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Abstract

We study monomial-Cartesian codes (MCCs) which can be regarded as (r, §)-locally recov-
erable codes (LRCs). These codes come with a natural bound for their minimum distance
and we determine those giving rise to (r, §)-optimal LRCs for that distance, which are in
fact (r, §)-optimal. A large subfamily of MCCs admits subfield-subcodes with the same
parameters of certain optimal MCCs but over smaller supporting fields. This fact allows us
to determine infinitely many sets of new (r, §)-optimal LRCs and their parameters.
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1 Introduction

Locally recoverable (or repairable) codes (LRCs) were introduced in [16]. The aim was to
consider error-correcting codes to treat the repair problem for large-scale distributed and
cloud storage systems. Thus an error-correcting code C is named an LRC with locality r
whenever any symbol in C can be recovered by accessing at most r other symbols of C (see,
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for instance, the introduction of [13] for details). The literature contains a good number of
papers on this class of codes, some of them are [20, 23, 24, 26, 30, 36, 46]. A variation of
Reed—Solomon codes was introduced in [39] for recovering purposes. In [3] these codes were
extended to LRCs over algebraic curves. Among the different classes of codes considered as
good candidates for local recovering, cyclic codes and subfield-subcodes of cyclic codes play
an important role, this is because the cyclic shifts of a recovery set again provide recovery
sets [8, 17, 19, 40]. In [31] the author introduced a model of locally recoverable code that
also includes local error detection, increasing the security of the recovery system.

There is a Singleton-like bound for LRCs with locality » [16]. Codes attaining this bound
are named optimal r-LRCs and interesting constructions of this class of codes can be found
in [39, 41] (see also [2, 3, 32, 33, 36]). When considering codes over the finite field I,
g being a prime power, optimal r-LRCs can be obtained for all lengths n < ¢ [43] and a
challenging question is to study how long these codes can be [18].

The fact that simultaneous multiple device failures may happen leads us to the concept
of LRCs with locality (r, §) (or (r, §)-LRCs). This class of codes was introduced in [34],
see Definition 2.2 in this paper, and they also admit a Singleton-like bound [34], which we
reproduce in Proposition 2.3. Codes attaining this bound are named optimal (r, §)-LRCs or,
in this paper, simply optimal codes. Optimal codes have been studied in [6, 8, 10, 20, 22, 26,
35, 38], mainly coming from cyclic and constacyclic codes. A somewhat different way for
obtaining LRCs with locality (r, §) was started in [13], where the supporting codes were the
so-called J-affine variety codes. These codes were introduced in [14] and they have good
behaviour for constructing quantum error-correcting codes [11, 12, 14].

Monomial-Cartesian codes (MCCs) are a class of error-correcting codes, introduced in
[27], that contains the set of J-affine variety codes. They are evaluation codes obtained as
the image of maps

evp: Va € FalXto Xnl g 10 evp(f) = (Flan). ... flaw)

where m is a positive integer larger than 1, P = P x --- X P, = {ay, ..., a,} a suitable
subset of IF;", I the vanishing ideal at P of Fy[Xy,..., X;;] and VA an F,-linear space
generated by classes of monomials (Definition 3.1). This evaluation map is also used in
[5] to define codes with variable locality and availability. Evaluation maps of our codes are
defined on subsets of coordinate rings of certain affine varieties, but these codes can also be
introduced with algebraic tools, as in [27].

The goal of this paper is to obtain many new optimal LRCs coming from MCCs. Previously,
an algebraic description of MCCs was given in [29] and these codes were considered for
applications different of those in this paper, such as quantum codes, LRCs with availability
and polar codes [4, 27].

MCCs come with a natural bound on their minimum distance which allows us to obtain
many optimal (r, §)-LRCs. In fact, we are able to get all MCCs providing optimal codes
whose minimum distance coincides with the mentioned bound (see Remark 4.4).

MCC:s are related with and include the family of codes introduced in [1] whose evaluation
map is the same as MCCs but their evaluation sets V4 are only a subset of ours. This makes
that the sets A in [1] have specific shapes while ours can have arbitrary shapes and therefore
we obtain many more optimal (r, §)-LRCs (see Remark 4.11 for details).

We are interested in optimal (r, §)-LRCs and the recent literature presents a number of
results giving parameters of codes of this type [6-10, 21, 25, 38, 42, 44, 45]. The length of
most of these codes is a multiple of r 4§ — 1 < g and, in this case, and for unbounded length
and small size fields, their distances have restrictions being at most 3§. Larger distances can
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be obtained when g2 + ¢ is a bound for the length. One must use different constructions to
get these optimal codes, and a large size of the supporting field seems to make it easier to
find optimal codes [37].

MCC:s are generated by evaluating monomials in several variables and the set of exponents
of their generators determines the dimension and a bound dy for the minimum distance
(see Proposition 3.4 and Corollary 3.7). Our recovery procedure based on interpolation also
makes easy to obtain the values r and § of some MCCs regarded as LRCs (Proposition 3.10).
Supported on these facts, we provide a large family of optimal MCCs. Subsection 4.1 is
devoted to bivariate codes and Subsect. 4.2 to multivariate codes. In fact, codes given in
Propositions 4.1, 4.2 and 4.3, 4.6 and 4.7 give the dp-optimal LRCs one can get with this
type of codes. Notice that dy-optimal codes (Definition 3.13) are optimal codes by Remark
3.14 (2).

The above five propositions determine all the parameters of the dp-optimal LRCs given
by MCCs, see Remarks 4.4 and 4.8. These parameters are grouped in Corollary 4.5 for the
bivariate case and in Corollary 4.9 for the multivariate case. Thus, one gets a large family of
optimal LRCs that can be constructed by a unique and simple procedure.

This family provides, on the one hand, the parameters of those LRCs over F, given in [7]
whose lengths are of the form N (r + § — 1) where N can be written as a product of integers
less than or equal to g and, on the other hand, the parameters of those LRCs in [25] with
length less than or equal to g2 + ¢.

The above codes do not give new parameters but subfield-subcodes of many subfamilies
of them do give. Thus, providing new families of optimal LRCs is our main goal. Indeed, in
Sect. 5 we prove that, considering suitable subfield-subcodes over subfields ;s of I, we get
LRC:s over [F;r with the same parameters of certain MCCs over IF,;. Propositions 5.6 and 5.8
for the bivariate case, and Propositions 5.13 and 5.14 for the multivariate case explain how
to construct new optimal (r, §)-LRCs.

The main results of the paper are Theorems 5.11, 5.12, 5.16 and 5.17. Theorem 5.11
(respectively, 5.16) gives parameters of new optimal LRCs over any field coming from the
bivariate (respectively, multivariate) case. Theorems 5.12 and 5.17 do their own but only for
characteristic two fields. Remarks 5.9 and 5.15 justify the novelty of our codes. Finally, in
Example 5.10 and Tables 1 and 2, one can find some numerical examples of new optimal
LRCs over small fields.

Section 2 of the paper is a brief introduction to locally recoverable codes (LRCs) and
monomial-Cartesian codes (MCCs) are introduced in Sect.3 as well as how they can be
considered as LRCs, being Proposition 3.10 the main result in this section. Section4 is
devoted to determine the set of optimal MCCs we can obtain. We divide our study in two
cases: bivariate and multivariate performed in Subsects. 4.1 and 4.2. Finally our main results
concerning new LRCs obtained from subfield-subocdes of some MCCs are given in Sect. 5.
Subsection 5.1 recalls the results on subfield-subcodes we will use, while the new parameters
are given in Subsect. 5.2 where the bivariate case is treated and in Subsect. 5.3 devoted to
the multivariate case.

2 Locally recoverable codes

In this section we give a brief introduction to locally recoverable codes (LRCs) and present
the concepts of locality and (r, §)-locality, introduced in [16, 34], respectively. An LRC
is an error-correcting code such that any erasure in a coordinate of a codeword can be
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recovered from a set of other few coordinates. Let g be a prime power and IF,; the finite field
with g elements. Let C be a linear code over F, with parameters [n, k, d],. A coordinate
i €{1,...,n}islocally recoverable if there is a recovery set R C {1, ..., n} with cardinality
r > 0and i ¢ R such that for any codeword ¢ = (cy,...,¢;) € C, an erasure in the
coordinate c; of ¢ can be recovered from the coordinates of ¢ with indicesin R. Set g : ]FZ —
}F; the projection map on the coordinates of R and write C[R] := {mr(c) | ¢ € C}. Then:

Proposition 2.1 A set R C {1, ..., n} is a recovery set for a coordinate i ¢ R if and only if
d(C[R]) = 2, where R = R U {i} and d stands for the minimum distance.

The locality of a coordinate is the smallest cardinality of a recovery set for that coordinate.
An LRC with locality r is an LRC such that every coordinate is locally recoverable and r
is the largest locality of its coordinates. The parameters and locality of an LRC satisfy the
following Singleton-like inequality.

k
k+d+’7*—‘§n+2.
r

When the equality holds, the code is called optimal r-LRC.

By Proposition 2.1, if R is arecovery set for i, then d(C[R]) > 2 and thus only one erasure
can be corrected (also only up to to one error can be detected). But erasures can also occur
in g (x) and then we could not recover x;. To correct more than one erasure we introduce
the concept of locality (r, §), also named (r, §)-locality.

Definition 2.2 A code C is locaﬂy reﬁovemble with locality (r, §) if, for any coordinate i,
there exists a set of coordinates R = R(i) C {l, ..., n} such that:

l.i€Rand#R <r+6—1;and
2. d(C[R]) = 6.

Such a set R is called an (r, 8)-recovery set for i and C an (r, §)-LRC.

In this paper, we will always refer to this type of locality and sometimes, abusing the
notation, we will talk about locality » understanding locality (r, §) for some § inferred from
the context. The second condition in Definition 2.2 allows us to correct an erasure at coordinate
i plus any other § — 2 erasures in R\ {i} by using the remaining r coordinates (also it allows
us to detect an error at coordinate i plus any other § — 2 errors in R\{i}). Notice that, when
8 > 2 and C is an LRC with locality (r, §), the (original definition of) locality of C is < r.
In fact, any subset R C R such that #R = r and i ¢ R fulfills d(C([R] U {i})) > 2, so
by Proposition 2.1 R is a recovery set for the coordinate i. There is also a Singleton-like
inequality for (r, §)-LRCs:

Proposition 2.3 [34] The parameters [n, k, d], of an (r, §)-LRC, C, satisfy
k
k+d+(|-|—-1)@6—-1<n+1. 2.1
r

In this paper, C is called an optimal (r,§)-LRC (or simply, an optimal LRC) whenever
equality holds in (2.1).
In the next section we define the linear codes we will use for local recovery.
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3 Monomial-Cartesian codes

Let m > 1 be a positive integer and consider a family {Pj}:flzl of subsets of IF, with
cardinality larger than one. Set

P=P x ---x P, ={oy,...,0,)} Q]Fgl.
We usually write o; = (¢jq, ..., @j,,). Consider the quotient ring
g = FglX1,..., Xm]/l»
where I is the ideal of the polynomial ring in m variables F4[X1, ..., X;,] vanishing at P.

Then, I = (f1(X1), ..., fu(Xn)), where f;(X;) = Hﬂng(Xj_ﬂ)anddeg(fj) =#P; =:
nj > 2[28]. Let

E={0,1,...,n1 =1} x---x{0,1,...,n, — 1}.

Given f € %, f denotes both the equivalence class in % and the unique polynomial in
Fy[X1, ..., X;u] with degree in X less thannj, 1 < j < m, representing f. Thus

XX = Y e, X1 X

with fe, . e, € Fy. Set supp(f) = {(e1,....em) € E | fe,...e,, # 0}. For each subset
B # A C E,define Vo := {f € #Z | supp(f) € A} U {0} and for each element e =
(e1,...,em) € E,denote X® = X{'--- X;". Then, Va is the IF,-vector space (X© | e € A).
The linear evaluation map

evp: Z — F", evp(f) = (f(er), ..., flan),

gives rise to the following class of evaluation codes.

Definition 3.1 The monomial-Cartesian code (MCC) C g is the following vector subspace
of Iy over the finite field Fy:

Chr :=evp(Va) = (evp(X®) |e € A) CF.

We say that the MCC C g is bivariate (respectively, multivariate) when m = 2 (respectively,
m > 2).

MCCs were introduced in [27] in a different way (using only algebraic tools), and are a
family of codes that extend J-affine variety codes introduced in [14]. Denoting by U; C I,
the set of #-th roots of unity for some ¢ | ¢ — 1, a J-affine variety code is an MCC where
each Pj is of the form U; or U; U {0}.

We also introduce the following definition which will be useful in the next sections.

Definition 3.2 Two subsets A; and A, of E are pseudoisometric if there exists v =
(v1, ..., vy) € Z™ such that

A =v+Ar:={(e1 +vi,....,em+Vm) | (e1,...,em) € AL}

In that case, we say that the codes C K 1 and C Kz are pseudoisometric.
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Remark 3.3 In this paper, we say that two codes are isometric if there exists a bijective
mapping between them that preserves Hamming weights. The * product of two vectors
(v, ...,vy) and (wy, ..., wy) in FZ is defined as:

V15 o)k (Wi, e, wy) = (V1o WL, e e, Vs W),
Thenevp(fg) =evp(f)xevp(g) forall f, g € %.
Assume that Ay, A, C E are pseudoisometric sets such that A, = v+ Aj. For simplicity,
suppose v; < 0,1 < j <my,andv; > 0,m; + 1 < j < m for some index m . Consider
Ay = (=v1, =2, ..., = Uy, 0,...,0) + A
and

Ay =000,V 410 vm) + AL

and then A/Z = A/l' Thus
V., =1X v'...S{ hd | cV
A 1 m 818 AVN I}

and the codewords in C i’ , are of the form
2

evp (X;vl e Xn;:)ml g) =€vVp (X;vl e Xr;:)ml) % CVP(g),

where g € Va,. When O ¢ P; forall 1 < j < m such that v; # 0, we have just proved

that C i’ , and C gz are isometric codes. The same reasoning proves that C Z , and C g | are
2 1
isometric. Thus C gl and C gz are isometric and this also happens when the v; are always

negative or positive. The proof is the same but we need no auxiliary code.
When 0 € P; for some index 1 < j <m, C gl and C gz need not be isometric which
explains why we speak of pseudoisometric codes.

Length, dimension and a bound for the minimum distance of an MCC, C g , are provided
in the forthcoming Proposition 3.4 and Corollary 3.7. Let us state Proposition 3.4.

Proposition 3.4 Keep the above notation. The length n and dimension k of an MCC, C g , are
n=[lj_ynjandk = #A.

Proof The claim on the length is immediate because it is equal to the number of points to
evaluate, n = #P = ]—[71:] nj. As for the dimension, notice that the restriction map of evp

to the vector space Va, evply,: Va — C ﬁ, is an isomorphism of vector spaces. Indeed,
the kernel of this map vanishes because 7 is the ideal of polynomials vanishing at P. Then,
setting Im (evp|y, ) the image of the map evp|y, , it holds

k=dim (CF) = dim (Im (evply,)) = dim(Va) = #A,
which finishes the proof. O

Definition 3.5 The distance of an exponent e € E is defined to be d(e) := HT:] (nj —ej).

The codes C g admit the following bound on the minimum distance, known as footprint
bound [11, 15].
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Proposition 3.6 Let Cg be an MCC and let ¢ = evp(f) € Cg be a codeword, f € Z.
Denote by w(c) the Hamming weight of ¢, fix a monomial ordering on (Z=o)" and let X© be
the leading monomial of f. Then, w(c) > d(e).

Corollary 3.7 Let Cﬁ be an MCC and let d be its minimum distance. Define dy = dy (Ci) =
min{d(e) | e € A}. Then, d > dj.

Remark 3.8 With the above notation, given # # A C E, define Mp := {X® | e € A}
According to [4, Definition 3.1], a code C i’ is named decreasing monomial-Cartesian when-
ever

X® € My implies X¢ € My forall € € E such that X¢ divides X©. 3.1)

Moreover, by [4, Theorem 3.9], the values d and dj of decreasing MCCs coincide.
Definition 3.9 A set A C E that satisfies (3.1) is called decreasing.

MCCs were previously used to provide LRCs with availability [27]. Next proposition
and its proof show how to regard MCCs as LRCs with locality (r, §). To do it, we need to
introduce some definitions. For each 1 < j < m, define the support of V4 at X; as

suppy,, (Va)

= {ej €{0,1,...,n; — 1} | there exists a monomial XT' Xj’ -+ Xymin VA},

and set 7 = # Suppyx (Va) and k; := max (supr,, (VA)>. Now, and as the beginning of
this section, consider the set P; = {oc{ e, oc,{ j} C [y, the ideal I; of F;[X ;] generated

by f; = l—LnLl (Xj — Olij> and the map
eVPj . %] = Fq[Xj]/Ij > ]FZI

given by

evp, (f) = (f (a{),...,f(a,{_,)).

Finally define Vi = (X; | e e Suppy; (Va)r, S Rj.

Proposition 3.10 Let Cg be an MCC. Then, for each 1 <1 < m such that k; + 1 < n, Cg
is an LRC with locality (> 4, < n; — %[ + 1). In addition, if evp, (V}) is an MDS code,
then the locality is (¢, n; — ¢ + 1).

Proof Let ¢ = (c1,...,cy) = evp(f) € Cﬁ be a codeword whose i-th coordinate ¢
we desire to recover. We know that supp(f) € A and thus deng (f) < kjforall j =
1, ..., m. Choose a variable X; (we will interpolate with respect to it), write ¢; = f(a;) =
f(aiy, ..., ai,) and consider the following subset of P:

Rp={o; € Pla;j=cjjforall j €{l,....,m\{l}}

= {(ozil,...,ocil_l,x,ozil_,_l,...,oz,-m) | x € PZ},
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2556 C.Galindo et al.

whose cardinality is #R p = n;. A polynomial in V can be expressed as
FX X = 0 feenXi o Xy
ki
=Y X, X Xigts e Xa)XE € FglX, o, Xomn, Xt XX,
h=0

Replacing each X, j # [, by «; j, we get a polynomial in X;, g(X;), with constant coeffi-
cients, of degree at most k;:

ki
8(X1) = (@it s i1, Xp Cigs1s o i) = Y gnX],
h=0

where gy = fn(cit, ..., @1, Qigy1,s -+ -, @ip). SO We can interpolate g by using k; + 1
pointsin R p (since k; +1 < n;) to obtain the coefﬁcients gn- Letus denote those k; + 1 points
byﬂ, = ((X,’], ...,ail_l,ﬂ,,ail+1, ...,Oll'm) c Rp,ﬁ, ;éoti,whereﬁ, e P,t= 0, ...,kl,
and let v; := f(B;) = g(B;). Thus, the interpolation consists of solving the following linear
system of k; + 1 equations with indeterminates go, . .., g,
k,

1 Bo /3(% ,8(])([ 80 V0

1B B} BY 81 1

=1 .| (3.2)

LBy B2 - B ) \8u ki

The coefficient matrix of this system is a Vandermonde matrix, which is nonsingular, and
therefore the system has a unique solution. Consequently, we can recover ¢; by evaluating g.
Let

R=1{te{l,...,n}| o € Rp}.

TEe set R is an (r, 8)-recovery set for i with r := k; + 1 and § := n; — k; since i € R,
#R=n;=r+6—1and

d(CIRY =d (evp (VA)) z d (eva (V1)) =0,

where V' = (X[ 1 e € {0,1,....k}r, € Ry. The above inequality holds because
C[R] = evp, (V}) is a subcode of the Reed-Solomon (and thus MDS) code evp, (V). The
fact that » > %7 and 6 < n; — % + 1 proves the first part of our statement.

To prove the last one, notice that we have k; + 1 — _#; conditions

8n = Sn(eit, oo Qi1 Xip1s -, Uigy) =0 (3.3)

h ¢ suppy, (Va), and then we actually need .%; points in R p to obtain the coefficients of g.
The system of equations (3.2) can be reduced to a linear system where, for those indices &
involved in (3.3), we remove, for example, the equations whose independent terms are vy, and,
also, the variables gj, (together with their coefficients) of the remaining equations. Indeed,
C[R] is now an MDS code with parameters [n;, %], n; — i + 1], the coefficient matrix of
this reduced system is a % x %7 submatrix of the transpose of a parity-check matrix of the
code C[R]* whose minimum distance is % + 1, so it is nonsingular, and therefore the system
has a unique solution. Finally, the locality is (r, 8) := (%, d(C[R])) = (M4, n; — 4 + 1).
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Remark 3.11 With the above notation and when suppy, (Va) = {0, 1,..., k;}, it holds that

evp, (Vé) is a Reed—Solomon code (and thus an MDS code), and then the locality of C g is
g, m — 7+ 1).

Remark 3.12 Let C 5 be an MCC with parameters [n, k, d]; and locality (r, §). Then by
Proposition 2.3 and Corollary 3.7, the following inequalities

k+do+((§—‘—1)(8—1)§k+d+<[§—‘—1)(8—1)§n+1 (3.4)

Let C g be an MCC with parameters [n, k, d], and locality (r, §). We define its defect
(with respect to dp) as the value D:

D:D(Ci’) ::n+1—k—d0—(ﬁ—‘—1)(3—1)50.

Definition 3.13 The code C g is called dp-optimal whenever D vanishes. That is, C K is
optimal and d = dp.

hold.

Remark 3.14 The next facts will be useful:

1. The locality (r, §) provided in Proposition 3.10 depends on the variable X; we choose to
interpolate, which allows us to make the best choice of X;.
2. A dp-optimal code is always optimal but a code that is not dp-optimal may be optimal.

4 Optimal monomial-Cartesian codes

In this section we give optimal (r, 6)-LRCs which are decreasing MCCs. MCCs are well
suited to provide good LRCs. Fixed a supporting field ', MCCs are error-correcting codes
with unbounded lengths that are constructed by a very simple procedure. This procedure
determines in a very easy way their length, dimension and a bound for the minimum distance
(Proposition 3.4 and Corollary 3.7). The recovery procedure based on interpolation (described
in the proof of Proposition 3.10) allows us to regard MCCs as LRCs which are very versatile
and capable of giving good parameters.

As mentioned, in this section we provide optimal LRCs, but their parameters are not new.
Nonetheless we get a large family of optimal LRCs, constructed by a unique and simple
procedure, that includes the family of codes introduced in [1] (see Remark 4.11 for details)
and provides, on the one hand, the parameters of those LRCs over I, given in [7] whose
lengths are of the form N(r + § — 1) where N can be written as a product of integers less
than or equal to ¢ and, on the other hand, the parameters of those LRCs in [25] with length
less than or equal to g% + g.

Our results will allow us to provide, in the next section, new optimal (r, §)-LRCs coming
from subfield-subcodes of MCCs.

We start with the bivariate case.

4.1 Thecasem = 2
For simplicity let us denote X by X and X, by Y. We represent E as a grid where the

coordinates (i, j) correspond to an exponent e labelled with their distance (Definition 3.5).
Figure 1 shows the grid representation of E in the case when n; = 10 and np = 9.
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Fig. 1 Grid representation of E, where n; = 10 and np =

np—1
. (m —1)(nz—Jj)
]
0
0 i -1

Fig.2 Sets A; ; in Proposition 4.1

We look for decreasing sets A € E such that the code C g is optimal, that is, its parameters

satisfy
k
k+do+<’7;—‘ —1)(8—1):n+1.

Note that, by Remark 3.8, d = dj.

From now on, we use shaded regions to represent sets formed by the points in E inside that
region. By rectangle we will always refer to a subset of E whose representation as shaded set
is arectangle. The first result in this subsection shows when codes C Z, where A is decreasing
and has the shape of a rectangle, are optimal.

Proposition 4.1 Keep the above notation, where q is a prime power, m = 2 and n1, np > 2
are the cardinalities of Py and P. Consider the sets

A=A j={(e1,e2)|0=<e1<i,0<e <j}CE={0,...,n =1} x{0,...,n — 1}

(see Fig.2). Then, the MCC, CX, defined by a set A as above is an optimal (r, 8)-LRC if and
only if one of the following conditions hold:

@ Springer



Optimal (r, §)-LRCs 2559

n-3S
np—1 ! np—1
2(ny —1i)
np—2
, 2(ng - j)
]
np—s
N
0 0
0 cee s e i -1 0 ny—2n -1
2,
(1) Sets AZ (2) Sets Aj‘s’

Fig.3 Sets A[zs and A%‘? in Proposition 4.2

e i =0and0 < j <ny— 1, inwhich case (r, ) = (1, ny).
e | <i<ny—2andj=ny—1,inwhichcase (r,8) =i+ 1,n; —i).
e 0<i<ni—1landj=0,inwhichcase (r,5) = (1, np).
e i=n;—land1 < j <ny—2, inwhich case (r,8) = (j + 1,ny — j).

Sets A as above are denoted by Al.l j

Proof Clearly, k = (i + 1)(j + 1) and dy = (n; —i)(np — j). By interpolating with respect
toX,r=i+1andd —1=n; —i — 1. Then,

k—i—%—k((ﬂ—1>(5—1)=(i+1)(j+1)+(n1—i)(nz—j)

i+ 1+ 1
+q7(l+i)fl+ f‘—l)(m—i—l)

=nmny+1+i(j+1-ny),

and the code is optimal if and only if i = 0 or j = n> — 1. Note that when j = n, — 1 and
i =nj — 1 one does not get an LRC.

The remaining LRCs are obtained by interpolating with respect to ¥, so that r = j 41
andd —1=np, —j— 1. O

In the sequel, we will perform the procedure of considering a subset A C E and adding
or removing elements to obtain a new subset A* C E. The expression gaining (or losing)
X units in a parameter refers to the fact that the resulting code C K* has a larger (or smaller)
value for that parameter in a quantity of x units.

The sets A* obtained by removing the least distance point on the ny — 1-th row (ornj — 1-
th column) of a rectangle A}’ cwith j =np—landi > 1(ori =ny—1landj > 1)
also provide optimal codes since the left-hand side (LHS) of (3.4) remains the same. Indeed,
when removing that point we lose one unit in dimension but we gain one unit in the bound

for the minimum distance and r, § and ’75—‘ do not change. The following result generalizes

this situation.
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Fig.4 Sets A3 and A ? in Proposition 4.3

Proposition 4.2 With notation as in Proposition 4.1, consider the subsets of E
AZA,Z,X ={(e1,e2) |0<e1 <i,0<er <np—2}U{(e1,n2—1)|0<e; <5},

where max {0,2i —n1} <s <i <ny —2(see Fig.3(1)).
Then, the MCCs, CK, are optimal (r,8) = (i + 1,n1 —i)-LRCs.
Analogously, the MCCs, Ci, where

A=A ={(e1,e0) |0<er <m—20<e < jlU{(n —1,e2) |0 <er <5} CE,
max {0,2j —n2} <s < j <np—2(seeFig.3(2))areoptimal (r,§) = (j+1,nr—j)-LRCs.

Proof Let us see a proof for the case A = Ai 4+ A is obtained by removing the (i — s) least

distance points of A! , on the ny — 1-th row with 0 < s < i as long as the distance

i,np—

d(s,np — 1) <d(i,ny, —2).

In fact, this last inequality is equivalentton; —s < 2(n; —i) and tos > 2i —ny. Interpolating
with respect to X, the parameters of the code Cg arek =(G+1D)(mo—1)+s+1,dy =ny—s,
r=i+1landd — 1 =n; —i — 1, and therefore

k+do+<’75-‘—l)(ﬁ—l):(i+l)(n2—l)+s+l+n1—S

i+ 1 —1 1
+q(z+ )(nj+1)+s+ -‘—1>(n1—i—1)

=nny + 1.

Thecase A = A2 “ can be proved analogously. It suffices to consider the symmetric situation,
interpolate with respect to Y and replace i by j and nj by ns. O

The following result completes our family of decreasing sets A, that correspond to MCCs,
where m = 2, giving rise to optimal (r, §)-LRCs.
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Proposition 4.3 With notation as in Proposition 4.1, consider the family of subsets of E

A=A} ={e1.e) |0<e1 <i,0< ey < j— 1}U{(0, )},

where 1 <i <n, —Zandmax{l, w] < j <ny—2(seeFig.4(1l)).

Then, the MCCs, CK, are optimal (r,8) = (i + 1,n1 —i)-LRCs.
Analogously, the MCCs, Ci, where

A=A} ={(e1,e) |0<er <i—1,0<es < jU{G,0)} CE,

1 <j < ny—2 and max |1, W} < i < ny — 2 (see Fig.4 (2)) are optimal
(r,8) =(j +1,n2 — j)-LRCs.

Proof As before, we only give the proof for the case A = A3 since a proof for A follows
as described in the symmetric situation of the proof of Propos1ton 4.2.
A is obtained by removing the points (e, j), 1 < e; <1, of a rectangle

Ajj={(e1,e2) |0<e; <i,0<er < j}

withl <i <n;—2and1 < j <ny—2suchthatd(0, j) <d(, j—1). As a consequence,
ni(na—j) < (n1—i)(np— j+1), whichis equivalenttoi < nz_"ﬁ,orj > w.lnthis
case, we interpolate with respect to X and the parameters of the code C g arek = (i+1)j+1,
do=ni(np—j),r=i+1landé — 1 =ny —i — 1. Thus,

k+d0+<[§—‘—1)(8—1)=(i+1)j+1+n1(n2—j)

i+ 1)j+1
N[ R P

=nny + 1.
O

Remark 4.4 The families of (decreasing) MCCs given in Propositions 4.1, 4.2 and 4.3 deter-
mine the parameters of all dp-optimal bivariate (m = 2) (r, §)-LRCs C g (with any set
A C E). That is to say, if Cg is a dp-optimal LRC, then there exists an MCC, Cg*, as in
Propositions 4.1, 4.2 and 4.3 having the same parameters n, k, d, r and § as C g . Therefore,
by Remark 3.8, we have characterized the optimal bivariate decreasing MCCs. An explicit
proof of the first mentioned fact is long and, since our aim is to find optimal LRCs, to shorten
this article, we omit it. Nonetheless, a sketch is given in the next paragraphs.

Without loss of generality, we can suppose that our recovery method interpolates with
respect to the variable X. Recall two key facts: (i) the locality (r, §) of an MCC is bounded
by Proposition 3.10, and this bound is sharp for decreasing MCCs Cﬁ/ by Remark 3.11,
being r = #suppy (Va/); and (ii) the distances of the exponents in the grid E increase when
going to the left and to the down.

Now, fixed P and therefore n, and # suppy (V) of an arbitrary MCC C P the first inequal-
ity in (3.4) shows that to reach dp-optimality it is desirable r to be small and k and dj (also,
8 = n1 —r + 1) to be large. We can optimize in this sense the parameters of C g by
“compacting” A to get a decreasing set A*, so that the defect of the above codes satisfies
D (Ck.) < D(CX). By “compacting” we roughly mean: (1) to translate A to touch both
axis X and Y, (2) to remove empty columns and, (3) for each exponent in the resulting set, to
add every element which is inside the rectangle that the exponent “forms” with (0, 0). Notice
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0
0o 1 2 3 4 5 6 7 8 9

Fig.5 On the right, the set obtained by removing four exponents of A%. 5 (on the left) as described in Remark
44 '

that this way # suppy (Va) = #suppy(Vax), and performing (1) and (2) (respectively, (3))
we optimize dy, r- and §-(respectively, k). Thus, if C g were dp-optimal, then C g* would be
too. This reasoning allows us to restrict our study to decreasing MCCs.

It remains to show that, fixed P and r, the only decreasing sets A C E giving rise to
dp-optimal MCCs C', P are those in Propositions 4.1, 4.2 and 4.3. Those sets A we are looking

for must satisfy A C Al and since C Z‘ is dp-optimal by Proposition 4.1,
r— In2 1

successively removing the least distance points in A Ly
mentioned sets A. Assume that » — 1 < Z!, the opposite case follows similarly. Before
reaching the smallest (with respect to inclusmn) set S € E among those considered in the
above mentioned propositions (that will be S = Ar 1, . for some j* or § = 371,0), the
removed exponents go from right to left coming from upper to lower rows. The first r — 1
removed exponents provide every set of Proposition 4.2.

ItS = Af’ 1 the following removed exponents before reaching S provide sets A such

that A" € A € A", where (A", ") € {(A_ 1,00 A2 10) (A1, A2, )] for
some j. A set A # A’, A”, does not provide a dy-optimal code since in (3.4) the term
([é—‘ — 1) (8 — 1) is the same for both A and A’, but the term k + dy is less for A than for
A

Finally, once reached the set S, we are forced to remove points from lower rows, causing
the difference between the distances of the exponents removed becomes smaller, and, then,
the resulting sets A do not give either dp-optimal codes.

Notice that when one removes exponents from right to left inside a row, the bound on the
minimum distance increases the same quantity (a multiple of one unit more than its second
coordinate), but when we remove exponents from lower rows, the gain on the bound of the
minimum distance is smaller, worsening the defect of the code. See Fig.5 for an example,
where A%,S gives a dp-optimal code (defect 0) but, by removing its four exponents from

lowest to higher distance, we do not get dp-optimality as the obtained sequence of defects is
8, 4,2, 8.

r—lno—1°

| is the optimal way to get the

n]

As a consequence of Remark 4.4, the next Corollary 4.5 determines the parameters and
(r, 8)-localities of the optimal (, §)-LRCs we can obtain with the bound dy on the minimum
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distance. Notice that, in order not to repeat cases and since the variables X and Y play the
same role, the parameters are written only with the notation we have used to interpolate with
respect to X.

Corollary 4.5 Let T, be a finite field. For each pair (ny, ny) of integers such that 2 <
ni,ny < g, there exists an optimal (r, §)-LRC with length n = nyny, parameters [n, k, d],
and locality (r, 8) as follows:

(1) k=G+1(G+1),d=(n—i)ny— j), where

o i =0and0 < j < ny — 1, being the locality (r,8) = (1, ny); or
e 1 <i<ny—2andj=ny—1, being the locality (r,§) = (i + 1,n1 —i).

2) k=G@G+1)nm—1)+s+1,d=n; —sand (r,8) = (i +1,n| — i), where
max {0,2i —n1} <s <i<n;—2.

3)k=>G+1)j+1,d=ni(ny—j)and (r,8) =@+ 1,n1 — i), where 1 <i <n; —2
andmax{l,%} <jsnm-2

4.2 Thecasem > 3

In Subsect. 4.1 we have studied bivariate codes C ﬁ, obtained from decreasing sets A C
{0,1,...,n1 —1} x{0, 1, ..., ny — 1}, which give rise to optimal LRCs. Moreover we have
determined all the parameters of the dy-optimal bivariate MCCs. We devote this subsection
to the same purpose in the multivariate case. Thus #Z = FglX1, ..., Xm ]/], where m > 3
and A € {0,1,...,n; — 1} x --- x {0, 1, ..., n, — 1}. The forthcoming Propositions 4.6
and 4.7 are the analogs to Propositions 4.1 and 4.2 for multivariate MCCs and allow us to
determine the parameters of the dp-optimal LRCs of the type CX, m > 3.

Proposition 4.6 Keep the notation as given at the beginning of Sect. 3. For each index jo €
{1,....m}, setij=nj—1forall j €{1,...,m\{jo} andij, € {0,1,...,nj, —2}, and
consider

A=Al ={ler,....em) |0 <ej <ij forall j=1,....,m}.
Then, the MCC, Ci, is an optimal LRC with locality (r, §) = (ijo +1,nj — ijo)- Further-
more, A}] ’’’’’ ;, are the unique sets of the form A" = {(ey, ..., en) | 0 < ej <ljforall j =
L,...,m}, where 0 <l < n; — 1, providing optimal LRCs.

Proof We interpolate with respect to X (the proof is analogous if we interpolate with respect
to any other variable). Consider a set A as in the statement.

We start by assuming that /; = n; — 1 for m — 2 indices j. Without loss of generality
suppose that/; =n; — 1 forall j = 3, ..., m. Then, the point that defines the bound on the
minimum distance is (/1,/2,n3 — 1, ..., n,; — 1) and the parameters of this code give the
following value for the LHS of (3.4):

do +k + (’7?‘ - 1) G- =m —lm—0L)+ U+ D2+ Dnzng---ny

+ U2+ Dnzng---ny — g — 0L — 1)

= (n1 — )2 — L) +ni(la + Dnzng - - -ny,
—(m—h-1)

=ni(la+ Dnzng---np + (ny = 1)y — b — 1) + 1.
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Thus, the code is optimal if and only if [, = np, — 1 (and l; € {0, 1, ..., n; — 2} for being an
LRO).

We conclude the proof after noticing that the same reasoning allows us to prove the
proposition when the number of indices j in A" such that/; =n; — 1isless thanm — 2. 0O

Our next result shows that deleting, from a set Al.ll iy @ suitable number of successive
minimum distance points on the linee; =n; — 1, j # jo, an optimal LRC is also obtained.
This is because for each removed point we lose one unit in dimension but we gain one unit

in the bound for the minimum distance and r, § and lré—‘ do not change. As a consequence

the LHS in (3.4) remains constant.

Proposition 4.7 Keep the notation as in Proposition 4.6. Define

wheressatisﬁesmax{l,Zijo —nj, + 1} <s=<ijy<nj,—2orijy=s=0.
Then the MCC, CX, is an optimal LRC with locality (r, §) = (ijo+ 1njy—ij)

Proof The distance d(p) (see Definition 3.5) of the point

p=m—lLn—1,...,nj1—1Lijy,njor1—1,....0n01—1,n,—1)

determines the bound dy for the minimum distance of the code C?, . We look for an

index 0 < s < ij, such thati;, —s + 1 is the number of points in A ill . that meet the line
ej=nj—1,j# jo,and have distance less than 2 (1, — i j,). The candidate set A for C%
to be optimal is obtained by deleting from A}]

distance of any point in the set

_____ ;,, those points because 2 (n jo — 1 jo) is the

V={p—ejforalje{l,....m\{jo}},

where €; = (§;1,...,8;m), 8;j being the Kronecker delta, and V C Aill
nj, —s < 2(nj, —ij), whatis equivalent to s > 2i;, —nj, + 1.

Therefore, in order to A be a candidate for C¥ to be optimal, s > max{0, 2, —n, + 1}.
The dimension of the code C i) is

k=nny---njo_1(jo+Dnjog1--np_ing — (@{j, —s+1),

and the bound on the minimum distance of C ﬁ is given by the point with coordinates e; =
nj—1,j # jo,ej, = s—1whens > 1orby any pointof V whens = 0. Thendy = n , —s+1
fors > 1 and dy = 2(nj, — ij,) when s = 0. Moreover we interpolate with respect to X j,
(it is the only way to obtain an LRC),sor =ij, + land 6 — 1 = nj; — i, — 1. Thus, the
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value for k + do + ([q - 1) (6 — 1) (the LHS of (3.4)) is

ning--nj1(jy+ Dnjoyr - -np_ingm — (@jo—s+ 1) +njp—s+1

(|

ning-njo—10jo+Dnjg g1 nm—inm—@jy—s+1) . e
T L)-(nj—ij,—D

=nny-- -y —ij,+nj,—mj,—ij,—1)=nmny---ny, +1, if s > 1 and

ning - njo—1(j + Dijogr - Ap—iim — (W — s + 1) +2(njy — i)
+ ’7n|n2-~-nj0,1(ij0+l)n_,-0+1~-nm,1nm—(i,-0—s+1)

aes —1)-(mj,—ijy—1
=n1n2~-nm—ij0—1+2(nj0—ijo)—Z(njO—ijO—l)
=niny---ny + 1 —ij, otherwise,

which proves that C g is optimal and concludes the proof. O

Remark 4.8 As in the bivariate case, the families of (decreasing) MCCs given in Propositions
4.6 and 4.7 determine the parameters of all dyp-optimal multivariate (m > 3) (r, §)-LRCs C g
(with any set A € E). Again we omit the proof, which follows from a close reasoning
to that of the bivariate case. Therefore, by Remark 3.8, we have characterized the optimal
multivariate decreasing MCCs.

Corollary 4.9 determines parameters and (r, §)-localities of the multivariate dy-optimal
(r, 8)-LRCs.

Corollary 4.9 Let ¥ be a finite field and consider an integer m > 3. For every m-tuple
(n1,...,ny) of integers such that 2 < n; < q, j € {1,...,m}, there exists an optimal
(r, 8)-LRC with length n = ny - - - ny, parameters [n, k, d1, and locality (r, 8) as follows:

(1) k=ny--njo_1(jo+ Dnjog1-nmd=nj,—ij,and (r,8) = (ij, +1,nj, —ij),
whereij, € {0,1,...,nj, —2}.

(2) k=ny---njo_1Gj, + Dnjor1---ny —(jo—s+1,d=nj,—s+ land (r,5) =
(ij, + 1,nj, —1ij), where

max{1,2ij0—nj0+1} <s =<ij,<nj,—2
(3) k=ny---njo_njyy1---ny—1,d =2nj,and (r,8) = (1, nj).

Remark 4.10 Keep the notation as in Sect. 3, so let m > 2. Let N be the set of nonnegative
integers and A be a subset of E satisfying some of the conditions in Propositions 4.1, 4.2,
4.3,4.6 or 4.7. Define A* := v + A for any v € N” such that A* C E. If 0 ¢ P; for all
1 < j < m,thenthe MCC C P s optimal with the same parameters and locality as C g . This
result follows straightforwardly from Remark 3.3.

Remark 4.11 MCCs include the family of codes introduced in [1], codes whose evaluation
map is the same as MCCs but their evaluation sets Va are only a subset of those used for
MCC:s. Specifically, the codes in [1] are subcodes of affine Cartesian codes (of order d),
where the corresponding set Vi is the set of polynomials f in F,[X1, ..., X,,] with total
degree bounded by d and such that a fixed variable X j; has degree deg X, (f) <ij <nj—1
for some fixed integer i j, (see [1, Definitions 2.2 and 2.3]). Therefore, while MCCs allow
arbitrary sets A C E, the sets A of those codes considered in [1] are of the form

A=Ajo={(els---sem)€E|€1+"'+emSdaejofijo}-
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As a consequence we obtain many more (r, §)-optimal LRCs than those given in [1, Corol-
laries 4.2 and 4.3]. Thus, if we fix the locality r = ij, + 1 for some 1 < jo < m, then we
obtain optimal codes which are not considered in [1]. These are those of Proposition 4.1 for
ijy=i=0,j <ny—2,andi <ny—2,ij;, = j = 0;those of Proposition 4.2 fors < i;, —2;
those of Proposition 4.3 for ij, > 1 and forij, = 1 andnj, < nj, where j e {1, 20\ o}
and those of Proposition 4.7 for i j, > 2 and max{l, 2i, —njy} < s <ij, — 1. Moreover, in
this paper, we also give many more optimal LRCs, regarded as subfield-subcodes of MCCs,
as we will explain in the next section.

5 Optimal subfield-subcodes

We devote this section to obtain new optimal (r, §)-LRCs. These are subfield-subcodes of
J-affine variety codes. J-affine variety codes are a subclass of MCCs introduced in [14]
which makes studying their subfield-subcodes easier. We prove that subfield-subcodes of
some J-affine variety codes keep the parameters and (r, §)-locality of certain decreasing
MCCs considered in Sect.4, being then optimal. Thus, we get optimal (r, §)-LRCs over
smaller supporting fields, which are new and behave as MCCs.

To show the novelty of our codes, we compare them with those in the references [6—-10,
20-22, 25, 26, 35, 38, 42, 44, 45]. They group the known codes whose parameters [, k, d]
and locality (r, §) satisfy (2.1) with equality and their lenghts n are divisible by r +§ — 1.

LRCs we provide in this section are p”-ary, p a prime, such that » + 8 — 1 equals either
ph +1or ph + 2, their length 7 is a multiple of some of these values, r > 1 and § > 2. In
some cases, when r +8 — 1 = p” + 1, we also impose ged-type conditions to obtain novelty.

Our codes are new because they are optimal and there is no code in the literature with the
same parameters and locality. The following paragraph shows some requeriments that the
codes in the above given list of references must satisfy showing that, taking into account the
above paragraph, our codes give optimal codes over the same field with a wider range for the
pairs (r, ).

Parameters and locality of the previously mentioned literature codes, assumed also p”-ary,
satisfy the following conditions, which differ from ours:

o r+8—1<ph[7,9, 10,21, 44, 45];

er+d—1< ph + 1 with either minimum distances other than ours [25, 38] or opposite
ged-type conditions [38], see Remarks 5.9 and 5.15;

e cither n | ph —lorn | ph + 1 [6, 8, 35], but our codes have n > 2(ph + 1) since
n=(+8—-Dny---ny, withn; >2forall j € {1,...,m};

o r=11[42];

e § =2[20-22,26]; and

e 26+1 <d <r+46[21]but,in case our codes have d < r + 3§, thend < 2§, see Remarks
5.9 and 5.15.

Subfield-subcodes of J-affine variety codes were also used in [13] to provide (r, §)-LRCs
but unlike this paper, most of them are non-optimal. The recovery procedure proposed in [13]
is different from the one in this paper; it was designed to be applied on subfield-subcodes
and it mainly uses the structure of cyclotomic sets, defined next. As a consequence, LRCs in
[13] have different parameters than those in this section. In particular, the values r and § in
[13] of p’-ary subfield-subcodes (of a g-ary code) satisfy r +8 — 1 = p/ — 1, while those
in this section are such that 4+ 8 — 1 is either p” + 1 or p” + 2. Finally, setting ¢ = p" and
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n < (p")y™, we also notice that our codes in Sect.4 extend those in [13] because, here, our
restrictionisr +686 — 1 < ph.

5.1 Subfield-subcodes of J-affine variety codes

In this subsection we recall some facts about subfield-subcodes of J-affine variety codes
which will be useful in the forthcoming subsections. We keep the notation as in Sect. 3.
Assume that ¢ = p', where p is a prime number and / > 2. Pick a positive integer & such
that i | [ and regard ¥ » as a subfield of Fy = IF ;. J-affine variety codes are MCCs where
the evaluation points belong to a Cartesian product of some multiplicative subgroups of I,
to which we could also add the element 0 € ;. The multiplicative structure eases the control
of these codes, and the possibility of introducing 0 increases the range of lengths. Consider
a subset J C {1,...,m}, that is used to detect the variables where O is not evaluated, and
assume that the polynomials f;(X ;) generating the ideal I are of the form

"
fixp=x" -1,
forsomen; | g — 1if j € J, and
fixp) =x7 = x;,
where nj — 1 | ¢ — 1, otherwise. Then, each set P; C F, introduced in Sect. 3 is the set of
n j-th roots of unity if j € J or the set of n; — 1-th roots of unity together with 0 otherwise.

The corresponding MCC is denoted by C g' /. Asintroduced in [14],C i)’ TisaJ -affine variety
code. These codes can be thought as a generalization of cyclic codes to multiple variables.

Definition 5.1 The linear code S5/ := %/ n F", is the subfield-subcode over the field

F i of Cy7.

In our situation, subfield-subcodes are a powerful tool because they allow us to obtain
longer codes for a fixed supporting field; that is p”-ary MCCs have lengths 2" < n < ( ph)m,
while lengths of p/-ary subfield-subcodes of g-ary MCCs satisfy 2" < n < ¢™. Moreover,
as subcodes, subfield-subcodes inherit the same bound on the minimum distance of the codes
they come from. In the case of J-affine variety codes, good choices give rise to subfield-
subcodes keeping the same dimension. Let us return to this last class of codes.

When j ¢ J, the evaluation of monomials containing X? or containing X’;j - may be

. . . i—1 . .
different, since when evaluating at zero X? 0 = 1 but Xj’ = 0. This explains the

difference on the powers on the variables when equipping E = {%, ,...,np =1} x -+ x
{0, 1, ..., ny — 1} with the following structure which we will assume in the sequel. When
J € J,weidentify the set {0, 1, ..., n; — 1} of possible exponents of the variable X ; with the
ring Z/n ; Z, because the identification X ';’ — 1 = 0 gives the identification on the exponents
nj = 0. Otherwise, if j ¢ J, we have the identification X?j — X = 0, then we can identify
theset {1, ...,n; — 1} with Z/(n; — 1)Z, and extend the addition and multiplication in this
ring to {0, 1,...,n; — 1}, by setting 0 +e = ¢,0-e = Oforalle =0,1,...,n; — 1.
Therefore, {0, 1,...,n; — 1} = {0}UZ/(n; — 1)Z. Notice that XJQ and X;?f ! have the same
evaluation at all the elements of P; with the exception of zero.

We call a set € E a cyclotomic set with respect to phif phw € Q for all @ =
(w1, ...,wy) € 2. Minimal cyclotomic sets are those of the form A = {phie | i = 0},
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for some element e € E. In this paper we will refer to cyclotomic sets as closed sets
since they are unions of minimal cyclotomic sets. For each minimal closed set A, denote
by x the minimum element in A with respect to the lexicographic order and set A = Ay.

Hence, Ax = {x, phx, e ph<#Ax—1)x}. Fixed an indexj e {l1,...,m}, if we replace E by
{0,. 1,...,nj—1},the same definition gives rise to sets 2/ C {0, 1, ..., n; —1} (respectively,
A C{0,1,..., n;—1})called closed (respectively, minimal closed) sets in a single variable

with respect to p. Again, denoting by x the minimum element in A/, we set A/ = AZ.

For example, assume that: (1) the number of variables is m = 3, (2) the field is Fg and
we consider its subfield F», so p = 2, h = 1,1 = 3, (3) in each variable, the polynomials
are evaluated at all the elements in Fg, thus J = @, ny = np = n3 = 8§ and (4) pick the
exponent X = (1, 4, 5). Then, the set of possible exponents £ = {0, 1, ..., 7}3 has the same
structure as ({0} U Z/ 77)3. The minimal closed set of X with respect to 2 is obtained from x
by succesive multiplications by 2 in each variable taking into account the identification 8 = 1,
and it equals Ax = {(1,4,5),(2,1,3), (4,2,6)} € E. The corresponding minimal closed
set in a single variable for j = 3 is the set Al =1{3,5,6} € {0, 1,...,7}). It is constructed
like Ax but considering only the third coordinate of the exponents, where {0, 1, ..., 7} is
identified with {0} U Z/77Z.

Closed sets are a tool to obtain subfield-subcodes of J-affine variety codes with the same
dimension as the code they come from. Indeed, by [13, Theorem 2.3], if A is a closed set,
then dim(Sy7) = dim(C ') = #A.

Now, we define three trace type maps which will be useful: trf’ tFp = Fp, trlh x) =

(4

h h . . _
X+xP 4 4xP str: IE";I — F’;h,determmed by trf’ componentwise and 7 : Z — %,

l
T(H=f+ f"h 4+ 4 fph(ﬁ ! , % being the quotient ring defined at the beginning of
Sect. 3. Recall from Sect. 2, that the projection map IFZ — IF; on the coordinates of a subset
R C {1, ..., n} of cardinality r is denoted by 7.
Nextresult shows that when A is closed, then the operators on a code “taking its projection”
and “taking its subfield-subcode” commute.

Proposition 5.2 With notation as in Sect.2, let R < {1,...,n}. If A is closed, then
ar(Sy7) = ar(CLY) NFAR,

Proof First we prove that Si’l =tr(C i’l). By reasoning as in Propositions 4 and 5 of [12],
it holds the following chain of equalities:

tr(Cy’) = {tr(c) leeCy’t ={trevp(f)) | f € %, supp(f) € A} =
(evr(T () | f €& supp(f) S A} = {evp(T () | f € Z. supp(T(f) € A} = S
Notice that the last but one equality is true because A is closed. Now, define tr’: F*;fe — ]Fif,

determined by trf componentwise. Then, 7z (C &/ )N Fi{f =t/ (g (Ch'")). Finally, for any

elementin S ﬁ’ J, tr(c),ce C g’ J, the fact that the maps tr and tr’ are defined componentwise
implies g (tr(c)) = tr' (g (c)), which proves the result. O

Closed sets will be the key for obtaining optimal (r, §)-LRCs coming from subfield-
subcodes. To explain it, we recall, on the one hand, that if A is a closed set, then dim(Si)’J) =

dim(Ci’J) = #A. On the other hand, the minimum distance of a subfield-subcode SE’J
admits the bound on the MCC C g’ 7 it comes from. Since A is closed, it is not decreasing (see
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Definition 3.9) because the construction of closed sets produces non-consecutive elements in
some coordinate. Then A contains gaps, see for example Fig. 8. Therefore, the bound given
in Corollary 3.7 is not sharp, which forces us to use an improved bound for each particular
case that depends on the shape of A. This new bound coincides with that of Corollary 3.7
on a certain decreasing MCC C g;J obtained, roughly speaking, after “compacting” A to
a decreasing set A’ such that #A = #A’. Roughly speaking, “to compact” a set A C E
(represented as a shaded region in the grid £) means to move A by a translation vector
vanishing out of the variable used to interpolate in such a way that the first segments of
exponents in that variable are as full as possible, and to remove empty segments (see Fig. 6
d), where we use the identification 9 = 0 and points where X = 2 go to points with X = 8).
This procedure is very close to that described in the third paragraph of Remark 4.4, but
adapted to the current shapes of the sets A. Thus, if we choose A to be closed, the code
over F ., Si’l, has the same parameters n and k and the same bound for the minimum

distance as C g;f. Moreover, the recovery method presented in Proposition 3.10 can also be
applied to S g’J obtaining the same locality (r, §) as CZJ. Therefore, we deduce optimality
of subfield-subcodes S g’J from the optimality of the codes Cg;j studied in Sect. 4.

5.2 Optimal (r, 8)-LRCs coming from subfield-subcodes of bivariate MCCs

In this subsection, we use some results in Sect. 4 and the ideas described in the above paragraph
to provide some families of new optimal (r, §)-LRCs coming from subfield-subcodes of g-
ary bivariate J-affine variety codes. We will give p"-ary optimal (r, §)-LRCs whose length
is a multiple of r + 6 — 1, where r + § — lequalsph +10rph +2,r>1,8 > 2, and for
some codes we impose certain gcd-type conditions so that all the codes provided are new
(see the introduction of Sect.5 and the future Remark 5.9). The forthcoming Propositions
5.6 and 5.8 (in characteristic two) prove the optimality while Theorems 5.11 and 5.12 show
the parameters of our codes.

Let U; € F, denote the multiplicative subgroup of IF, of ¢-th roots of unity, ¢ | g — 1.
Keep the notation as in Sect.3 and Subsect. 5.1. Fix i € {1, 2} (it refers to the variable X;
with respect to which we will interpolate when applying our recovery method) and denote i’
the unique element i’ € {1, 2}\{i}.

Pick p" > 4 if p equals 2 (p" > 5, otherwise) such that p" + 1 | ¢ — 1. Here, the set
of points to evaluate in the variable X; is P; = Uph+] C FF,, and thus its cardinality equals
ni = ph + 1. Our (two-dimensional) set P of evaluation points is P = P; x P,, where P; is
either some multiplicative subgroup Uy, C F,, withn; | ¢ —1and J = {1, 2}, or, allowing
also the element O to be evaluated, Uy, —1 U {0} € Fy, withny — 1| g — 1 and J = {i}.

The following two families of sets will be used to define the sets A of our codes Sg’J since
they will constitute the sets suppy, (V) defined under Definition 3.9. For each nonnegative

h h .
integer a < L%J —1l(and,if p =2,b < % — 2), we consider the sets A’ introduced in
Subsect. 5.1, and define
Q= [O,l,...,a,ph—l—l—a,ph—I—Z—a,...,ph] = ALUAI U UA!

when a > 0, Q2 := {0} and

h h h
Q ::{%—b,%—b+1,...,%+b+l}:A’plibUA’Lhib+lU~-~UA’pl.
2 2 2
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These are closed sets (in the fixed variable i with respect to pMoftheset{0,1,...,n; —1} =
{0,1,..., ph} (identified with Z/(ph + 1)Z) of possible exponents, in the variable X;, of
evaluation polynomials. Indeed, with the above mentioned identification, p” + 1 = 0 and
then Aj) = {0} and A} = {t, p" — (t — D}.

Example 5.3 Set (i, ph, q,a,b) = (1,8, 64,3, 2), that is we fix the first variable to inter-
polate and we take the field Fes and its subfield Fg. Then the above defined sets are
Q, =1{0,1,2,3,6,7,8} = AjUAJ UA,UAL = {0} U{1,8}U{2,7} U {3, 6}, where,
for example, A, = {2,2 -8 = 16 = 7} because the exponents in the variable i fulfill the
identification 9 = 0 and Q} = {2,...,7} = AL U AL U A} = {2,7} U (3,6} U {4, 5}, and
they coincide, respectively, with the set suppy, (Va) in Fig.6 a) (1) and b) (1).

Now,let0 <t <z < L%hj —1 be nonnegative integers such that 2 > max{0, 4z— ph —1}.

In addition, when p = 2, consider a nonnegative integer 0 < u < % —2andifu > 1,
let 0 < v < u be a nonnegative integer such that 2v + 1 > max{0,4u + 1 — ph}. Let us
define the following four types of sets A (named Ay, Ay, A} and A%) which will allow us
to give our first family of optimal codes Sg*l. Sets Ay and Aj provide codes defined over
finite fields of arbitrary characteristic, while sets AT and A% work only in characteristic two.

Q. x{0,1,...,np — 1}, wheni =1,
{0,1,...,n; — 1} x Q,, otherwise;

Ai(z) = Ay = {

Q. x{0,1,...,n0 —2}UQ; x {np — 1}, wheni =1,

Ao(z,t) = Ay := .
2.1 2 {{0,1,...,n1—2}xQZU{n1—l}le, otherwise;

QF x{0,1,...,np — 1}, wheni =1,
{0,1,...,n1 — 1} x QF, otherwise;

Afw) = A} = {

and

QF x {0, 1,....np —2UQ x {ny — 1}, wheni =1,

AS(u,v) = A} =
{0,1,...,n1 —2} x QU {n; — 1} x ¥, otherwise.

Our choice of sets A is supported on the ideas exposed before Subsect. 5.2. We will prove
that they are closed in the forthcoming Proposition 5.6. It must hold in each variable and
happens in the variable i’ by picking all the possible exponents or all but n;; — 1 (notice that
Af;[, _y = {niy—1} wheni’ ¢ J). Akey fact is that we force the projected code in the variable

i,evp, (Vg), to be MDS in order to have the explicit values of  and § from Proposition 3.10.
Finally, the above sets A are those that, as described before Subsect. 5.2, can be “compacted”
to some of the sets provided in Propositions 4.1, 4.2 or 4.3 and admit their same (improved)
bounds on the minimum distance.

Example 5.4 This is a continuation of Example 5.3. With the same notation, set z = a and
t = b, consideralso (u, v) = (2, 1). Then, ; = {0, 1,2,7,8}and Q} = {3, ..., 6}. Figure 6
¢) (1) and d) (1) show, respectively, the sets A and A in this case.

Lemma 5.5 Keep the above notation. Let a < L%J —land if p =2, b < %h — 2 be
nonnegative integers. Consider the I -vector spaces Vi = ((X;)° | e € Qq) and V =
((X1) | e € Qp) contained in the quotient ring %; defined before Proposition 3.10. Then,
evp, (V1) and evp, (V) are MDS codes.
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Proof LetQ :={0,1,...,2a} = Q,+a regarded as representatives of elements in Z/(p" +
1)Z. Define V = ((X;)¢ | e € Q). Codewords in ev p, (V) are of the form

evp, (X)) f) =evp (X)) xevp, (f),

where f € V;.Since0 ¢ P;,evp, (V1) andevp, (V) areisometric codes. The code (ev P, (V))J'
isa| ph +1, ph —2a, < 2a + 2], code and, since €2 contains 2a + 1 consecutive elements,
d ((ev 2 (V))J') > 2a + 2 because its corresponding parity-check matrix contains a Vander-
monde matrix of rank 2a + 1. Thus, (ev 2 (V))l is an MDS code and therefore ev p, (V') and
evp, (V1) are MDS codes. The fact that 2 contains 2b + 2 consecutive elements proves that
(evPl. (Vz))l is an MDS code and therefore so is evp, (V2). m]

The following result shows sets P, J and A giving rise to our first family of new optimal
LRCs Sg’J in the bivariate case. Sets in Items (1), (2) and (3) provide codes over fields of
any characteristic, while the remaining items only give characteristic two codes. We note that
the proof is based on the ideas exposed in the paragraphs before Subsect. 5.2 and Example

5.4. The specific parameters of the LRCs corresponding to this result are given in the next
Theorem 5.11.

Proposition 5.6 Keep the the notation as above where F . is regarded as a subfield of F,_
and p" +1| g — 1. Fixed i and P; = Uphyy, the set of p" 4 1-th roots of unity, the following

statements determine sets Py, J and A such that the subfield-subcodes Sg’J over the field

IE‘ph are optimal (r, §)-LRCs.

(1) Py = Uy, for some nj» such thatn;y | g — 1; J = {1, 2} and A = Ay, in which case

r.8)=Qz+1,p"—2z+41).

(2) Py =Uy,—1U{0} for some n;s suchthatny —1|q—1; J ={i} and A = Ay, in which
case

(r,8) =Qz+1, p" —2z+1).

(3) Py = Up,—1 U {0} for some n;: such that nyy — 1 | q — 1 and, if p is odd, either
gcd(ny, " £ 1or ged(nyr, pt+1) £ 1; J = {i} and A = Ay, in which case

r,8) =Qz+1,p" =2z +1).
(4) Py = Uy, for some nj» suchthatn;y | q —1; J ={1,2} and A = A%, in which case
(r,8) = Qu+2, p" —2u).

(5) Py = Upy,—1U{0} for some njs suchtharn; —1 | q—1; J ={i} and A = AT, inwhich
case

(r,8) = Qu+2, p" —2u).

(6) Py =Uy,—1U{0} for some n;» suchthatny —11q—1; J = {i}and A = A%, in which
case (r,8) = Cu + 2, ph —2u).

Proof We start by proving that the sets A in the statements (1)—(6) are closed with respect
to p’. As we said, in the single variable i, the subsets of {0, 1, ...,n; — 1} = {0, 1, ..., p"}
(identified with Z/(p" + 1)Z),

Qu=ALUA U---UA]
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and
Q=A, UA’ U---UA',,
b L A
fora € {z,t} and b € {u, v} are clearly closed. In the single variable i’, {0, 1, ..., n;; — 1}

is closed. In addition, when 0 € P;/, the minimal closed set in a single variable Agkl -
1

{0,1,...,n; — 1} is the set AZ_HI = {n; — 1}. Indeed, with the identification n;; = 1
described in Subsect. 5.1, it holds the following chain of equalities:
Pl =1 = " = Dy =1 +np = 1
=" = Dy +nip = pt
=pt—14ny—p'=ny—1.
Therefore, {0, 1,...,ny —2} ={0,1,...,n;y — 1}\{n;; — 1} is also closed. The Cartesian
product and the union of closed sets are closed, so the sets A in (1)—(6) are closed and
dim(s%7) = dim(C 7).
Now we are going to prove that the subfield-subcodes § g’ /are LRCs.Leti = 1and Viasin
h
Lemma 5.5 witha = z. Since 2, is closed, dim(evp, (V1) ﬂ]FZhH) = dim(evp, (V1)) and the
h h
fact that d(evp, (V1) ﬁIFZhH) > d(evp, (V1)) and Lemma 5.5 imply that ev p, (V1) ﬂIF’;hH is
an MDS code with minimum distance p" —2z+ 1. Taking R such that (C5"') = evp, (V1),
h
Proposition 5.2 shows that nk(Sg ’J) =evp (V)N IE‘Z hH is also MDS. Then, Proposition

3.10 applied to Si’l, A being either A| or A,, proves that Si’l is an LRC with locality
2z + 1, p" — 2z + 1). Replacing (V1, a, z, ;) by (Va, b, u, Q) one deduces that Si"j is
an LRC with locality (2u + 2, p" — 2u), whenever A is either A’ or A3. Notice that r and
8 do not depend neither on ¢ nor on v, unlike dimension and minimum distance.

The case i = 2 can be proved analogously noticing that we are in the symmetric situation.
It suffices to interpolate with respect to Y and change i by i” and n by nj.

With notation as in Sect.4 and i = 1, we assert that the minimum distance of the code

Sg’J admits the bound on the minimum distance of Cg;l, dy (Cg;l), whenever

(A’ A/) € { (Al’ Aéz,nz—l) ’ (Az, A%Z,Zt) ’ ( T’ A;u+l,n2—1) ’ (Aé’ A%u+1,2v+1) ]

Letus prove the statement. Figure 6 considers the case (p, &, [, z, t, u, v) = (2,3,6,3,2,2, 1)
to illustrate our reasoning. Let ¢ = evp(f), f(X,Y) € Va be a codeword in Sﬁ’J.

(a) Assume firstly that A = Aj. A no-root (o, 8) in P of f(X,Y) must satisfy that
a is a no-root of f(X,B) as a polynomial in X and $ is a no-root of f(«,Y) as a
polynomial in Y. Denote ng (respectively, n,) the cardinality of the set of no-roots of
f(X, B) (respectively, f(a,Y)). Set ny (respectively, ny) the minimum of ng (respec-
tively, ny) when B (respectively, «) runs over P, (respectively, P;). Then, the number of

h
no-roots of f in P is at least nyny. Since d(evPl(Vl) ﬂIFihH) = ph + 1 — 2z and
d (eva (Y| ee{0,1,....n0— 1)) ﬂIF’;%,) — 1 (they are MDS codes), then w(c) >
' +1—2zandd (Sg’”) >ph 4 1—2z=dy (Cg’;’). See (a) in Fig. 6.
(b) Consider now the case A = A7. Since d (eVp, Vo) N ]F';j,) = ph — 2u, the same

argument as in a) proves d (Sg’J) > ph —2u = d (Cg;l). See (b) in Fig. 6.
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np—1 np—1
2 2
1 1
0 0
0 1 2 3" 6 8 0 1 2" 6 7 8
MA=A = A =@ =48, 4
QgX{O,I,...,ng—l}
a) Either P» =Up,, np | g—1and J={1,2}, or P, = Uy, 1 U{0}, no—1|g—1and J = {1}
ny—1 ny—1
2 2
1 1
0 0
0 1 2 3 7 8 0 1 2 ** 5 8
— — _ s\ _ Al
M A=AY = ) A'= @AD" =45, 4
Q; x{0,1,...,m2 -1}
b) Either P» = Up,, np | g—1and J = {1,2}, or P, = Uy, 1 U{0}, no—1|g—1and J = {1}
np—1 np—1 np—1
np—2 np -2 (o) np—2
: : ]
2 2 ° 2
1 1 ° 1
0 0 0
01 2 3" 6 7 8 0 1 """ 4 5 '°* 8 0 1 """ 4 5 6 7 8
(1 A = i) = ) A" = (A2)" = A+ (2,0) am A = (Ay)' = A§,4
Q3><{0,1,...,ng—2}UQgX{n2—l}
C) P,=Up,-1U{0}, n—1|g—1and J={1}
np—1 np—1 np—1
np—2 np—2 [e) ng—Zi
: o :
2 2 ° 2
1 1 ° 1
0 0 0
0 1 2 3" 6 7 8 0 1 2 3 4 ' 8 0 1 2 3 4 5 8
(1) A = A; = () A" = (A3)" = A} +(6,0) () A'=(A3) = Aé‘a

Q) x{0,1,...,np =2} Q] x{np—1}

d) P, =Up,-1U{0}, i -1 g-1land J = {1}

Fig.6 Sets A, A’ (and A”) considered in the proof of Proposition 5.6 for values (i, p", q, Py, z,t,u,v) =

(1,8,64,U9,3,2,2,1)
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(c) For proving the case A = Aj, we use the following (lexicographical) ordering in E:
(e1,€2) < (€},¢)) <= ex <ehor(ex =e)ande; <e)),
and we distinguish two cases:

e The leading monomial of f isin 2, x {0, 1, ..., ny — 2}, then an analogous argument
as in (a) proves w(c) > 2(p" +1 —22).

e The leading monomial of f is in ; x {ny — 1}, then consider A” := A + (¢,0) C E
because of the relation ph +1=0in{0,1,..., ph}. Consider the codeword in C g,,

evp(X' f) =evp(X") xevp(f) =evp(X') xc.

Since 0 ¢ P, w(e) = w(evp(X' ) >dRt,ny; —1) = ph + 1 — 2¢ by Proposition 3.6
(the leading monomial of X’ f is uX” Y™2~1 with y < 2).

Then, w(c) > min{2(p" + 1 — 22), p" + 1 — 2t} = p" + 1 — 2¢ and therefore
d(sp7) = p"+1-2=do (7).

See (c) in Fig. 6.

(d) Finally, when A = A, reasoning as in (c) with A” := A + (%h + v +1,0), one gets
the desired bound:

d (Sg”) > ph — 20 =dp (cg;f).

See (d) in Fig. 6.
The case i = 2 follows by symmetry. It suffices to replace P; by P>, ny by nj and consider

(a,8) € { (A A 12) - (82835 (AT AL ysuet) - (83 A3 2011 }

Notice that#A = #A’anddim(S4™/) = dim(CL"/) = dim(C%’). Moreover,d(S57) >
d(Cﬁ’J) > do(CZ;J) and the locality of Ci;J is the same as the locality of Sg’J. Then, the
fact that C Z’J is optimal (Corollary 4.5(1) when A is Aj or A¥, and Corollary 4.5(2) when

A'is A; or AY) implies that the subfield-subcode Sg’J over the field F is optimal, which
concludes the proof. O

At the beginning of this subsection we announced the introduction of two families of new
optimal codes. One of them contains codes over fields of any characteristic and it has already
been described. Next we introduce the second one that only works in characteristic two. We
start by giving some sets that will be useful for it. In this case, p = 2,/ > 4 is an even positive
integer, h = é (recall that the field and subfield we are considering are denoted, respectively,

IE‘q: pl and F ph) and in this case the set of points to evaluate in the variable X; is the set of

2" + 1-th roots of unity together with the element 0, P; = Uy 11 U {0} € F,. Recall that
{i,i'} = {1, 2} means that X; is the variable we use to interpolate. Then, the cardinality of
Piisn; =2" + 2 and P = P, x P,, where Py is either Uy, C Fy, withny | g — 1 and
J={i"},or Uy, 1 U{0} CFy, withny —1|g—land J = 0.

Now we introduce some sets which will be the sets suppy, (Va) corresponding to the sets
A that we are going to consider. Let 1 < j < ny —land2 < z < 3, 22,41 >
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max {0, 2" — 6} be positive integers and denote
Q= {0,1,2”} = A UAL,

et i={0.23.. 2 =1 ={o. 1. 2]\ (afuay,,)

2k 41
and
. 0 N . )
Q*(2) = QF = [z,z+1,...,2 —z+1] =ALUAL U UAL
These are closed sets (in the fixed variable i with respect to 2]’) oftheset{0,1,...,n;,—1} =

{0,1,..., 2h 4 1} (identified with {0} UZ/ (2h + 1)Z) of possible exponents, in the variable
X, of evaluation polynomials. Define the following four types of sets A (named A1, Af-, Ay

P,J.

and Azl) to be used in our second family of codes S, ' :

Aq Qx{0,1,...,np— 1}, wheni =1,
DT001, . n — 1) x Q. otherwise:

L@t x{0.1,....,np — 1}, wheni =1,
b= {0,1,...,n1—1}xQL, otherwise;

Qx{0,1,...,j—1}U(, j), wheni =1,

Ar(j) = Ay =
2(J) 2 [{0,1,,,,,j—1}xﬂu(j,0), otherwise;

and

Q+ x{0,1,...,n0 —2}UQ* x {np — 1}, wheni =1,

Af(z) = Ay =
20 =4 0,1,...,n1 =2} x QL U{n; — 1} x Q*, otherwise.

The reasons for our choices of the above sets A are essentially the same ones we explained
for our first family, however there are some minor difference. Here, in some cases, a smaller
set of exponents is considered for the variable i’ but we keep the closeness property because,
in such cases, the minimal closed sets in the variable i’ contain a single element. We also
have MDS projected codes but our proof for this property is different.

Our next result plays the role of Lemma 5.5 for studying our second family of optimal
codes.

Lemma 5.7 Keep the above notation. Let Vi = (X¢ | e € Q) V2 = (X¢|ee Ql>Fq -
. __nh

#; and define Cy :=evp, (V1) N Fgf’_z *2 and Cy:=evp (V2) N F;ZH. Then, Ci and C;

are MDS codes.

Proof Notice that evp, (V) is the dual code of evp, (V1) since

Qi:{0,1,...,2h+1}\{2”+1—x|xesz}

[14, Proposition 1] and, by Delsarte Theorem, (C)t = (evPl. (Vz))J' N F;ZH = C}. Thus,
it suffices to prove that C; is an MDS code. Notice that its dimension coincides with the
dimension of ev p, (V1) because Q2 = Af) U A’i is closed [13, Theorem 2.3], so the parameters
of Cy are [2" + 2,3, < 2"],1. Moreover, any codeword ¢ € C| is of the form ¢ = evp, (f),
where f = T+ uX), A, u € Fy = Fpon and 7: #; — Z; is the map given by
T =g+ g2h [12, Proposition 5]. We have to prove that d(Cy) = 2", which is equivalent
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to prove that the number of roots of f = X + 22" +uX + pLZh x2" in P = Uy U0} is at
most 2, or that the equation

A pX =22 4 x? (5.1)

. . . . . . h
has at most 2 solutions in P;. Indeed, if A ¢ F,,, X = 0 is not a solution since A #* 22,
Thus, the above equation is equivalent to

AX +/»‘LX2 — }\.2hX + Mzhx2h+l
and to

uX? + (A+,\2h>x+u2h —0.

which has at most 2 solutions in P;. Otherwise, if A € F,;, then A = )\Zh and (5.1) is
equivalent to

X ((MX)Z”—‘ _ 1) —0.

We may suppose p # 0 since the case © = 0 is not relevant to compute the minimum
. . . h h
distance. Then, the solutions are X = 0 and X = g with 8 € s such that prH = 2l

(since X2'+1 = 1), that is, 82 = u2"*+!. The solution X = g exists if p2'+! (e Fy)is a

square in € [F,; and therefore f = /ﬂh‘*‘l. Hence, we obtain at most 2 solutions in P;, as
desired. ]

As before, we give sets P, J and A providing our second family of new optimal LRCs
S g ) in the bivariate case. Parameters for these codes are given in the forthcoming Theorem

5.12.

Proposition 5.8 Keep the notation as before Lemma 5.7 where Ty is regarded as a subfield
of Fq=22h. Fixedi € {1, 2} and P; = Un | U{0}, the set of 2" + 1-th roots of unity together
with O, the following statements determine sets Py, J and A such that the subfield-subcodes
Si’l over the field ¥y, are optimal (r, §)-LRCs. Recall that P = Py x Pyand {i, i’} = {1, 2}.

(1) Py = Uy, for some n; such that njs | ¢ — 1; J = {i'"} and A = Ay, in which case
(r,8) = (3,2M).

(2) Py =Uy,—1 U{0} for some ny such thatny — 1| q —1; J =W and A = Ay, in which
case (r, 8) = (3,2M).

(3) Py = Uy, for some njs such thatny | g — 1; J = {i’} and A = AL, in which case
r,8) =" —1,4).

(4) Py = Upy,—1U{0} for some njs suchthatny —1|q—1; J =@ and A = A]L, in which
case (r,8) = (2" — 1, 4).

(5) Py = Uy, for some nj» such that n; | 28 1, 7 = {i"Yand A = Ay, where j >
max{1, ny — 2"}, In this case (r, 8) = (3,2").

(6) Py = Up,—1 U{0} for some nj» such that njr — 1 | 28— 1:J =@and A = A, where
max{l, n; — 21} < Jj < ny — 1. In this case (r, §) = (3, 2.

(7) Py = Uy,—1 U{0} for some n;» such thatnyy — 1 | ¢ — 1; J = @ and A = Ay, where
j =ny — 1. In this case (r, 8) = (3,2M).

(8) Py =Uy,—1U{0} for some n;r suchthatny — 1| q—1; J =W and A = AF, in which
case (r,8) = (2" — 1, 4).
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Proof The proof follows from a close reasoning to that given in the proof of Proposition 5.6.
There are some minor differences which we next explain.

- Recall that {0, 1, ..., 2" 4+ 1} is a set of representatives of {0} U Z/(Zh + 1)Z and A; is
the minimal closed set in the variable i of the element/ € {0, 1, ..., 2h 4 1}. Then, as we
said before

Q=AjUA],
L h i i
ot =fo.1. 21\ (Afuah,,),
and

Q*=ALUAL U---UAL, |,
are clearly closed sets, which proves that the sets A1, Af- and Aé‘, as well as Aj in item (7)
are closed. The fact that the sets Aj in items (5) and (6) are closed follows by noticing that
when Py = U,,,,ny | 2" _lorPy = Un,—1U{0}, nyr — 1| 2" — 1, one can identify 2" with
1 when computing minimal closed sets in the variable i’. Therefore, the sets {0, 1, ..., j —1}
and {;j} are closed because they are a union of single point minimal closed sets. This proves
that A, is closed.

- Lemma 5.7 implies that evp, (V1) N F%Z” and evp, (V2) N IF;:H are MDS codes with
respective minimum distances 2" and 4. Proposition 3.10 applied to § g o proves that it is an

LRC with locality (3, 2"y when A equals Aj or Ay and (2" —1,4) in case A be Af- or A%‘.
- When i = 1, the minimum distance of S g’J admits the bound on the minimum distance

of C g;J, do (Ci;f>, whenever the pair (A, A ) belongs to the following set:

A3 when j =ny — 1
| L Al 2,00 ; 1 A2
{(Alv N (A1 ) Az/x,z.,1271> , (Az, {A; » otherwise. , (Az ) Azh—Z,Z"—2z+l) :

Recall that the sets Aﬁ_ i 1 <1 < 3 were introduced in Sect.4. The cases where A equals

A1 or All (respectively, A, or Azl) can be proved as in item a) (respectively c)) in the proof
of Proposition 5.6. However, when A = A; and the exponent of the leading monomial of f
is (0, j), we do not consider any set A” but we immediately notice that w(c) > ny(ny — j).
When A = Aj‘ and the exponent of the leading monomial of f is in Q* x {ny — 1}, following
the idea of the proof of Proposition 5.6, we consider the sets:

Aj=A+Q"+2—-2,00CE and A" :=Aj+(-1,0)CE,

because of the relation 2 +2 = 11in {0, 1, ..., 2" + 1}. We illustrate this part of the proof
with the example in Fig. 7. Since 0 € P;, now we have w(c) > w(evp (X_1 (X2h+2_zf))) >
d(2" +1—2z,ny — 1) = 2z + 1. Then, wherever the exponent of the leading monomial of
fis, w(e) > min{8, 2z 4+ 1} = 2z + 1 and therefore the minimum distance of SZJ admits

the bound on the minimum distance of Ci;l, that is, d(Si)’J) >274+1= do(CZ’J).

The case i = 2 can also be proved following the same arguments as above. It suffices to
consider the symmetric situation, replace Py by P», ny by nj and use pairs (A, A ) such that

2,0 . h
A when j =2" +1
/ 1 €1 1 2,0 ’ 1 2,0
(a.4) e {(Alv Ali2) (Al ’Anl—],lh—2)‘ (A% {As.a otherwise > . (AZ ; Az”—z,z”—kﬂ)} :
j.2 :

We conclude with a last difference with respect to the proof of Proposition 5.6.
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ny—1 ny—1 np -1 np -1
np—2 ny -2 (6} np -2 [e) np -2
® : ° :

2 2 ° 2 ° 2

1 1 ° 1 [¢] 1

00 1 2 3 4 5 00 1 2 3 275 0O 1 2 3 4 5 O0 1 2 3 4 5
M A = A @ A = Ay B A = ) @A =) =45,
=0t x1{0,1,...,mp - =Ay +(4,0) =(A7)g +(=1,0)

21U x{np — 1}

Fig.7 Sets AZL, Ag, A" and A’ considered in the proof of Proposition 5.8 for values (i, 2h g, Py, Py, J,2) =
(1,4,16,Us U{0}, Up,—1 U{0},9,2)

- The fact that CZ’J is optimal follows from Corollary 4.5 (1) when A is Ay or AL
Corollary 4.5 (3) when A = A and j < n;s — 1 and Corollary 4.5 (2) when A equals A2l
or Apand j =ny — 1. O

Remark 5.9 Propositions 5.6 and 5.8 do not give an exhaustive list of the optimal (r, §)-codes
one can find from subfield-subcodes of MCCs. These results are designed for providing p”-
ary optimal (r, 8)-LRCs such that » + & — 1 is either p" + 1 or p" + 2 and their lengths are
amultiple of r +6 — 1,7 > 1 and § > 2. Notice that these codes are new with respect to
those given in the literature, see the beginning of this section. The ged-type condition given
in Proposition 5.6 item (3) is stated to provide new parameters with respect to those obtained
in [38]. Moreover, excepting Proposition 5.8, items (5), with j # n;; — 1, and (7) (where
d > r + 8), codes in both propositions have minimum distances d < min{r + 8, 24}, being
new with respect to [21].

Example 5.10 In these examples, we give some new optimal LRCs obtained by applying
Propositions 5.6 and 5.8.

(1) Our first example corresponds to Proposition 5.6 (3). To help the reader, in this first
example we are more explicit. Consider (g, ph, i,z,t,n1,n) = (52, 5,2,1,0,9,6)
and the set A»(z,t) in our first family. This means that we consider the field Fys, its
subfield F5 and we fix the second variable to interpolate. Moreover, the set of points
to evaluate in that variable (respectively, first variable) is the set of 6-th roots of unity
(respectively, 8-th roots of unity together with the element 0), which has cardinality n;
(respectively, n1). Then, one gets a [54, 25, 6]s optimal (3, 4)-LRC.

(2) Consider (¢, p",i,z,n1,n2) = (72,7,2,2, 17, 8), then by Proposition 5.6 (2) one gets
a[136, 85, 4]7 optimal (5, 4)-LRC.

(3) Consider (g, ph, i,z,t,n1,ny) = (92, 9,1, 3,1, 10, 21), then by Proposition 5.6 (3) one
gets a [210, 143, 8]o optimal (7, 4)-LRC.

(4) Consider (g, pt i ni, o) = (2%, 4,1,6,15), then by Proposition 5.8 (1) one gets a
[90, 45, 4]4 optimal (3, 4)-LRC.

(5) Consider (g, ph, i,j,ny,ny) = (26, 8,2, 6,8, 10), then by Proposition 5.8 (6) one gets
a [80, 19, 20]g optimal (3, 8)-LRC.

(6) Consider (q, ph, i,z,ny,ny) = (26, 8, 1, 3, 10, 10), then by Proposition 5.8 (8) one gets
a[100, 58, 7]g optimal (7, 4)-LRC.

Figure 8 shows the sets A introduced in Propositions 5.6 and 5.8 and used in the above
examples. We make explicit the descomposition of the set A = A, = {0,1,...,5} x
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Tt i N )

. 6 19

1 : .
1. ; ;

1 1
(1) A = {0,1,...,7} x {0,1,5} 0 0
u{(8,0)} 0 1 " 15 16 0 1 2 3" 7 8 9
2 A = {01,...,166 (3 A = {0,1,2378,9
x{0,1,2,6,7} x{0,1,...,19tU{0, 1,9} x {20}
14 (¢] 9 9
(&) 8l} @ @ ©o 8
2 (¢] : 7
1 (¢] 1 .
0O 1 " 4 5 o 1 """ 5 6 7
0
(4) A=1{0,1,4}x{0,1,...,14} (5) A = {0,1,...,5} x {0,1,8} 0 1.2 3" 6 7 89
U {(6,0)} 6) A = {0,23,..,7

x{0,1,...,8U{3,4,5,6} x {9}

Fig.8 Sets A considered in Example 5.10

{0, 1,8} U {(6,0)} in Example 5.10 (5) as a union of minimal closed sets. Indeed,
@i, P1, P2, J) = (2,U7 U {0}, Ug U {0}, @) and A is the union of the following minimal
closed sets:

A©,00 = {0,0)}, Aa,0) = {(1,0)}, Aoy = {2, 0}, Az,0) = {3, 0}, Au,0) = {(4,0)},
A0 = {5, 0}, Awe,0 ={(6,0)}, A1) = {0, D, (0,8}, Aq,1y = {(1, 1), (1, 8)},
Aoy =1{2,1), (2,8},

Aa,ny={3. 1,3, 8} Auy ={41),4,8)}, As,ny={5, 1), 5, 8)}.

Now, we state our main results in this subsection which are Theorems 5.11 and 5.12. These
results follow directly from Propositions 5.6 and 5.8 and provide explicitly the parameters
and (r, §)-localities of the new optimal LRCs we have obtained.

Theorem 5.11 Let Ty be a finite field with g = pl, p being a prime number and [ a positive
integer. Consider another positive integer h such that h divides I, p" > 4if p =2 (p" = 5,
otherwise) and assume p" + 1 | ¢ — 1. Consider also nonnegative integers z and t satisfying
0<tr<z< [%hj — 1, 2t > max{0, 4z — ph — 1}. Regard Ith as a subfield of Fy.

Then, there exists an optimal (r, §)-LRC over F ph with the following parameters depend-
ing on two integer variables n' and a:

[n, k, ], = [(ph T, = DRz 4+ 1) +2a+1,ph 41— Za] /
ph

and
(r,8) = Qz+1,p" =224+ 1),
whenever some of the following conditions hold:
(1) ”|g—1landa = z.
2)n—1|g—1landa =z
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(3) W' —1|q—1,a=tand, if pis odd, either gcd(n’, p") # 1 or ged(w’, p" + 1) # 1.

Assume now that p = 2 and consider a nonnegative integer u and, ifu > 1, a nonnegative
integer v, satisfying 0 < u < %h —2,0<v<uand2v+1>max{0,4u + 1 — ph}.

Then, there exists an optimal (r, §)-LRC over F ph with the following parameters depend-
ing on two integer variables n' and a:

[n, k, d]ph = [(ph +Dn', (0 — DQRu+2)+2a+2, ph - Za] i
p

and
(r,8) = Qu+2, p" —2u),
whenever some of the following conditions hold:

(1) ' |q—1anda = u.
2)n—1|qg—1anda =u.
(3) " —1|g—1anda =v.

Theorem 5.12 Let F, be a finite field with g = 2! 1 > 4 being an even positive integer and
h = % Consider also a positive integer 7 satisfying 2 < 7 <3, 22741 > max{0, oh —6}.
Regard Fyn as a subfield of F,.

Then, there exists an optimal (r, §)-LRC over F, with the following parameters depend-
ing on the integer variables n’, a, b and c:

(. k, dlpy = [(2h +2n a’ —1)+b,2h+3 — b]

oh
and

(r,8) = (a,0),
whenever some of the following conditions hold:

(1) n/|q—land(a,b,c):(3,3,2h).

(2) n' —1|q—1and(a,b,c)=(3,3,2M".

(3) ' |g—1and(a,b,c)=Q"—1,2" — 1, 4).

(4) n' —1|g—1and(a,b,c)=Q2"—1,2" -1, 4).

(5) n' —1|g—1and(a,b,c)=Q"—1,2" =2z +2,4).

Finally, consider n’ and j positive integers such that j < n’' — 1 and they satisfy some of
the following conditions:

(1) n' | 2" —1and j > max{l,n —2"1}.
(2) ' —1]2" —landmax{l,n’ = 2"y <j<n -1
3) " —1|g—1land j=n"— 1.

Then, there exists an optimal (r, §)-LRC over T, with parameters

.k, dlyr = [ @ +2',3j + 12"+ 20" = )],

and
r,8) = (3,2M.

Table 1 shows parameters of some new optimal (r, §)-LRCs coming from subfield-
subcodes deduced from Theorems 5.11 and 5.12.
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Table 1 Optimal subfield-subcodes over IFP;,

Item in theorem ph q n k d r )
5.11 (3) (for (n’, z, 1) = (25,1, 0)) 5 25 150 =6-25 73 6 3 4
5.11 (1) (for (n', z) = (48, 1)) 7 49 384 =8-48 144 6 3 6
5.11 (2) (for (n’, u) = (16, 0)) 4 16 80=5-16 32 4 2 4
5.11 (3) (for (n', z, 1) = (22,2,0)) 8 64 198 =9-22 106 9 5 5
5.12 (2) (for (n’, j) = (8,5)) 8 64 80=10-8 16 30 3 8

4 3 6

5.12 (3) (forn’ = 18) 256 108=6-18 44 6

5.3 Optimal (r, §)-LRCs coming from subfield-subcodes of multivariate MCCs

This section is devoted to extend Propositions 5.6 and 5.8 and Theorems 5.11 and 5.12 to the
multivariate case. The corresponding versions are stated in the below Propositions 5.13 and
5.14, and Theorems 5.16 and 5.17. Their proofs run parallel to those given in the bivariate
case and we omit them. The sets A extend the ones used for the bivariate case, but our
multivariate case requires to write them in a different way.

Keep the notation as in Sect. 3 and Subsect. 5.1. Fix jo € {1, ..., m} (itrefers to the variable
X j, we use to interpolate when applying our recovery method) and S, $> € {1, ..., m}\{jo}
such that S{ U S = {1,...,m}\{jo} and S; N S» = @. These sets give a partition of
{1, ..., m}\{jo} to decide which variables are (or not) evaluated at zero. As before, Proposi-
tions 5.13 and 5.14 determine two constructions of sets P, J and A to get optimal families of
LRCs, and Theorems 5.16 and 5.17 give the parameters of the corresponding codes. Notice
that Proposition 5.14 and Theorem 5.17 give rise to codes over fields of characteristic two.

For our first construction, keep the notation as in the paragraphs before Lemma 5.5 but
changing i by jo. In particular consider nonnegative integers z and ¢ (and when p = 2) u
and v as in those paragraphs. Denote

Oy = {t+1,t+2,.-.,z,ph+l—z,ph+2—z,.-.,ph—t}

and
h h h h h h

Oy = L u,p——u+1,...,p——v—l,p—+v+2,—+v+3, e, —Fu+1
2 2 2

Define

Ap:={0,1,...,n =1} x ---
x{0, 1, .. mjgm1 — 1 x Qo x {0, 1, oo mjpqr — 1} x oo x {0, 1, ey my — 1,
Api=A N\ {1 —1,....njo—1 = Lejp.njr1 — 1, ... onm — D | ey € 02,4},
AT :=1{0,1,....,np =1} x ---
x{0, 1, ... mjo—1 — 1} x Q5 x {0, 1, ... njpp1 — 1} x - x {0, 1, ... my — 1}

and
A=A N\{m =1, njmr = Lejgnjprr — 1. onm — 1D | ejy € Oy}
Proposition 5.13 Keep the notation as above where ¥ i is regarded as a subfield of qupz

and p"+1 | g —1. Fixed jo and Pjy = Upiyy, the set of p" 4 1-th roots of unity, the following
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statements determine sets P = P| X - - - x Py, J and A such that the subfield-subcodes SE’J
over the field F . are optimal (r, §)-LRCs:

(1) Pj = Uy; for some nj such that nj | g — 1 whenever j € S) and when j € $
Pj=Upy;— U {0} for some nj suchthatnj —1|q—1;J = S1U{jo}and A = Ay, in
which case

(r,8) = Qz+1,p" =224 1).
(2) S1 =10, forall j € S, Pj = Uy;—1 U{0} for somen suchthatnj—1|q—1and, if pis

..........

J ={jo} and A = As, in which case
(r.8) =Qz+1,p" =22+ 1).

(3) Pj = Uy, for some nj such thatnj | ¢ — 1 when j € Sy and when j € S, P; =
Up;—1 U{0} for some nj such thatnj — 1| q—1; J = S1U{jo} and A = A}, in which
case

(r,8) = Qu+2, p" —2u).

(4) S1 = Wand forall j € Sy Pj = Uy, U {0} for some nj such thatnj — 1| q — 1;

J = {jo} and A = A3}, in which case
(r,8) = Qu+2, p" —2u).

For the second construction, we use the notation as in the paragraph before Lemma 5.7
but changing i by jo. Define

A] :={O,1,...,n] —I}XH'X{O,I,...,nJ‘O_]—1}
XQ X0, 1, oomjpsr — 1} x - x {0, 1,0y — 1,
Ay = Al\[(nl —Lnjy =i njps — Lo — 1) [ ejy € [1,2h]],
A =10, 1,...,ng =1} x - x {0, 1,....nj—1 — 1}
xQE X {0, 1, . gt — 1) x o x {0, 1,y — 1)
and

{0}, when z = 2,
Ay = A7\ {( —1..... njo—1—Lejg,njor1 —1,..., nm—1) | ej, € .
2 1 \ [ 1 Jo—1 Jos Mjo+1 m Jo 0.2, 2h 1), otherwise.

Proposition 5.14 Keep the notation as above where Fyu is regarded as a subfield of Fy_»2n.

Fixed jo and Pj, = Upn | U {0}, the set of 2"+ 1-th roots of unity together with 0, the

following statements determine sets P = Py X --- X Py, J and A such that the subfield-

subcodes Sﬁ’l over the field Fyn are optimal (r, §)-LRCs:

(1) Pj = Uy; for some nj such that nj | q — 1 whenever j € S and when j € $
P; = Unj—l U {0} for some nj such thatn; — 1| q —1; J = Sy and A = Ay, in which
case

(r,8) = (3,2M.

(2) Pj = Uy, for some nj such that nj | g — 1 whenever j € S) and when j € $
Pj = Up;—1 U{0} for some nj suchthatnj—11|q—1;J = S;and A = AL, in which
case

r,8) =@2"—1,4).

@ Springer



Optimal (r, §)-LRCs 2583

(3) St =V andforall j € S, Pj = Un;—1 U {0} for some nj such thatn; — 11| q —1;
J =0 and A = A,, in which case

(r,8) = (3,2M.

(4) Sy =Wandforall j € S, P; = Up;—1 U {0} for some nj such thatn; — 1| q —1;
J =@ and A = AL, in which case

r,8) =@2"—1,4).

Remark 5.15 As in the case of bivariate codes (see Remark 5.9), Propositions 5.13 and 5.14 do
not give an exhaustive list of the optimal (r, §)-LRCs one can get from subfield-subcodes of
MCCs, in fact they impose conditions in order to obtain new families of optimal (r, §)-LRCs.
See the beginning of this section.

Finally, we state our main results for the multivariate case. They are Theorem 5.16 (respec-
tively, 5.17) which give parameters and (r, §)-localities of the optimal (r, §)-LRCs we have
obtained in Proposition 5.13 (respectively, 5.14).

Theorem 5.16 Let T, be a finite field with g = pl, p being a prime number and | a positive
integer. Consider another positive integer h such that h divides 1, p" > 4if p =2 (p" = 5
otherwise) and assume p" + 1 | g — 1. Consider also nonnegative integers z and t satisfying
0<t<z< [%J — 1, 2t > max{0, 4z—ph — 1} and subsets Sy, S» C {1, ...,m— 1} such
that S1U S ={1,...,m — 1} and S1 N S, = (. Regard th as a subfield of Fy.

Then, there exists an optimal (r, §)-LRC over F ph with the following parameters depend-
ing on the integer variables ny, ..., n,—1 and a:

[k, dlp = [(P" 4 D, Q2 Doy —a, ph 1 =22 4a]
V4

and
(r.8)=Qz+1,p" =22 +1),
whenever some of the following conditions hold:

(1) njlgq—1forall j € S;,nj—1|qg—1forall j €S anda=0.

(2) St =W nj—1]qg—1foral j € S, a = 2(z —t) and, if p is odd, either
ged (ny -y, p") # 1orged (ny - np_y, p" +1) # L.
Assume now that p = 2 and consider a nonnegative integer u and, ifu > 1, a nonnegative

integer v, satisfying 0 < u < % —2,0<v<uand2v+1>max{0,4u +1— ph}.
Then, there exists an optimal (r, 8)-LRC over F o with parameters

[,k dlp = [P 4 Dy, Qa2 — @ p" = 2u+a
pl

and
(r,8) = Qu+2, p" —2u),
whenever some of the following conditions hold:

(1) njlgq—1forallj€S,n;j—1|q—1forall j €S anda=0.
(2) Si=W,nj—1|qg—1forall j €S anda =2(u—v).
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Table 2 Optimal (r, §)-subfield-subcodes over IE'ph

h

Item in theorem p q n k d r )
5.16 (1) (for (m, z,t) = (3, 1,0)) 5 625 480 =6-5-16 240 4 3 4
5.16 (2) (for (m, z,t) = (3,3, 1)) 9 81 800 =10-8-10 556 8 7 4
5.16 (2) (for (m, z,t) = (4, 1,0)) 4 16 320=5-4-4-4 190 5 3 3
5.16 (2) (for (m, u, v) = (3,2,0)) 8 64 720=9-8-10 476 8 6 4
5.17 (1) (form = 4) 4 256 900=6-5-5-6 450 4 3 4
5.17 (4) (for (m, z) = (3,2)) 4 16 576 =6-6-16 287 5 3 4

Theorem 5.17 Let [, be a finite field with g = 2!, | > 4 being an even positive integer and
h = é Consider also a positive integer z satisfying2 < z < 3, 2" 2741 > max {0, oh 6}
and subsets Sy, S C{1,...,m — 1} such that S; U S, ={1,...,m — 1} and S; N S» = V.
Regard Fyn as a subfield of F,.

Then, there exists an optimal (r, §)-LRC over T, with the following parameters depend-
ing on the integer variables ny, ..., n,_1, a, b and c:

[k, dly = [(2h F ) s Ny H —b,c—l—b]zh

and
(r,8) = (a,c),
whenever some of the following conditions hold:

(1) nj | q—1forall j eSl,nj—l|q—1foralljeSzand(a,b,c)=(3,0,2h).
(2) njlq—1forall j eSl,nj—l|q—1f0ralljeSzand(a,b,c)z(Zh—l,O,4).
(3) Si=¥,nj—1|q—1forall j € Sy and (a,b,c) = (3,2,2M.

(4) Si=0,n;—1|q—1forall j € Syand (a,b,c) = (2" — 1,27 -3, 4).

We finish this paper by giving, in Table 2, the parameters of some new optimal (r, §)-LRCs
coming from subfield-subcodes deduced from Theorems 5.16 and 5.17.

Acknowledgements We thank H. H. Lopez for indicating us the existence of monomial-Cartesian codes we
had gone unnoticed. We named them zero-dimensional affine variety codes in a previous version of this paper.
We also thank the reviewers for their comments that help us to improve the paper.

Funding Open Access funding provided thanks to the CRUE-CSIC agreement with Springer Nature.

Data availability Data sharing not applicable to this article as no datasets were generated or analysed during
the current study.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included in the
article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is
not included in the article’s Creative Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

@ Springer


http://creativecommons.org/licenses/by/4.0/

Optimal (r, §)-LRCs 2585

References

20.

21.

22.

23.

24.

25.

26.

27.

Andrade B., Carvalho C., Neumann V.G.L., Veiga A.C.P.: A family of codes with locality containing
optimal codes. IEEE Access 10, 39145-39153 (2022).

Barg A., Haymaker K., Howe E., Matthews G., Vdrilly-Alvarado A.: Locally recoverable codes from
algebraic curves and surfaces. In: Howe E.W., Lauter K.E., Walker J.L.. (eds.) Algebraic Geometry for
Coding Theory and Cryptography, Volume 9 of Association for Women in Mathematics Series, pp. 95—
126. Springer (2017).

Barg A., Tamo 1., Vladut S.: Locally recoverable codes on algebraic curves. IEEE Trans. Inf. Theory
63(8), 4928-4939 (2017).

Camps E., Lépez H.H., Matthews G.L., Sarmiento E.: Polar decreasing monomial-Cartesian codes. IEEE
Trans. Inf. Theory 67(6), 3664-3674 (2021).

Carvalho C., Neumann V.G.L.: A family of codes with variable locality and availability. Sdo Paulo J.
Math. Sci. 17, 55-63 (2023).

Chen B., Fang W., Xia S.T., Fu EW.: Constructions of optimal (r, §) locally repairable codes via consta-
cyclic codes. IEEE Trans. Commun. 67(8), 5253-5263 (2019).

Chen B., Huang J.: A construction of optimal (r, §)-locally recoverable codes. IEEE Access 7, 180349—
180353 (2019).

Chen B., Xia S.T., Hao J., Fu EW.: Constructions of optimal cyclic (r, §) locally repairable codes. IEEE
Trans. Inf. Theory 64(4), 2499-2511 (2018).

Chen H., Weng J., Luo W., Xu L.: Long optimal and small-defect LRC codes with unbounded minimum
distances. IEEE Trans. Inf. Theory 67(5), 2786-2792 (2021).

Fang W., Fu EW.: Optimal cyclic (r, §) locally repairable codes with unbounded length. Finite Fields
Appl. 63, 101650 (2020).

. Galindo C., Geil O., Hernando F., Ruano D.: On the distance of stabilizer quantum codes from J-affine

variety codes. Quantum Inf. Process. 16, 111 (2017).

Galindo C., Hernando F.: Quantum codes from affine variety codes and their subfield subcodes. Des.
Codes Cryptogr. 76, 89—100 (2015).

Galindo C., Hernando F., Munuera C.: Locally recoverable J-affine variety codes. Finite Fields Appl. 64,
101661 (2020).

Galindo C., Hernando F., Ruano D.: Stabilizer quantum codes from J-affine variety codes and a new
Steane-like enlargement. Quantum Inf. Process. 14, 3211-3231 (2015).

Geil O.: Evaluation codes from an affine variety code perspective. In: Martinez-Moro E., Munuera C.,
Ruano D. (eds.) Advances in Algebraic Geometry Codes, Volume 5 of Coding Theory and Cryptology,
pp. 153-180. World Science Publications, Singapore (2008).

Gopalan P., Huang C., Simitci H., Yekhanin S.: On the locality of codeword symbols. IEEE Trans. Inf.
Theory 58(11), 6925-6934 (2012).

Goparaju S., Calderbank R.: Binary cyclic codes that are locally repairable. In: 2014 IEEE International
Symposium on Information Theory, pp. 676—-680. IEEE (2014).

Guruswami V., Xing C., Yuan C.: How long can optimal locally repairable codes be? IEEE Trans. Inf.
Theory 65(6), 3662-3670 (2019).

Huang P., Yaakobi E., Uchikawa H., Siegel P.H.: Cyclic linear binary locally repairable codes. In: 2015
IEEE Information Theory Workshop (ITW), pp. 1-5. IEEE (2015).

Jin L.: Explicit construction of optimal locally recoverable codes of distance 5 and 6 via binary constant
weight codes. IEEE Trans. Inf. Theory 65(8), 4658—4663 (2019).

Kong X., Wang X., Ge G.: New constructions of optimal locally repairable codes with super-linear length.
IEEE Trans. Inf. Theory 67(10), 6491-6506 (2021).

LiX.,MaL., Xing C.: Optimal locally repairable codes via elliptic curves. IEEE Trans. Inf. Theory 65(1),
108-117 (2019).

Liu J., Mesnager S., Chen L.: New constructions of optimal locally recoverable codes via good polyno-
mials. IEEE Trans. Inf. Theory 64(2), 889-899 (2018).

LiuJ.,Mesnager S., Tang D.: Constructions of optimal locally recoverable codes via Dickson polynomials.
Des. Codes Cryptogr. 88, 1759-1780 (2020).

Luo G., Ezerman M.F,, Ling S.: Three new constructions of optimal locally repairable codes from matrix-
product codes. IEEE Trans. Inf. Theory 69(1), 75-85 (2023).

Luo Y., Xing C., Yuan C.: Optimal locally repairable codes of distance 3 and 4 via cyclic codes. IEEE
Trans. Inf. Theory 65(2), 1048-1053 (2019).

Loépez H.H., Matthews G.L., Soprunov I.: Monomial-Cartesian codes and their duals, with applications to
LCD codes, quantum codes, and locally recoverable codes. Des. Codes Cryptogr. 88, 1673—-1685 (2020).

@ Springer



2586 C.Galindo et al.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44,

45.

46.

Lopez H.H., Renteria-Mdrquez C., Villarreal R.H.: Affine Cartesian codes. Des. Codes Cryptogr. 71,
5-19 (2014).

Lopez H.H., Soprunov I., Villarreal R.H.: The dual of an evaluation code. Des. Codes Cryptogr. 89,
1367-14035 (2021).

Micheli G.: Constructions of locally recoverable codes which are optimal. IEEE Trans. Inf. Theory 66(1),
167-175 (2018).

Munuera C.: Locally recoverable codes with local error detection. arXiv Preprint arXiv:1812.00834
(2018).

Munuera C., Tenorio W.: Locally recoverable codes from rational maps. Finite Fields Appl. 54, 80-100
(2018).

Munuera C., Tenorio W., Torres F.: Locally recoverable codes from algebraic curves with separated
variables. Adv. Math. Commun. 14(2), 265-278 (2020).

Prakash N., Kamath G.M., Lalitha V., Kumar P.V.: Optimal linear codes with a local-error-correction
property. In: 2012 IEEE International Symposium on Information Theory Proceedings, pp. 2776-2780.
IEEE (2012).

Qiu J., Zheng D., Fu EW.: New constructions of optimal cyclic (r, §) locally repairable codes from their
zeros. IEEE Trans. Inf. Theory 67(3), 1596-1608 (2021).

Salgado C., Varilly-Alvarado A., Voloch J.E.: Locally recoverable codes on surfaces. IEEE Trans. Inf.
Theory 67(9), 5765-5777 (2021).

Song W., Dau S.H., Yuen C., Li T.J.: Optimal locally repairable linear codes. IEEE J. Sel. Areas Commun.
32(5), 1019-1036 (2014).

Sun Z., Zhu S., Wang L.: Optimal constacyclic locally repairable codes. IEEE Commun. Lett. 23(2),
206-209 (2019).

Tamo I., Barg A.: A family of optimal locally recoverable codes. IEEE Trans. Inf. Theory 60(8), 4661—
4676 (2014).

Tamo I., Barg A., Goparaju S., Calderbank R.: Cyclic LRC codes and their subfield subcodes. In: 2015
IEEE International Symposium on Information Theory (ISIT), pp. 1262—1266. IEEE (2015).

Tamo I., Papailiopoulos D.S., Dimakis A.G.: Optimal locally repairable codes and connections to matroid
theory. IEEE Trans. Inf. Theory 62(12), 6661-6671 (2016).

Xia'Y., Chen B.: Complete characterizations of optimal locally repairable codes with locality 1 and k — 1.
IEEE Access 7, 111271-111276 (2019).

Zeh A., Yaacobi E.: Bounds and constructions of codes with multiple localities. In: 2016 IEEE Interna-
tional Symposium on Information Theory (ISIT), pp. 640-644. IEEE (2016).

Zhang G.: A new construction of optimal (r, §) locally recoverable codes. IEEE Commun. Lett. 24(9),
1852-1856 (2020).

Zhang G., Liu H.: Constructions of optimal codes with hierarchical locality. IEEE Trans. Inf. Theory
66(12), 7333-7340 (2020).

Zhang Z., Xu J., Liu M.: Constructions of optimal locally repairable codes over small fields. Sci. Sin.
Math. 47(11), 1607-1614 (2017).

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer


http://arxiv.org/abs/1812.00834

	Optimal (r,δ)-LRCs from monomial-Cartesian codes and their subfield-subcodes
	Abstract
	1 Introduction
	2 Locally recoverable codes
	3 Monomial-Cartesian codes
	4 Optimal monomial-Cartesian codes
	4.1 The case m=2
	4.2 The case m3

	5 Optimal subfield-subcodes
	5.1 Subfield-subcodes of J-affine variety codes
	5.2 Optimal (r,δ)-LRCs coming from subfield-subcodes of bivariate MCCs
	5.3 Optimal (r,δ)-LRCs coming from subfield-subcodes of multivariate MCCs

	Acknowledgements
	References




