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Symmetry protected topological (SPT) phases are a minimal generalization of the concept of topological
insulators to interacting systems. In this paper, we describe the classification and properties of such phases for
three-dimensional (3D) electronic systems with a number of different symmetries. For symmetries representative
of all classes in the famous 10-fold way of free-fermion topological insulators/superconductors, we determine the
stability to interactions. By combining with results on bosonic SPT phases, we obtain a classification of electronic
3D SPT phases for these symmetries. In cases with a normal U (1) subgroup we show that this classification
is complete. We describe the nontrivial surface and bulk properties of these states. In particular, we discuss
interesting correlated surface states that are not captured in a free-fermion description. We show that in many,
but not all, cases, the surface can be gapped while preserving symmetry if it develops intrinsic topological order.

DOI: 10.1103/PhysRevB.89.195124 PACS number(s): 03.65.Vf, 73.43.−f

I. INTRODUCTION

Much of our current understanding of topological
insulators/superconductors is informed by models of free
fermions and their associated band structure [1]. Within this
description there is a very mature understanding of the possible
such phases in diverse dimensions. A classification of these
free-fermion topological phases exists [2] yielding results that
depend on the global symmetry and the spatial dimensionality.
A defining characteristic of such phases is the presence of
nontrivial surface states that are protected by the global
symmetry.

The free-fermion description is clearly the appropriate
starting point to discuss the possibility of topological insula-
tors/superconductors in weakly correlated materials. In recent
years, however, attention has turned toward materials with
strong electron correlations as possible platforms for similar
phenomena. These include the mixed valence compound [3]
SmB6, and iridium oxides on pyrochlore lattices [4].

The exploration of topological phenomena in correlated
materials brings with it a number of questions. Are the
free-fermion topological phases stable to the inclusion of
interactions? Are there generalizations of topological insula-
tors that have no free-fermion analog? More generally, how
is the classification of topological phases of free-fermion
systems changed in a strongly interacting system? Clearly,
in addressing these questions there is a need to go beyond the
concept of topological band structure and think more generally
about the phenomenon of topological insulation.

Right at the outset it is important to note that there are
many possible generalizations of the concept of topological
insulator to interacting systems. An exotic possibility is to
phases with a bulk gap which have “intrinsic” topological
order [5]. The classic examples are the fractional quantum Hall
liquids and gapped quantum spin liquids states of frustrated
magnets. Intrinsically, topologically ordered phases have
multiple ground states on topologically nontrivial manifolds,
and in the presence of symmetry may exhibit excitations with
fractionalization of quantum numbers. In contrast, topological
band insulators/superconductors do not have intrinsic topolog-
ical order.

In this paper, we are concerned instead with a minimal
generalization, known as symmetry protected topological

(SPT) phases, of the free-fermion topological phases to inter-
acting systems. These phases have a bulk gap and no intrinsic
topological order but nevertheless have interesting surface
states that are protected by global symmetries. The classic
example of a symmetry protected topological phase is the
Haldane spin-1 chain. This has a bulk gap, no fractionalization,
and nontrivial end states that are protected by symmetry. In
d = 1, all SPT phases have been classified [6] in the last few
years.

For systems of interacting bosons (or the closely related
interacting spin systems), there is by now a good under-
standing of the possibility and physics of SPT phases in all
physical dimensions (d = 1,2,3). This progress was initiated
by a formal classification [7], based on the concept of
group cohomology, of bosonic SPT phases. Although this
classification is now known not to be complete [8–11] (in
three dimensions), it represents substantial progress. The
physical properties of various such bosonic SPT phases are not
simply obtained through the cohomology classification. These
have been described by other physics-based methods in both
two dimensions (2D) [12–15] and in three dimensions (3D)
[8–10,16–18].

In contrast to bosonic systems, our understanding of
fermionic SPT phases beyond band theory is rather limited,
particularly in the physically important case of three space
dimensions. An interesting attempt [19] to generalize the
formal cohomology method to fermions leads to a concept
known as group supercohomology and to some results on
fermion SPT phases. However, currently this formal method
is not able to handle the physically important cases of either
continuous symmetry or the Kramers structure of the elec-
tron. In dimension d = 2, however, a simpler Chern-Simons
approach provides many definitive results for fermionic SPT
states [13]. The effect of strong interaction was also examined
for certain kinds of 2D fermionic SPT states described by band
theory [20], where it was found that some of the topological
bands became trivial in the presence of strong interactions.
These approaches, however, are difficult to generalize to higher
dimensions.

In a recent paper [21], we (together with Potter) classified
and described the physical properties of such interacting three-
dimensional electronic topological insulators in the physically
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TABLE I. Summary of results on classifications of electronic SPT states in three dimensions. The second column gives free-fermion states
that remain nontrivial after introducing interactions. The third column gives SPT states that are absent in the free-fermion picture, but are
equivalent to those emerged from bosonic objects such as electron spins and Cooper pairs. For symmetries containing a normal U (1) subgroup,
we can find the complete classification. In all such examples, the complete classifications are simple products of those descending from free
fermions and those obtained from bosons. For symmetry class CI, we give suggestive arguments but not a proof that the classification in the
last column is complete.

Symmetry class Reduction of free-fermion Distinct boson Complete classification
U (1) only (A) states 0 SPT 0 0

U (1) � ZT
2 with T 2 = −1 (AII) Z2 → Z2 Z2

2 Z3
2

U (1) � ZT
2 with T 2 = 1 (AI) 0 Z2

2 Z2
2

U (1) × ZT
2 (AIII) Z → Z8 Z2 Z8 × Z2

U (1) � (ZT
2 × ZC

2 ) (CII) Z2 → Z2 Z4
2 Z5

2

[U (1) � ZT
2 ] × SU(2) 0 Z4

2 Z4
2

ZT
2 with T 2 = −1 (DIII) Z → Z16 0 Z16 (?)

SU(2) × ZT
2 (CI) Z → Z4 Z2 Z4 × Z2 (?)

important situation where both charge-conservation and time-
reversal symmetries are present. The Z2 classification of such
insulators within band theory was shown to be modified to
a Z3

2 classification in interacting systems, resulting in a total
of eight distinct phases. These are generated by three “root”
states of which one is the topological band insulator and the
other two are Mott insulators where the spins form a spin-
SPT phase (various models of such “topological paramagnets”
were discussed in Refs. [7,9,10]). The physics-based methods
used in Ref. [21] enabled us to obtain a very clear picture
of the physical properties of the various states and determine
their experimental fingerprints. It was also shown there that
insulators without time-reversal symmetry [U (1) only] have
no nontrivial SPT phase.

In this paper, we generalize the ideas of Ref. [21] to
discuss 3d electronic topological insulators/superconductors
with many other symmetries. Free-fermion topological phases
with various symmetries fall into one of 10 distinct classes.
This is known as the 10-fold way [2]. With interactions there
is no guarantee that systems with two different symmetries that
fall in the same class in the 10-fold way still have the same
possible SPT phases. Therefore, it is important to specify the
symmetry group directly. For symmetry groups represented in
each of the famous 10-fold way, we are able to ascertain the
stability of the free-fermion classification to interactions. If
the symmetry group has a normal U (1) subgroup, we obtain a
complete classification of the interacting electronic SPT states.
The results are summarized in Table I.

For time-reversal-invariant superconductors in three dimen-
sions (class DIII), a recent paper [22] showed that the Z

classification of band theory reduces to a Z16 classification
with interactions. For this symmetry we provide a simpler
derivation of the same result. For other symmetry classes, our
results have not been described in the literature as far as we
know.

II. GENERALITIES

It is useful to first describe a few general ideas that will
form the basis of the physical arguments used to establish our
results.

A. Surface terminations

A crucial property of an SPT phase is the presence of
nontrivial surface states protected by the global symmetry.
It is thus no surprise that powerful constraints are obtained
by thinking about the possible surface terminations of the
bulk SPT phase, i.e., different possible surface phases that
correspond to the same bulk phase. The surface either
spontaneously breaks the symmetry or, if gapped, has intrinsic
topological order. A gapless symmetry-preserving surface is
also in principle possible. More fundamentally, any effective
theory for the surface implements symmetry in a manner not
possible in a strictly two-dimensional theory.

1. Symmetry-broken surface

A particularly useful surface termination is one where the
defining global symmetry is either partially or completely
broken. In the latter case, the surface can be fully gapped
without introducing intrinsic topological order. This follows
from the assumption that the phase is symmetry protected.
The nontriviality of the symmetry-broken surface manifests
itself in the topological defects of the symmetry-breaking
order parameter. This ensures that we can not produce a triv-
ial symmetry-preserving surface by proliferating topological
defects.

We mention two particularly interesting examples of broken
symmetries here. The first one is the breaking of time-reversal
symmetry, which can be realized explicitly by depositing a
ferromagnet on the surface. Very often (but not always), the
domain walls between opposite T -breaking regions host chiral
modes, which prohibit the domain walls to proliferate and
restore T . The chiral modes in the domain wall are related to
quantized Hall conductance (say, of charge, spin, or heat) in
each of the domains. We will discuss Hall transport in more
detail in Sec. II B.

The second example is a surface that breaks U (1) symmetry.
If the U (1) symmetry corresponds to charge conservation, this
can be realized by depositing a superconductor on the surface.
Following, we will use the terminology of superconductivity
to describe the U (1) symmetry breaking more generally [even
if the U (1) symmetry does not actually correspond to charge
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conservation]. It is well known that the U (1) symmetry can
be restored by proliferating (condensing) vortices. Therefore,
if the “superconductor” is gapped (and has no intrinsic
topological order), the fundamental (hc/2e) vortex must be
nontrivial. Otherwise, it can be proliferated to restore a trivial
insulator on the surface. However, there always exist some
higher vortices that are trivial in terms of statistics and
symmetry representation, and thus can be condensed. In this
case, a topologically ordered surface arises, which will be
discussed further in Sec. II A 2 and throughout the paper.

2. Symmetry-preserving surface topological order

Powerful insights into the SPT phase are provided by a
surface termination which is fully gapped and preserves the
symmetry at the price of having intrinsic topological order just
at the surface. This was first demonstrated in the context of
bosonic SPT phases [8]. Conceptually, such a topologically
ordered surface state provides a nice and nonperturbative
characterization of the bulk SPT order [8–10,17,22–26]. We
point out here that it is not always guaranteed that such a
symmetry-preserving surface topological ordered phase will
exist. Indeed, later in the paper we will discuss an example
where a symmetry-preserving surface is necessarily gapless.
When a symmetric surface topologically ordered state exists,
it too must realize symmetry in a manner forbidden in strictly
two-dimensional systems.

B. Gauging the symmetry: θ terms

Another useful theoretical device is to formally gauge all
or part of the defining global symmetry to produce a new
physical system. This can be done for all unitary symmetries
or for unitary subgroups of the full symmetry group. Two
cases will be of particular interest to us. In the first case, the
full symmetry group G has a normal U (1) subgroup which we
can then consistently gauge while retaining the quotient group
G/U (1) as an unbroken global symmetry. In the second case,
the continuous part of the full global symmetry is SU(2). In
this case, there is no normal U (1) subgroup and instead we
gauge the full continuous SU(2) symmetry.

Let us first discuss the case where there is a normal U (1)
subgroup to which we couple a gauge field. As the bulk is
gapped, we may formally integrate out the electrons and obtain
an effective long-wavelength Lagrangian for the gauge field

Leff = LMax + Lθ . (1)

The first term is the usual Maxwell term and the second is the
“theta” term

Lθ = θ

4π2
E · B, (2)

where E and B are the electric and magnetic fields, respec-
tively, of the U (1) gauge field. The allowed value of θ will
be constrained by the unbroken global symmetry G/U (1). In
the familiar example of the topological band insulator [with
G = U (1) � ZT

2 , where ZT
2 is time reversal], it is well known

that θ = 0 or π by time-reversal symmetry. This is true as
well for other symmetry groups in Table I that include time
reversal. The E and B fields transform oppositely under ZT

2 so
that θ → −θ . Further, on a closed manifold there is periodicity

under θ → θ + 2π so that the only distinct possibilities are
θ = 0,π .

The θ term provides very useful constraints on the surface
physics. It can be written as the derivative of a Chern-Simons
term. Hence, at a surface where the ZT

2 symmetry is broken,
it leads to a Hall conductivity [associated with transport of the
U (1) charge] of

σxy ≡ ν = θ

2π
. (3)

[We use units in which the U (1) charge of the fermions is 1
and � = 1.] Furthermore, in all the examples studied in this
paper, such a ZT

2 broken-surface termination exists with a gap
and without any surface topological order. In that case, we can
safely say that when ν is fractional, the surface state can not
exist in strictly two-dimensional systems, and requires the 3d

bulk. Thus, fractional ν = θ
2π

for the response to a U (1) gauge
field implies nontrivial bulk SPT order even in the presence of
interactions.

Returning to the ZT
2 broken gapped surface without any

topological order, we can further argue that the difference in
the Hall conductivity of the surface and its time reverse must be
a state allowed in 2d systems of electrons without topological
order. This forces θ

π
= n with n an integer.

Another important characterization of such a ZT
2 broken-

surface state is the thermal Hall conductivity κxy . Formally, this
is related to gravitational responses in the bulk and the notion
of gravitational anomaly [27] although we will not need to
use such a description. For any gapped two-dimensional state,

νQ = κxy

κ0
is a universal number with κ0 = π2

3
k2
B

h
T (T is the

temperature). For a strictly two-dimensional system if further
there is no topological order, then νQ − ν = 0 (mod8) (see
Appendix A). Thus, a gapped ZT

2 broken surface that either
has fractional ν or has νQ − ν �= 0 (mod8) implies nontrivial
bulk SPT order even with interactions.

In the case where the continuous symmetry is SU(2) (e.g.,
associated with spin conservation), we can again gauge this
SU(2) symmetry and study the effective Lagrangian of the
corresponding matrix-valued SU(2) gauge fields Aμ which
again takes the form

Leff = LMax + Lθ . (4)

The first Maxwell term is the usual Lagrangian for the SU(2)
gauge field (g is a nonuniversal coupling constant)

LMax = 1

2g
Tr(FμνFμν). (5)

The field strength Fμν = ∂μAν − ∂νAμ + [Aμ,Aν]. The sec-
ond “theta” term takes the form

Lθ = θ

32π2
Tr(εμναβFμνFαβ). (6)

On a closed manifold, there is periodicity under θ → θ + 2π .
Time reversal if present takes θ → −θ , and thus the potentially
time-reversal-invariant possibilities are θ = nπ . This θ term
can once again be written as the derivative of a Chern-Simons
term for the SU(2) gauge field

Lθ = θ

8π2
∂μKμ, (7)
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where

Kμ = εμναβTr
(
Aν∂αAβ + 2

3AνAαAβ

)
. (8)

Similarly to the discussion of the U (1) case above this
implies that a ZT

2 -broken gapped surface without topological
order will have a spin quantum Hall effect [28]. This is
characterized by the spin current induced in the transverse
direction in response to a spatially varying Zeeman field.
(The spin quantum Hall effect should not be confused
with the quantum spin Hall effect; the latter describes the
transverse spin current induced by an electrical voltage.) The
corresponding spin Hall conductivity σ s

xy = θ
π

. Note the factor
of 2 difference between the corresponding formula for the U (1)
case. In a strictly 2d system, we must have σ s

xy = 2n with n

an integer. Therefore, an odd θ
π

implies bulk SPT order even
with interactions.

In both U (1) and SU(2) cases, if the θ term is such that
the ZT

2 -broken surface state has Hall transport that is allowed
in 2d we can not directly conclude anything about whether
an SPT state exists or not. In the following section, we obtain
some additional constraints in the U (1) case by thinking about
monopole defects of the gauge field.

C. Gauging the symmetry: Bulk monopoles and surface states

An important lesson from the work in Ref. [12] is that when
the global symmetry in an SPT phase is gauged the defects of
the gauge field could become nontrivial. Let us now consider
the situation discussed above where the global symmetry has a
normal U (1) subgroup which we then gauge. Then, the gauge
defect is simply the magnetic monopole: a 2π source of the
gauge flux. In three dimensions, the monopole statistics can
only be bosonic or fermionic. It was shown in Ref. [21] that
in any (short-range entangled) system where all the charge-1
particles are fermions, the monopole must be a boson. The
monopole may then carry nontrivial quantum numbers under
the symmetry group.

The “electric” charge of the monopole under the U (1)
symmetry is determined directly by the θ term in the effective
gauge action through the well-known Witten effect: there is
a a U (1) charge of θ

2π
on the monopole. For θ = π , this is

fractional. The remaining question is about the symmetry
transformation of the monopole under the quotient group
G/U (1). In particular, it will be important to ask of the
monopole transforms under a projective representation of
this quotient group. In the familiar case of electrons with
U (1) � ZT

2 , the symmetry properties of the monopole under
ZT

2 are severely constrained [21]. The monopole goes to an
antimonopole under ZT

2 and this makes it meaningless to ask
about whether time reversal acts projectively on it or not.
In the U (1) × ZT

2 case studied in detail below, the gauge
magnetic flux is even under time reversal. Hence, it is also
possible to have monopoles forming nontrivial (projective)
representations under time reversal, i.e., it could become a
Kramers doublet, with T 2 = −1. It is possible to enumerate
all possible nontrivial quantum numbers that can be carried by
the monopole. For example, with U (1) × ZT

2 , the monopole
can either carry half-integer U (1) charge (corresponding to
θ = π ), or be charge neutral while having T 2 = −1, or both.

Understanding the allowed structure of the bulk monopole
leads to important constraints on the possible surface termina-
tions of the SPT. Such a point of view was nicely elaborated
in Ref. [17] to discuss the physics of the bosonic topological
insulator. We emphasize that this procedure of gauging the
symmetry and studying the monopole is a purely theoretical
device. It is, however, very powerful.

It is convenient for our purposes in this paper to consider
a surface termination which breaks the U (1) symmetry.
Imagine tunneling a monopole from the vacuum into the
system bulk, which leaves behind a twofold (hc/e using the
“superconducting” terminology) vortex on the surface. As
the monopole is trivial in the vacuum, if it carries nontrivial
quantum numbers in the bulk, the corresponding hc/e vortex
on the surface must also carry the same nontrivial quantum
numbers, and vice versa. Therefore, we could either use
the known monopole property to infer the properties of the
surface “superconductor” (as was done in Ref. [23]), or use the
knowledge of the surface vortex to infer the quantum numbers
carried by the bulk monopole (as was done in Ref. [9], and
will be done in Secs. III and VI).

It is important to emphasize that not all the seemingly
consistent projective symmetry representations of monopoles
can actually be realized. For example, in a spinless fermion
system where T 2 = 1 on the fermions, a theory with half-
charged monopole (θ = π ) is naively consistent, even though
there is no free-fermion band structure that realizes such a
theory. One may wonder if there is an intrinsically interacting
SPT state with no free-fermion realization that gives θ = π .
However, it was noticed recently [21,24] that it is internally
inconsistent in a subtle way, and hence can not be realized
even with an interacting SPT. Therefore, if a symmetry
assignment of the monopole is not realized in any free-
fermion system, one needs to examine its consistency more
carefully.

The next question is then, if a symmetry assignment to the
monopole is realized by a representative state (for example, a
free-fermion model), how many other states exist with the same
monopole properties? For such a state with certain monopole
quantum numbers, there is always a representative state with
monopoles carrying the “opposite” quantum numbers, so
that stacking the two states together produces another state
with monopoles carrying trivial quantum numbers. Therefore,
the question can be posed equivalently as follows: How
many nontrivial states exist with monopoles being completely
trivial? This was analyzed in detail in Ref. [21], and for
completeness we give the argument in Appendix B. The
conclusion is that if an SPT state has trivial monopole, it must
be equivalent to a SPT state constructed from bosonic particles
carrying no U (1) charge (e.g., spins in an electron system). For
example, if a fermionic SPT state with U (1) � ZT

2 symmetry
has a trivial monopole, it is equivalent to a bosonic SPT with
ZT

2 symmetry only.
The above conclusion can be summarized compactly as

follows:
If the group G contains a normal U (1) subgroup, then any

3D SPT state with the symmetry group G must either have
a nontrivial U (1) monopole (one that transforms projectively
under G), or be equivalent to a bosonic SPT with the symmetry
G/U (1).
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In the rest of the paper, we utilize these different ways
of diagnosing and differentiating SPT phases to classify
and understand electronic SPT phases with many different
symmetries.

III. U(1) × ZT
2 : AIII CLASS

In this section, we study fermions with the symmetry
group U (1) × ZT

2 (the AIII class), which can be interpreted
physically as superconductors with Sz-spin conservation and
time-reversal symmetry. The U (1) rotation U (θ ) and time
reversal T commutes: U (θ )T = T U (θ ), or equivalently, the
U (1) charge is odd under time-reversal action, unlike the
electric charge. Physically, the action of time reversal on
the fermions has two distinct possibilities: T 2cT −2 = ±c,
where c is the physical fermion annihilation operator. How-
ever, the two symmetries lead to very similar physics, including
the classification of SPT states. This is because one can always
define a new time-reversal-like operation T̃ = T U (π/2), and
it is easy to see that T̃ 2 = −T 2 on the fermion. Hence, the
problem with U (1) × ZT

2 with T 2 = −1 on the fermion can
be mapped to that with the same symmetry group U (1) × ZT̃

2
but with T̃ 2 = 1. We will take T 2 = −1 below in order to be
able to connect to other interesting symmetry groups, but the
modified time reversal T̃ will still be useful as a tool in our
argument.

The free-fermion band theory gives a Z classification for
this symmetry group. Each state is labeled by an integer n

signifying the number of protected gapless Dirac cones on the
surface:

H =
n∑

i=1

ψ
†
i (pxσx + pyσz)ψi, (9)

with the symmetries acting as U (θ ) : ψ → eiθψ and T : ψ →
iσyψ

†.
We will show in the following that the Z classification from

band theory reduces to Z8 in the presence of interaction: the
n = 1 state has a bulk θ = π term, the n = 2 state, which
has θ = 2π , has a neutral Kramers monopole (T 2 = −1), the
n = 4 state is equivalent to an SPT state formed by bosons
carrying no U (1) charge, hence, the n = 8 state, formed by
taking two copies of the n = 4 state, is trivial. Following the
arguments in Sec. II, we can also show that taking another
bosonic SPT (which can not be realized using free fermions)
into account, we obtain the complete classification given by
Z8 × Z2.

A. Eight Dirac cones: Triviality

We first look at the n = 8 state, which has eight protected
surface Dirac cones in the free-fermion theory. We will show
explicitly that, with interaction, such surface state can open
up a gap and become a trivial state. We use an argument very
similar to that in Ref. [21] (see Supplemental Material).

We first introduce a singlet pairing term into the theory

H� =
n∑

i=1

i�ψσyψ + H.c., (10)

which breaks both the U (1) and T symmetries (under time re-
versal we have � → −�∗). The surface theory is now gapped,
with the physical symmetries broken. With interactions, the
gap � becomes a fluctuating field, hence it is possible to
disorder it (have 〈�〉 = 0) and restore the symmetries. To
disorder the XY -like field �, we can follow the familiar and
well-understood route of proliferating vortices of the order
parameter.

It is important here to notice that although the gap in Eq. (10)
breaks both U (1) and T , it does preserve a time-reversal-
like subgroup generated by T̃ = T U (π/2). Since we want to
restore T by disordering � [which surely will restore U (1)],
we must do it while preserving T̃ .

The vortex needs to be examined carefully because of the
fermion zero modes associated with it. It is well known that a
superconducting Dirac cone gives a Majorana zero mode in the
vortex core [29]. Under T̃ , the vortex background is invariant
[unlike the case of U (1) � ZT

2 , where a vortex goes to an
antivortex], and the Majorana zero modes transform trivially
γi → γi . At free-fermion level, the degeneracy from the zero
modes is robust since any quadratic term iAij γiγj would break
T̃ . However, it is known [30] that with n = 8 Majorana zero
modes, the degeneracy can be lifted by a quartic term. The
remaining vortex is then completely trivial and can thus be
condensed without breaking T̃ , producing a trivial insulator
on the surface.

We can also examine the time-reversal properties of the
vortices more directly, which will be useful in the following
sections. We first pair up the eight Majorana zero modes to
four complex fermion zero modes fi = γ2i−1 + iγ2i . We then
define different vortex operators as

vnmkl|GS〉 = (f †
1 )n(f †

2 )m(f †
3 )k(f †

4 )l|FN〉, (11)

where |FN〉 denotes the state with all the negative-energy
levels filled in a vortex background. The U (1) being spinlike
under T (hence T̃ also) means that a vortex configuration is
time-reversal invariant. The only nontrivial action of T̃ is thus
on the zero modes

T̃ fi T̃ −1 = f
†
i , (12)

and by choosing a proper phase definition

T̃ |FN〉 = f
†
1 f

†
2 f

†
3 f

†
4 |FN〉. (13)

It is then straightforward to check the modified time reversal
T̃ only relates vortex operators with the same fermion parity
(−1)n+m+k+l , and T̃ 2 = 1 on all the vnmkl operators. Moreover,
vortices with the same fermion parity are mutually local with
each other, and thus can be condensed simultaneously while
keeping the T̃ symmetry. The remaining surface is then a
trivial gapped symmetric state.

B. Four Dirac cones: Boson SPT

We now look at the state with n = 4 Dirac cones on the
surface and try to do the same exercise as in Sec. III A. Again,
we start from a paired gapped state and try to disorder the
pairing gap by proliferating vortices. We have now n = 4
Majorana zero modes in the vortex core, and even with
interaction the degeneracy can not be lifted. The twofold vortex
(hc/e), on the other hand, hosts eight Majorana zero modes
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and hence is trivial. Condensing the twofold vortex will then
give a symmetric gapped state, with an intrinsicZ2 topological
order [31], i.e., described by a deconfined Z2 gauge theory. To
study this Z2 topologically ordered state, we need to examine
the fundamental vortex in the superconducting state with more
care.

Again, we group the four Majorana zero modes into two
complex fermion zero modes f1,2, and define vortices through

vnm|GS〉 = (f †
1 )n(f †

2 )m|FN〉, (14)

where |FN〉 denotes the state with all the negative-energy
levels filled in a vortex background. The modified time reversal
again acts as

T̃ f1,2T̃ −1 = f
†
1,2, (15)

and by choosing a proper phase definition

T̃ |FN〉 = f
†
1 f

†
2 |FN〉. (16)

It then follows straightforwardly that {v00,v11} and {v01,v10}
form two “Kramers” pairs under T̃ (namely, T̃ 2 = −1).
Moreover, since the two pairs carry opposite fermion parity,
they actually see each other as mutual semions.

We thus conclude that to preserve the symmetry, the
“minimal” construction is to proliferate double vortices. The
resulting insulating state has Z2 topological order {1,e,m,ε}
with the e being the remnant of {v00,v11}, m being the remnant
of {v01,v10}, and ε is the neutralized fermion ψ̃ .

Now, the full U (1) × T is restored, and we can ask
how they are implemented on {1,e,m,ε}. Obviously, these
particles are charge neutral, so the question is then about
the implementation of T alone. However, since the particles
are neutral, the extra U (1) rotation in T̃ is irrelevant and
they transform identically under T̃ and T . Hence, we have
T 2 = T̃ 2 = −1 on e and m, and T 2 = T̃ 2 = 1 on ε. This
state is denoted as eT mT in Ref. [9], and is a characteristic
surface state of a bosonic SPT. We thus conclude that the n = 4
free-fermion state is equivalent to the eT mT bosonic SPT in
the presence of interaction.

C. Two Dirac cones: Kramers monopole

The n = 2 state, being a “square root” of the n = 4 state
which is equivalent to a bosonic SPT, must involve the
U (1) symmetry in a nontrivial manner as argued in Sec. II.
It must thus have monopoles that are nontrivial under the
symmetries. It turns out that the charge-neutral monopole
behaves as a Kramers pair under time reversal (T 2 = −1).
Such monopole behavior was also realized in a boson SPT
state [9] with U (1) × ZT

2 symmetry, where charge-1 carriers
are bosons instead of fermions. So, in contrast with charge- 1

2
monopoles (θ = π ), the Kramers monopole can be realized in
two different systems, one with fermionic charge carriers and
one with bosonic one.

We show this by studying the monopole tunneling event on
the surface: if the monopole has T 2 = −1 inside the insulator
bulk and T 2 = 1 in the vacuum outside, the tunneling event
on the surface must leave behind another excitation with
T 2 = −1. We can work this out directly from the free-fermion
surface state by showing that a monopole insertion operator

in a (2 + 1)-dimensional theory with two Dirac cones has
T 2 = −1 due to the fermion zero modes from the Dirac
cones. An alternative route, which we will follow, is to study
the paired state described in Secs. III A and III B, in which
a monopole tunneling event leaves behind a twofold (hc/e)
vortex that now traps four Majorana zero modes. The argument
in Sec. III B immediately shows that this twofold vortex has
T̃ 2 = −1, which means the monopole inside the bulk also has
T̃ 2 = −1. But, since the monopole is charge neutral, it has
T 2 = T̃ 2 = −1.

1. Surface topological order

The n = 2 state can also be analyzed in a similar fashion as
for n = 8 and 4 states. As we have noticed, the twofold vortex
in the paired state has T̃ 2 = −1 and hence can not be con-
densed to restore time-reversal symmetry. Hence, the minimal
construction is to condense the fourfold vortex, which traps
eight Majorana zero modes and can be trivially condensed. A
charge- 1

2 boson (denoted as β) emerges from this nontrivial
vortex condensate, which under time reversal goes to β →
β−1 ∼ β3 (the last identification comes from the topological
triviality of β4). The particle content of the remaining theory
can be represented as {1,β,β2,β3,v,v,2,v3,βnvm} × {1,c},
where v is the remnant of the fundamental vortex with the
complex fermion zero mode unoccupied, and c is the physical
fermion, while the remnant of the ψ fermion is denoted as
ε = c†β2.

The resulting gapped surface state hasZ4 topological order,
with the symmetries implemented in a peculiar way. The
remnant of the fundamental vortex with the complex fermion
zero mode unoccupied is v, and that with the zero mode
occupied is εv. The two go to each other under time reversal,
and their squares (either v2 or εv2) have T 2 = T̃ 2 = −1, with
ε having T 2 = 1. The topological sector of β2 does not change
under time reversal, but since it carries charge-1, we have
T 2 = −T̃ 2 = −1 for it, which is consistent with T 2 = 1 on
ε, since β2ε ∼ c. The charge-vortex relation gives the obvious
mutual statistics θβv = eiπ/2.

D. One Dirac cone: θ = π

The n = 1 state is the U (1) × ZT
2 counterpart of the familiar

electronic topological band insulator [32]. The surface single
Dirac cone implies a θ term in the gauge response [33] at
θ = π . The monopole then carries charge- 1

2 .

1. Non-Abelian surface topological order

Following the reasoning from previous sections, we know
that in the paired surface state, the fourfold (2hc/e) vortex is
Kramers under T̃ and we need to condense the eightfold vortex
to recover the full symmetry. A charge- 1

4 boson α emerges out
of this condensate, and as in the n = 2 case, the charge-1 boson
α4 has T 2 = −T̃ 2 = −1.

The story about lower vortices, however, is made more
complicated due to the structure of the zero modes. In
particular, the fundamental vortex carries only one Majorana
zero mode and is thus non-Abelian. The detailed analysis of
the fusion and statistics of the vortices was carried out in
Refs. [23,24], which showed that the fundamental vortex has
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TABLE II. Summary of vortex properties, according to the
number of Majorana zero modes trapped. Most of the properties
do not depend on the vortex strength (as long as the vortex exists),
except when there are two Majorana zero modes. In the n = 1 phase,
such a vortex has strength-2 while in the n = 2 phase it has strength-1,
and the vortex statistics turns out to be different in the two cases.

Vortex zero modes Properties

8 Majorana Trivial
4 Majorana T 2 = −1
2 Majorana, twofold (hc/e) vortex Semion/antisemion
2 Majorana, fundamental (hc/2e) vortex Bosonic, T : v → εv

1 Majorana Non-Abelian

topological spin 1 while the twofold vortices have topological
spin ±i, depending on whether the complex fermion zero mode
is filled or not. Fusing the vortex with an ε fermion gives
back the vortex: v × ε ∼ v, while fusing two vortices gives
either the semionic or antisemionic twofold vortex: v × v ∼
v2 + εv2. The mutual statistics between the fundamental and
twofold vortices are ±i, hence, the threefold vortex has
topological spin −1. It also follows that the fundamental vortex
and the fourfold vortex (which is Kramers) are mutual semions
(mutual statistics −1). Again the particle content can be written
as {1,α, . . . α7,v, . . . v7,αnvm} × {1,c}.

We summarize the properties of different vortices in
different states in Table II.

E. Z8 × Z2 classification

We have shown that the Z classification from free-fermion
band theory reduced to Z8 under interaction. The argument
outlined in Sec. II makes it possible to further classify all the
SPT states, including those not realizable using free fermions.

For any putative new SPT phase that can not be realized
using free fermions, there is always a free-fermion state such
that the combination of the two has a trivial monopole. This is
because every possible nontrivial symmetry implementation of
the monopole is realized by a free-fermion model. Following
the reasonings in Sec. II, a phase with trivial monopole can
at most be a SPT made of charge-neutral bosons (with ZT

2
symmetry only). Bosonic SPT states with ZT

2 symmetry in
three dimensions are classified by Z2

2, with two root states [8].
One of the two root states becomes identical to the n = 4 free-
fermion state. Hence, it does not give rise to any new state. But,
the other root state is independent of all the free-fermion states.
Hence, it provides a new state in the full classification. The final
result is thus a Z8 × Z2 classification of three-dimensional
fermions with U (1) × ZT

2 symmetry.

IV. ZT
2 WITH T 2 = −1: DIII CLASS

In this section, we apply the results obtained in Sec. III
to superconductors with only time-reversal symmetry (the
DIII class). This was recently discussed in Ref. [22] using
powerful Walker-Wang methods. We reproduce part of the
results there in a physically simpler and constructive approach
[34] following the ideas of Ref. [21] and the previous section.

At the free-fermion level, the DIII class superconductors in
3D are classified by Z, with an integer index ν signifying the
number of gapless Majorana cones on the surface protected by
time-reversal symmetry:

H =
ν∑

i=1

χ
†
i (pxσx + pyσz)χi. (17)

If ν is even (ν = 2n), one can group the Majorana cones into
n Dirac cones ψi = χ2i−1 + iχ2i , and the theory looks exactly
the same as Eq. (9). The U (1) symmetry ψ → eiθψ is now an
emergent symmetry at low energy. We can instead consider the
U (1) as a microscopic symmetry, apply the results in Sec. III
to obtain interacting gapped surface states, and then break the
U (1) symmetry explicitly by adding a fermion pairing term.
A similar strategy was useful in the Walker-Wang approach
[22]. For the n = 8 (ν = 16) state, the resulting surface is
trivially gapped, and further breaking the U (1) symmetry does
not introduce anything nontrivial. Hence, the Z classification
from band theory reduces toZ16 with interaction. For the n = 4
(ν = 8) state, the resulting surface is topologically ordered, but
all the quasiparticles are charge neutral under the U (1), hence
breaking U (1) symmetry does not affect anything either. These
establish the ν = 16 state as a trivial one, and the ν = 8 state as
equivalent to a boson SPT, which are consistent with the results
in Ref. [22]. The n = 2 (ν = 4) and n = 1 (ν = 2) states,
however, have surface topological orders involving the U (1)
symmetry nontrivially, hence need more careful examination.

A. Four Majorana cones: Doubled semion-fermion surface state

We now take the surface topological order in Sec. III C,
break the U (1) symmetry but keep time reversal. Notice that
T 2 = −1 on both β2 and v2, hence, the simplest particle
to condense is the charge-1 object v2β2. It can be checked
straightforwardly that the remaining theory contains the
following deconfined particles (and their combinations):

{1,s1 = vβ} × {1,s2 = cv−1β} × {1,c}, (18)

where c is now the charge-neutral physical fermion. The
mutual statistics between β and v in the original theory θβ,v = i

makes the composite s1 = vβ a semion with self-statistics
i, likewise the particle s2 = cv−1β is also a semion. Under
time reversal, s1 = vβ → (vε)β−1 = s1εβ

2 = s1c which is an
antisemion, likewise s2 → s2c which is again an antisemion.
The two semions s1,s2 are local with respect to each other, and
their bound state s1s2 = cβ2 = ε is a fermion with T 2 = 1.
These are in agreement with the result in Ref. [22].

B. Two Majorana cones: Semion-fermion surface state

The fate of the surface topological order in Sec. III D is
more complicated. Again, T 2 = −1 on both α4 and v4, and
the simplest particle to condense is the charge-1 object v4α4.
It can be checked that the only effect of this condensate is
to confine odd powers of α: α2n+1. The remaining theory can
then be written in the following way:

{1,v, . . . ,v7} × {1,s = εα2v2} × {1,c}, (19)

where ε = cα4 = cv4. It can be checked that particles in
the two sectors {1,v, . . . ,v7} and {1,s} are mutually local
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with respect to each other. The sector {1,v, . . . ,v7} × {1,c},
with its time-reversal implementation, is exactly what was
named T-Pfaffian state in Ref. [25] and was proposed to be
a possible surface state of the electronic band topological
insulator (TI) [25,26]. The only difference here is that there
is no charge assignment. The T-Pfaffian state being a surface
state of the band TI implies that without charge assignment
[i.e., when charge U (1) is broken], it should be possible to
completely confine it down to {1,c}. This is a highly nontrivial
statement since there is no trivial boson in the theory for
one to condense, and one need a series of unknown phase
transitions to confine it. Now, taking the statement as true, we
can eliminate the {1,v . . . ,v7} sector from Eq. (19) and get
{1,s} × {1,c}. Recall that v2 is a semion, it also has −1 mutual
statistics with α2 from the charge-vortex relation. Hence,
the composite s = εα2v2 is a semion, and under time rever-
sal it goes to s = εα2v2 → εα−2εv2 = α−2v2 = (α−4ε)s =
cs which is an antisemion. These are in agreement with
Ref. [22].

V. SU(2) × ZT
2 : CI CLASS

The results in Sec. III can also be applied to systems with
SU(2) × ZT

2 symmetry, i.e., superconductors with full spin
rotation and time-reversal symmetry: the CI class. Again, the
free-fermion bands are classified by Z. For a state indexed by
k, there are 2k Dirac cones on the surface, giving k flavors of
SU(2)-fundamental fermions:

H =
k∑

i=1

ψ
†
i (pxσx + pyσz) ⊗ τ0ψi, (20)

where τμ is the SU(2) spin, so that the SU(2) rotation U acts
as

U : ψi → σ0 ⊗ Uψi, (21)

and time reversal acts as

T : ψi → iσy ⊗ τ0ψ
†
i . (22)

At k = 1, when the surface is gapped by breaking time reversal,
there is a spin quantum Hall effect of σ s

xy = 1. This is half of
what is allowed in d = 2. Correspondingly, if we gauge the
global SU(2) symmetry, the bulk response has a θ term [35] for
the corresponding SU(2) gauge field at θ = π . As we argued
earlier, the k = 1 state is therefore stable to interactions.

As in previous sections, there is an emergent U (1) symme-
try in the surface Dirac theory:

U (θ ) : ψi → eiθψi, (23)

which we can promote to a physical symmetry, apply the
arguments in Sec. III and get a gapped state, then break the
U (1) by an explicit pairing. One should, however, be careful
in the procedure not to break the SU(2) symmetry. It turns out
for even k, it is possible to have an intermediate U (1)-breaking
phase preserving the SU(2) symmetry, while for odd k this is
impossible. Hence, the results from Sec. III can be applied to
k = 4 (eight Dirac cones) to show that it is trivial, and to k = 2
(four Dirac cones) to show that it is equivalent to the eT mT

boson SPT. We show the latter in Sec. V A since it directly
implies the former due to the Z2 nature of the corresponding

boson SPT states. For the k = 1 (two Dirac cones) state, we
argue in Sec. V B that it is impossible, even with interactions,
to gap out the surface state while keeping the full SU(2) × ZT

2
symmetry. Interestingly, it is so far the only known example
in 3D with a symmetry protected gapless surface robust even
under strong interaction.

The above results lead to a partial classification given by
Z4 × Z2, where the Z4 subgroup was deduced from the Z
classification in free fermions, and the Z2 subgroup comes
from boson SPT states with ZT

2 symmetry, as discussed
in Sec. III E. Unlike the symmetries with a normal U (1)
subgroup, it is not clear in this case if other SPT phases
exist with no analog in either free-fermion or boson systems.
The analysis in Sec. V B suggests (but does not prove) that
nontrivial surface states beyond boson SPT can be described
by a Hopf term in the nonlinear-sigma model, which prevents
the surface from opening up a trivial gap. Since the Hopf
term is realized in a free-fermion model, this suggests that
states beyond boson SPT are either free-fermion phases, or
the combination of boson SPT and free-fermion phases, hence
the above Z4 × Z2 classification may be complete. Likewise,
superconductors with only SU(2) symmetry may not support
any nontrivial SPT state since the surface Hopf angle can
always be tuned to zero in the absence of time-reversal
symmetry. It is desirable to make the above arguments precise.

A. Four Dirac cones: Boson SPT

We first rewrite the k = 2 surface Dirac state as

H = ψ†(pxσx + pyσz) ⊗ τ0 ⊗ μ0ψ, (24)

where μ denotes the flavor index. We now write the pairing
gap term

H� = i�ψσy ⊗ τy ⊗ μyψ + H.c., (25)

which obviously opens up a gap and preserves SU(2) invari-
ance. As in Sec. III, time-reversal and the U (1) symmetries are
broken, but the modified time reversal T̃ = T U (π/2) is kept
invariant.

The vortex of � field carries four Majorana zero modes, or
two complex fermion zero modes f1,2. Since SU(2) symmetry
is kept and the ψ fermion is an SU(2) fundamental, the
two complex fermion zero modes must also form an SU(2)
doublet (f1,f2)T . Again, we define vortices through Eq. (14),
and time reversal acts as in Eqs. (15) and (16). It is then
clear that {v00,v11} are SU(2) singlets and {v01,v10} form an
SU(2) doublet. Both pairs are Kramers under T̃ (T̃ 2 = −1).
Moreover, since the two pairs carry opposite fermion parity,
they actually see each other as mutual semions. Condensing
twofold vortices then gives theZ2 topological order {1,e,m,ε},
where e ∼ {v00,v11}, m ∼ {v01,v10}, and ε ∼ ψ . All the
particles are neutral under the U (1), hence further breaking the
U (1) symmetry does not change anything in the topological
order. Now, both the e and ε particles are SU(2) doublets,
so we can bind them with a physical fermion c to produce
SU(2) singlets. The topological order can thus be rewritten as
{1,ẽ,m,ε̃}, where ẽ = cε and m have T 2 = −1, and ε̃ = ce has
T 2 = 1, and all the particles are SU(2) trivial. This is indeed
the eT mT state promised.
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B. Two Dirac cones: Symmetry-enforced gaplessness

With two Dirac cones one can not write a gap term that
breaks U (1) but not SU(2), hence, the previous trick does
not apply. In fact, as we will now argue on very general
grounds, it is impossible to have a gapped (topologically
ordered) symmetric surface state for the k = 1 topological
superconductor. Hence, the two Dirac cones on the surface
are robust even with strong interaction, as long as the full
SU(2) × ZT

2 symmetry is preserved.
If the surface can be symmetrically gapped by introducing

a topological order, then the SU(2) group has to be represented
nonprojectively for all the particles in the theory since there is
no projective representation for SU(2). One can then always
bind a nontrivial quasiparticle with certain number of physical
fermions to form an SU(2) singlet. Therefore, the theory can
always be rewritten as {1,ε, . . .} × {1,c} where all the particles
are SU(2) singlets except c. The first sector is also closed under
time reversal since time-reversal action can not mix an SU(2)
doublet with a singlet. Any local object in the topological order
{1,ε, . . .} must then be bosonic since it is SU(2) trivial. Hence,
the topological order can be viewed as one emergent from
bosonic objects in the theory, and the bulk state can at most be
a bosonic SPT state with ZT

2 symmetry only.
For the k = 2 state, the above analysis is consistent with

what we obtained in Sec. V A. The k = 1 state, on the other
hand, can not fit into the above framework: putting two copies
of the k = 1 state together forms a k = 2 state, which is a
bosonic SPT. The bosonic SPTs in this case are classified by
Z3

2, so none of them admit a “square root.” So, the k = 1
state can not be a bosonic SPT, and according to the above
analysis we are forced to conclude that a symmetric gapped
surface topological order does not exist for the this state.
This provides the only currently known example of “strictly”
symmetry protected gapless surface since all the other 3D
SPT states studied so far admit a gapped symmetric surface
with topological order. This also implies that the k = 1 (and
the combination of the state with other boson SPTs) can not
be constructed using the Walker-Wang approach [10,22,25],
which relies on the existence of a gapped surface.

1. O(3) nonlinear sigma model: Hopf term

The surface Dirac theory in Eq. (20) can also be gapped by
introducing a Néel-type order. For k = 1, we write the Dirac
fermion coupled to the Néel unit vector n:

H = ψ†(pxσx + pyσz) ⊗ τ0ψ + mψ†σy ⊗ n · τψ. (26)

Since the fermion is gapped now, one can integrate it out and
obtain an effective theory of the Néel vector. The result [36]
is a nonlinear sigma model with a topological term known as
the Hopf term, at θ = π :

S = 1

g

∫
d2x dt(∂μn)2 + iπH2[n], (27)

where H2 is the integer characterizing π3(S2) = Z.
The Hopf term changes the statistics of the skyrmions

of the O(3) model [37]. Continuum field theory arguments
suggest that time reversal (and parity) are preserved so long
as the coefficient of the Hopf term is 0 or π . If it is 0 the
skyrmions are bosons, while if it is π they are fermions.

This field theory was once proposed [38] to describe the
parent antiferromagnets of the cuprate materials. In the specific
context of the square lattice Heisenberg antiferromagnet, this
proposal was killed by microscopic derivations of the sigma
model [39] which revealed a Hopf coefficient of zero. With
our modern understanding, we can see that a Hopf coefficient
of π is not allowed in the presence of time-reversal symmetry
in any strictly 2d quantum magnet. Indeed this theory arises
at the surface of the 3D topological superconductor.

Our analysis of the k = 1 topological superconductor
implies that the nonlinear sigma model with Hopf term at
θ = π does not have a gapped phase that preserves the full
SO(3) × ZT

2 symmetry, even with topological order. This is an
interesting conclusion that is not entirely obvious from other
approaches.

As was seen in Sec. V A, the k = 2 topological super-
conductor is also nontrivial under interaction. In particular,
a gapped symmetric surface must necessarily develop topo-
logical order. Since the k = 2 state can also be described using
four Dirac cones on the surface, the effective theory of the
Néel order parameter n can be described using a nonlinear
sigma model with a Hopf term at θ = 2π . We therefore reach
the surprising conclusion that even a Hopf term at θ = 2π

can not arise in a purely 2D system if time reversal acts as
n → −n. Moreover, since the k = 4 superconductor is trivial
under interaction, a Hopf term with θ = 4π is allowed in strict
2D with time reversal.

VI. U(1) � (ZT
2 × ZC

2 ): CII CLASS

Now, we turn to fermions with charge U (1), time-reversal
and charge-conjugation symmetries that both square to T 2 =
C2 = −1 on physical fermions (the CII class). At the free-
fermion level, the insulators are classified by Z2 in three
dimensions. The nontrivial surface state has two Dirac cones:

H = ψ†(pxσx + pyσz) ⊗ τ0ψ, (28)

where the U (1) symmetry acts in the obvious way, time
reversal acts as

T : ψ → iσy ⊗ τ0ψ, (29)

and charge conjugation acts as

C : ψ → σ0 ⊗ τyψ
†. (30)

The natural question to ask is how stable this phase is when
interaction is included. Again, we answer this question by
looking at the U (1) monopole. Notice that the composite
operation S = T C is an antiunitary operator that commutes
with U (1) rotation. Hence, it plays the role of time reversal
in Sec. III, where it was shown that the surface state with
two Dirac cones gives a ”Kramers” monopole. Therefore, the
monopole in the present case transforms as a Kramers pair
under S, which establishes the state as a nontrivial interacting
SPT.

One may also ask that whether a (presumably strongly
interacting) SPT exists for this symmetry group that gives
a θ = π term in the U (1) gauge response since it looks
consistent with symmetries but yet can not be realized using
free fermions. An analysis parallel to that in Refs. [21,24]
shows that, however, such a state can not exist. The basic idea
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is the following: if such a state exists, then combining the (1, 1
2 )

dyon (monopole carrying charge- 1
2 ) with the (−1, 1

2 ) dyon
gives the fundamental charge-1 fermion. A careful analysis
then shows that C2 = 1 on such a composite, hence requiring
the fundamental fermion to have C2 = 1 as well, which is
inconsistent with the microscopic symmetry structure. Indeed,
for microscopic symmetry such that C2 = 1, the state does
exist, which is just the descendant of the electronic band TI
with the additional symmetry C : ψ → ψ†.

Therefore, the only nontrivial monopole structure is real-
ized by the free-fermion state (28), which contributes a Z2

subgroup in the classification. The other SPT states, according
to Sec. II, are those from bosons with symmetry Z2 × ZT

2 ,
which are classified [7,8] by Z4

2. The complete classification
is thus given by Z5

2.

VII. (U(1) � ZT
2 ) × SU(2): Z4

2 CLASSIFICATION FROM
BOSON SPT

Let us now turn to another physically relevant symmetry:
charge conservation [U (1)], spin rotation [SU(2)], and time
reversal (T ). Free-fermion band theory gives no nontrivial
state, and we would like to examine it more carefully when
interaction is included. Obviously, one can always have SPTs
coming from the charge-neutral bosonic sector, which have
SO(3) × ZT

2 symmetry, and are classified [7,8] by Z4
2. The real

question is whether there is a strongly interacting SPT state not
descending from bosonic sectors. According to Sec. II, such
states would necessarily have monopoles carrying nontrivial
quantum numbers.

It is easy to first rule out a θ = π state [21,24], where
monopoles become charge- 1

2 dyons: the bound state of the
(1, 1

2 ) dyon and the (−1, 1
2 ) dyon, which are time-reversal

partners, is the charge-1 physical fermion, which is an SU(2)
fundamental. It is then impossible to assign SU(2) quantum
numbers to either of the two dyons that is consistent with
time-reversal symmetry.

Now, we consider monopoles that are charge neutral. The
only nontrivial quantum number a monopole can carry is then
an SU(2) fundamental since the SU(2) group does not admit
a projective representation. It turns out such a state does not
exist as well, and the full classification is given simply by Z4

2
from bosonic SPT. We outline the argument briefly as follows:

We know that the monopole is bosonic and does not carry
electric charge, so let us take advantage of that: instead of
asking “could fermions give rise to spin- 1

2 monopoles,” let
us ask the dual question instead: Could spin- 1

2 bosons give
rise to fermionic monopoles? Now, this becomes a question
about boson SPT which is tractable, albeit with a less familiar
symmetry. Specifically, the appropriate symmetry for these
bosons is U (1) × SU(2) × ZT

2 . Note the contrast with the
electrons (which are dual monopoles as seen by these bosons).

The question can be further reduced to the following: Does
a boson SPT that gives a fermionic monopole survive if we
further impose SU(2) symmetry on the bosons, and require
that the charge-1 bosons transform as SU(2) fundamental?

We then argue that for bosons with U (1) × ZT
2 , the SPT

does not survive upon adding SU(2) symmetry: for this sym-
metry group, bα → b†α under time reversal, so the spin-up and

-down bosons do not get mixed under time reversal. Therefore,
each spin sector gives a time-reversal-invariant boson insulator.
More precisely, we can integrate out up-spin boson field since
they are gapped anyway, and the theory left behind contains
only down-spin bosons, but it is still time-reversal invariant.
Hence, the two sectors should contribute equally to the θ angle
in the U (1) gauge response, which must be either 0 or 2π due to
time-reversal invariance in each sector. So, the total θ must be
0 or 4π . It was shown in Refs. [8,9,17] that for boson systems
θ = 0 and 4π correspond to a trivial insulator, while θ = 2π

gives an SPT state with fermionic monopoles (this is named
as the “’statistical Witten effect” in Ref. [17]). Therefore, it
is impossible for the U (1) × SU(2) × ZT

2 bosons to induce a
fermionic monopole.

The above argument does not work for bosons with U (1) �

ZT
2 since a theory with only one species can not be time-

reversal invariant (bα → iσ
αβ
y bβ under T ), so each sector does

not have to contribute to the θ angle in a time-reversal-invariant
way. For example, each sector can contribute a π to θ , so the
total θ could be 2π .

In the original (undual) problem, the above argument shows
that it is impossible for fermions with [U (1) � ZT

2 ] × SU(2)
symmetry to induce a monopole that transforms as SU(2) fun-
damental. For fermions with U (1) × SU(2) × ZT

2 symmetry,
on the other hand, it is possible for the monopole to carry
spin- 1

2 under SU(2). In fact, it can be shown that the k = 1
state discussed in Sec. V B survives upon imposing an extra
U (1) symmetry that commutes with T , and the monopole of
this U (1) symmetry carries precisely spin- 1

2 under SU(2).

VIII. SUMMARY AND DISCUSSION

In this paper, we studied the classification and physical
properties of three-dimensional interacting electronic topo-
logical insulators and superconductors. Free-fermion systems
in 3d fall into different symmetry classes described by the
“10-fold way.” For all these symmetry classes we were
able to determine the stability to interactions, and further to
determine if there are any new interacting phases that have
no free-fermion counterpart. If the symmetry group has a
normal U (1) subgroup, we obtained the full classification in the
presence of interactions. Our methods are physics based and
enable us to describe the physical properties of these various
electronic SPT phases in three dimensions.

We now discuss some open questions and some applications
of our results. In the cases without a normal U (1) subgroup it
will be interesting to establish the completeness or lack thereof
of our classification. For the symmetry groups SU(2) × ZT

2
or just SU(2) in Sec. V we gave arguments as to why our
classification may be complete. It is desirable to have a sharper
version of these arguments.

Perhaps the biggest open question about SPT phases is
their possible occurrence in specific materials. For the 3D SPT
phases with no free-fermion counterpart for the most part we
do not currently have simple theoretical models which may
be useful guides on the kinds of physical systems that are
likely platforms for these phases. We hope that the enhanced
understanding of these phases that our work provides will help
answer such questions.
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An interesting application of our work, which we will
elaborate elsewhere [40], is to the classification of three-
dimensional time-reversal-symmetric quantum spin liquids
with an emergent photon [known as U (1) spin liquids].
These phases may be relevant to quantum spin-ice mate-
rials. Although such quantum spin liquids are “long range
entangled,” they may nevertheless be fruitfully understood
as gauged versions of SPT phases. The understanding of
SPT phases provides a very insightful perspective on these
time-reversal-symmetric quantum spin liquids.

A different application of the results of this paper is to widen
the range of two-dimensional quantum field theories which
have anomalous implementation of symmetry. We showed that
strictly in two dimensions the nonlinear σ -model description of
collinear quantum antiferromagnets can not have a Hopf term
with a coefficient θ = π or 2π . The former was proposed [38]
as a possibility and discarded [39] on microscopic grounds.
Our results show that Hopf terms with θ = π,2π are consistent
with time reversal only if the two-dimensional magnet is the
boundary of a three-dimensional SPT phase.
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APPENDIX A: ELECTRIC AND THERMAL HALL
CONDUCTANCE MISMATCH

Here, we discuss the constraints on quantum Hall and
thermal Hall effects in a two-dimensional charged fermion
system in the absence of intrinsic topological order and
fractionalization. It is well known that in such cases the electric
Hall conductance σxy is quantized in units of σ0 = e2/h,
and the thermal Hall conductance κxy is also quantized in

units of κ0 = π2

3
k2
B

h
T . For free fermions, the two should

agree σxy/σ0 = κxy/κ0 = n since the fermions transport both
electricity and heat.

With interactions, however, the two integers could differ. A
simple example is the following: imagine an odd number (say
2n + 1) of fermions form a bound state F ∼ f 2n+1, which
is also a fermion but with charge e∗ = 2n + 1. Now, put the
bound-state fermion F into a Chern band with Chern number ν.
The quantum Hall conductance is then ν(e∗)2 = (2n + 1)2ν,
but the thermal Hall conductance is simply ν since it does
not distinguish the charge carried by the fermion. The two
quantized quantities thus have a mismatch:

σxy

σ0
− κxy

κ0
= [(2n + 1)2 − 1]ν

= 8

(
n(n + 1)

2
ν

)
= 0 (mod8). (A1)

In general, it can be shown that the identity (A1) is true
as long as the system does not develop intrinsic topological
order. We outline part of the proof here: For a system with

any σxy and κxy , we can stack it with certain integer quantum
Hall system made of free fermions so that the net σxy

becomes zero. If the remaining thermal Hall conductance
κ ′

xy/κ0 = κxy/κ0 − σxy/σ0 is nonzero, there must be a chiral
edge mode that carries no charge (with chiral central charge
κ ′

xy/κ0). But, since the fermions are charged, the neutral
charge mode must be bosonic. Hence, it can be viewed as a
boson state with a chiral edge. It is known that for a boson
system with no topological order, κ ′

xy/κ0 = 0 (mod8) (for a
proof, see for example Ref. [13]).

APPENDIX B: IMPLICATION OF A TRIVIAL MONOPOLE

Here, we give the argument in Ref. [21] for completeness.
We will show that a trivial U (1) monopole implies that the cor-
responding SPT phase must be equivalent to a boson SPT with
no U (1) charge. It is convenient to start from a superconducting
surface state which breaks the normal U (1) subgroup but keeps
the rest of the symmetries G/U (1) unbroken. The suitable
degrees of freedom then are hc

2e
vortices and (neutralized)

Bogoliubov quasiparticles [31] (spinons) which have mutual
semion interactions. In general, it is possible for some exotic
order to coexist on the superconducting surface, such as
intrinsic topological order, or even gapless degrees of freedom.

Now, imagine tunneling a monopole from the vacuum to
the system bulk. Since the monopole is trivial in both regions,
the tunneling event, which leaves a hc

e
vortex on the surface,

also carries no nontrivial quantum number. Hence, the surface
dual effective field theory has a bosonic hc

e
vortex that carries

no nontrivial quantum number. We can therefore proliferate
(condense) the hc

e
vortex on the surface which disorders the

superconductor and yields an insulator with the full symmetry
G unbroken. However, as is well known from dual vortex
descriptions [31,41] of spin-charge separation in 2D, the
resulting state has intrinsic topological order.

In this surface topologically ordered symmetry-preserving
insulator, a quasiparticle of charge q sees the hc

e
vortex as

a 2πq/e flux. Hence, the hc
e

-vortex condensate confines all
particles with fractional charge and quantizes the charge to
q = ne for all the remaining particles in the theory (for a more
detailed discussion of this point, see Appendix C in Ref. [21]).
However, we can always remove integer charge from a particle
without changing its topological sector by binding physical
electrons. Hence, the particle content of the surface topological
order is {1,ε, . . .} × {1,c}, where only the physical electron
c in the theory is charged, and all the nontrivial fractional
quasiparticles in {1,ε, . . .} are neutral. Since the U (1) subgroup
is normal, the action of G/U (1) has to be closed within the
neutral sector {1,ε, . . .}. We can therefore describe the surface
topological order as a purely charge-neutral quantum spin
liquid with topological order {1,ε, . . .}, supplemented by the
presence of a trivial electron band insulator {1,c}. In particular,
any gauge-invariant local operator made out of the topological
theory must be neutral (up to binding electrons), but in an
electron system a local neutral object has to be bosonic. Hence,
the theory should be viewed as emerging purely from a neutral
boson system. This implies that the bulk SPT order should also
be attributed to the neutral boson sector, with the symmetry
G/U (1).
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