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—— Abstract

Koch, Strassle, and Tan [SODA 2023], show that, under the randomized exponential time hypothesis,
there is no distribution-free PAC-learning algorithm that runs in time n°°€°8%) for the classes of

n-variable size-s DNF, size-s Decision Tree, and log s-Junta by DNF (that returns a DNF hypothesis).
Q(log s)

Assuming a natural conjecture on the hardness of set cover, they give the lower bound n
This matches the best known upper bound for n-variable size-s Decision Tree, and log s-Junta.

In this paper, we give the same lower bounds for PAC-learning of n-variable size-s Monotone
DNF, size-s Monotone Decision Tree, and Monotone log s-Junta by DNF. This solves the open
problem proposed by Koch, Strassle, and Tan and subsumes the above results.

The lower bound holds, even if the learner knows the distribution, can draw a sample according
to the distribution in polynomial time, and can compute the target function on all the points of the
support of the distribution in polynomial time.
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1 Introduction

In the distribution-free PAC learning model [13], the learning algorithm of a class of functions
C has access to an unknown target function f € C through labeled examples (z, f(z)) where
x are drawn according to an unknown but fixed probability distribution D. For a class of
hypothesis H O C, we say that the learning algorithm A PAC-learns C' by H in time T
and error € if for every target f € C and distribution D, A runs in time 7' and outputs a
hypothesis h € H which, with probability at least 2/3, is e-close to f with respect to D.
That is, satisfies Prgp[f(x) # h(x)] <e.

Koch et al., [10], show that, under the randomized exponential time hypothesis (ETH),
there is no PAC-learning algorithm that runs in time n©U°81°2%) for the classes of n-variable
size-s DNF, size-s Decision Tree and log s-Junta by DNF. Assuming a natural conjecture
on the hardness of set cover, they give the lower bound n21°€%) Their lower bound holds,
even if the learner knows the distribution, can draw a sample according to the distribution
in polynomial time and can compute the target function on all the points of the support of
the distribution in polynomial time.

In this paper, we give the same lower bounds for PAC-learning of the classes n-variable
size-s Monotone DNF, size-s Monotone Decision Tree and Monotone log s-Junta by DNF.
This solves the open problem proposed by Koch, Strassle, and Tan [10].
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Superpolynomial Lower Bounds for Learning Monotone Classes

In various learning models, it is widely recognized that the task of learning classes of
monotone Boolean functions is significantly simpler compared to learning classes of non-
monotone Boolean functions. An illustrative example is the distribution-free PAC learning of
monotone DNF within a model that permits membership queries, which can be accomplished
efficiently in polynomial time [2]. Conversely, the challenge of learning DNF in the same
model remains an unsolved problem, emphasizing the inherent difficulty associated with
non-monotone Boolean functions. In this paper, we demonstrate that for specific classes, the
task of PAC-learning monotone Boolean functions under the uniform distribution is equally
challenging as learning non-monotone Boolean functions.

1.1 Our Results

In this paper, we prove the following three Theorems.

» Theorem 1. Assuming randomized ETH, there is a constant ¢ such that any PAC learning
algorithm for n-variable MONOTONE (log s)-JUNTA, size-s MONOTONE DT and size-s
MOoNOTONE DNF* by DNF with € = 1/(16n) must take at least

e log log s
n, logloglog s

time.

» Theorem 2. Assuming a plausible conjecture on the hardness of SET-COVER 2, there is a
constant ¢ such that any PAC learning algorithm for n-variable MONOTONE (log s)-JUNTA,
size-s MONOTONE DT and size-s MONOTONE DNF by DNF with e = 1/(16n) must take at
least

n¢ log s

time.

» Theorem 3. Assuming randomized ETH, there is a constant ¢ such that any PAC learning
algorithm for n-variable MONOTONE (log s)-JUNTA, size-s MONOTONE DT and size-s
MONOTONE DNF by size-s DNF with e = 1/(16n) must take at least

n¢ log s

time.

All the above lower bound holds, even if the learner knows the distribution, can draw a
sample according to the distribution in polynomial time and can compute the target on all
the points of the support of the distribution in polynomial time.

In the following two subsections, we give the technique used in [10] to prove Theorem 1
for (logs)-JUNTA, and the technique we use here to extend the result to MONOTONE
(log s)-JUNTA.

! The results concerning size-s MONOTONE DT and size-s MONOTONE DNF stem from the result on
MONOTONE (log s)-JUNTA. This relationship also holds for the other theorems. Here, we present a
comprehensive list of all these classes to highlight their significance.

2 See Conjecture 1.
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1.2 Previous Technique

In [10], Koch, Strassle, and Tan show that under the randomized exponential time hypothesis,
there is no PAC-learning algorithm that runs in time n®{°21°6™) for the class of log n-Junta®
by DNF. The results for the other classes follow immediately from this result, since all other
classes contain log n-Junta. All prior works [1, 6] ruled out only poly(n) time algorithms.
The result in [10] uses the hardness result of (k,k’)-SET-COVER where one needs to
distinguish between instances that have set cover of size at most k£ from instances that have
minimum-size set cover greater than k’:
1. For some parameters k and k' that depends on N, assuming randomized ETH, there is a

constant A < 1 such that (k, k')-SET-COVER on N vertices cannot be solved in time N*¥.

First, for each set cover instance S, they identify each element in the universe with an
assignment in {0, 1}" and construct in polynomial time a target function I'S : {0, 1} — {0, 1}
and a distribution D that satisfies:

2. The instance S has minimum-size set cover opt(S) if and only if the function T'S is a
conjunction of opt(S) unnegated variables* over the distribution DS.

For a DNF F and x € {0,1}", they define widthp(x) to be the size of the smallest term
T in F that satisfies T'(x) = 1. They then show that
3. Any DNF F with expected width E,ps[widthz(x)] < opt(S)/2 is (1/(2N))-far from I'®
with respect to DS where N is the size® of S. That is, Pryps[F(z) # I'S(z)] > 1/(2N).

They then use the following gap amplification technique. They define the function
g, ({0,139)™ — {0,1} where for y = (y1,...,yn)s ¥i = (Yi1,---,¥ie) € {0,1}, 4 € [n],
we have F%z(y) = I'(@y1,...,Dyn) and By; = yi1 + -+ + yie. They also extend the
distribution D to a distribution D3, over domain ({0,1}*)" and prove that
4. T8,(y) is a (opt(S)¢)-Junta over DF,.

5. Any DNF formula F' with expected width EﬂND%z [widthr(y)] < opt(S)€/4 is (1/(4N))-
far from F%tz with respect to Dgé.

Item 4 follows from the definition of ng and item 2. To prove Item 5, they show that if, to

the contrary, there is a DNF F' of expected width at most opt(S)£/4 that is 1/(4N)-close

to F%z with respect to Dgg, then there is j € [¢] and a projection of all the variables that

are not of the form y; ; that gives a DNF F* of expected width at most opt(S)/2 that is

1/(2N)-close to I'S with respect to D°. Then, by item 3, we get a contradiction.

They then show that
6. Any size-s DNF that is (1/(4N))-close to I'§, with respect to Dg, has average width

EyNDg[ [widthr(y)] < 4logs.

If Fis (1/(4N))-close to I'S , with respect to D, then, by items 5 and 6, 4log s > EyND%[
[widthp(y)] > opt(S)¢/4 and then s > 2°PHS)¢/16 Therefore,
7. Any DNF of size less than 2°P*($)¢/16 ig (1/(4N))-far from I'S, with respect to D3,

Now, let k = O(log logn). Suppose, to the contrary, that there is a PAC-learning algorithm

for log n-Junta by DNF with error € = 1/(8N) that runs in time t = n*k/2 = pOUoglogn)
where ) is the constant in item 1. Given a (k, k')-SET-COVER instance, we run the learning

3 k-Junta are Boolean functions that depend on at most k variables

4 Their reduction gives a conjunction of negated variable. So here, we are referring to the dual function.
5 That is, there is a term 7" with opt(S) variables such that for every z in the support of DS, 'S (z) = T'(x).
6 N is the number of sets plus the size of the universe in S.
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algorithm for F%e for £ = logn/k. If the instance has set cover at most k, then by item 4,
F%é is log n-Junta. Then the algorithm learns the target and outputs a hypothesis that is
(1/(8N))-close to I'g, with respect to D3,

On the other hand, if the instance has a minimum-size set cover of at least k’, then
any learning algorithm that runs in time t = n**/2 = nOUoglogn) cannot output a DNF of
size more than ¢ terms. By item 7, any DNF of size less than 2F logn/(16k) < 90pt(5)E/16 jg
(1/(4N))-far from F%e with respect to D%z- By choosing the right parameters k and k’, we
have 2 logn/(16k) - t, and therefore, any DNF that the algorithm outputs has error of at
least 1/(4N).

Therefore, by estimating the distance of the output of the learning algorithm from F%e
with respect to Dge, we can distinguish between instances that have set cover of size less
than or equal to k from instances that have a minimum-size set cover greater than k’ in time
t =n /2. Thus, we got an algorithm for (k, k')-SET-COVER that runs in time n**/2 < n?k.
This contradicts item 1 and finishes the proof of the first lower bound.

Assuming a natural conjecture on the hardness of set cover, they give the lower bound
nf2ogs) We will discuss this in Section 5.

1.3 Our Technique

In this paper, we also use the hardness result of (k, k’)-SET-COVER . As in [10], we identify

each element in the universe with an assignment in {0, 1}" and use the function I'S and the

distribution D that satisfies:

1. The instance S has minimum-size set cover opt(S) if and only if the function I'® is a
conjunction of opt(S) variables over the distribution DS.

We then build a monotone target function Ff and a distribution Df and use a different
approach to show that any DNF of size less than 20PHS)¢/20 i (1/(8N) — 27°PHS)E/20)_far
from F‘ZS with respect to D‘;.

We define, for any odd ¢, the monotone function I'j : ({0,1}¥)" — {0,1} where for
Y= (Y1, Un) ¥i = Wi1,---,Yie), i € [n], we have I'¥(y) = I'S(MAJORITY(y1),...,
MAJORITY (y,,)) where MAJORITY is the majority function. A distribution DY is also defined
such that
2. PryNDf [F?(y) = 0] = Prwaf [P?(y) = 1] =1/2.

In the paper, Df is denoted by D,. To see the definition, refer to Definitions 3 and 4.
Roughly speaking, the distribution is defined in such a way that removing a few coordinates
results in the distribution becoming almost uniform. It is clear from the definition of I‘f and
item 1 that
3. I'Y (y) is a monotone (opt(S)¢)-Junta over Dy.

We then define the monotone size of a term T to be the number of unnegated variables that

appear in 7. The intuition for this definition is that negated variables do not contribute

to reducing the size of the DNF of monotone functions, and therefore they may as well be

ignored. We first show that

4. For every DNF F : ({0,1}¢)" — {0, 1} of size |F| < 2°P*S)¢/5 that is e-far from 'Y with
respect to Dy, there is another DNF F' of size |F'| < 20P*(S)¥/5 with terms of monotone

size at most opt(S)€/5 that is (e — 27°PHS)/20) far from T’y with respect to Dy .

This is done by simply showing that terms of large monotone size in the DNF F' have a small
weight according to the distribution Dy and, therefore, can be removed from F with the cost
of —270Pt(8)£/20 in the error.

We then, roughly speaking, show that
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5. Let F' be a DNF of size |F’| < 2°P%S)¥/5 with terms of monotone size at most opt(S)£/5.
For every y € ({0,1}%)" in the support of D that satisfies 'Y (y) = 1, either

F'(y)=0or
F'(y) = 1, and at least 1/(2N) fraction of the points z below y in the lattice ({0, 1})"
that are in the support of D7 satisfies F'(2) = 1 and I'J(z) = 0.

Roughly speaking, the latter sub-item follows from the fact that when the monotone size of
the terms of F is small and F'(y) = 1 then y satisfies a small term T in F’. Now, if z with
Ff (z) = 0 is a randomly chosen point that is almost uniformly distributed below y, but not
significantly distant from y, then there exists a sufficiently large probability for T'(z) = 1 and
then F'(z) = 1.

By item 5, either 1/(4N) fraction of the vectors y that satisfy I'? (y) = 1 satisfy F'(y) =0
or (1 —1/(4N))/(2N) > 1/(4N) fraction of the points z that satisfy I'J () = 0 satisfy
F'(z) = 1. Therefore, with item 2, we get that F” is 1/(8N)-far from I'J with respect to Dy .
This, with item 4, implies that
6. If ' : ({0,1}Y)" — {0,1} is a DNF of size |F| < 2°P*S)¢/20 then F is (1/(8N) —

27oPH(S)E/20)_far from T'Y with respect to Dy .

The rest of the proof is almost the same as in [10]. See the discussion in subsection 1.2 after
item 7.

Assuming a natural conjecture on the hardness of set cover, we establish a lower bound of
nf20ogs)  The details and proof of this result will be discussed in Section 5, where we utilize
a stronger version of item 4.

1.4 Upper Bounds

The only known distribution-free algorithm for log s-Junta is the trivial algorithm that, for
every set of m = log s variables S = {x;,,...,;, }, checks if there is a function that depends
on S and is consistent with the examples. This algorithm takes n®1°8%) time.

For size-s decision tree and monotone size-s decision tree, the classic result of Ehrenfeucht
and Haussler [5] gives a distribution-free time algorithm that runs in time n?°€%) and
outputs a decision tree of size n©(°gs),

The learning algorithm is as follows: Let T be the target decision tree of size s. First,
the algorithm guesses the variable at the root of the tree T' and then guesses which subtree
of the root has size at most s/2. Then, it recursively constructs the tree of size s/2. When it
succeeds, it continues to construct the other subtree.

For size-s DNF and monotone size-s DNF, Hellerstein et al. [7] gave a distribution-free
proper learning algorithm that runs in time 20(y/nlogs),

To the best of our knowledge, all the other results in the literature for learning the above
classes are either restricted to the uniform distribution or, in addition, use black box queries
or return hypotheses that are not DNF.

We recommend that readers who are not experts in the field refer to the first two sections

in [10].

2 Definitions and Preliminaries

In this section, we give the definitions and preliminary results that are needed to prove our
results.
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2.1 Set Cover

Let S = (S,U, E) be a bipartite graph on N = n + |U| vertices where S = [n], and for every
u € U, deg(u) > 0. We say that C C S is a set cover of S if every vertex in U is adjacent to
some vertex in C. The SET-COVER problem is to find a minimum-size set cover. We denote
by opt(S) the size of a minimum-size set cover for S.

We identify each element v € U with the vector (uy,...,u,) € {0,1}" where u; = 0
if and only if (i,u) € E. We will assume that those vectors are distinct. If there are two
distinct elements u,u’ € U that have the same vector, then you can remove one of them from
the graph. This is because every set cover that covers one of them covers the other.

» Definition 1. The (k, k')-SET-COVER problem is the following: Given as input a set cover
instance S = (S,U, E), and parameters k and k'. Output YES if opt(S) < k and No if
opt(8S) > K.

2.2 Hardness of Set-Cover

Our results are conditioned on the following randomized exponential time hypothesis (ETH)
Hypothesis: [3, 4, 8,9, 12]. There exists a constant ¢ € (0, 1) such that 3-SAT on n variables
cannot be solved by a randomized algorithm in O(2°") time with success probability at least
2/3.

The following is proved in [11]. See also Theorem 7 in [10]

1/k
» Lemma 2 ([11]). Let k < %% and k' = 3 (bg)ig]v) be two integers. Assuming

randomized ETH, there is a constant A € (0,1) such that there is no randomized N * time
algorithm that can solve (k,k')-SET-COVER on N vertices with high probability.

2.3 Concept Classes

In Appendix A we give the definition of monotone function, literal, term,clause, monotone
term, DNF, monotone DNF. Then the classes, size-s MONOTONE DNF, size s-MONOTONE
DT and MONOTONE k-JUNTA.

The size of a term T', |T|, is the number of literals in the term T'. The size |F| of a DNF
(resp. CNF) F is the number of terms (resp. clauses) in F'.

It is well known that

MONOTONE (log s)-JUNTAC size-s MONOTONE DT C size-s MONOTONE DNF . (1)

2.4 Functions and Distributions

For any set R, we define U(R) to be the uniform distribution over R. For a distribution D
over {0,1}" and two Boolean functions f and g, we define distp(f, g9) = Pra~p|[f(x) # g(x)].
Here, bold letters denote random variables. If distp(f, g) = 0, then we say that f = g over
D. For a class of functions C, we say that f is in C over D (or just, is C over D) if there is
a function g € C such that f = g over D.

» Definition 3 (I'° and D°). Let S = (S,U, E) be a set cover instance with S = [n]. Recall
that we identify each element u € U with the vector (uy,...,u,) € {0,1}™ where u; = 0 if
and only if (i,u) € E. We define the partial function TS : {0,1}" — {0,1} where I'S(x) = 0
if v € U and TS(1") = 1. We define the distribution DS over {0,1}" where DS (z) = 1/2
if v = 1", DS(z) = 1/(2|U|) if x € U, and D°(x) = 0 otherwise. We will remove the
superscript S when it is clear from the context and write I' and D.
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» Fact 1. We have

1. C C S is a set cover of S = (S,U, E), if and only if I'(x) = \,cc ;i over D.

2. In particular, If T is a monotone term of size |T| < opt(S), then there is u € U such
that T'(u) = 1.

Proof. Let C be a set cover of S. First, we have I'(1™) = 1. Now, since C' is a set cover, every
vertex v € U is adjacent to some vertex in C'. This is equivalent to: for every assignment
u € U, there is i € C such that u; = 0. Therefore, Njccu; = 0 for all w € U. Thus,
I'(z) = N;jec i over D.

The other direction can be easily seen by tracing backward in the above proof. <

For an odd ¢, define A® = {a € {0,1}¢|wt(a) = |£/2]} and A! = {a € {0,1}¢|wt(a) = [£/2]},
where wt(a) is the Hamming weight of a. Notice that |A?| = |Al| = (Lff%)'

» Definition 4 (', Dy, A2 and A}). For an odd ¢, define AL, = (AY)" and” AY =
Unev [T1my A% = Uyey (AY x A2 x -+ x A, Define the distribution Dy : ({0,1})" —
0,1] to be De(y) = 1/(2IAL]) = 1/2IA") if y € AL, Doly) = 1/(21A]) = 1/(2[U] - |A%|")
if y € A%, and Dy(y) = 0 otherwise. We define the partial function Ty over the support
AYUA)L of Dy tobel ifye AL and 0 if y € AD.

We note here that the distribution D, is well-defined. This is because: First, the sum of the
distribution of the points in Al is 1/2. Second, for two different u,u’ € U, we have that
17, A% and [, A% are disjoint sets. Therefore, |A%| = |U| - |A%", and therefore, the
sum of the distribution of all the points in AY is half. In particular,

> Fact 2. We have Pr [[¢(y)=1]= Pr [[¢(y) = 0] = Pr[A}] = Pr[AY] = 1.
ac ¢ have Pr [Ty(y)=1]= Pr [Ti(y) =0]=Dr[A,] = DriA;] =3

For y € ({0,1})", we write y = (y1,...,%n), Where Yi = (Y5.1,Y5.2,- -, Yj.) € {0,1}*.

Let (MAJORITY(Y;))icm) = (MAJORITY(y1), ..., MAJORITY(y,)) where MAJORITY is the
majority function.

» Fact 3. If C C S is a set cover of S, then I'y(y) = I'((MAJORITY(Y;))iem]) = Nicc
MAJORITY(y;) over D. In particular, T'y is MONOTONE opt(S)¢-JUNTA over D.

Proof. First notice that MAJORITY(z) = 1 if x € Al and MaJorITY(2) = 0 if z € A°.

Therefore, for z € A%, ¢ € {0,1} we have MAJORITY () = €.
For y € Al = (AY)™, (MAJORITY(Y;))iefn) = 1™ and Ty(y) = 1 =T(1").

Fory € A% = U,ep (A" x A¥2 x - - x AUn), there is u such that y € A" x A¥2 x ... x AUn,

Then, (MAJORITY (Y;))ie[n) = u and T'y(y) = T'((MAJORITY (y;))ie[n]) = I'(u) = 0. <

For t € [(],¢ € {0,1} and u € {0,1}*, we define u**¢ € {0,1}¢ the vector that satisfies

P Us Z #i
¢ & =t
Let z € ({0,1}4)". For j € [(]* and a € {0,1}", define 27 @ = (2'<% . zintan) For

aset VC{0,1}", we define 27V = {27 |v € V}.
We define one(z) = H?Zl{ml\zim =1} = {ma|z1m, = 1} X - X {my|2n,m, = 1}

7 Here A* = AV if ¢ =0 and AL if £ = 1.
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» Fact 4. Let w € AL, j € one(w), and T be a term that satisfies T(w) = 1. Then

1. wi<V C A%.

2. wi<V =1U]|.

3. If T9(y1 j,s - - - ,ynj) 18 z?he conjunction of all the variables that appear in T of the form
Yi j;» then T(w?<*) =T (a).

Proof. We first prove item 1. Let u € U and i be any integer in [n]. Since w € AL, we have
w; € A'. Since j € one(w), we have w; j, = 1. Therefore, w/ " € A% for all i € [n] and
wl % e [T, A%. Thus, w/<* € AY for all u € U.

To prove item 2, let u,u’ be two distinct elements of U. There is ¢ such that w; # uj.
Therefore w!*<" # w?"ﬁué and wit £ iev

We now prove item 3. Let 7" be the conjunction of all the variables that appear in T that
are not of the form y; j,. Then 7' =T’ AT7. Since T(w) = 1, we have T’(w) = 1. Since the
entries of w’<® are equal to those in w on all the variables that are not of the form y; ;,, we
have T’ (w7*®) = 1. Therefore, T'(w’<%) = T (w? <) A Tj(w{;la7 LW =TI (a). -

> ngn

We now give a different way of sampling according to the distribution D,. The proof is in
Appendix B.

» Fact 5. Let S be a SET-COVER instance. The following is an equivalent way of sampling
from Dy.
1. Draw € € {0,1} w.a.r.®
2. Draw w € Al w.a.r.
3. If £ =1 then output y = w.
4. If £ =0 then
a. draw j € one(w) w.a.r.
b. draw v € WY w.a.r.
c. output y =v.
In particular, for any event X,

Pr X| =

Pr X].
y~UU(AD) wAU(AL) j~U (one(w)) y~U (w3 V)

3 Main Lemma

In this section, we prove

» Lemma 5. Let S = (S,U, E) be a set cover instance. If F: ({0,1})” — {0,1} is a DNF
of size | F| < 2°PUS)/20 then distp, (F,Ty) > 1/(8|U|) — 27°PHS)/20,

Note that Lemma 5 is used to prove Theorem 1 and 2. To prove Theorem 3, we will need
Lemma 11, a stronger version of Lemma 5.

To prove the lemma, we first establish some results.

For a term T, let T)h( be the conjunction of all the unnegated variables in T. We define
the monotone size of T to be |Taq|. The proof of the following Claim is in Appendix B.

> Claim 6. Let S = (S,U, E) be a set cover instance and ¢ > 5. If F': ({0,1}¥)" — {0,1} is
a DNF of size |F| < 20P4(5)¢/20 then there is a DNF, F’, of size |F’| < 20PH(S)¢/20 with terms
of monotone size at most opt(S)¢/5 such that distp, (I'g, F’) < distp, (T'y, F) + 27°PHS)E/20,

8 Uniformly at random.



N. H. Bshouty

We now prove

> Claim 7. Let z € Al. Let F be a DNF with terms of monotone size at most [£/2](opt(S) —
1)/2 that satisfies F'(z) = 1. Then

1

Pr .
2|U|

F(y)=1] >
d~U(one(2)) y~U(3 ) ) =1

Proof. Since F(z) = 1, thereis a term T in F' that satisfies T'(z) = 1. Let Yo = {¥i,m|zi,m = 0}
and Y1 = {yim|2zi,m = 1}. Since T(z) = 1, every variable in Y that appears in T" must be
negated, and every variable in Y7 that appears in T must be unnegated. For j € one(z),
define ¢(j) to be the number of variables in {y1 j,,...,¥Yn,, } that appear in T'(y). All those
variables appear unnegated in T because j € one(z). Recall that T is the conjunction
of all unnegated variables in 7. Then |Tx| < [£/2](opt(S) — 1)/2. Each variable in Ty
contributes [£/2]"~! to the sum > jeone(») 4(J) and |one(z)| = [¢/2]". Therefore,

o(d)) = fal < 2L

d~U(one(2))

By Markov’s bound, at least half the elements j € one(z) satisfies ¢(j) < opt(S) — 1. Let
J = {j € one(2)|q(j) < opt(S)}. Then Prj yyone(z))[d € J] > 1/2. Consider j € J and
let 77 be the conjunction of all the variables that appear in T of the form y; ;,. Then
|T7| = q(j) < opt(S) — 1. By Fact 1, there is u € U such that T7(u) = 1. By Fact 4, we have
T(27<%) = TI(u) = 1. Then F(27*%) = 1. Since by item 1 in Fact 4, [27<U| = |U|, we have

1
' Fly)=1jeJ] > —.
jNZ/{(one(z))_’yNu(szU)[ ( ) ‘ ] |U|
Therefore,
} Fly)=1=_ Pr j € J]x
Jr~U(one(z)),y~U(z3Y) (y> ] jwu(one(z))b ]
1
i Fly)=1jeJ>-—. <
jNU(one(z)),yNZ/{(szU)[ (y) |J ] 2|U|

We are now ready to prove Lemma 5

Proof. By Claim 6, there is a DNF, F’, of size |F'| < 2°P4(5)¢/20 with terms of monotone
size at most opt(S)¢/5 such that distp, (Ty, F) < distp, (T, F) + 27°PUS)/20 Therefore, it
is enough to prove that distp,(T'¢, F') > 1/(8|U|).

If E{Al)[F’(y) # 1] > 1/(4|U]), then by Fact 2, for the event Y (y) = [[y(y) = 1], we
y~U(A]
have
1 1
; A / == ! > —.
distp, (T, 1) = Pr [Mely) # F )Y W)] Pr V()] =5 Pr., W) #1112 g7
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If EfAl)[F/(y) # 1] < 1/(4|U]), then by Fact 2 and 5, and Claim 7,
yN n

distp, (T, F') > Pr_[Te(y) # F'(y)|Te(y) =0]- Pr_[[e(y) = 0]

y~Dy YDy
1
- P Flly)=1
2 y~L{{A0)[ (y) ]
1
2 Pr F(y) =1]
2 z2~U(AL),j~U(one(z)),y~U(zi<U)
1
Zi Pr F/yle/Z:lx
2 ZNU(AL):jNU(One(z))’yNM(ZjFU)[ ( ) | ( ) ]
P Fl(z)=1
szfA}L)[ (z) ]
>1 1 ) 1 N 1 .
T22|U] 4U|) = 8u|’

4  Superpolynomial Lower Bound

In this section, we prove the first results of the paper. First, we prove the following result for
MONOTONE (logn)-JUNTA.

» Lemma 8. Assuming randomized ETH, there is a constant ¢ such that any PAC learning
algorithm for n-variable MONOTONE (logn)-JUNTA by DNF with ¢ = 1/(16n) must take at
least n© CTogtogioin time.

The lower bound holds, even if the learner knows the distribution, can draw a sample
according to the distribution in polynomial time and can compute the target on all the points

of the support of the distribution in polynomial time.

Proof. Consider the constant A in Lemma 2. Let ¢ = min(1/40, A/4). Suppose there is a
PAC learning algorithm .4 for MONOTONE (logn)-JUNTA by DNF with e = 1/(16n) that

log log n

runs in time n°wesloglosn . We show that there is k such that for
1/k
w_ L logN /
2 \loglog N ’
(k, k")-SET-COVER can be solved in time N4* < N**_ By Lemma 2, the result then follows.
Let S = (S,U, E) be an N-vertex (k, k’)-SET-COVER instance where

1 loglog N and k' 1 log N 1/k
=-——————an =—| ——= .
2 logloglog N loglog N

Let ¢ = 1°gkN and consider I'; and D,.
Consider the following algorithm 5

Input § = (S,U, E) an instance for (k, k')-SET-COVER .

Construct I'y and D,.

Run A using I'; and D,. If it runs more than N*°* steps, then output No .

Let F' be the output DNF.

Estimate n = distp, (F,T).

SIEn < 5 N, output YES , otherwise output NoO .

The running time of this algorlthm is N4k < N**_ Therefore, it is enough to prove the

following

SU R W
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> Claim 9. Algorithm B solves (k, k’)-SET-COVER .

Proof. YES case: Let S = (S,U, E) be a (k, k')-SET-COVER instance and opt(S) < k. Then,
opt(8S) - £ < kf =log N, and by Fact 3, T’y is MONOTONE log N-JUNTA. Therefore, w.h.p.,
algorithm A learns I'y and outputs a DNF that is n = 1/(16N) close to the target with
respect to Dy. Since B terminates A after N*°* time, we only need to prove that A runs at
most N4* time. .

The running time of A is N¢Fsiosios ¥ < N4ck,

No Case: Let S = (S,U, E) be a (k,k')-SET-COVER instance and opt(S) > k’. By
Lemma 5, any DNF, F, of size |F| < 2¥4/20 satisfies distp, (F,T¢) > 1/(8|U]) — 27*"¢/20,
First, we have

loglog N
(o2 — ((Joglog N\ Felsie® - log N _
= logloglog N loglog N’

Therefore, since ¢ < 1/40,

1 log N Uk
F=-—— —(2k)? k2.
2 (loglogN> ~ 2( )" > 80c

So k'0/20 > (k€)(4ck) and 2F'¢/20 > (2k0)4ck — N4ek Now since the algorithm runs in time
N4k it cannot output a DNF F of size more than N4 < 2K'¢/20 and by Lemma 5,

1 1 1
distp,(F,Tp) > —— — —— > —.
1S Dz( ) @) jetl 8|U‘ N4Ck = 9N
So it either runs more than N** steps and then outputs NO in step 3 or outputs a DNF
with an error greater than 1/(9N) > 1/(16/N) and outputs NO in step 6. <

Notice that the learning algorithm knows I'y and D,. It is also clear from the definition of
T'y and D, that the learning algorithm can draw a sample according to the distribution D,
in polynomial time and can compute the target I'; on all the points of the support of the
distribution in polynomial time. |

We now prove

» Theorem 1. Assuming randomized ETH, there is a constant ¢ such that any PAC learning
algorithm for n-variable size-s MONOTONE DT and size-s MONOTONE DNF by DNF with
e = 1/(16n) must take at least

e log log s
n, logloglog s

time.

The lower bound holds, even if the learner knows the distribution, can draw a sample
according to the distribution in polynomial time and can compute the target on all the points
of the support of the distribution in polynomial time.

Proof. By Lemma 8, assuming randomized ETH, there is a constant ¢ such that any PAC
learning algorithm for n-variable MONOTONE (logn)-JUNTA by DNF with € = 1/(16n) runs
in time

log log n

nCTogloglogn |

Now by (1) and since s = n, the result follows. <
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5 Tight Bound Assuming some Conjecture

A plausible conjecture on the hardness of SET-COVER is the following.

» Conjecture 1 ([10]). There are constants a, B, A € (0,1) such that, for k < N<, there
is no randomized N** time algorithm that can solve (k, (1 — ) - kln N)-SET-COVER on N
vertices with high probability.

We now prove

» Theorem 2. Assuming Conjecture 1, there is a constant ¢ such that any PAC learning
algorithm for n-variable MONOTONE (log s)-JUNTA, size-s MONOTONE DT and size-s
MoNOTONE DNF by DNF with ¢ = 1/(16n) must take at least

ne log s

time.

The lower bound holds, even if the learner knows the distribution, can draw a sample
according to the distribution in polynomial time and can compute the target on all the points
of the support of the distribution in polynomial time.

Proof. We give the proof for MONOTONE (log s)-JUNTA. As in the proof of Theorem 1, the
result then follows for the other classes.

Consider the constants a, f and A in Conjecture 1. Let ¢ = min(A/10, (1 — 8)/(201loge)).
Suppose there is a PAC learning algorithm .4 for MONOTONE (log s)-JUNTA by DNF with
€ = 1/(16n) that runs in time n°°8*. We show that there is k < N, k = w(1), such that
(k, k')-SET-COVER can be solved in time N** where k¥’ = (1 — 8)kIn N. By Conjecture 1,
the result then follows.

Consider the following algorithm B

Input S = (S,U, E) an instance for (k, k')-SET-COVER .

Construct I's and Ds.

Run A using I's and D5 with s = 2°%. If it runs more than N° steps, then output No .
Let F' be the output DNF.

Estimate n = distp, (F, T's).

I < 45 N, output YES , otherwise output No .

Since ¢ < A\/10, the running time of this algorithm is N°°* < N*¥. Therefore, it is enough
to prove the following

o s

> Claim 10. Algorithm B solves (k, k')-SET-COVER .

Proof. YES case: Let S = (S,U, E) be a (k, k')-SET-COVER instance and opt(S) < k. Then,
5-opt(S) < 5k = log s, and by Fact 3, I's is MONOTONE log s-JUNTA. Therefore, w.h.p.,
algorithm A learns I's and outputs a DNF that is n = 1/(16NN) close to the target with
respect to Ds. Since B terminates A after N°°* time, we only need to prove that A runs at
most N time.

The running time of A is

nclogs < NSck.

No Case: Let S = (S,U,E) be a (k,k')-SET-COVER instance and opt(S) > &’
(1 —pB)klnN. By Lemma 5, any DNF, F| of size |F| < ok'/4 satisfies distp, (F,I's)
1/(8|U]) — 27*/4. Since, ¢ < (1 — )/(201oge),

AVAN

(1—B)kIn N (1-B)k

2kl/4 :2 1 :N dToge >N5Ck7
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any DNF, F, that the learning outputs satisfies

1 / 1 1 1
distp, (F,T5) > —— —27F/1 > — >
istp, (F.T's) 2 g =8N~ Noek < 9N
Therefore, with high probability the algorithm answer NO . <

6 Strictly Proper Learning

In this section, we prove

» Theorem 3. Assuming randomized ETH, there is a constant ¢ such that any PAC learning
algorithm for n-variable MONOTONE (log s)-JUNTA, size-s MONOTONE DT and size-s
MONOTONE DNF by size-s DNF with e = 1/(16n) must take at least

ne log s

time.

The lower bound holds, even if the learner knows the distribution, can draw a sample
according to the distribution in polynomial time and compute the target on all the points of
the support of the distribution in polynomial time.

We first prove the following stronger version of Lemma 5

» Lemma 11. Let S = (S,U, E) be a set cover instance, and let £ > 5. If F: ({0,1}°)" —
{0,1} is a DNF of size |F| < 2°PUS)/16 then distp, (F,Ty) > 1/(8|U]).

To prove this lemma, we will give some more results.

Recall that, for a term T, Ty is the conjunction of all the unnegated variables in T'.
We define the monotone size of T to be |Taq|. For a DNF F =Ty VTy V---V T, and
z € ({0,1}9)", we define the monotone width of z in F as

. ming. . =1 | (15 F(z)=1
mwidthp(z) ::{ 0 Ti2)=1 (T3 m] FEZ%ZO.

We define F~1(1) = {2|F(z) = 1} and

Q=ALnF ).

> Claim 12. Let F be a DNF with

E [mwidthg(2)] < opt(S) - £/4.

22U (Q)
Then
p Fly)=1] > —
T = _—
() U (ome(2)) gt (z30) D ~ 2|U]

Proof. Let z € Q. Then F(z) = 1 and z € A},. Let T be the term in F with |T%| =
mwidthp(2) that satisfies T?(z) = 1. Let Yy = {4 m|2i,m = 0} and Y1 = {y;m|zim = 1}
Since T#(z) = 1, every variable in Yj that appears in 7% must be negated, and every variable
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in Y7 that appears in T must be unnegated. For j € one(z), define ¢, (j) to be the number of
variables in {y1 j,,...,Yn,j,} that appear in T*(y). All those variables appear unnegated in
T because j € one(z). Each variable in T%, contributes [¢/2]"! to the sum > jcone(z) 4=(J)
and |one(z)| = [¢/2]™. Therefore,

TR mwidthp(z)

j~U(one(2)) a:(3)] = re/2] — T [4/2]
Now,
E [mwidthp(z)]
E laG) = =2
2 U(R) G~ U (one(2)) [¢/2]
o opt(S)
- 2
By Markov’s bound,
P 4:03) < opt(8)] =
T O —.
z~U(Q),j~U(one(z)) 2=\J p -2

Suppose for some z € Q and j € one(z), we have ¢, (j) < opt(S). Let T be the conjunction
of all the variables that appear in T3, of the form y; j,. Then |TV| = ¢.(j) < opt(S). By
Fact 1, there is u € U such that 77 (u) = 1. By Fact 4, we have T?(2/<%) = TV (u) = 1.
Then F(27<%) = 1. Since by item 1 in Fact 4, [27<Y| = |U|, we have

1

[F(y) = 1]g=(3) < opt(S)] > ik

T
2~ U(Q),G~U (one(z)) y~U(z3Y)
Therefore, for D'(y) = [z ~U(Q),j ~ U(one(z)),y ~ U(2IY)]

PrlF(y) = 1] >

Pr ) < opt(S)]-
- ZNZ/{(Q),jNZ/{(onc(z))[qz(J) p ( )]

Pr F =1|g>(3) < opt(S
zNum),,-NM(one(z)),yNu(zjw)[ (y) = 1lg=(3) < opt(S)]

1
>
—2|U]

> Claim 13. Let S = (S, U, E) be a set cover instance, and let £ > 5. If F' : ({0,1}*)" — {0,1}

is a DNF and ZIE(Q)[mvvidthp(z)] < opt(8)¢/4, then distp, (F,T'¢) > 1/(8|U|).
2~

Proof. If E{Al)[F(y) # 1] > 1/(4|U]), then by Fact 2, for the event Y (y) = [T'¢(y) = 1],
y~U(Ag,

we have

distp, (00 F) = Pr [Tw) # @YW Pr V@)= 5 | Pr o [F0)#1)> g

n
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If E{Al)[F(y) # 1] < 1/(4|U]), then by Fact 2 and 5, and Claim 12,
Yy~ n
distp, (T, F) > Pr [Te(y) # F(y)Te(y) =0] Pr [Ce(y) =0
y~Dy y~Dy
1
== Fly) =1
5 yNM(rA%)[ (y) =1]
1
== Pr Fy)=1
2 z~u<A}l),j~u<one<z>>,y~u(zjﬂf>[ W) =1
> 1 r [F(y)=1|F(z)=1]- Pr_ [F(z)=1]
2 2z U(AL),j~U(one(z)),y~U (23 V) 2~ U(AL)
= r P =1 Pr [F(z)=1]
2 2~U(Q),5~U (one(2)),y~U (23 +U) 2~U(AL)
1 1 1 1
>o - (1o ) >
= 29[0] ( 4|U|> = ][] b

> Claim 14. Let F be a size-s DNF formula for s > 2 such that distp, (F,T'y) < 1/4, then

E idth < 4log s.
yNu(m[le r(y)] <4logs

Proof. First, we have

g < Pr [Fly) =Tu(y)]
= 5 P F@) = T)Il) = 1+ 5 Pr [Fy) = Tuw)lu(y) =0
< 3 sty W =HE ;

Therefore, Pry.ya1)[F(y) = 1] > 1/2.
Let F=T1VTyV--- VT, Fory € Q, let w(y) € [s] be the minimum integer such that
ledthF(y) = |(Tw(y)>./\/l| and Tw(y) (y) =1

Then, by (6),
EfA )[Ti(y =1
y~U(A, T
Pr [Ty(y)=1= Pr [Ti(y)=1F(y)=1= n < 9= I(T)ml/2+1
S TNENE) ywu(A;)[ (y) =1|F(y) = 1] Pr [Fly)=1] =
y~U(AL)
Now, by the concavity of log,
1 .
) dih 1 = B [l <2mw1dthF(y)/271)}
2y~u(ﬂ)[mw1 F(y)] y~U(Q) 08
< log ( E {QmwidthF(y)ﬂl})
B y~U(Q)
= 1o olT)rml/2=1 Py [u(y) =i
g %:] o @) =il
< 1o ol(T)rml/2=1 py T; -1
< log %;] ko) =11
< log Z2\(Ti)M|/2—12—\(TL)M\/2+1
1€[s]
= logs.
Therefore, E [mwidthp(y)] < 4logs. <

y~U(Q)
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We are now ready to prove Lemma 11

Proof. If distp, (F,I';) > 1/4, then the result follows. Now suppose distp, (F,I';) < 1/4. If
s = |F| < 2°PHS)¥/16 then by Claim 14, g(m[mwidthF(y)] < 4logs = opt(S)¢/4. Then
Y~

by Claim 13, distp, (F,T¢) > 1/(8|U]). <

The proof of Theorem 3 is the same as the proof of Theorem 14 in [10]. We give the

proof in Appendix C for completeness.
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every i. When x < y and = # y, we write ¢ < y. If x < y, we say that x is below y, or
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have f(z) < f(y). A literal is a variable or negated variable. A term is a conjunction (A)
of literals. A clause is a disjunction (V) of literals. A monotone term (resp. clause) is a
conjunction (resp. disjunction) of unnegated variables. The size of a term T, |T, is the
number of literals in the term T. A DNF (resp. CNF) is a disjunction (resp. conjunction)
of terms (resp. clauses). The size |F| of a DNF (resp. CNF) F is the number of terms
(resp. clauses) in F. A monotone DNF (resp. monotone CNF) is a DNF (resp. CNF) with
monotone terms (resp. clauses).
We define the following classes
1. size-s DNF and size-s MONOTONE DNF are the classes of DNF and monotone DNF,
respectively, of size at most s.
2. size s-DT and size-s MONOTONE DT are the classes of decision trees and monotone
decision trees, respectively, with at most s leaves.
3. k-JUNTA and MONOTONE k-JUNTA are the classes of Boolean functions and monotone
Boolean functions that depend on at most k variables.
It is well known that

MONOTONE (log s)-JUNTAC size-s MONOTONE DT C size-s MONOTONE DNF .

B Proofs
B.1 Proof of Fact 5

Proof. Denote the above distribution by D’. By Item 1 in Fact 4, if w € Al and j € one(w),
then w/=Y C A%. Therefore, for z € AL, Pry.p/[y = 2|€ = 0] = 0 and then

1 1

Pr =z| = Pr =1]- Pr =z|= =
oW =A= T B = = A = oA
For z € AY) suppose z € A% x .- x A% where u € U. In the sampling according to

D’ and when ¢ = 0, since for j € one(w), the elements of w/*Y are below w, we have
PrD [y = zlw # z] = 0. Therefore,
y~D’

Pr =z = Pr =0]- Pr w > z| X
yND’[y ] £~U({0,1}) ¢ ] wNU(A}l)[ }
Pr  [zcwi Y w>z,weAl] x
J~U(one(w))
P = z|z e WYL 2
ku(gwu)[v z|z € W] (2)

Now, since, for € A% the number of elements in A! that are above z is [¢/2], we have

that the number of w € AL = (A')™ that are above z € AUt x --- x At is [£/2]"WHw),

Therefore,
"E/z]n—wt(u)
P =t 3
w~ur<A,£,>[w > 7 1AL )

Now let w > z and w € A}. Since for two different u,u’ € U, we have []"_; A% and
T, A% are disjoint sets, and since z € A¥! x --- x A%, we have z € w/*U if and only
if z = w/<%. Therefore, the number of elements j € one(w) that satisfy z € w/<V is the
number of elements j € one(w) that satisfy z = w’/<“. This is the number of elements
j € one(w) that satisfies for every u; =0, z; j, = 0. For a j uw.a.r. and a fixed i where u; = 0,

the probability that z; and w; differ only in entry j; is 1/[¢/2]. Therefore,
1

Pr zew  Vw>z,we A= ——————. 4
jNU(one(w))[ ‘ ] |'£/2‘|n7wt(u) ( )

34:17

APPROX/RANDOM 2023



34:18

Superpolynomial Lower Bounds for Learning Monotone Classes

Finally, by item 2 in Fact 4, since |w/<V| = |U|, we have
. 1 1
p =zzew V= ——=—. 5
R e e ©)

By (2), (3), (4), and (5), we have

R B LU0 et 1 S R —
vt T T2 AL T2 (O] T 2UT- [AL] 2007 A0

<

B.2 Proof of Claim 6

Proof. Let T be a term of monotone size at least opt(S)¢/5. Let b; denote the number of
unnegated variables of T" of the form y; ; and let T} be their conjunction. Then Ty = A, T;
and Y"1, b; = |Tam| > opt(S)€/5. If, for some i, b; > [¢/2], then the term T is zero on all
A% U Al and therefore, T is zero on all A U AL, Thus, it can be just removed from F. So,
we may assume that b; < [£/2] for all i. First,

Pr [T(y)=1Ty(y) =1 = Pr [T(y)=1< Pr [Tu(y) =1
Po ) =T =1 = P [T@)=1<  Pr [Tuly) -1
n
- Pr  [Ti(y,) =1
Ewuﬁm[ (:) = 1]

" (reyars,)

sl (92%)

S (T

K2

n l n Y
< [T II ebsi)=[Tew (-0 > 1
1=15=[£/2]+1 i=1 j=l€/2]+1
4
= oxp | =Tl > 1/
J=1¢/2]1+1
< 271Tml/2 < 9—opt(S)E/10 (6)

Let F’ be the disjunction of all the terms in F' of monotone size at most opt(S)¢/5. Let
TW ..., T be all the terms of monotone size greater than opt(S)¢/5 in F. Then, by (6)
and the union bound,

P [F(y) 2 F'()lle(y) =11 < Pr [V, TO(y) = 1Te(y) = 1]

270pt($)€/10m < 27opt(3)5/20. (7)

IN
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and (Here we abbreviate F'(y), F(y) and T'y(y) by F', F and T'y)

distp, (T¢, F') Pr [F' #T]

y~D,

1
= 2 Pr [F AT T =142 Pr [F £, =0] (8)
y~Dy 2 y~D,

Pr [F'#F|Fg=1]+
y~De

1
Pr [F#TylTy=1]4+ = Pr [F/%FHFKZO] (9)
y~Dy 2 y~Dy

N~ N~

N |

1 1
< 2TOPUS0 L = pr [FATTy=1]+ = Pr [F #T,Ty =0] (10)
2 y~Dy 2 y~Dy

—  9—opt(5)£/20 + distp, (F@,F)-

In (8), we used Fact 2. In (9), we used the probability triangle inequality. In (10), we used
(7) and the fact that if F’(y) # 0, then F(y) # 0. <

C The proof of Theorem 3

Proof. Consider the constant A in Lemma 2. Let ¢ = \/6. Suppose there is a PAC learning
algorithm A for MONOTONE (log s)-JUNTA by size-s DNF with e = 1/(16n) that runs in
time n°°8. We show that there is k such that for

o 1 log N 1/k
2 \loglog N ’
(k, k")-SET-COVER can be solved in time N°* < N**_ By Lemma 2, the result then follows.
Let § = (S,U, E) be an N-vertex (k, k’')-SET-COVER instance where

1 loglog N , 1 log N 1/k
=-——2 > —andk == ——— .
2 logloglog N 2 \ loglog N

Consider the following algorithm B
1. Input § = (S, U, E) an instance for (k, k’)-SET-COVER .
Construct I's and Ds.
Run A using I's and Ds with s = 2°% and n = N. If it runs more than N°° steps, then
output NoO .
Let F' be the output DNF.
If |F| > s then output No .
Estimate n = distp, (F,I'5).
If n < -, output YES , otherwise output NoO .

16N>
The running time of this algorithm is N°* < N*¥. Therefore, it is enough to prove the

wn

Noo e

following
> Claim 15. Algorithm B solves (k, k')-SET-COVER .

Proof. YES case: Let S = (S,U, E) be a (k, k')-SET-COVER instance and opt(S) < k. Then,
size(I's) < 25°P4(S) < 25% — 5 and by Fact 3, I's is MONOTONE log s-JUNTA. Therefore,
w.h.p., algorithm A learns I's and outputs a DNF that is n = 1/(16N) close to the target
with respect to Ds. Since B terminates A after N°* time, we only need to prove that A
runs at most N° time.
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The running time of A is
nclogs _ Nclogs < N5Ck.

No Case: Let S = (S,U, E) be a (k,k')-SET-COVER instance and opt(S) > k’. By
Lemma 11, any DNF, F, of size |F| < 25'/16 satisfies distp, (F,T's) > 1/(8|U]). First, we
have, for large N

1 log N L/k
F=c—— 2k.
2 (loglogN> >3

Therefore, any DNF, F, of size |F| < 219 satisfies distp, (F,T's) > 1/(8|U]).
We have 2'9% > s. So, B either runs more than N°°* steps and then outputs No in step
3 or outputs a DNF of size more than s and then outputs NO in step 4 or outputs a DNF of
size at most s with distp, (F,T's) > 1/(8|U|) > 1/(8N) > 1/(16N) and outputs NO in step 6.
<

<
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