitution that P,, = f(r/n)n
currence (5) replacing the independent term by o(1), which is the error resulting from

@ is a solution of re-

approximating the summations by integrals. With this our main result follows.

» Theorem 3. Iflim, Pur erists then the expected cost P,y of a PM query with given

no

rank vector r such that r; = zn + o(n) for some z; € (0,1), 0 < i < s, in a random
K-dimensional quadtree of size n is

s—1 /2
Py =vsk (H zi(1— 22)> n% 4+ o(n?),
=0

where « is the unique solution in (0,1) of

(a+2)°(a+ 1)K =258,

- 1 o —ay)
YK T 0K=s “1)T(a + 1)E—T(a/2 + 1)% 2<1J1K P(=ay)

and the a;’s, with o = aq > R(ag) > -+ > R(ak), are the roots of the indicial equation
abowve.
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Figure 3 Variation of the exponent a(s/K) (top-left), 8(s, K) for K € {8, 16,32} (top-right) and
v(s, K) for K € {30,32,36} (bottom-left), as well as v(s, K) for all 6 < K < 18 (bottom-right).

Figure 3 depicts how the exponent a = a(s/K), and the constants 8(s, K) and v(s, K)
vary with respect to s and K. In all cases, the z-axis is s/K to ease the comparison — « is
a function of s/K alone, but 5 and v depend on both s and K. In the graphs for §(s, K)
and v(s, K) we have drawn three curves in each case, corresponding to K = 8 (red), K = 16
(black) and K = 32 (blue) in the graph for 5(s, K), and K = 30 (red), K = 32 (black) and
K = 36 (blue) in the graph for v(s, K). Moreover in the graph of «(s/K) we have also
plotted 1 — s/K (dashed line) for reference. For fixed K, (s, K) is a convex function with a
minimum close to s = K/2 but slowly shifted to the right. Likewise, for fixed K, v(s, K) is
a bell-shaped function with a single global maximum near s = K/2 but also slightly shifted
to the right (v(s, K) is not defined for s = K). If we denote v*(K) = maxo<s<x v(s, K) the
graph shows that v*(K) grows with K. On the other hand, the graph and further numerical
computations suggest that there is a limiting curve S (z) = limg o (|2 K |, K) that is a
lower bound for any §(s, K) as K — oo.

When s = 0 (no coordinate is specified), we have a(0) = (0, K) = v(0, K) = 1, despite
all these constant are not well defined when s = 0. Notice that for s = 0 the partial match
degenerates to a full traversal of the quadtree and visits its n nodes.

In the opposite situation, when all coordinates are specified, s = K, # and v are undefined,
and (1) = 0. The expected cost of a partial match is not ©(1) = ©(n°) but O(logn) as it is
actually an exact search.

4  Conclusions and Future Work

Our main result, Theorem 3, gives the main order term of the expected cost P, , of a PM
search with a fixed query of rank vector q, for quadtrees of any dimension K and any number
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of specified coordinates. It can be easily translated to an equivalent result in terms of the
coordinates ¢; of the query, namely,

a/2

Prnq=Vsk- H (1 —q) -n® +lo.t.
1:qi Fx

under the assumption of uniformity of the coordinates of the data points (see, for instance,
).

We show that quadtrees behave qualitatively as standard and relaxed K-d trees [6]. There
we conjectured that the form of the expected cost of a PM search with fixed query would
have the same “shape” for a wide variety of multidimensional data structures, excluding
those producing very balanced partitions of the space (e.g., quadtries, squarish K-d trees).
Duch and Lau [5] have disproved the conjecture, in its broadest terms, as it does not apply to
locally balanced K-d trees. However, it seems that the conjecture might hold for hierarchical
multidimensional data structures where: 1) no balancing of subtrees occurs; 2) the partition
at each node follows a fixed rule independent of the current data point.

From the methodological viewpoint, we systematically exploit the many symmetries that
appear in the problem to simplify its formulation and to make its mathematical manipulation
feasible.

Several open problems remain. To begin with, the existence of lim,, .o %, which has
been rigorously proved for K = 2 in [3] (also in [1]); our result in that case coincides with
the previous ones. We are currently working in the proof of the existence of the required
limit for general K; meanwhile, our results follow from the — yet unproven — assumption
that such limit exists. We shall mention that there is compelling evidence that this is the
case. On the other hand, the existence of a limiting distribution for P, , /n® has been shown
only for the case of standard 2-d trees and 2-dimensional quadtrees, but not for other data
structures or larger dimensions, and this is a question worth of further study.

Another goal for future research, more technical in nature but also more ambitious, is
to develop tools that would allow a straightforward, (semi-)automatic derivation of the
recurrences or distributional equations, the proof of the existence of the limiting distribution,
the corresponding integral equations for the expectation and other higher order moments, etc.
This kind of techniques would ease the obtainment of results, such as the ones in previous
literature and the ones in this paper, for many other multidimensional data structures and it
might also open the door for “universality” results such as the ones conjectured in [6].
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A  Technical Lemmas

» Lemma 4. If f(z) = lim, 00 IZ"C;T exists, with o = «(1/2) the solution of the indicial

equation (1) when s =1 and K =2, and z =lim,,_,7/n, 0 < z < 1, then

f(z)—aL(/ozf(i: )(1—u)“du+/lf(z)u°‘du>. (13)

z

The symmetry Py r, = Ppn_r, implies that in general f(z) = f(1 — 2z) and in particular

f(% 1 u
standard 2d-trees (see [4}]).
Proof. Let f(ro/n) := P,.,/n®. Then we have that

Pa, b,* b a\“
P (1)1
n a/\n
and therefore, substituting into (4)

Gy 30 3 (LD (1o (1)
o 3 > (B ()

noo 0 T0 0

from where it follows that equation (13) is the same as the one for

The last sum is the expected value of a function of a hypergeometric random variable.
Passing to the limit when n — oo, Lemma 6 allows us to exchange the expected value
and the function. Therefore passing to the limit when n — oo, with z = lim, . (r/n),
Uox = limy, 00 (Jo /M), woo = limy, 00 (n00/n), and assuming that f is real analytic in Lemma 6
we can apply it to get:

Q; 1 [% sugyg z u 1 o z

. Jo,To 00 0% a a

lim —>—= = — f ( Ugodugy = fl— )ugoduoo
n—oo N Uox Jo U Uox UOO Uox Jo U

1 Z\ o
= a+1f(u7*)“0*'

and similarly

n—1—7jo,n—r 1 1-uo. 1-—
lim Q 1=jo, e A f<71 i )ugod'l.too

n—00 ne 1 — uox
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Since jo =0 = wug« =0, jo =179 = ug+ = 20 and in the limit jo =rg—1 = wug« =
20, jo=n—1 = wup. =1 and % — dugs replacing in (3) and passing to the limit we
obtain this integral equation:

20 1 1— 20 1—wupx
flz) = 2/ f( )/ ugydugodugs
1 u
1 2 0
+ 2/ f( 0 ) / ugodu()oduo*
z0 U/O* U/O* 0

S| 1— 2o\ (1 — gy )@t /1 1 20\ U
—9 ( ) dug, + 2 ( ) LEI N
/0 17u0*f 1 — ugs a+1 Uox 20 uo*f Ugx/ @+ 1 o

Replacing now in (3)), passing to the limit n — oo and, to simplify, replacing ugs by u we

get the integral equation (13) in the statement of the Lemma. |

» Lemma 5. Given a random K dimensional quadtree with n data points the conditional
probability that Nox = L given that Ny = ngy for 0 <i < K —1 is:

K-1 NGyK-2 n(2)y M(1) (51) (n*1*$1)
o . 2/ \n(y—£2
Ay =nof= 30303 (e
i=0 Lg_1=0  £3=0£3=0 n(1)
14 n—1—¢ lr— n—1—fx_ Cp— n—1—fx_
()G () G o 202 (6 e )
Nt S —5 . (14)
(ray) () (e )
Proof. In the base case K = 2 given n, Ny = No. = ng. and Nqy = Nyg = nuo, the
probability that the intersection of the rectangles B(gy = Bo. and By = B.o contains
ly = mngg nodes is the probability of having ¢35 = ngg successes in n.g draws without
replacement from a population of size n — 1 that contains ng, successes. It is n — 1 instead of
n because the root cannot be in the intersections. Therefore the distribution is hypergeometric:

NOo* n—1—ng«
(n((;o) ( 71,*0777,(;]0 )
(o)
N %0
Assume that the lemma is true for K dimensions. We can do the inductive step based on

writing the intersection of K + 1 sets as an intersection of K sets followed by the intersection
of two sets:

PI' {N()K = eK

Pr{Noo = noo | Nox = nos, Naog = nuo} =

K K-1
mF*iO*K—i = ( m F*iO*K—i) mF*KOZF()K*mF*KO:FoK+1.
i=0 =0

Taking into account all the possible values of Ny« ,, we have:

K
/\ N*iO*K—i = NyiguK—i

=0

PI‘ {N0K+1 = NpK+1

N K—104 K-1
Z (PI‘ {N()K* = TLOK*| /\ N*iO*K—i = n*iO*Ki}

MoK , =0 1=0

x Pr {N0K+1 = NpK+1

NOK* = nok*,N*Ko = n*KO}>

n—1 K—1 (noK* )( n—l-ngk, )
n n —n,
E Pr NOK* = NpK 4 /\ N*iO*K—i = NyiguK—i X offtt n*_Klo oft! 5

ngyk ,=0 1=0 (n*Ko)
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applying the inductive hypothesis (14) (adding a * to the end of each string) completes the
proof. Notice that we have used ¢; instead of ngi,x—i and n;y = n,ig.x-1-: in the statement
of the theorem. <

» Lemma 6. Given a random two dimensional quadtree let Nos, N.g and Nyg be respectively
the random variables of the number of nodes west, south and south-west of the root. If f is
a real analytic function [9] in (0,1), limy, 00 Nox /N = Ugs and limy, o0 /N = Uwo, where
Ugx, Uxo € (0,1), then

nh_)H;OE {f(j\f;o> ‘./\/'o* = nox, Nao = n*o} = nh—{%o % <(ng;)((7::0) 230) f(no)>

noo=0 MNx0
G e ) oo
- Jim 3 (Q;;O) (%)
= f(uoxtx0)- (15)

Proof. For simplicity, in the hypergeometric probability formulas we have replaced n — 1 by
n as in the limit they are the same.

Since f is real analytic all derivatives of f exist in (0,1) and we can write, for some
xo € (0, 1),

Zalx_xo g;z() ro) k.

Since the series on the right side converges we can use the linearity of expectations:

2 - 33 ({icsortm 21

Therefore we only need to prove the lemma for f(z) = z*. If X,, ,, v is a hypergeometric
random variable with parameters n, m, and N then [10]:

E {Xs,m,N} = %E {(Xn—1m-1,n-1+ 1)k_1} .

Based on that it is easy to prove by induction that for every k € N there are integers ¢y ;,
with ¢ = 1, such that:

k k nimt
E{XE  n}=) Chi i
=0

Therefore if f(z) = z*:
E{f(j\ﬁzo> ’No* = ngw, Nuo = Tl*o} =E {Noo ‘No* = Ngs, Nao = n*o}

nk

& ,
_ Zz Ockl O:«Ll*o zk: nO*n;O
nink
i=0
In the last sum the only term that does not go to zero as n — oo is the last one, where ¢ = k.
Given that ¢ = 1, we have:

k k
K gL 5 .
. N . E . ng %0
lim E< =Ny, = nos, Nag = nuo ¢ = lim —2 = lim * * =uk u¥,.
% |”Vo 045 /Vx0 0 0+ U0
n—o0 mn n—oo n n—oo n n

That proves the lemma for f(x) = z*. <
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The lemma can be generalised to any dimension K using mathematical induction on
the number of dimensions, again assuming that the function f is real analytic (in several
variables).

» Lemma 7. Given a random quadtree let Ny be the random variable of the number of data
points that have their i-th coordinate less than the i-th coordinate of the root and the rest of
the coordinates undetermined and let Nox be the random variable of the size of the cuboid
where all the coordinates have values lower than the respective coordinates of the root. If f is
real analytic in (0,1)%, lim, o0 ngy/n = u; for 0 <i < K, where u; € (0,1), then

JLH;OE{ & /\N< —n<} f(KH>

i=0
Proof. The base case K = 2 has been proved. Assume that the lemma is true for K
dimensions. Then:

K
lim E {f (NOK“ )
n— 00 n o

/\N*iO*K—i = n*z‘o*Ki}
K n

OK+1
/\N*iO*K—i = NyigxK—i f( n )

=0

n—oo
nyk+1=0

n—1
= lim Z Pr {N0K+1 = NpK+1

n—1 n—1 K-1
lim E E Pr NoK* = nOK*| /\ N*io*K—i = NyiguK—i
n—roo

nyk+1=0nyk =0 1=0

x Pr {NOK+1 = NgK+1

Nok+1
NOK*:'nOK*vN*KO:n*KO}f( )

n

n—1 K—-1
= lim E Pr{ Mok, = noK*| /\ Nigsk—i = Nyiguk—i
n—oo

nox =0 i=0

Nox+1
XE{f( 0 )|NOK*:nOK*7N*K0:n*KO}
= 1 Pr{ A, N, lim 010
= n]_{l’;o Z » T 0K« = MK 4 ’ /\ %10 K —i = NyiguK—i X f(nl—{r;c m)
MoK +=
. . NK Ny K
nh*)l’lé.loE {f(nlggo (2_10) /\ N iQuK—i—10 = MyigeK—i— 10}

Replacing n — 1 by n, because in the limit they are equivalent, and using the induction
hypothesis (adding 0 at the end of each string) we have:

K-1
. NyigeK—i—109 \ NyKQ
/\ N*iO*K—i = NyigxK—1i = f lim H
! n—oo n

K
()
n— 00 n - NyKQ
=0 =0

K ) ) K
=1l IT=5) = (T o)
i=0 i=0

<

» Lemma 8. The real function f(x) = x*(1 — z)* is real analytic, i. e. it is infinitely
differentiable and agrees with its Taylor series, in the interval (0,1) for any real number a.
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Proof. By the binomial series, or Newton’s generalized binomial theorem, fi(x) = (1 — z)®
is real analytic in (—1,1) and fo(z) = 2% = (1 + (2 — 1))* is real analytic in (0,2). Therefore
their product, f(z), is real analytic in (0, 1). <
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