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Abstract

Stochastic Gradient Descent-Ascent (SGDA) is
one of the most prominent algorithms for solving
min-max optimization and variational inequali-
ties problems (VIP) appearing in various machine
learning tasks. The success of the method led
to several advanced extensions of the classical
SGDA, including variants with arbitrary sam-
pling, variance reduction, coordinate randomiza-
tion, and distributed variants with compression,
which were extensively studied in the literature,
especially during the last few years. In this pa-
per, we propose a unified convergence analysis
that covers a large variety of stochastic gradi-
ent descent-ascent methods, which so far have
required different intuitions, have different ap-
plications and have been developed separately
in various communities. A key to our unified
framework is a parametric assumption on the
stochastic estimates. Via our general theoreti-
cal framework, we either recover the sharpest
known rates for the known special cases or tighten
them. Moreover, to illustrate the flexibility of
our approach, we develop several new variants of
SGDA such as a new variance-reduced method
(L-SVRGDA), new distributed methods with com-
pression (QSGDA, DIANA-SGDA, VR-DIANA-
SGDA), and a new method with coordinate ran-
domization (SEGA-SGDA). Although variants
of the new methods are known for solving min-
imization problems, they were never considered
or analyzed for solving min-max problems and
VIPs. We also demonstrate the most important
properties of the new methods through extensive
numerical experiments.
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1 INTRODUCTION

Min-max optimization and, more generally, variational in-
equality problems (VIPs) appear in a wide range of research
areas, including but not limited to statistics (Bach, 2019),
online learning (Cesa-Bianchi and Lugosi, 2006), game the-
ory (Morgenstern and Von Neumann, 1953), and machine
learning (Goodfellow et al., 2014). Motivated by applica-
tions in these areas, in this paper, we focus on solving the
following regularized VIP: Find z* € R? such that

(F(z*),r —2*) + R(z) — R(z*) >0 Vz R (1)

where I : R? — R? is some operator and R : R? — Ris a
regularization term (a proper lower semicontinuous convex
function), which is assumed to have a simple structure. This
problem is quite general and covers a wide range of possible
problem formulations. For example, when operator F'(z)
is the gradient of a convex function f, then problem (1) is
equivalent to the composite minimization problem (Beck,
2017), i.e., minimization of f(z) + R(x). Problem (1) is
also a more abstract formulation of the min-max problem

min max f(x1,22), 2
T1€EQ1 2€Q2 f( ! 2> )

with convex-concave continuously differentiable f. In
that case, first-order optimality conditions imply that

(2) is equivalent to (1) with = = (2f,29)7,
F(z) = (Vo f(r1,22)", —Va, f(x1,22)")", and

R(z) = 6¢g,(x1) + dg,(x2), where d¢g(+) is an indicator
function of the set ) (Alacaoglu and Malitsky, 2021). In
addition, to formulate the constraints, regularization R al-
lows us to enforce some properties to the solution x*, e.g.,
sparsity (Candes et al., 2008; Beck, 2017).

More precisely, we are interested in the situations when
operator F' is accessible through the calls of unbiased
stochastic oracle. This is natural when F' has an expec-
tation form F'(z) = E¢op[Fe(z)] or a finite-sum form
F(z) = 13" | F;(z). In the context of machine learn-
ing, D corresponds to some unknown distribution on the
data, n corresponds to the number of samples, and Fg, F;
denote vector fields corresponding to the samples &, and 4,
respectively (Gidel et al., 2019; Loizou et al., 2021).
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One of the most popular methods for solving (1) is Stochas-
tic Gradient Descent-Ascent' (SGDA) (Dem’yanov and
Pevnyi, 1972; Nemirovski et al., 2009). However, besides
its rich history, SGDA only recently was analyzed without
using strong assumptions on the noise (Loizou et al., 2021)
such as uniformly bounded variance. In the last few years,
several powerful algorithmic techniques like variance reduc-
tion (Palaniappan and Bach, 2016; Yang et al., 2020) and
coordinate-wise randomization (Sadiev et al., 2021), were
also combined with SGDA resulting in better algorithms.
However, these methods were analyzed under different as-
sumptions, using different analysis approaches, and required
different intuitions. Moreover, to the best of our knowledge,
fruitful directions such as communication compression for
distributed versions of SGDA or linearly converging vari-
ants of coordinate-wise methods for regularized VIPs were
never considered in the literature before.

All of these facts motivate the importance and necessity of
a novel general analysis of SGDA unifying several special
cases and providing the ability to design and analyze new
SGDA-like methods filling existing gaps in the theoretical
understanding of the method.

In this work, we develop such unified analysis.

1.1 Technical Preliminaries

Throughout the paper, we assume that (1) has at least one
solution and operator F' is u-quasi-strongly monotone and
{-star-cocoercive: there exist constants g > 0 and £ > 0
such that for all = € RY

(F(z) = F(z"),z —a*) 2 plle = 2", 3)
1P (z) = F(2)|* < 6{F(2) — F(z"),x —a%), (4

where z* = projy.(zr) := argmingex- ||y — z| is the
projection of z on the solution set X* of (1). If u = 0,
inequality (3) is known as variational stability condition
Hsieh et al. (2020), which is weaker than standard mono-
tonicity: (F(z) — F(y),z —y) > 0 for all z,y € R™
It is worth mentioning that there exist examples of non-
monotone operators satisfying (3) with u > 0 (Loizou et al.,
2021). Condition (4) is a relaxation of standard cocoercivity
|F(z)—F(y)||> < ¢{F(x)—F(y),z—y). At this point, let
us highlight that it is possible for an operator F to satisfy (4)
and not be Lipschitz continuous (Loizou et al., 2021). This
emphasizes the wider applicability of the ¢-star-cocoercivity
compared to /-cocoercivity. We emphasize that in our con-
vergence analysis, we do not assume ¢-cocoercivity nor
L-Lipschitzness of F'.

We consider SGDA for solving (1) in its general form:

P = prox,YkR(xk — g™, (5)

'This name is usually used in the min-max setup. Although we
consider a more general problem formulation, we keep the name
SGDA to highlight the connection with min-max problems.

where ¢* is an unbiased estimator of F(z¥), ~, >
0 is a stepsize at iteration k, and prox g(z) :=
arg min,cga { R(y) + llv==17/2y} is a proximal operator
defined for any v > 0 and x € R?. While g* gives an
information about operator F’ at step k, proximal operator
is needed to take into account regularization term R. We
assume that function R is such that prox () can be easily
computed for all 2 € RY. This is a standard assumption
satisfied for many practically interesting regularizers (Beck,
2017). By default we assume that v, =~ > O forall k > 0.

1.2 Our Contributions

¢ Unified analysis of SGDA. We propose a general as-
sumption on the stochastic estimates and the problem (1)
(Assumption 2.1) and show that several variants of
SGDA (5) satisfy this assumption. In particular, through
our approach, we cover SGDA with arbitrary sampling
(Loizou et al., 2021), variance reduction, coordinate ran-
domization, and compressed communications. Under
Assumption 2.1 we derive general convergence results
for quasi-strongly monotone (Theorem 2.2), monotone
star-cocoercive (Theorem 2.5) and cocoercive problems
(Theorem 2.6).

o Extensions of known methods and analysis. As a by-
product of the generality of our theoretical framework,
we derive new results for the proximal extensions of
several known methods such as proximal SGDA-AS
(Loizou et al., 2021) and proximal SGDA with coordi-
nate randomization (Sadiev et al., 2021). Moreover, we
close some gaps on the convergence of known methods,
e.g., we derive the first convergence guarantees in the
monotone case for SGDA-AS (Loizou et al., 2021) and
SAGA-SGDA (Palaniappan and Bach, 2016) and we ob-
tain the first result on the convergence of SAGA-SGDA
for (averaged star-)cocoercive operators.

< Sharp rates for known special cases. For the known
methods fitting our framework our general theorems
either recover the best rates known for these methods
(SGDA-AS) or tighten them (SGDA-SAGA, Coordi-
nate SGDA).

o New methods. The flexibility of our approach al-
lows us to develop and analyze several new variants of
SGDA. Guided by algorithmic advances for solving min-
imization problems we propose a new variance-reduced
method (L-SVRGDA), new distributed methods with
compression (QSGDA, DIANA-SGDA, VR-DIANA-
SGDA), and a new method with coordinate random-
ization (SEGA-SGDA). We show that the proposed new
methods fit our theoretical framework and, using our
general theorems, we obtain tight convergence guaran-
tees for them. Although the analogs of these methods
are known for solving minimization problems (Hofmann
et al., 2015; Kovalev et al., 2020; Alistarh et al., 2017;
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Mishchenko et al., 2019; Horvéth et al., 2019; Hanzely
et al., 2018), they were never considered for solving min-
max and variational inequality problems. Therefore, by
proposing and analyzing these new methods we close
several gaps in the literature on SGDA. For example,
VR-DIANA-SGDA is the first SGDA-type linearly con-
verging distributed stochastic method with compression
and SEGA-SGDA is the first linearly converging coor-
dinate method for solving regularized VIPs.

¢ Numerical evaluation. In numerical experiments, we
illustrate the most important properties of the new meth-
ods. The results corroborate our theoretical findings.

Throughout the paper, we provide necessary comparisons
with closely related work. Additional works relevant to our
paper are discussed in Appendix A.

2 UNIFIED ANALYSIS OF SGDA

Key assumption. We start by introducing the next para-
metric assumption — a central part of our approach.

Assumption 2.1. We assume that for all £ > 0 the esti-
mator g* from (5) is unbiased: Ej, [¢*] = F(z*), where
E[-] denotes the expectation w.r.t. the randomness at itera-
tion k. Next, we assume that there exist non-negative con-
stants A, B,C, Dy, D1 > 0, p € (0,1] and a sequence of
(possibly random) non-negative variables {o, } x>0 such
that forall £k > 0

Ei [llg" —g**I°] < 24(F(z*) — g**,a* — z™F)
+Bo? + Dy, (6)

E. [U,%H] < 20(F(xk) - g*’k,xk - x*k)

+(1 = p)oi + D2, )

where % = proj . (z¥) and g*¥ = F(z*%).

While unbiasedness of ¢ is a standard assumption, inequali-
ties (6)-(7) are new and require clarifications. For simplicity,
assume that o7 = 0, F(z*) = 0 for all z* € X*, and
focus on (6). In this case, (6) gives an upper bound for
the second moment of the stochastic estimate ¢*. For ex-
ample, such a bound follows from expected cocoercivity
assumption (Loizou et al., 2021), where A denotes some ex-
pected/averaged (star-)cocoercivity constant and D1 stands
for the variance at the solution (see also Section 3). When F’
is not necessarily zero on X *, the shift g*-* helps to take this
fact into account. Finally, the sequence {07 }1>0 is typically
needed to capture the variance reduction process, parameter
B is typically some numerical constant, C' is another con-
stant related to (star-)cocoercivity?, and Ds is the remaining

2Although Assumption 2.1 does not formally imply star-
cocoercivity of F, but in all special cases, considered in this work,
operator F' is star-cocoercive.

noise that is not handled by the variance reduction process.
As we show in the next sections, inequalities (6)-(7) hold
for various SGDA-type methods.

We point out that Assumption 2.1 is inspired by similar
assumptions appeared in Gorbunov et al. (2020a, 2022a).
However, the difference between our assumption and the
ones appeared in these papers is significant: Gorbunov et al.
(2020a) focuses only on solving minimization problems
and as a result, their assumption includes a much simpler
quantity (function suboptimality), instead of the (F'(2"*) —
g**, 2% — x*F), in the right-hand sides of (6)-(7). The
assumption proposed in Gorbunov et al. (2022a), is designed
specifically for analyzing vanilla Stochastic EG, it does not
have {07 }x>0 sequence (not able to capture variants of
Stochastic EG with variance reduction, quantization, nor
coordinate-wise randomization) and works only for (1) with
R(z) = 0. For more detailed comparison of our approach
and this line of work, see Appendix A.

Quasi-strongly monotone case. Under Assumption 2.1
and quasi-strong monotonicity of F', we derive the following
general result.

Theorem 2.2. Let F' be u-quasi-strongly monotone (y >
0) and let Assumption 2.1 hold. Assume that 0 < v <
min {1/, 1/2(A+c M)} for some M > B/p (when B =
0, we suppose M = 0 and B/m := 0 in all following
expressions). Then the iterates of SGDA (5), satisfy:

B k
E[Vi] < <1—min {w,p—MD Vo
v3(D1 + M D»)

min {7y, p — B/m}’

®)

where the Lyapunov function V} is defined by V;, = ||z* —
%2 + M~202 for all k > 0.

The above theorem states that SGDA (5) converges linearly
to the neighborhood of the solution. The size of the neigh-
borhood is proportional to the noises D; and D;. When
D1 = Dy = 0, i.e., the method is variance reduced, it
converges linearly to the exact solution in expectation. How-
ever, in general, to achieve any predefined accuracy, one
needs to reduce the size of the neighborhood somehow. One
possible way to do that is to use a proper stepsize schedule.
We formalize this discussion in the following result.

Corollary 2.3. Let the assumptions of Theorem 2.2 hold.
Consider two possible cases.

Case 1. Let Dy = Dy = 0. Then, for any K >
0, M = 2B/p, and v = min {/u, 1/2(a+25¢/,)}, the
iterates of SGDA, given by (5), satisfy: E[Vk] <

‘/OeXp (7mln{m,g}f(
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Case 2. Let D; + M Dy > 0. For any K > 0 and
M = 2B/, one can choose {~x } x>0 as follows:

1 h h
»yk:E ingor<K>andk'<ko),
I 1
2 h
=———— ifK>—andk > ko,
TE = s+ k — ko) p -

where h = max {2(A + 2BC/p),21/p}, k = 2P/ and
ko = [K/2]. For this choice of v, the iterates of SGDA,
given by (5), satisfy:

32hV, w 36(D1 = 2BDZ’/p)
Monotone case. When p = 0, we additionally assume
that F is monotone, i.e., for all 2,y € R¢

(F(x) = F(y),r —y) > 0.

Similar to minimization, in the case of ;1 = 0, the squared
distance to the solution is not a valid measure of conver-
gence. To introduce an appropriate convergence measure,
we make the following assumption.

Assumption 2.4. There exists a compact convex set C
(with the diameter Q¢ := max, ,ec || — y||) such that
X*CC.

In this setting, we focus on the following quantity called
a restricted gap-function (Nesterov, 2007) defined for any
z € R? and any C C R satisfying Assumption 2.4:

Gapg(z) :== max [(F(u),z —u) + R(2) — R(u)]. 9)

Assumption 2.4 and function Gap,(z) are standard for the
convergence analysis of methods for solving (1) with mono-
tone F' (Nesterov, 2007; Alacaoglu and Malitsky, 2021).
Additional discussion is left to Appendix D.2.

Under these assumptions, Assumption 2.1, and star-
cocoercivity we derive the following general result.

Theorem 2.5. Let ' be monotone, ¢-star-cocoercive and
let Assumptions 2.1, 2.4 hold. Assume that 0 < v <
L/2(A+5¢/,). Then for all K > 0 the iterates of SGDA,
given by (5), satisfy:

TS
k
Gap, (K Zm ) ]
k=1
<3 [maxuec |20 — uHQ]

- 29K
8v0202
K

E

F *\ (|2
+97 max |F@)]
onix*,o

K

| 2

+ + (4A +( +8BC/p) .

vBo}

8BC
+ (44 (4A + €+ 8BC/,) v) K

+7(2+7 (44 + £ + 85C/5)) (D1 + 2BD3/). (10)

The above result establishes O(1/k) rate of convergence
to the accuracy proportional to the stepsize v multiplied
by the noise term D + 2BD2/, and max,«cx~ ||[F(z*)| >
We notice that if R = 0 in (1), then F(2*) = 0, meaning
that in this case, the second term from (10) equals zero.
Otherwise, even in the deterministic case one needs to use
small stepsizes to ensure the convergence to any predefined
accuracy (see Corollary D.4 in Appendix D.2).

Cocoercive case. The term  proportional to
max,:ex+ |[F(2*)||> can be removed if we assume
that the operator F' is not just monotone star-cocoercive (4),
but general cocoercive, i.e., it holds that for all z, y € R?

IF(z) = F(y)|* < €(F(x) = Fy),z —y).

Theorem 2.6. Let F' be {¢-cocoercive and Assump-
tions 2.1, 2.4 hold. Assume that 0 < v <
min {1/¢, 1/2(a+5¢/,)} . Then for all K > 0 the iterates
of SGDA, given by (5), satisfy:

)

<3maxuec |20 — u|?

E

- 29K
0 _ ,.%,0[2
o (6A + 30 + 12Bc/p) . w
vBaj

+ (6 4 (6A + 3¢ + 12BC/p) ) K
+ 73+ (6A+ 30+ 125C/,))(Dy + 28BDz/p).
(1n

In contrast to Theorem 2.5, the above result implies O(1/x)
convergence rate in the deterministic case. See Corol-
lary D.6 in Appendix D.3 for the results of the convergence
with a selected stepsize.

3 SGDA WITH ARBITRARY SAMPLING

We start our consideration of special cases with a standard
SGDA (5) with g* = Fg(2*),£% ~ D under so-called
expected cocoercivity assumption from Loizou et al. (2021),
which we properly adjust to the setting of regularized VIPs.

Assumption 3.1 (Expected Cocoercivity). We assume
that stochastic operator F¢(z),{ ~ D is such that for
all v € RY, Ep [||Fe(x) — Fe(z*)|]?] < p(F(z) —
F(z*),z — x*), where * = proj y. ().

When R(xz) = 0, this assumption recovers the original
one from Loizou et al. (2021). We also emphasize that for
operator I Assumption 3.1 implies only star-cocoercivity.
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Following Loizou et al. (2021), we mainly focus on the
finite-sum case and its stochastic reformulation: we consider
a random sampling vector £ = (&1,...,&,)T € R™ having
a distribution D such that Ep[€;] = 1 for all ¢ € [n]. Using
this we can rewrite F'(z) = 23" | F;(z) as

F(z) ==Y Epl¢Fi(x)] = Ep [Fe(x)], (12)

where F¢(z) = 13" & F;(x). Such a reformulation
allows to handle a wide range of samplings: the only as-
sumption on D is Ep[¢;] = 1 for all € [n]. Therefore, this
setup is often referred to as arbitrary sampling (Richtarik
and Takac, 2020; Loizou and Richtarik, 2020a,b; Gower
et al., 2019, 2021; Hanzely and Richtérik, 2019; Qian et al.,
2019, 2021a). We elaborate on several special cases in
Appendix E.5.

In this setting, SGDA with Arbitrary Sampling (SGDA-
AS)? fits our framework.

Proposition 3.2. Let Assumption 3.1 hold. Then, SGDA-
AS satisfies Assumption 2.1 with A = {p, Dy = 202 :=
2maxg-cx+ Ep [||Fe(z*) — F(z*)|]?], B=0,0% =0,
C=0,p=1,D,=0.

Plugging these parameters to Theorem 2.2 we recover the
result* from Loizou et al. (2021) when R(x) = 0 and gener-
alize it to the case of R(x) # 0 without sacrificing the rate.
Applying Corollary 2.3, we establish the rate of convergence
to the exact solution.
Corollary 3.3. Let F' be p-quasi-strongly monotone and
Assumption 3.1 hold. Then for all K > 0 there exists a
choice of 7y (see (48)) for which the iterates of SGDA-AS,
satisfy:

Effla" — a7
KDQ(Q) 12 0’2
— 2K *
© ( v P\t ) TR )
where Q2 = ||20 — 2*0|2.

For the different stepsize schedule, Loizou et al. (2021)
derive the convergence rate O(1/K + 1/kx?) which is inferior
to our rate, especially when o2 is small. In addition, Loizou
et al. (2021) consider explicitly only uniform minibatch
sampling without replacement as a special case of arbitrary
sampling. In Appendix E.5, we discuss another prominent
sampling strategy called importance sampling. In Section 6,
we provide numerical experiments verifying our theoretical

3For the pseudo-code of SGDA-AS see Algorithm 1 in Ap-
pendix E.

“In the main part of the paper, we focus on p-quasi strongly
monotone case with ;1 > 0. For simplicity, we provide here
the rates of convergence to the exact solution. Further details,
including the rates in monotone case, are left to the Appendix.

findings and showing the benefits of importance sampling
over uniform sampling for SGDA.

4 SGDA WITH VARIANCE REDUCTION

In this section, we focus on variance-reduced variants
of SGDA for solving finite-sum problems F(xz) =
LS | Fi(z). We start with the Loopless Stochastic
Variance Reduced Gradient Descent-Ascent (L-SVRGDA),
which is a generalization of the L-SVRG algorithm pro-
posed in Hofmann et al. (2015); Kovalev et al. (2020). L-
SVRGDA (see Alg. 2) follows the update rule (5) with

g" = Fj, (a") = Fj, (w") + F(u"),
ft1 x®,  with prob. p, (13)
w =
wk,  with prob. 1 — p,

where in k'" iteration jj, is sampled uniformly at random
from [n]. Here full operator F is computed once w” is
updated, which happens with probability p. Typically, p
is chosen as p ~ 1/n ensuring that the expected cost of
1 iteration equals O(1) oracle calls, i.e., computations of

F;(z) for some i € [n].

We introduce the following assumption about operators
F;.
Assumption 4.1 (Averaged Star-Cocoercivity). We as-

sume that there exists a constant ¢ > 0 such that for all
xz € R4

= .
52 |AF, (z,2%)|* < UF(x)—F(z*),z—z*), (14)
=1

where Ap, (z,2%) =
projx - (z).

For example, if F; is ¢;-cocoercive for i € [n], then (14)
holds with ¢ < max;e[,) £;- Next, if F; is L;-Lipschitz for
all ¢ € [n] and F is p-quasi strongly monotone, then (14) is
satisfied for ¢ € [L,Z°/u], where I’ = LS L2

Moreover, for the analysis of variance-reduced variants of
SGDA we also use the uniqueness of the solution.

Assumption 4.2 (Unique Solution). We assume that the
solution set X* of problem (1) is a singleton: X* = {z*}.

These assumptions are sufficient to derive validity of As-
sumption 2.1 for L-SVRGDA estimator.

Proposition 4.3. Let Assumptions 4.1 and 4.2 hold. Then,
L-SVRGDA satisfies Assumption 2.1 with A = £, B = 2,
o = & Lt [Fi(w®) — Ex(@*)|?, C = b2, p = p,
Dy =D, =0.

Plugging these parameters in our general results on the con-
vergence of SGDA-type algorithms we derive the conver-
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gence results for L-SVRGDA, see Table 1 and Appendix F.1
for the details. Moreover, in Appendix F.2, we show that
SAGA-SGDA (Palaniappan and Bach, 2016) fits our frame-
work and using our general analysis we tighten the conver-
gence rates for this method.

We compare our convergence guarantees with known results
in Table 1. We note that by neglecting importance sampling
scenario, in the worst case, our convergence results match
the best-known results for SGDA-type methods, i.e., ones
derived in Palaniappan and Bach (2016). Indeed, this fol-
lows from ¢ € [L,T°/u). Next, when the difference between
7 and 7 is not significant, our complexity results match the
one derived in Chavdarova et al. (2019) for SVRE, which is
EG-type method. Although in general, ¢ might be smaller
than Z our analysis does not require cocoercivity of each F;
and it works for R(x) # 0. Finally, Alacaoglu and Malitsky
(2021) derive a better rate (when n = O(L°/42)), but their
method is based on EG. Therefore, our results match the
best-known ones in the literature on SGDA-type methods.

5 DISTRIBUTED SGDA WITH
COMPRESSION

In this section, we consider the distributed version of (1),
i.e., we assume that F'(z) = 2 3" | F;(x), where {F;}I,
are distributed across n devices connected with parameter-
server in a centralized fashion. Each device ¢ has an access
to the computation of the unbiased estimate of F; at the
given point. Typically, in these settings, communication is a
bottleneck, especially when n and d are huge. This means
that in the naive distributed implementations of SGDA,
communication rounds take much more time than local
computations on the clients. Various approaches are used to
circumvent this issue.

One of them is based on the usage of compressed com-
munications. We focus on unbiased compression opera-
tors.

Definition 5.1. Operator Q : R? — R (possibly ran-
domized) is called unbiased compressor/quantization if
there exists a constant w > 0 such that for all z € R¢

E[Q()] =z, E[|Q() -z’ <wlal®. (15

In this paper, we consider compressed communications in
the direction from clients to the server. The simplest method
with compression — QSGDA (Alg. 4) — can be described as
SGDA (5) with g* = 1 3™ | O(g¥). Here gF are stochas-
tic estimators satisfying the following assumption®.

SWe use this assumption for illustrating the flexibility of the
framework. It is possible to consider Arbitrary Sampling setup as
well.

Assumption 5.2 (Bounded variance). All stochastic real-
izations gf are unbiased and have bounded variance, i.e.,
forall ¢ € [n] and k > 0 the following holds:

Elgi] = Fi(«*), Ellgf — F@")*) <of.  (16)

K3

Despite its simplicity, QSGDA was never considered in
the literature on solving min-max problems and VIPs. It
turns out that under such assumptions QSGDA satisfies our
Assumption 2.1.

Proposition 5.3. Let F' be /-star-cocoercive and As-
sumptions 4.1, 5.2 hold. Then, QSGDA satisfies As-

sumption 2.1 with A = 3 + Wl B — o =0,

2n °

2 2
Dy = 30E8) 49 o = 1, Dy = 0, where

n
2
0% = 530107, GE = maxawex+ iy |1 Fi(a®)|%

As for the other special cases, we derive the convergence
results for QSGDA using our general theorems (see Table 2
and Appendix G.1 for the details). The proposed method
is simple, but has a significant drawback: even in the deter-
ministic case (o = 0), QSGDA does not converge linearly
unless Cf = 0. However, when the data on clients is arbi-
trarily heterogeneous the dissimilarity measure ¢2 is strictly
positive and can be large (even when R(x) = 0).

To resolve this issue, we propose a more advanced scheme
based on DIANA update (Mishchenko et al., 2019; Horvéth
et al.,, 2019) — DIANA-SGDA (Alg. 5). In a nutshell,
DIANA-SGDA is SGDA (5) with ¢g* defined as follows:

AF =gk — pk

K2

1 n
bk AF
g +n;Q( i)y

hith = hi + aQ(AY),

a7
1 n 1 n

[ kL — pkp = AF
OB +an;Q< D,

i=1

where the first two lines correspond to the local computa-
tions on the clients and the last two lines — to the server-side
computations. Taking into account the update rule for h**1,
one can notice that DIANA-SGDA requires workers to send
only vectors Q(A¥) to the server at step , i.e., the method
uses only compressed workers-server communications.

As we show next, DIANA-SGDA fits our framework.

Proposition 5.4. Let Assumptions 4.1, 4.2, 5.2 hold.

Suppose that & < 1/(1+w). Then, DIANA-SGDA with

quantization (15) satisfies Assumption 2.1 with a,% =

%E?:l |hE — Fi(x*)||* and A = (% S %) {, B = 27“’
2 Y

D, = % C = %e,p = a, Dy = ao?, where

2_ 1y 2
o —nZi:lai-

DIANA-SGDA can be considered as a variance-reduced
method since it reduces the term proportional to w(? that the
bound for QSGDA contains (see Table 2 and Appendix G.2
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Table 1: Summary of the complexity results for variance reduced methods for solving (1). By complexity we mean the number of oracle
calls required for the method to find  such that E[||lz — z*||*] < e. Dependencies on numerical and logarithmic factors are hidden.
By default, operator F' is assumed to be p-strongly monotone and, as the result, the solution is unique. Our results rely on p-quasi
strong monotonicity of F’ (3), but we also assume uniqueness of the solution. Methods supporting R(z) # 0 are highlighted with *. Our

results are highlighted in green. Notation: ¢, L = averaged cocoercivity/Lipschitz constants depending on the sampling strategy, e.g.,

. .22
for uniform §ap1pllng C==30 J
star-cocoercivity constant from Assumption 4.1.

21 = L5~ | L7 and for importance sampling £ = L 3% ¢, L =157

Li; Z = averaged

[ Method [ Citation Assumptions Complexity |
SVRE (Chavdarova et al., 2019) F; is ¢;-cocoer. n+ ﬁ
EG-VR*™ | (Alacaoglu and Malitsky, 2021)  F; is L;-Lip. n+ f L
SVRGDA * (Palaniappan and Bach, 2016) F; is L;-Lip. n +
SAGA-SGDA * | (Palaniappan and Bach, 2016) F; is L;-Lip. n +
VR-AGDA (Yang et al., 2020) F is Liax-Lip.2) min {n + Linax n2/3 %}
L-SVRGDA * This paper As. 4.1 n + %
SAGA-SGDA * This paper As. 4.1 n+ ﬁ

() The method is based on Extragradient update rule.

@ Yang et al. (2020) consider saddle point problems satisfying so-called two-sided PL condition, which is
weaker than strong-convexity-strong-concavity of the objective function.

for the details). As the result, when ¢ = 0, i.e., workers
compute F;(x) at each step, DIANA-SGDA enjoys linear
convergence to the exact solution.

Next, when local operators F; have a finite-sum form
Fi(z) = X Z;“:l F;;(z), one can combine L-SVRGDA
and DIANA-SGDA as follows: consider the scheme from
(17) with

")+ F(wy),

with prob. p,

= Fjj, (2%) — Fy, (w

k

k+1 _ €,
w; T = f
U}i,

where jj, is sampled uniformly at random from [m]. We
call the resulting method VR-DIANA-SGDA (Alg. 6) and
we note that its analog for solving minimization problems
(VR-DIANA) was proposed and analyzed in Horvith et al.
(2019).

To cast VR-DIANA-SGDA as a special case of our gen-
eral framework, we need to make the following assump-
tion.

(18)
with prob. 1 — p,

Assumption 5.5. We assume that there exists a constant
¢ > 0 such that for all z € R?

o Z Ar, @ ") < BF(@)-F@),7—a),

19)

where Ap, (z,2%) = Fyj(x) — Fi;(z*), 2* = projx. ().

Using Assumption 5.5 and previously introduced conditions,
we get the following result.

Proposition 5.6. Let F' be ¢-star-cocoercive and Assump-
tions 4.1, 4.2, 5.5 hold. Suppose that @ < min {g, H%}

Then, VR-DIANA-SGDA satisfies Assumption 2.1 with
A= £ + ~+ (LM) B 2(W+1) U — ||hk
Fi(z )II2 e Do 1ZJ I (wh) ( )II2 C=
%l_'_a(g_’_g), :Oé,Dlz.DQ:O.

Since D1 = Dy = 0, our general results imply linear con-
vergence of VR-DIANA-SGDA when p > 0 (see the details
in Appendix G.3). That is, VR-DIANA-SGDA is the first
linearly converging distributed SGDA-type method with
compression. We compare it with MASHA1 (Beznosikov
et al., 2021b) in Table 2. Firstly, let us note that MASHA1
is a method based on EG, and its convergence guarantees
depend on the Lipschitz constants. In addition, we note
that the complexity of MASHAT1 could be better than the
one of VR-DIANA-SGDA when cocoercivity constants are
large compared to Lipschitz ones. However, our compleixty
bound has better dependency on quantization parameter w,
number of clients n, and the size of the local dataset m.
These parameters can be large meaning that the improve-
ment is noticeable.

6 NUMERICAL EXPERIMENTS

To illustrate our theoretical results, we conduct several nu-
merical experiments on quadratic games, which are defined
through the affine operator: F(z) = 13" Az + b;,
where each matrix A; € R**? is non-symmetric with all
eigenvalues having strictly positive real parts. Enforcing all
the eigenvalues to have strictly positive real part ensures that
the operator is strongly monotone and cocoercive. We con-
sider two different settings: (i) problem without constraints,
and (ii) problem that has ¢; regularization and constraints
forcing the solution to lie in the ¢, -ball of radius r. In
all experiments, we use a constant stepsize for all methods
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Table 2: Summary of the complexity results for distributed methods with unbiased compression for solving distributed (1) with
F=21 1 Fi(z). By complexity we mean the number of communication rounds required for the method to find z such that

E[||z s I*] < . Dependencies on numerical and logarithmic factors are hidden. I stands for the setup, when F; () = B¢, [Fk, (x)];
¥ denotes the case, when F;(z) = - >0ty Fij(z). Our results rely on p-quasi strong monotonicity of /' (3), but we also assume

the uniqueness of the solution. Methods supporting R(z) # 0 are highlighted with *. Our results are highlighted in green. Notation:

0':l
n

> o2 — averaged upper bound for the variance (see Ass. 5.2 for the definition of ¢7); w = quantization parameter (see

ef. 5.1); ¢2 = L maxgeex 3.7, |Fi(@)]|%; Lmax = max;epn) Li; £ = averaged star-cocoercivity constant from Ass. 5.5.
Def. 5.1); ¢2 = ® F@)) L et Lis 0 ged y from Ass. 5.5
[ Setup | Method [ Citation Assumptions Complexity ]
- QSGDA * This paper As.4.1,52 ﬁ oS :—5 o8 %
- & : 2, wl | (14w)o?
DIANA-SGDA This paper As.4.1,52 wt o+
MASHA1 *® | (Beznosikov etal,, 2021b)  Fj is Li-Avg. Lip.? 4 oy 4 L/ (mte)(142)
T
% £ (A4w)(l+0)
VR-DIANA-SGDA * This paper As. 41,55 MWt
+ (14+w) max{m,w}¥
nmuy

() The method is based on Extragradient update rule.

® This means that for all z, y € R? and i € [n] the following inequality holds: - 3" ||Fi; (z) — F;(y)||> < L[|z —yl|*.

which was selected manually using a grid search and picking
the best-performing stepsize for each method. For further
details about the experiments and additional experiments
see Appendix B.

Uniform sampling (US) vs Important sampling (IS). We
note that Loizou et al. (2021) which studies SGDA-AS does
not consider IS explicitly. Although we show the theoret-
ical benefits of IS in comparison to US in Appendix E.5,
here we provide a numerical comparison to illustrate the
superiority of IS (on both constrained and unconstrained
quadratic games). We choose the matrices A; such that
lrmax = max; £; > (. In this case, our theory predicts that
IS should perform better than US. We provide the results
in Fig. 1. We observe that indeed SGDA with IS converges
faster and to a smaller neighborhood than SGDA with US.
This observation perfectly corroborates our theory.

Comparison of variance reduced methods. In this ex-
periment, we test the performance of our proposed L-
SVRGDA (Alg. 2) and compare it to other variance-reduced
methods on quadratic games, see Fig. 2. In particular, we
compare it to SVRG (Palaniappan and Bach, 2016), SVRE
(Chavdarova et al., 2019), EG-VR (Alacaoglu and Malitsky,
2021) and VR-AGDA (Yang et al., 2020). In the constrained
setting, we only compare L-SVRGDA to SVRG and EG-
VR, since they are the only methods from this list that han-
dle constrained settings. For loopless variants, we choose
p= % and for the non-loopless variants we pick the number
of inner-loop iterations to be n. We observe that all methods
converge linearly and that L-SVRGDA is competitive with
the other considered variance-reduced methods, converging
slightly faster than all of them.

We point out that we plot the distance to optimality as a
function of the number of oracle calls. When using variance-
reduced methods we sometimes have to compute the full-
batch gradient, and thus have to make n oracle calls. This
is why we observe “steps” for variance-reduced methods

in Fig. 2: we observe a “step” every time the full batch
gradient is computed.

Comparison of distributed methods. In our last exper-
iment, we consider a distributed version of the quadratic
game, in which we assume that Fi(z) = 13" | F;(2)
with each {F;} ; being constructed similarly to the pre-
vious experiments. The information about operator F; is
stored on node ¢ only. We compare the distributed methods
proposed in the paper: QSGDA, DIANA-SGDA, and VR-
DIANA-SGDA. For the quantization, we use the RandK
sparsification (Beznosikov et al., 2020a) with K = 5. We
show our findings in Fig. 3, where the performance is mea-
sured both in terms of the number of oracle calls and the
number of bits communicated from workers to the server.
In both figures, we can clearly see the advantage of using
quantization in terms of reducing the communication cost
compared to the baseline SGDA. We also observe that VR-
DIANA-SGDA achieves linear convergence to the solution.
Additional experiments are deferred to Appendix B.
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A FURTHER RELATED WORK

The references necessary to motivate our work and connect it to the most relevant literature are included in the appropriate
sections of the main body of the paper. Here we present a broader view of the literature, including some more references to
papers of the area that are not directly related with our work.

Variants of the key assumption in prior work & Detailed comparison to our results. Here we would like to provide
more details on the comparison with the closely related works (Gorbunov et al., 2020a, 2022a; Loizou et al., 2021).

As we mention in the main part of the paper, Gorbunov et al. (2020a) focus on solving the much simpler minimization
problems using SGD. In particular, their Assumption 4.1 requires a function suboptimality (or Bregman divergence) for
the upper bound, a concept that cannot be used in VI problems (there are no functions). Thus, the difference of the two
notions does not solely lie on the norm bound, but begins at the deeper, conceptual level. In addition, we focus also on
monotone VIs (non-quasi-strongly monotone), while Gorbunov et al. (2020a) consider only the class of quasi-strongly
convex minimization problems.

Next, Gorbunov et al. (2022a) provide convergence guarantees for vanilla SEG under the arbitrary sampling paradigm.
Their analysis is not able to capture SEG with variance reduction, quantization, and coordinate-wise randomization. In
contrast, our approach covers variants of SGDA with variance reduction, quantization and coordinate-wise randomization.
We are able to capture these more advanced variants by using sequence {07 };>o (see (7)) in our key assumption, and
this is a major difference between our approach and the approach of Gorbunov et al. (2022a). In addition, our analysis
works for the case R(x) # 0. Although the generalization of the analysis to the case of non-zero R might be trivial in the
quasi-strongly monotone case, for the monotone case this is definitely not straightforward. Finally, for the monotone case,
we do not require large batch-sizes to achieve any predefined accuracy, while analysis of SEG in (Gorbunov et al., 2022a)
does (see Appendix B in their work).

Finally, we highlight again that Loizou et al. (2021) focus only on uniform minibatch SGDA for solving quasi-strongly
monotone problems. This is only a special case of our approach (see Section 3). We note that even in this scenario, through
our analysis we were able to provide faster convergence by considering SGDA with importance sampling (see Appendix E.5
and Fig. 1).

Stochastic methods for solving VIPs. Although this paper is devoted to SGDA-type methods, we briefly mention here
the works studying other popular stochastic methods for solving VIPs based on different algorithmic schemes such as
Extragradient (EG) method (Korpelevich, 1976) and Optimistic Gradient (OG) method (Popov, 1980). The first analysis of
Stochastic EG for solving (quasi-strongly) monotone VIPs was proposed in Juditsky et al. (2011) and then was extended
and generalized in various ways (Mishchenko et al., 2020; Hsieh et al., 2020; Beznosikov et al., 2020c; Li et al., 2021;
Gorbunov et al., 2022a). Stochastic OG was studied in Gidel et al. (2019); Hsieh et al. (2019); Azizian et al. (2021). In
addition, lightweight second-order methods like stochastic Hamiltonian methods and stochastic consensus optimization
were studied in Loizou et al. (2020), and Loizou et al. (2021), respectively.

Analysis of SGDA. SGDA is usually analyzed under uniformly bounded variance assumption. That is, E[||gF —
F(z")|? | %] < o2 is typically assumed to get convergence guarantees (Nemirovski et al., 2009; Mertikopoulos and
Zhou, 2019; Yang et al., 2020). This assumption rarely holds, especially for unconstrained VIPs: it is easy to construct an
example of (1) with F' being a finite sum of linear operators such that the variance is unbounded. Lin et al. (2020) provide a
convergence analysis of SGDA under a relative random noise assumption allowing to handle some special cases not covered
by uniformly bounded variance assumption. However, relative noise is also a quite strong assumption and usually requires a
special type of noise appearing in coordinate methods® or in the training of overparameterized models (Vaswani et al., 2019).
In their recent work, Loizou et al. (2021) proposed a new weak condition called expected cocoercivity. This assumption fits
our theoretical framework (see Section 3) and does not imply strong conditions on the variance of the stochastic estimator
but it is stronger than star-cocoercivity of operator F'.

Variance reduction for VIPs. The first variance-reduced variants of SGDA (SVRGDA and SAGA-SGDA - analogs
of SVRG (Johnson and Zhang, 2013) and SAGA (Defazio et al., 2014)) for solving (1) with strongly monotone operator
F' having a finite-sum form with Lipschitz summands were proposed in Palaniappan and Bach (2016). For two-sided

SFor example, see inequality (64) from Appendix H in the case when there is no regularization term, i.e., when R(x) = 0 and, as a
result, F'(z*) = 0 forall z* € X™.
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PL min-max problems without regularization Yang et al. (2020) proposed a variance-reduced version of SGDA with
alternating updates. Since the considered class of problems includes non-strongly-convex-non-strongly-concave min-max
problems, the rates from Yang et al. (2020) are inferior to Palaniappan and Bach (2016). There are also several works
studying variance-reduced methods based on different methods rather than SGDA. Chavdarova et al. (2019) proposed a
combination of SVRG and Extragradient (EG) (Korpelevich, 1976) called SVRE and analyzed the method for strongly
monotone VIPs without regularization and with cocoercive summands F;. The cocoercivity assumption was relaxed to
averaged Lipschitzness in Alacaoglu and Malitsky (2021), where the authors proposed another variance-reduced version
of EG (EG-VR) based on Loopless variant of SVRG (Hofmann et al., 2015; Kovalev et al., 2020). Loizou et al. (2020)
studied stochastic Hamiltonian gradient descent (SHGD), and propose the first stochastic variance reduced Hamiltonian
method, named L-SVRHG, for solving stochastic bilinear games and and stochastic games satisfying a “sufficiently bilinear”
condition. Moreover, Loizou et al. (2020) provided the first set of global non-asymptotic last-iterate convergence guarantees
for a stochastic game over a non-compact domain, in the absence of strong monotonicity assumptions.

We should highlight that the rates from Alacaoglu and Malitsky (2021) match the lower bounds from Han et al. (2021).
Under additional assumptions similar results were achieved in Carmon et al. (2019). Alacaoglu et al. (2021) developed
variance-reduced method (FORB-VR) based on Forward-Reflected-Backward algorithm (Malitsky and Tam, 2020), but the
derived rates are inferior to those from Alacaoglu and Malitsky (2021).

Using Catalyst acceleration framework of Lin et al. (2018), Palaniappan and Bach (2016); Tominin et al. (2021) achieve
(neglecting extra logarithmic factors) similar rates as in Alacaoglu and Malitsky (2021) and Luo et al. (2021) derive even
tighter rates for min-max problems. However, as all Catalyst-based approaches, these methods require solving an auxiliary
problem at each iteration, which reduces their practical efficiency.

Communication compression for VIPs. While distributed methods with compression were extensively studied for solving
minimization problems both for unbiased compression operators (Alistarh et al., 2017; Wen et al., 2017; Mishchenko et al.,
2019; Horvéth et al., 2019; Li et al., 2020; Khaled et al., 2020; Gorbunov et al., 2021) and biased compression operators
(Seide et al., 2014; Stich et al., 2018; Karimireddy et al., 2019; Beznosikov et al., 2020a; Gorbunov et al., 2020b; Qian et al.,
2021b; Richtarik et al., 2021), much less is known for min-max problems and VIPs. To the best of our knowledge, the first
work on distributed methods with compression for min-max problems is Yuan et al. (2014), where the authors proposed a
distributed version of Dual Averaging (Nesterov, 2009) with rounding and showed a convergence to the neighborhood of the
solution that cannot be reduced via standard tricks like increasing the batchsize or decreasing the stepsize. More recently,
Beznosikov et al. (2021b) proposed new distributed variants of EG with unbiased/biased compression for solving (1) with
(strongly) monotone and Lipschitz operator F'. Beznosikov et al. (2021b) obtained the first linear convergence guarantees on
distributed VIPs with compressed communication.

On quasi-strong monotonicity and star-cocoercivity. In this work we focus on quasi-strongly monotone VI problems, a
class of structured non-monotone operators for which we are able to provide tight convergence guarantees and avoid the
standard issues (cycling and divergence of the methods) appearing in the more general non-monotone regime.

Since in general non-monotone problems, finding approximate first-order locally optimal solutions is intractable (Daskalakis
et al., 2021; Diakonikolas et al., 2021), it is reasonable to consider class of problems that satisfy special structural assumptions
on the objective function for which these intractability barriers can be bypassed. Examples of problems belong in this
category are the ones of our work which satisfy (3) or, for example, the two-sided PL condition (Yang et al., 2020) or the
error-bound condition (Hsieh et al., 2020). It is worth highlighting that quasi-strong monotone problems were considered in
Mertikopoulos and Zhou (2019); Song et al. (2020); Loizou et al. (2021); Gorbunov et al. (2022a) as well.

Cocoercivity is a classical assumption in the literature on VIPs (Zhu and Marcotte, 1996) and operator splittings (Davis and
Yin, 2017; Vi, 2013). It can be interpreted as an intermediate notion between monotonicity and strong monotonicity. In
general, it is stronger than monotonicity and Lipschitzness of the operator, e.g., simple bilinear games are non-cocoercive.
From Cauchy-Swartz’s inequality, one can show that a /-co-coercive operator is ¢-Lipschitz. In single-objective minization,
one can prove the converse statement by using convex duality. Thus, a gradient of a function is L—co-coercive if and only if
the function is convex and L-smooth (i.e. L-Lipschitz gradients) (Bauschke et al., 2011). However, in general, a L-Lipchitz
operator is not L—co-coercive. Star-cocoercivity is a new notion recently introduced in Loizou et al. (2021) and is weaker
than classical cocoercivity and can be achieved via a proper transformation of quasi-monotone Lipschitz operator (Gorbunov
et al., 2022b). Moreover, any j-quasi strongly monotone L-Lipschitz operator F is ¢-star-cocoercive with £ € [L, L*/,] and
there exist examples of operators that are quasi-strongly monotone and star-cocoercive but neither monotone nor Lipschitz
(Loizou et al., 2021).
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Coordinate and zeroth-order methods for solving min-max problems and VIPs. Coordinate methods for solving
VIPs are rarely considered in the literature. The most relevant results are given in the literature on zeroth-order methods for
solving min-max problems. Although some of them can be easily extended to the coordinate versions of methods for solving
VIPs, these methods are usually considered and analyzed for min-max problems. The closest work to our paper is Sadiev
et al. (2021): they propose and analyze several zeroth-order variants of SGDA and Stochastic EG with two-point feedback
oracle for solving strongly-convex-strongly-concave and convex-concave smooth min-max problems with bounded domain.
Moreover, Sadiev et al. (2021) consider firmly smooth convex-concave min-max problems which is an analog of cocoercivity
for min-max problems. There are also papers focusing on different problems like non-sonvex-strongly-concave smooth
min-max problems (Liu et al., 2020; Wang et al., 2020), non-smooth strongly-convex-strongly-concave and convex-concave
min-max problems (Beznosikov et al., 2020b) and on different methods like ones that use one-point feedback oracle
(Beznosikov et al., 2021a). These works are less relevant to our paper than Sadiev et al. (2021). Moreover, the results
derived in these papers are inferior to the ones from Sadiev et al. (2021).
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B MISSING DETAILS ON NUMERICAL EXPERIMENTS

The code for the experiments is available here: https://github.com/hugobb/sgda.

B.1 Setup

We consider the special case of (1) with F' and R defined as follows:

Fa)= LY F(@), F@)=Aw+b, 0)
i=1

if ||2]|oo <7,

21
if ||2)|oo > 7, @h

0,
R(z) = A|z|1 + 05,0y (z) = Allz[1 + {
—+00,

where each matrix A; € R?*? is non-symmetric with all eigenvalues with strictly positive real part, b; € R%, r > 0 is the
radius of {,-ball, and A > 0 is regularization parameter. One can show (see Example 6.22 from Beck (2017)) that for the
given R(z) prox operator has an explicit formula:

prox, () = sign () min {max {|x| — y\,0} , 7}, (22)

where sign(-) and | - | are component-wise operators. The considered problem generalizes the following quadratic game:

n

1
: T T T T T
min max — =T ALixl + Tq A27ix2 — =T9 A37iI2 + bl L1 — b2 i L2 + A||£Z?1||1 - )\Hl‘ng
1 lloe <7 [lz2]lo<r 7 4= 2 2 ’ '

i=

with ;I < Ay ; < LiTand p;X < As; < L;1. Indeed, the above problem is a special case of (1)+(21) with

([ A Asgy (b1
e <9€2> A= (_A2,i A3,i> o <bz,i> ’

R(z) = M|z1|1 + Allz2ll1 + 0B, 0)(z1) + 6B, (0) (72)-

In our experiments, to generate the non-symmetric matrices A; € R?*¢ defined in (21), we first sample real random matrices
B; where the elements of the matrices are sampled from a normal distribution. We then compute the eigendecomposition
of the matrices B; = QiDiQi_l, where the D; are diagonal matrices with complex numbers on the diagonal. Next, we
construct the matrices A; = R(Q; D Q; ') where R(M),; ; = R(M, ;) and D" is obtained by transforming all the
elements of D, to have positive real part. This process ensures that the eigenvalues of A; all have positive real part, and thus
that F'(z) is strongly monotone and cocoercive. The b; € R? are sampled from a normal distribution with variance 100/4.
For all the experiments we choose n = 1000 and d = 100. For the distributed experiments we simulate m = 10 nodes on a
single machine with 2 CPUs.

B.2 Additional Numerical Experiments with Distributed Methods

In the main part, we reported the numerical results on the comparison of QSGDA, DIANA-SGDA, and VR-DIANA-SGDA

applied to solve a distributed version of the quadratic game, in which we assume that F((z) = £ Y7 | F;(z) with each

{F;}?_, having similar form to (20). Fig. 3 shows the results for the problem with R(z) = 0. In Fig. 4, we present the
results for the problem with R(z) defined in (21). The behavior of the methods in this case is very similar to the case

without regularization R(x).
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Figure 4: Results on distributed quadratic games with constraints. Letf: Number of oracle calls. Right: Number of bits communicated
between nodes.

However, in both Fig. 3 and 4, DIANA-SGDA performs similarly to QSGDA since the noise o2 is larger than the dissimilarity
constant (2. To illustrate further the difference between DIANA-SGDA and QSGDA, we conduct an additional experiment
with full-batched methods (o = 0), see Fig. 5. We consider the full-batch version of QSGDA and DIANA-SGDA. This
enables us to separate the noise coming from the quantization from the noise coming from the stochasticity. We observe that
when using full-batch DIANA-SGDA converges linearly to the solution while QSGDA only converges to a neighborhood
of the solution. An interesting observation is that although the convergence is linear, the distance to optimality is not
monotonically decreasing, this does not contradicts the theory.

[ |
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Distance to optimality
_
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Figure 5: QSGDA vs DIANA-SGDA: DIANA-SGDA converges linearly to the solution while QSGDA only converges to a neighborhood
of the solution.
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C AUXILIARY RESULTS AND TECHNICAL LEMMAS

Useful inequalities. In our proofs, we often apply the following inequalities that hold for any a,b € R? and o > 0:
la+0* < 2fal* +2[1p]%, (23)

(a,b)

IN

A

1 2, Q2
—_— — . 24
—lall® + S0l (24

Useful lemmas. The following lemma from Stich (2019) allows us to derive the rates of convergence to the exact
solution.

Lemma C.1 (Simplified version of Lemma 3 from Stich (2019)). Let the non-negative sequence {ry }1>¢ satisfy the
relation

i1 < (1 — ave)r + evi
for all k& > 0, parameters a > 0, ¢ > 0, and any non-negative sequence {7 } k>0 such that v, < L/n for some h > a,
h > 0. Then, for any K > 0 one can choose {7 } >0 as follows:

h 1

it K < — = —

1 —a7 ’yk’ h’

h 1

if K > —and k < ko, Yo = —,

a h

h 2

if K > —and k > k =
= g = Tk a(k +k — ko)’

where k = 2h/a and ko = [K/2]. For this choice of 74 the following inequality holds:

32hrq o 7% 36¢
*P\7on ) T 2K

rr <

In the analysis of monotone case, we rely on the classical result from proximal operators theory.
Lemma C.2 (Theorem 6.39 (iii) from Beck (2017)). Let R be a proper lower semicontinuous convex function and
x* = prox_ p(z). Then for all z € R? the following inequality holds:
(zt —z,2—z%) > v (R(z*) — R(2)) .

Finally, we rely on the following technical lemma for handling the sums arising in the proofs for the monotone case.

Lemma C.3. Let K > 0 be a positive integer and 7,19, ...,nx be random vectors such that Ex[ng] := E[n; |
My-wosMe—1] =0fork =2,..., K. Then

2

K K
B> e | = D Ellmell®) (25)
k=1 =1
Proof. We start with the following derivation:
K ? r K—1 (=1 2
B> me| | = Elllmcl?)+2E <nK,an> TE ||| m
k=1 i et M=
I K-1 1 Me-1 |2
= E[|nkl|*] + 2E |Ex <77K7Z77k>] +E Z%
L k=1 | L k=1
[ K-1 K-1 2
= E[|nk|?* +2E <EK[77K]a 77k> +E ‘ Nk
L k=1 k=1
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K-1 |2

Z%

k=1

= E[nxl’] +E

o k-1 || K-2_ |2 2 2
Applying similar steps to E szzl nkH ,E HZk:l nkH ;oo E HZk:lnkH , we get the result.
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D PROOFS OF THE MAIN RESULTS
In this section, we provide complete proofs of our main results.

D.1 Quasi-Strongly Monotone Case
We start with the case when I’ satisfies (3) with i > 0. For readers convenience, we restate the theorems below.

Theorem D.1 (Theorem 2.2). Let F' be p-quasi-strongly monotone with g > 0 and Assumption 2.1 hold. Assume that

1 1
< 3 -
0<7—“11H{M’Q(A+CM)} (26)

for some M > B/p. Then for the Lyapunov function Vj, = ||z — 2**||2 + M~202, and for all k > 0 we have

. BY\* 2(Dy + MD
E[Vi] < (1 — min {w,p - M}) E[Vo] + m?n({yz P B/QA)J}~ (27)

Proof. First of all, we recall a well-known fact about proximal operators: for any solution z* of (1) we have

z* = prox p(z* —vF(z")). (28)

Using this and non-expansiveness of proximal operator, we derive

||£Ck+1 _ x*,k+1”2 < kaJrl _ x*,k”2
* * 2
= [Jprox, z(z* — yg*) — prox g (a™" — yF(a™"))]|
* * 2
<l —agh — et =)

= |la® =P =2y (2" — 2" g" = F(a™h)) + 92 g" - F(a™h)].
Next, we take an expectation E[-] w.r.t. the randomness at iteration k and get
E, [ka-u _ x*,k+1”2] = ek — k|2 - 24 <$k — o™k F(z%) — F(x*k)>
+77Ex [Hgk - F(ﬂ?*’k)lﬂ

k x*,k

~
INS

2 — 2y (a* — 2*, F(z") — F(2*%))
+7% (24 <1:k —a*k F(ab) - F(x*’k)> + Boj + D1) .

2

Summing up this inequality with (7) multiplied by M~?2, we obtain

Ep [[la**! — 2 **?] + My Erlof ]
< [l — @ k| = 29 (a* — a7k, F(ak) - F(a™F))
+9° (24 (" — 2™ F(a*) = F(«™")) + Bo + D1)
+ My? (2C (a* — 2 F(a*) — F(z*F)) + (1 = p)of + Dz)

B
= ||zF — 2% + M~H? <1 —p+ M> ot +7*(D1 + MD,)
—-2y(1—~y(A+CM)) <mk—x*’k,F(a:k) —F(x*k)> (29)
Since v < m the factor —2+ (1 — v(A + C'M)) is non-positive. Therefore, applying strong quasi-monotonicity of

F', we derive

Ep (o =22 + My?oi ] < (=29 (1 = y(A+ CM))) [la* — 2™F||?

B
+My? (1 —p+ M) or +7°(D1 + MDs).
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Using v < m and the definition V = [|z* — 2*F||2 + M~207, we get

IN

o B
BelViea] < (L=l — P+ 202 (1= 7 ) o2 +9%(D + M Dy

IN

B
(1 — min {w,p — M}) Vi +9° (D1 + MDy).

Next, we take the full expectation from the above inequality and establish the following recurrence:
, B
E[Viy1] < (1 — min {ﬁ% p— M}) E[Vi] +~°(D1 + M Dy). (30)
Unrolling the recurrence, we derive

B\ k—1 B\
EVi] < (1 — min {’yu,p — M}) E[Vo] +v%(Dy + M Dy) <1 — min {'yu,p — M}

IN

(1 — min {W,p — E})k E[Vo] + (D1 + M D,)

. B\" V(D1 + M Ds)

which finishes the proof. O
Using this and Lemma C.1, we derive the following result about the convergence to the exact solution.
Corollary D.2 (Corollary 2.3). Let the assumptions of Theorem 2.2 hold. Consider two possible cases.
1. Let D; = Dy = 0. Then, for any K > 0, M = 2B/, and
1 1
=minq —, ————— 31
v =min {5 semery ) oy
we have
: M P
2. Let Dy + M Dy > 0. Then, for any K > 0 and M = 2B/, one can choose {7y } x>0 as follows:
h 1
if K S ) Ve = 7>
7 h
. h 1
if K > —and k < ko, Yo = —, (33)
I h
h 2
if K > —and k > ko, =—
f S 7 Py

where h = max {2(A + 2BC/p),2u/p}, k = 2h/u and kg = [K/2]. For this choice of 7 the following inequality

holds:
2(A +2BC/p) 2 . [ P
=) < st (B Do (< { oty 1)
36(D; + 2BDz2/)p)
t——pr (34)

Proof. The first part of the corollary follows from Theorem 2.2 due to

(1w o= 21) = (1 min {3 2) " < exp (i o £} 1)

M
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Plugging (31) in the above inequality, we derive (32). Next, we consider the case when D + M Dy > 0. First, we notice
that (30) holds for non-constant stepsizes 7, such that

1 1
. < mi _ 5.
O<%_mm{u’2(A+CM)}

Therefore, for any k£ > 0 we have

. B
E[Vi] < (1 — min {%% p— M}) E[Vi] + 73 (D1 + M Ds)

M:2B/p . 2
="" (1 —min {yxp,#/2}) E[Vi] + 77 (D1 + 2BDz2/,).

Secondly, we assume that for all £ > 0

. P 1
< —_— .
0<7’“mln{2u’2(A+0M)}

Applying this to the recurrence for E[V}], we obtain
E[Vita] < (1= vp) E[Vi] + i (D1 +2BD2/,).

It remains to apply Lemma C.1 with r, = E[V}], @ = p, ¢ = Dy + 2BD2/p, and
h = max {2(A + 2BC/,), 211/} to the above recurrence. O

D.2 Monotone Case

Next, we consider the case when p = 0. Before deriving the proof, we provide additional discussion of the setup.

We emphasize that the maximum in (9) is taken over the compact set C containing the solution set X *. Therefore, the
quantity Gap (z) is a valid measure of convergence (Nesterov, 2007). We point out that the iterates 2% do not have to lie
in C. Our analysis works for the problems with unbounded and bounded domains (see Nesterov (2007); Alacaoglu and
Malitsky (2021) for similar setups).

Another popular convergence measure for the case when R(x) = 0in (1) is ||F(z*)|%. Although the squared norm of the
operator is a weaker guarantee, it is easier to compute in practice and better suited for non-monotone problems (Yoon and
Ryu, 2021). Nevertheless, ||F(z*)||? is not a valid measure of convergence for (1) with R(x) # 0. Therefore, we focus on
Gape(z) in the monotone case.’

Theorem D.3 (Theorem 2.5). Let F' be monotone, ¢/-star-cocoercive and Assumptions 2.1, 2.4 hold. Assume that

0<y< ————. 35
Then for the function Gap(z) from (9) and for all K > 0 we have
K
1 3 [maxyec [|2° — ul)?]
E — k <
$203 =® — 20
AA + ¢ +8BC/,) .

=g + (44 + £+ 85¢) e
B 2

+(4+ (44 + £+ 85C/p) 7) 20
pK

+7(2+ 7 (4A + £+ 8BC/p)) (D1 + 2BD2/p)

+97 max |[F(z")||*. (36)

k+1

Proof. First, we apply the classical result about proximal operators (Lemma C.2) with z+ = zF+1 2 = 2% — y¢*, and

2 = w for arbitrary point u € R%:
(@ — 2k p gt u— ) >y (R = R(w)) .

"When R(z) = 0, our analysis can be modified to get the guarantees on the squared norm of the operator.
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Multiplying by the factor of 2 and making small rearrangement, we get
27(g% u — ) + 2(xF T — 2k — 2Py 4 2(aF T — gk gk gk P > 2y (R(ka) — R(u))
implying
2y ((F(2%), 2% —u) + R(z* 1) — R(u)) < 2zt — gk u— 2F) 4 29 (F (%) — g%, 2% — u)
+2<xk+1 _ xk7xk _ $k+1> + 2’y<gk7$k o $k+1>.
Next, we use a squared norm decomposition |la + b||? = ||a||? + ||b]|* + 2(a, b), and obtain
2y ((F(2"),2" —u) + R"") = R(w)) < [l2"* = 2| + [la* —ulf® — [|l2** —ulf?
+29(F(a") — g%, 2" —u)
=22 — 2 4 29(g", 2 — 2P, (37)
Then, due to 2{a, b) < ||a|?* + ||b||* we have

[ — 2% + ||l2* — | = [J2* ! — u?
+2v(F(2F) — g", 2% — w)

=20 — P2 + 2 g"? + fla* - 252
k+1

2y ((F(z%), 2" —u) + R(z*') — R(u))

IN

= [lo* = — 2 — u?

+2y(F(2%) — g%, 2% — ) + 42| g" |2

Monotonicity of F implies (F(u),z* — u) < (F(z*), 2% — u), allowing us to continue our derivation as follows:

2y ((F(u), 2" —u) + R@@"*") = R(u)) < [lz* —ul® = [|2"T —u?
+29(F(z*) — g", 2% — u) + (| g"|?
= flz* —ul? = []2" —u?
+2y(F(z*) — g, 2% — u)
+7%|g* — g*F + g™ |2
@3)

< fleb =l = (2P — P
+29(F(z*) — g*, 2" — u)
+2921g" — " 1* + 2421 g"* |12

Summing up the above inequality for £ = 0,1,..., K — 1, we get

K-1 K- K-1
27y ((F(u),z" —u) + R@**!) = R(u)) < 2" =l = D flat = ulf?
k=0 k=0

=

k=0

K—1
+29° ) lg™H?
k=0

K-1
+29° > g = goF)?
k=0
K-1

2 —wl® = [l —ul® +29* Y llg™*)?
k=0

K

1oy (R () - g2 — )
k=0

[y
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K-—1
+292 ) lg" = gmF)*.
k=0

Next, we divide both sides by 2y K

K-1 K1
1 0 12 LK 2
= 2 ((F(w),a" —u) + R*) — R(u)) < 27 — ull QMﬂx ull % g
=0 k=0
1 K-1
+32 D (F@") = g* 2" —u)
k=0
~y K-1
_ k _ _%k2
e 2o llgt =97
k=0

and, after small rearrangement, we obtain

—

Kf
1 k+1 _ k+1y _ < [2° —ul® = || —u|® | (F(u),2" =29
R 2 ((F(u),z u) + R(z" 1) — R(u)) < K + 7

=
L

llg™*

=]
PN
iy

(F(a*) — g 2" —u)

+
=| =
ES
g

=
L

k —g*’k||2~

+ lg

=[=
ol
I
[e=]

Applying Jensen’s inequality for convex function R, we get R ( S xk“) < LSO R(2F). Plugging this in

the previous inequality, we derive for ©* being a projection of u on X*

Iy 1xk+1 —u)+R 1lek+1>—R(u)
R R (3

K-—1
20 —wl® = [J#% —ul® | (F(u),z" =2°%  ~ .
< + + 3¢ 2 g™ I

=[ =

- 29K K
K-—1 K-—1
1
+ g 2 ) gt ) ggmﬁ—f$w
@ [l = ull? = X —ulP | 2% — 2O )
< F F(u* Fu*
< i T ()~ Fu') + F)|
K— K— K-—1
—fZ I 2 + = S (R — gFa* —up+ L 3 [lg* — 7|2
K k=0 K k=0 K k=0

(23) _ 2 K _ 2 0 __ 2 K _ 2
2 ol o —ul? | w8y

- 29K 27K K
~y K-1
+ 22 2 g™ HIP 4 Sy F () + Z )
k=0
~y K-1
I k_  xk|2
+ 23" ligt - g™
k=0
@ ||z —ull®  8y||u — u*|?
T* *

vK K
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1 =

=

K—

,_.

—gF ok —u)
k=0 k=0

g™ — g1

NR

Next, we take maximum from the both sides in v € C, which gives Gap,, (% Zszl zk ) in the left-hand side by definition
(9), and take the expectation of the result:

K
1 E [max,cc |20 — ul|?] ~ 8y(*E [maxycc [lu — u*|?]
E |G = at <
e <}(1€=1:1j >] 7}( ’ K

F *\ (12
+9 max | F(@)]

1 K—-1 K—-1
+2E [max 3 (F(z%) - g*, 2" —u) % E [llg* — g"*|?]
k=0 k=0
E [max,cc [|2° — ul]?] 840202 9
< F(z”
< K + =g 9y max [|F(2")]|
1 K—-1
+ 5B |max } _(Fa") - g*.2 —U>]
k=0
5 K—-1
+7 2 Ellg" =g (38)
k=0

In the last step, we also use that X* C C and Q¢ := max, yec || — y|| (Assumption 2.4).

It remains to upper bound the terms from the last two lines of (38). We start with the first one. Since

K—-1 K—-1
E Z(F(w’“)—g’“7x’“>] = E Z(E[F(xk)—gkmk],m] =0,
k=0 k=0
K-1 K-1
E Z(F(x’“)—g’“»w%] = (E[F(a*) — g*],2") = 0,
k=0 k=0
we have
1 K-1 1 K—1
L By ko k _ 4 N
KElrggg (F(z") —g", @ m] E (F(z") g,w>]
=0 k=0
1 K-—1
Bl o) F ky _ _k
+t glggk:0< (@) = 9", u>]
1 K-1
_ . ky __ k
= RE|max ) (F(%)-g" wl
k=0
1 K-1
_ k k .0
S| R
k=0
1 K—-1
k k
+E rggng:OW(x )—g ,—U>]
1 K—-1
_ - kN _ k 0 _
= Erggg<K (F(z") —g"),x u>
k=0
2
K-1
4 yK || 1 1
< E = F(xF) — o 0 2
rggg{ 5 Kk:o( @) =g + gl —ul
- K-1 2 1
= —_E F(z*) — ¢* —ull?
5K k=0< (@) = g%) +27KmaXHx ull®.
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We notice that E[F(z*) — g* | F(2°) — ¢°,..., F(zF=%) — g*~!] = 0 for all k > 1, i.e., conditions of Lemma C.3 are
satisfied. Therefore, applying Lemma C.3, we get

1 K—-1 K-1
2B [max Y (PG — gt —w)| < 5 ST EIF@) - gt
k=0 k=0
1
+727K max |20 — ul?. 39)

Combining (38) and (39), we derive

K 0 2 202
1 3 u - 8v0-Q)

29K K

y Ko

ﬁ Z:O ]E Hg )H }

,7 —1

e Z [llg* —g™*] (40)
@) 3 [maxuec 20 —ull?]  8y£2Q2 9
< *
< e+ T oy e [P

2 Q’YK_l k *,k
+fZE[H9 -9

k=0

K—-1
N k 2
tx L ElFE °]-

Using {-star-cocoercivity of F' together with the first part of Assumption 2.1, we continue our derivation as follows:

Gapc< Zw )] < [maquCV;OuIF] n 87129% 29D, + 9y mae |[F(a)]?
+W KX_:lE [(F(a:k) gtk gk 2fyB Z IE
k=0
- 3[maxue;7;°—u||2] 8%;9 +2vD1 + 9y nax. | (z*)|1?
(41‘}1{-&- ?) ISE ) — g ek — x*’k>]
k=0
22 (14 ) Yep - B2 S el

Next, we use the second part of Assumption 2.1 and get

K 0 2 202
1 3 |maxycce ||2” —u 8v4<Q2
E | Gap, (K > x’“)] < 3maxeecl] Pl 9P% o by 1oy max [|F(z")]?

27K K
K-1
4A+7¢
( K+ ) Z E [<F(f£k) o g*’k,xk - x*,k>]
k=0
K-1
2vB 1
4 Z{ <1+> E[2C<F({L‘k_1) g*’k_l,l'k_l *,k 1>]
P k=1
K-1
2vB 1
P k=1
K-1
2vB 1\ 5 29B 9
1+ -)2- 22N E
K ( +p>00 pK o]
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3 [maxyec [|2° — ul)?] N 80202 n 2yB(1+1/p) ,

= K K K 0
+27 (D1 + B(1 +1/p) D)
K-1
Y(4A + 0)
+97 max PP + L5223 R [(R@H) — g7, 2 — o)
k=0
2vB 1
+’y< )ZE [2C(F Bk —a*h) 4+ (1 - p)oi]
2'yB
Z E Uk
3 [maxuec Hx — ul?] N 80202 N 2vB(1+ 1/p) 2
= WK K K 0
+27(D1 + B(1 +Yp)Ds) + 9y max ||F(z")||*
K—-1
(4A + 0+ 4BC(1 +1/,)) % E [(F(z¥) — g"% 2 — 2]
k=0
K-2 K-—1
2vB 1 9 2vB 9
+——1-p (1+> E|o| — — E|o
= 1=0) Pk:o[k] pKkZO[k]

Since (1 — p) (1 4+ 1/p) = —p + 1/p < 1/p, the last row is non-positive and we have

K
1 3 [maxyec |20 — ull?]  8v2Q2  2yB(1 4+ 1/p)
Gape (K kzzlx )] = K T YT rx 0

+27 (D1 + B(1 +1/p)D3) + 9y max, |F(z*))? 41)

v (4A + €+ ABC(1 + 1/,)) "=
K

k=0

Note that inequality (29) from the proof of Theorem 2.2 is derived using Assumption 2.1 only. With M = B/, it gives

B [kt _ pekt1p2 VQBE 2 < Ellgk — p=k|2 WQBE 2 20D, 4 BD
[l x MJFT) k] < [lz" —a |]+7p 0] +7*(D1 + BD2/p)

—27(1 —~(A+ BC/p))E [<zk —z*F, F(zk) - g*k>] .
Since v < 1/2(A+Bc/p) we obtain

v*B

'YE ka — gt k F(J}k> _ g*,k>] < E [ka _ I*’kHZ] + E [Ul%] i [ka-&-l _ x*,k+1||2]

2
B
_%E[Uiﬂ] +7%(D1 + BD2/y).

Plugging this inequality in (41), we derive

[maXueC on - U||2] 87529% 29B(1+1/p) ,
Gapc< Zw )1 < K + K + I o

+27y (D1 4 B(1 +1/p) Do) + 9y max, |1F (%)

K-1
1
+(AA+L+4BC(1+1p)) - 2= ) B [[|z% — z*F|?]
k=0
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K—-1
1
_ (4A + 0+ 4BC(1 + 1/p)) . ? E [||:Ek+1 - z>c<,lc+1||2]
k=0
2p K-1
F(4A T 0+ 4BC(1+ 1) - 1— E [0} — 0} ,4]
k=0

+72 (4A + £ +4BC(1 +1/p)) - (Dy + BDz2/p)

3 [maxyec |20 — ul|?]  8v£2Q2 |2® — 2*9)2
4A 4+ ¢4 8BCy). 2 2 N
< K + e+ (4A + 0+ 8BC/p) 7
vBag
+(4+ (4A+ L +8BC/p)y) —— 42)
pK
7 (<2 7 (1A + £+ 35C/,))(Dy +25Ds/,) +9 max F(m*>||2) ’
where in the last inequality we use 1 + 1/p < 2/p. O
Corollary D.4. Let the assumptions of Theorem 2.5 hold. Then, for all K one can choose y as
1 Q Q Q
7 = min 7 Ao,c\//_o’ 0,C e U 3)
4A+1(+8BC/y’ 50v/B ' \/K(D;y +2BD2/,)’ G.VK
where Qg = ||2°—2*9||? and Qo ¢, 5, and G., are some upper bounds for max,ec ||2°—u, o0, and max,« e x« || F(x*)||
respectively. This choice of « implies E [Gapc (% Zle xk)} equals
o (At LB Qe +96) + 6% QocGovVB | Qoc(y/Di+BPx/p+ Gu)
K VPK VK ’
Proof. First of all, the choice of « from (43) implies (35) since
1 < 1
4A+0+8BC/, = 2(A+ BC/p)’
Using (10), the definitions of Qg ¢, 70, G+, and v < 1/(aA+e4850/,), we get
K
1 3 [maxyec |20 — ul|?]  8y£202 20 — 0|2
E |G — k < C 4+ (4A+148BC)) . = L
apC<K;x )] < K +— + (4A+ ( +8BC/y) %

vBag
pK

9 (2 (444 €4 550) (D1 +2802) 49 s PGP

(44 (4A+ £+ 35C/5) )

305 80202 N (4A + 0 +8BC/,)02
= 2K K K
vB53
K
+7 (247 (44 + £+ 85C/,)) (D1 + 28Ds/p) + 9GY)
308 e  8y2Q%  (4A+ € +8BC/,)02 N 5vB&?
29K K K pK

9BD
+3y (Dl + =y 3G3) .

+(4+ (4A + £ +8BC/p) 5)
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Finally, we apply (43):

K 2
1 3Q 1 80202
E |Gap; | — E zk 0. 4. ¢
K k=1 2 min { L Qo.cv/p Qo.c o, } K ¢ K

IN

AA+EHSBC)p 50V/B ) \[K(D:1+2BD3/p) GVE

L AA+ L+ 350 | Qocyp 7B

K covB  pK
Q 2BD Q
0,C 3(D1+ 2) 0,C 905
K(Dl +ZBD2/p) G*\/K

o[ AT+ ) + 92 0050V E
K VoK

+QO,C(\/D1+73D2/I)+ Gy)
R )
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D.3 Cocoercive Case

The upper bound from Theorem 2.5 contains the term proportional to max,«¢ x+ ||F'(z*)||?, which is non-zero in general.
Therefore, even when there is no noise the method with constant stepsize converges only to some error proportional to
max,-ecx+ ||F(x*)||?. To resolve this issue we assume /-cocoercivity of F, i.e., we assume that

IF(z) = F(y)l|* < {{F(z) - Fy),z —y) Y,y eR™

Theorem D.5 (Theorem 2.6). Let F' be ¢-cocoercive and Assumptions 2.1, 2.4 hold. Assume that

. 1 1
0<’Y§mln{£72(A+BC/p)}- (44)

Then for the function Gap(z) from (9) and for all K > 0 we have

*,0”2

1 & k 3max,ec |20 — ul? |2° —
Gap, 7 Z 0 < + (644 3¢+ 12BC/p) . ——

E
— 29K K

B 2
+(6+ (6A + 30 +12BC/5) ) %

78+ 7 (64 + 30+ 125C/p)) (D1 + 2BD2/p).

(45)

Proof. We start the proof from (37).
2y ((F(2%),2" —u) + R(z" ™) — R(u))

IN

ok = ¥ 4 ok — ull? — [ — ul?
+2y(F(ab) — gb,ab — u)

—2||2* T — 2F||? + 29(gF, 2F — 2MTT)
k+1

2% — ul? = [|2" T — u?
+2y(F(z") — g", 2" — u)
et — P+ 29(Plu), 2t — ot

+2v(g* — F(u), z® — 2* 1),
Then, due to 2{a, b) < ||a|* + ||b||* we have

2y ((F(wk), xF — u) + R(ka) — R(u))

IN

o —ul® 2541~ ul?
+29(F(2*) — g*, 2" — u)
—[lz*tt — 2*|? + 2y(F(u), 2" — &)
+92g" = F(u)||? + ||lz* — a* |
¥ —ul® = [l — u?
+29(F(2*) - g¥, 2" — u)

+29(F (), 2" — a1 + 92(lg" — F(u)|*.

Next, we add 2 ((F(u), "' — u) — (F(2*), 2% — u)) to both sides of the previous inequality.

2y ((F(u), 2" —u) + R(*") — R(u)) < [Ja* —ul® — 2" —u|?
+29(F(u) — g*, 2" — u) + 7?(lg" — F(u)|?
< 2 —ulf® = [l —uff?
—2y(F(z*) = F(u), 2" — u)
—~2v(g" — F(z*),2" — u)
+29%(|g" = F (") + 29| F (a*) — F(u)?.

Using that F' is /-co-cocoercive, we get

2y ((F(u), oF T ) 4 R(2Mh) — R(u))

IN

2" = wl® = fl** — ul®
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2Rt - P

~2y(g" — F(a),2* — )

F(aM)|? + 292 F(z") - F(u)?

+29°|1g* —
= o* —ulf? — |2Ft — u|?
2y
— 7 (1—~0) | F(z*) — F(u)|?

—2v(¢" = F(a"), 2" — )

+29°||g" — F(z")|*.

With v < 1 we have
o kaJrl o u||2

2y ((F(u), 2" —u) + R@"") = R(u)) < |a* —ul?
—2v(g" — F(z"), 2" — )

+29°||g" — F(«")]%.

Summing up the above inequality for k = 0,1,..., K — 1, we get
K- K-1 K—1
27y ((Fu), 2" —u) + R"") = R(u)) < la* =l = D flat T —ulf?
k=0 k=0
+297 Z lg" — F(z")|?
+2v Z (F(a*) = ¢*, 2" —u).
k_
Next, we divide both sides by 2vK
K-1
1 0 _ 112 _ ||+E _ .12
LS (P o -+ R — Ry < L=l ]
297K
k=0
5 K-1
na k 2
+ L3 gt - Pt
k=0
=
R 2 P =gt =)

Applying Jensen’s inequality for convex function R, we get R ( Skt < LSt R(akt,
| K-l | K-l
<F(u), (K Z ka) - u> +R (K Z a:kH) —R(u)
k=0 k=0
_lla® = ull? — [ — ul?
- 2’yK

Z )12
+ % %(F(mk) — gk 2k — ).

Next, we take maximum from the both sides in v € C, which gives Gap,, (% Zszl m’“) in the left-hand side by definition

(9), and take the expectation of the result:
K-1
E [max,ec [|2° — ul?]

slo ()] = HEE

E[lg" — F(a*)|?]
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Using the estimate (39), we get

o (137

maxyec [2” —ul® ¥ N~ p ik gk
g 2 Bl - FEI

|
2
=

K-1
Ea £) — gF 2] + 5o max [2° — u|?
IR 2 B[IF(2%) = "I + 5 e maxfl” — vl
K-1
3maxyec [|2° — ull? 377 ZE lg" — F("))°] .
27K 2K k=0

K—1
It remains to estimate = > E [[lg¥ — F(2*)|?]. This was done in the previous proof (see from (40) to (42)). Then, we

finally have
1 & k 3maxyec |20 — ul]? B |20 — 202
Gapc< ;x )1 K + (6A + 30 +12BC/,) . %
yBag

+ (6 + (6A + 3¢ + 12BC/,) ~) oK
+Y(3 + 7 (64 + 30 4 12BC/p))(Dy + 2BD2/p).

Corollary D.6. Let the assumptions of Theorem D.5 hold. Then, for all K one can choose v as

1 Qo,c\/p Qoc } (46)

= min , — ,
7 {GA +3¢+128C6/," Go\/B ' \/K(D; + 2BD>/,)

where g := |20 — 2*°||? and Qo c,
choice of ~ implies [Gapc ( S xk)} equals

. This

(A+L+BCo)( Qg +9%)  QocooVB . Qocy/Di+ BD2/p
0 1 i .
K K VE

Proof. First of all, the choice of v from (46) implies (35) since
1 < 1
6A+ 3¢ +12BC/, = 2(A+ BC/p)’

Using (45), the definitions of (g ¢, 59, and v < 1/(6A+3¢+125¢/,), we get
20 — 2= 0|2

Gap 7% < 3maXueC ||J,‘O—U||2 —|—(6A+3£+12BC/ )
C\K ot = WK K
B 2
+ (6 + (6A + 3 + 12BC/p) 5) %
+7(3 +7 (6A + 3¢ +128/,))(D; + 28D/
305 e (6A 4 30+ 12BC/)02
29K K
B35y
+ (6 + (6A + 30 + 12BC/p) 5) K
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+7(3 + 7 (64 + 304 125C/p))(Dy + 2BD2/p)

308c  (6A+30412BC/,)Q2  TyB52
’ 4y (D
< 9K + 7 + K + w( 1+

2BD2>

Finally, we apply (43):

K 2
1 305 ¢
G — k ]
e\ K Zx . Qo.c Q
k=1 2 min L /P 9.¢ K
6A+3¢+12BC/p0 5o\/B "’ /K (D1+25D2/,)
+ (GA + 3¢ + 12BC/p)Qg 4 QO,C\/,B ) ’VBIO"\%
K G0V B pK
2BD
QO’C -4 (Dl + 2)
K(D; +2BDz/p) P
((A + L+ BCo) (B o+ ) Qc60VB
= O . + —
K JPK
+Qo,cv Dy + BDz2/p
VK '

E

IN
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E SGDA WITH ARBITRARY SAMPLING: MISSING PROOFS AND DETAILS

Algorithm 1 SGDA-AS: Stochastic Gradient Descent-Ascent with Arvitrary Sampling

1: Input: starting point 2Y € R4, distribution D, stepsize v > 0, number of steps K

2: fork=0to K —1do

3 Sample £ ~ D independently from previous iterations and compute g* = Fex (x*)
4 M = prox p(z* —vg")
5
6

: end for

E.1 Proof of Proposition 3.2
Proposition E.1 (Proposition 3.2). Let Assumption 3.1 hold. Then, SGDA satisfies Assumption 2.1 with

A=tp, B=0, o}=0, Di=20%:=2 max Ep [|Fe(z") — F")|?],

C=0, p=1, Dy=0.

Proof. To prove the result, it is sufficient to derive an upper bound for Ey, [||¢* — F(z**)||?]:

Ex [llg" = F(z*")|?]

Ep [Hng, (xk) — F(l‘*’k)HZ]
2Ep [Hng (:Uk) — ng (x*,k)HZ] 1 92Ep “|ng (x*vk) B F(x*,k)HQ}

N

Ass.(3.1)
< 2p(F (%) — F(z*"), 2% — 2*F) + 202,

where 02 := max,-cx+ Ep [[|F¢(2*) — F(z*)||?]. The above inequality implies that Assumption 2.1 holds with
A=Ilp, B=0, 0}=0, D;=202:=2 max Ep [||Fe(z*) — F(z*)|?],
rreX*

C:O, ,0:1, D2:0

E.2 Analysis of SGDA-AS in the Quasi-Strongly Monotone Case

Plugging the parameters from the above proposition in Theorem 2.2 and Corollary 2.3 we get the following results.

Theorem E.2. Let F' be u-quasi strongly monotone, Assumption 3.1 hold, and 0 < v < 1/2¢5. Then, for all £ > 0 the

iterates produced by SGDA-AS satisfy

2 2
E [|lz* — z**|2] < (1 — y)*||a® — 2|2 + 2
o)

(47)

Corollary E.3 (Corollary 3.3). Let the assumptions of Theorem E.2 hold. Then, for any K > 0 one can choose {7 } x>0

as follows:
. 2p 1
K< — = —
1 = L ) Yk 2€D7
20 1
ifK>"2andk <ky, o=—0,
1 20p

20p
if K > —— and k > ko, =,
' I = Tk 4p + p(k — ko)

(48)
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where ko = [K/2]. For this choice of -y the following inequality holds for SGDA-AS:

640p . ( W ) 7202
— exp| ——K | + .
T 2K

EoX — " K|2] < =20 — o+

E.3 Analysis of SGDA-AS in the Monotone Case

In the monotone case, using Theorem 2.5, we establish the new result for SGDA-AS.

Theorem E.4. Let F' be monotone ¢-star-cocoercive and Assumptions 2.1, 2.4, 3.1 hold. Assume that v < 1/2¢5,. Then
for Gap(z) from (9) and for all K > 0 the iterates produced by SGDA-AS satisfy

K
1 3maxyec |20 —ul|? | 8202 | (4lp +0) [|2° — 20|12
EGapC<KZ$k>] o Bmaxeclle’ —ul’ | 8120 (A +0) 2~ |
k=1

VK K K

+27(2 + 7 (4€p + 0))os + 9y s 17 ()11

Next, we apply Corollary D.4 and get the following rate of convergence to the exact solution.

Corollary E.5. Let the assumptions of Theorem E.4 hold. Then VK > 0 and

v = min { ! Yo o.c } (49)
Up+1' 2K, GNK

the iterates produced by SGDA-AS satisfy

K 2 2 2
1 bp+0)(Q2 .+ 02)+ 002 Qyelon + Ga
E Gapc< Zxkﬂ :(,)((D )(2%.¢ %) ¢ oclo +G)>-
Ko

K VK

As we already mentioned before, the above result is new for SGDA-AS: the only known work on SGDA-AS (Loizou
et al., 2021) focuses on the u-quasi-strongly monotone case only with p > 0. Moreover, neglecting the dependence on
problem/noise parameters, the derived convergence rate O (1/k + 1/vK) is standard for the analysis of stochastic methods
for solving monotone VIPs (Juditsky et al., 2011).

E.4 Analysis of SGDA-AS in the Cocoercive Case

In the cocoercive case, using Theorem D.5, we establish the new result for SGDA-AS.

Theorem E.6. Let F be ¢-cocoercive and Assumptions 2.1, 2.4, 3.1 hold. Assume that v < 1/2¢5. Then for Gap, ()
from (9) and for all K > 0 the iterates produced by SGDA-AS satisfy

K
1 3maxyec |20 —ul|?  (6p + 30) ||2° — 2*0|2
G =Y a* < <
e (K k:1$ )] N 2K " K

E

+27(3 + 7 (60p + 3£))a2.

Next, we apply Corollary D.6 and get the following rate of convergence to the exact solution.

Corollary E.7. Let the assumptions of Theorem E.6 hold. Then VK > 0 and

. 1 Qo,c (50)
— min
7 60p + 3¢ 2K o,
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the iterates produced by SGDA-AS satisfy

1 X
E | Gap, (KZxk>
k=1

_0 (o + 0)(9F ¢ + %) " Qoo
7S JE |

E.5 Missing Details on Arbitrary Sampling

In the main part of the paper, we discuss the Arbitrary Sampling paradigm and, in particular, using our general theoretical
framework, we obtain convergence guarantees for SGDA under Expected Cocoercivity assumption (Assumption 3.1). In
this section, we give the particular examples of arbitrary sampling fitting this setup. In all the examples below, we focus on a
special case of stochastic reformulation from (12) and assume that for all ¢ € [n] operator F; is (¢;, X *)-cocoercive, i.e., for
all i € [n] and z € R? we have

|Fi(z) = Fi(a*)||* < i(Fi(w) — Fy(a*),x — a¥), (51
where x* is the projection of z on X *. Note that (51) holds whenever F; are cocoercive.
Uniform Sampling. We start with the classical uniform sampling: let P {¢ = ne;} = 1/n forall i € [n], where e; € R™ is

the i-th coordinate vector from the standard basis in R™. Then, E[{;] = 1 for all ¢ € [n] and Assumption 3.1 holds with
gp = maxie[n] &;I

Ep [|Fe(2) — Fe(a™)|?] = *ZIIF *)|?

< EZ(&-(FZ-(QU)—Fi(x*)7x—x*>)
< max/{l(F(z)— F(z*),z — 2%)

1€[n]

In this case, Corollaries E.3 and E.5 imply the following rate for SGDA in p-quasi strongly monotone, monotone and
cocoercive cases respectively:

64 max; l; 7202
Blll2K K |2 icln]Yi 0«02 I S *,US
[||= 2] £ —————|jlz" —2*™||"exp 2 maxse K
E |Gap zK: _ o (maxe ) £i + ) (2 ¢ + Q) + 192 Q0 clowus +Gy)
c k_ K VK ’
K 2 2
maX;e ) £i + £)(£25 ¢ + £ Qo,cos
Gapc Z -0 ( €ln )( 0,C ) n 0,C0%,US ,
K &~ K VK

where 02 US ‘= MaXgx e x *Z, L Fi(a®) — F(a)|.

Importance Sampling. Next, we consider a non-uniform sampling strategy — importance sampling: let P {f = eini/ei} =
ti/nt forall i € [n], where £ = L 3" | ¢;. Then, E[¢;] = 1 for all i € [n] and Assumption 3.1 holds with {p = ¢:

Ep [||[Fe(z) — Fe(z)|IP] =
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In this case, Corollaries E.3 and E.5 imply the following rate for SGDA in p-quasi strongly monotone, monotone and
cocoercive cases respectively:

647 [ 7207 15
E K _ _xK|2 < g 0 _ ,.x,0)2 <_K> + *, ;
(=7 —2™* 7] < 27 — 27" exp 57 2K
K v 2 2 2
1 L+ 0 +Q5) 092 Qoc(oes + Gy)
E |Gap, < E xk>] = (’)< . + — ’ )
K & K VK

Gapc< Zl )] _ O<(£+£)(f§,c+ﬂg)+905%$>

_ 2
i S| EFier) - F(x*)H . We emphasize that £ < max;e,) {; and, in fact, £ might be
much smaller than max;¢[y,) £;. Therefore, compared to SGDA with uniform sampling, SGDA with importance sampling
has better exponentially decaying term in the quasi strongly monotone case and converges faster to the neighborhood,
if executed with constant stepsize. Moreover, o2 ;g < 07 y;g, when max,« ¢ x || F;(x*)|| ~ £;. In this case, SGDA with

importance sampling has better O(1/k) term than 'SGDA with uniform sampling as well.

where 02 g := max,-ex- = Y

Minibatch Sampling With Replacement. Let ¢ = % Zz.’zl &%, where £% are i.i.d. samples from some distribution D
satisfying (12) and Assumption 3.1. Then, the distribution of ¢ satisfies (12) and Assumption 3.1 as well with the same
constant {p. Therefore, minibatched versions of uniform sampling and importance sampling fit the framework as well with

2
T 18

2
2 9%,Us 7 2
lp = max;e[y) li, 0% = —3— and dp = {, 0% = ==

Minibatch Sampling Without Replacement. For given batchsize b € [n] we consider the following sampling strategy:
for each subset S C [n] such that |S| = b we have P {5 =3 ieg€ } = b'(T:L b ie., S is chosen uniformly at random
from all b-element subsets of [n]. In the special case, when R(z) = 0, Loizou et al. (2021) show that this sampling strategy
satisfies (12) and Assumption 3.1 with

n(b—1) n—="b 9 n—>b

14 by, 07 =—F———<0%ys- 52

bn—1) Thm—1) e 7T b 1)U (52)
Clearly, both parameters are smaller than corresponding parameters for minibatched version of uniform sampling with
replacement, which indicates the theoretical benefits of sampling without replacement. Plugging the parameters from (52) in
Corollaries E.3 and E.5, we get the rate of convergence for this sampling strategy. Moreover, in the quasi-strongly monotone

case, to guarantee E[||z% — 2*%|2] < ¢ for some € > 0, the method requires

lp =

_ icin gl 0 _ ,.x,0]2 —b o2
Kb = O (max{(bf L (n—b) maxiep,) >log foll2” — =77 (n—b)o Us}>
I n I LLE nu2e
A b(£— 1 i€[n Ez i€[n El —b z
= 0 (max{ ( n AXiE[n) ) + maXicpn , (n )20 US }) oracle calls, (53)
7 nue

where O (+) hides numerical and logarithmic factors. One can notice that the first term in the maximum linearly increases
in b (since ¢ cannot be smaller than 1 ~ maxX;c[n] £i), while the second term hnearly decreases in b. The first term in the

(n b) maX1€ [n] e *,US

maximum is lower bounded by . Therefore, if maXie|p] l; , the the first term in the maximum is
always larger than the second one, meamng that the optimal batchsize, i.e., the batchsize that minimizes oracle complexity

such that the first term in the maximum equals the second term. This value equals

n (Uf,Us — HE MaAX;e(n] &-)

02 + pe (nl — max;ep, 6;)

One can easily verify that it is always smaller than n, but it can be non integer and it can be smaller than 1 as well. Therefore,
the optimal batchsize is
g f ,US

pe

1, if max;cp,) £; >
b* = 2 ) 0,
max {17 V(U*’”S pE aieln) )J } ., otherwise.

03+M5(n27maxie [n] Zi)
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We notice that Loizou et al. (2021) derive the following formula for the optimal batchsize (ignoring numerical constants):

2
T4 ,Us
pe

_ 1, if max;c(y) b — 10>

b* = 2 _ . 0. —¢
max{l, V(U*’US pe(maxicin b ))J }, otherwise.

of—&-ue(né—maxie In] [i)

However, in terms of 6() both formulas give the same complexity result.
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F SGDA WITH VARIANCE REDUCTION: MISSING PROOFS AND DETAILS

In this section, we provide missing proofs and details for Section 4.

F.1 L-SVRGDA

Algorithm 2 L-SVRGDA: Loopless Stochastic Variance Reduced Gradient Descent-Ascent

1: Input: starting point 2° € R?, probability p € (0, 1], stepsize v > 0, number of steps K
2: Set w® = 2% and compute F(w?)
3: fork=0to K —1do

4: Draw a fresh sample ji, from the uniform distribution on [n] and compute g* = F}, (z¥) — F}, (w*) + F(w")
5. Wl = zk,  with probability p,
w*,  with probability 1 — p,
6: xk‘"rl = proX’yR(:Ek _ ,ng)
7: end for

F.1.1 Proof of Proposition 4.3
Lemma F.1. Let Assumption 4.1 hold. Then for all £ > 0 L-SVRGDA satisfies

k[l = F@ M) < 26(F(a*) — F(a™), 2" — 2%) + 20, (54)

where o7 := L S0 | ||Fy(w”) — Fy(a*F)||.

Proof. Since g* = Fj, (z*) — Fj, (w*) + F(w"), we have

Ei [lg" = F@*")IP] = Ex [IIFj (&%) = Fj (w*) + F(w*) = F(2"")|?]
= *ZHF wh) + F(w®) — F(a*")|?
< *ZHF i)
+- ZIIF i) = (F(w*) = F(a™h))|?

< —ZHF @R+ ZHF (@)

< 2A(F(2*) — F(a**), 2% — 2*F) + 202

Lemma F.2. Let Assumptions 4.1 and 4.2 hold. Then for all £ > 0 L-SVRGDA satisfies
Ex [0711] < pU(F(z¥) — F(z*%), 2" — 2**) + (1 - p)ot, (55)

where 07 := 1 S [|Fy(wk) — Fy(a*F)|2
Proof. Using the definitions of 0,3 41 and wFt (see (13)), we derive

Bilota] = 3D E[IRMH) - RE )
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sz 1 .
et o ZEk [I1F: () = Fya™ )]

= pZnF M) + pZHF Fy(@*))?

< pUF(h) = F(a"h) 2" —2™F) + (1 - p)of

The above two lemmas imply that Assumption 2.1 is satisfied with certain parameters.

Proposition F.3 (Proposition 4.3). Let Assumptions 4.1 and 4.2 hold. Then, L-SVRGDA satisfies Assumption 2.1 with

-~

- /4
= o 2 IEH) = REIP c=%. p=p Di=D:=0.

3\>—‘

=0 B=3

F.1.2 Analysis of L-SVRGDA in the Quasi-Strongly Monotone Case

Plugging the parameters from the above proposition in Theorem 2.2 and Corollary 2.3 with M = % we get the following

results.
Theorem F.4. Let F' be u-quasi strongly monotone, Assumptions 4.1, 4.2 hold, and 0 < v < 1/6Z. Then for all & > 0 the
iterates produced by L-SVRGDA satisfy

E [Jl* ~ 2" |°] < (1~ min {yu,7/2})" Vo, (56)
where Vg = [|20 — 2*||? + 47705/p.

Corollary F.5. Let the assumptions of Theorem F.4 hold. Then, for p = n, v = /67 and any K > 0 we have

1
E[||lz* — z*|]?] < Vpexp (— min {6/%7 271} K) .

F.1.3 Analysis of L-SVRGDA in the Monotone Case

Next, using Theorem 2.5, we establish the convergence of L-SVRGDA in the monotone case.

Theorem F.6. Let F' be monotone, ¢-star-cocoercive and Assumptions 2.1, 2.4, 4.1, 4.2 hold. Assume that v < 1/62. Then
for Gap,(z) from (9) and for all K > 0 the iterates of L-SVRGDA satisfy

K 7 0 _
1 3 " 0o __ 2 8 £2Q2 (12€ aF 6) ||$ X
E |Gap, <§ xkﬂ < 3mexuc |l —ulf | 8y |

k=

*,0”2

WK K K

+(4+ (12Z+£) ’y) MKO +97 max |[F()]®

Applying Corollary D.4, we get the rate of convergence to the exact solution.

Corollary F.7. Let the assumptions of Theorem F.6 hold and p = 1/n. Then VK > 0 one can choose -y as

. L She (57)
! 120+ 0 \/onte GVK
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This choice of  implies
elow (L i " €+ 0)(Q ¢+ Q3) + VnltQ . + Q2 . QoG
Pc K —~

=0
K VK

Proof. First of all, (14), (4), and Cauchy-Schwarz inequality imply

o = *ZHF %) z")|I?
4~
< UF(2%) = F(z%),2° - a7)
< AF@E%) = F@)| - [la° - 2|
<2 =)< maXHx — ul? <€€QOC
Next, applying Corollary D.4 with 5 := \/?EQQC, we get the result. U

F.1.4 Analysis of L-SVRGDA in the Cocoercive Case

Next, using Theorem 2.6, we establish the convergence of L-SVRGDA in the cocoercive case.

Theorem F.8. Let F' be {-cocoercive and Assumptions 2.1, 2.4, 4.1, 4.2 hold. Assume that v < 1/62. Then for Gap, (2)
from (9) and for all K > 0 the iterates of L-SVRGDA satisfy

K 0 _ 12 (18Z+3e)||x0—m*>0||2
E Gapc<12xk>] < Smaxuec |z’ —ulf |

29K K

+ (6 + (18Z+ 3€> 7> 2;;3.

Applying Corollary D.6, we get the rate of convergence to the exact solution.
Corollary F.9. Let the assumptions of Theorem F.8 hold and p = 1/n. Then VK > 0 one can choose 7y as

1 1
y=min{ ——, —— ;. (58)
{18€+ 3¢ \/Qngg}

This choice of v implies

1., (C+0(QFc +Q3) + VnltQZ
E | Gap, Z T %

k:l

F2 SAGA-SGDA

In this section, we show that SAGA-SGDA (Palaniappan and Bach, 2016) fits our theoretical framework and derive new
results for this method under averaged star-cocoercivity.

F2.1 SAGA-SGDA Fits Assumption 2.1
Lemma F.10. Let Assumption 4.1 hold. Then for all ¥ > 0 SAGA-SGDA satisfies

k[l = F@M)IP] < 26(F(a*) — F(a™), 2" — 2%) + 207, (59)

where o7 := L S | ||F;(wF) — Fy(a*F)|.
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Algorithm 3 SAGA-SGDA (Palaniappan and Bach, 2016)

1: Input: starting point 2° € R?, stepsize v > 0, number of steps K

2: Set w) = 2° and compute F;(w?) for all i € [n]

3: fork=0to K —1do

4 Draw a fresh sample jj, from the uniform distribution on [n] and compute ¢* = Fj, (z*) — Fj, (wh ) +
& i Fi(wy)

5: Set wfkﬂ = 2% and wFTt = wk fori # ji

6: 2" =prox, p(z* —vg")

7: end for

Proof. For brevity, we introduce a new notation: S* = L 37" | Fy(wF). Since g% = Fj, (z¥) — Fj, (wF ) + S*, we have

Befll* = P = Bl ) - B (w;w 5% — F(ah)|P]
= fZHF wh) + §* — Pk
< fZHF (™)
+2 ZHF Fy(a*) — (8% — F(a*"))|?
< fZHF (a2 + ZHF Fi(a™h)|P

a4
20(F (%) — F(z™%), 2% — %) 4 202,

O
Lemma F.11. Let Assumptions 4.1 and 4.2 hold. Then for all £ > 0 SAGA-SGDA satisfies
7
B [0f11] < —(F(a*) = F(z%),2% —2™%) + (1 = /n)a, (60)
where 07 := %22;1 | Fi(wk) — Fi(z*F)|%
Proof. Using the definitions of o7, ; and wh L, we derive
1 5,
Bifotn] = o DB [IE@HY) - B
i=1
And2 1o "
= - ZEk [ Fi(wi ™) = Fi(a™*)[1?]
_ F * k 2 /n F *,k\|12
= Z | =+ Z I Ey (™)l
a4 Z
< (b)) = F(a™F), 2" —a™F) + (1 - Vn)a}
n
O

The above two lemmas imply that Assumption 2.1 is satisfied with certain parameters.
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Proposition F.12. Let Assumptions 4.1 and 4.2 hold. Then, SAGA-SGDA satisfies Assumption 2.1 with

1
pP=— D, =Dy =0.

R 1 ¢ . £
A=7 B=2 gi:EZHFi(wf)—Fi(w I?, C=o-, -
=l

F.2.2 Analysis of SAGA-SGDA in the Quasi-Strongly Monotone Case

Applying Theorem 2.2 and Corollary 2.3 with M = 4n, we get the following results.

Theorem F.13. Let F' be p-quasi strongly monotone, Assumptions 4.1, 4.2 hold, and 0 < v < 1/6Z. Then for all £k > 0
the iterates produced by SAGA-SGDA satisfy

E [||z* — 2*[|?] < (1 — min {yu, }/20})* Vs, (61)

where Vg = [|20 — z*||2 + 4ny?03.

Corollary F.14. Let the assumptions of Theorem F.13 hold. Then, for v = /67 and any K > 0 we have

1
E[|lz% — 2*||%] < Vo exp (_ min {é% %} K> :

F.2.3 Analysis of SAGA-SGDA in the Monotone Case

Next, using Theorem 2.5, we establish the convergence of SAGA-SGDA in the monotone case.

Theorem F.15. Let F' be monotone, ¢-star-cocoercive and Assumptions 2.1, 2.4, 4.1, 4.2 hold. Assume that v < 1/62.
Then for Gap,(z) from (9) and for all K > 0 the iterates produced by SAGA-SGDA satisfy

E

K 7 0 %02
Gap, 1 Zxk - 3maxyec |20 — ul? N 8762032 N (1% + 6) |2 — %O
K= B 2K K K

+(4+(12Z+£) )27"3+9 max [|[F(z*)|?
W e O :

Applying Corollary D.4, we get the rate of convergence to the exact solution.

Corollary F.16. Let the assumptions of Theorem F.15 hold. Then VK > 0 one can choose «y as

: 1 1 Qo.c 62)
F)/ = min -~ ) — 7 )
1204+ 4 /ontr G«VEK
This choice of « implies

1K
Gap,, (K Zxk>

k=1

(Z+ O(QF e + %) + v nZEQ(QJ,c + £QZ o Qo,cG

E
K VK

=0

Proof. Since o for SAGA-SGDA and L-SVRGDA are the same, the proof of this corollary is identical to the one for
Corollary F.7. O

F.2.4 Analysis of SAGA-SGDA in the Cocoercive Case

Next, using Theorem 2.6, we establish the convergence of SAGA-SGDA in the cocoercive case.

Theorem F.17. Let F be ¢-cocoercive and Assumptions 2.1, 2.4, 4.1, 4.2 hold. Assume that v < 1/6Z. Then for Gap,(2)
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from (9) and for all K > 0 the iterates produced by SAGA-SGDA satisfy

K 7 0 .%0(2
1 3 0 _ 2 (18€+3€) [|=® — %0
E | Gap, <K§ a:’“)] < 3maxuec |z —uff |

k=1

29K K

+ (6 + (182+ 3€> 'y) 2;;8 :

Applying Corollary D.6, we get the rate of convergence to the exact solution.

Corollary F.18. Let the assumptions of Theorem F.17 hold. Then VK > 0 one can choose v as

1 1
Yy=min{ ———,—, (63)
{18€+ 3/ \/Qngg}

This choice of v implies

o - ( Zm )] [T+ 0@+ 03) + VnllZ
C

a K

F.3 Discussion of the Results in the Monotone and Cocoercive Cases

Among the papers mentioned in the related work on variance-reduced methods (see Section A), only Alacaoglu and Malitsky
(2021); Carmon et al. (2019); Alacaoglu et al. (2021); Tominin et al. (2021); Luo et al. (2021) consider monotone (convex-
concave) and Lipschitz (smooth) VIPs (min-max problems) without assuming strong monotonicity (strong-convexity-

strong-concavity) of the problem. In this case, Alacaoglu and Malitsky (2021) derive O (n + @> convergence rate
(neglecting the dependence on the quantities like 22 0.c = MaXyec |z° — u||?), which is optimal for the considered setting
(Han et al., 2021). Under additional assumptions a 51m11ar rate is derived in Carmon et al. (2019). Tominin et al. (2021); Luo

et al. (2021) also achieve this rate but using Catalyst. Finally, Alacaoglu et al. (2021) derive O (n + %), which is worse
than the one from Alacaoglu and Malitsky (2021). Our results for monotone and star-cocoercive regularized VIPs give

V. nll+e nZ JrZ +
\/ﬁ

relation between cocoercivity constants and Lipschitz constants (even when R(z) = 0, i.e., G, = 0). However, in general, it
is possible that star-cocoercivity holds, while Lipschitzness does not (Loizou et al., 2021). As for cocoercive case, we obtain

) rate, which is typically worse than O (n + ‘FL ) rate from Alacaoglu and Malitsky (2021) due to the

7”;5(@? , which matches the rate from Alacaoglu and Malitsky (2021) up to the difference between cocoercivity and

Lipschitz constants. Moreover, we emphasize here that Alacaoglu and Malitsky (2021) and other works do not consider
SGDA as the basis for their methods. To the best of our knowledge, our results are the first ones for variance-reduced
SGDA-type methods derived in the monotone case without assuming (quasi-)strong monotonicity.
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G DISTRIBUTED SGDA WITH COMPRESSION: MISSING PROOFS AND DETAILS

In this section, we provide missing proofs and details for Section 5.

G.1 QSGDA

In this section (and in the one about DIANA-SGDA), we assume that each F; has an expectation form: F;(z) =
EEiNDi [Ffl (x)]

Algorithm 4 QSGDA: Quantized Stochastic Gradient Descent-Ascent

1: Input: starting point 2° € R?, stepsize y > 0, number of steps K
2: fork=0to K —1do

3 Broadcast z* to all workers

4 fori=1,...,nin parallel do

5: Compute g¥ and send Q(g¥) to the server
6: end for

7: =& e Qg

8: xkﬂ = prox,p z* — yg*)
9: end for

G.1.1 Proof of Proposition 5.3
Proposition G.1 (Proposition 5.3). Let F' be ¢-star-cocoercive and Assumptions 4.1, 5.2 hold. Then, QSGDA with
quantization (15) satisfies Assumption 2.1 with

7 1 2 2
A= <3€ L M) D; 3( + 3&))0’ + 9W<* 2
2 2n

where 02 = 1 5" 52 and (2 = L max,,c x- [z;;l 1Fs ()|

n
Proof. Since g* = % > Q9 ( ) (gl) ., 9 (gfL) are independent for fixed g¥, ..., g%, and ¥, ..., g* are independent
i=1
for fixed z*, we have

n 2
Ey [[lg" = F(«*")|?] = By ZQ F (k)
1=1
B 2
1 & .
= || F) =gt +gf = Fi(a®)] + F(a®) = F(a™F)
=1
1 n 1 n 2
< BBk ||= > [Q() — o] | +3Ek (||~ [oF - Fi(a")]
z:l =1

+uwx@fF@wm2
3 — 3 —
- *ZE (12 (o) - ok[°] + sz (Il9¥ = ()|

+3||F (%) — Fa*h)||”.

Next, we use Assumption 5.2, 02 = 1 Z ', 02, and the definition of quantization (15) and get

Ei[lg" - F@ 2] < 2 ZEk (1ot )] + 2 C 13| - PP
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< B [l 64+ it 6 R
+3i + 3| Fa*) - Fa*)|”
< > ZEk (st - Fi(x’“)Hz} + iE’“ [I7:") = )]
oo 2 IRl + 5 s slren - rer
2 B E I - R e - e

9w 3(1+ 3w)
oz L B[R]+ =
i=1
Star-cocoercivity of F' and Assumption 4.1 give

Ey [llg" — F(a*9)|?] < <3£+ 9:?) (F(a*) — F(z™F), 2" — %)

+?»TL;ZE1€ (7o 7] + 22
< <3€+%2> <F(xk)_F(x* k),l'k—gj* k>
+2 |3 )| + 22

G.1.2 Analysis of QSGDA in the Quasi-Strongly Monotone Case
Applying Theorem 2.2 and Corollary 2.3, we get the following results.

Theorem G.2. Let F be u-quasi strongly monotone, ¢-star-cocoercive, Assumptions 4.1, 5.2 hold, and

VTS et

Then, for all & > 0 the iterates produced by QSGDA satisfy

73(1 + 3w)o? + Jw(?

E Mk — 25121 < (1 — ky 0 2
[l = 2*[12] < (1 = )" 12 = 2| + -

Corollary G.3. Let the assumptions of Theorem G.2 hold. Then, for any K > 0 one can choose {~x } x>0 as follows:

1
ﬁK<1(M+%g w;(%+%g |

1 n n
1 9wl AN
ifK>u~<3£+:> and k < ko, 7k=<3z+w> :

9

1 7 2
ifK>u~<3€+> and k > ko, Y =

(60 + 1898/n + pu(k — ko))’

n
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where ko = [K/2]. For this choice of ~; the following inequality holds:

QwZn
Bflo* - o) < 0 oy (- b k)
I (30 + 9wb/n)

36 3(1+ 3w)o? + 9w(?
2K n ’

G.1.3 Analysis of QSGDA in the Monotone Case

Next, using Theorem 2.5, we establish the convergence of QSGDA in the monotone case.
Theorem G.4. Let F' be monotone, ¢-star-cocoercive and Assumptions 2.1, 2.4, 4.1, 5.2 hold. Assume that v <
o =11
(3£ + 97‘”[) . Then for Gap,(z) from (9) and for all K > 0 the iterates produced by QSGDA satisfy

K ~
1 3 [maxyec [|2° — ul?] = 84202 18wl \ ||lz0 — %02
G = & < c 70 ;
apc (K;x )] = K Tt T\t K

7 2 2
- (H7 (7“ 18:6)) 3(1 + 3w)o? + 9w

E

n

+97 max [IF ("))

Applying Corollary D.4, we get the rate of convergence to the exact solution.

Corollary G.5. Let the assumptions of Theorem G.4 hold. Then VK > 0 one can choose v as

- min 1 _ QO,C\/E QO,C )
70+ 189" \[3K(1 + 3w)o? + 9Kw(Z G.VK

This choice of  implies

E |Gap, <]1< iﬁ)] -0 <(£+J/n) (% + Q) + €92 N QoclovVI+w+ Giy/n+ Qﬁ)) |

B K vVnK

k=1
G.1.4 Analysis of QSGDA in the Cocoercive Case
Next, using Theorem 2.6, we establish the convergence of QSGDA in the cocoercive case.

prag=y)
Theorem G.6. Let F' be /-cocoercive and Assumptions 2.1, 2.4, 4.1, 5.2 hold. Assume that v < (3€ + 97“’£> . Then for
Gap, (z) from (9) and for all K > 0 the iterates produced by QSGDA satisfy

K A
1 3 [maxyec [|2° — ul|?] 27wl ||lz° — 292
G = k < 10¢ .

27w€>> 3(1+ 3w)o® + 9w
- .

E

n

+ <3+7 <10£+

Applying Corollary D.6, we get the rate of convergence to the exact solution.

Corollary G.7. Let the assumptions of Theorem G.6 hold. Then VK > 0 one can choose v as

. 1 Qo,cv/n
v = min =, :
10 4 2Lt V3K(1+ 3w)o? + 9Kw(?2
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This choice of  implies
1 X
k

G.2 DIANA-SGDA

E

o [ Eten) (9 +95) L QocloVTFwGv)
= K VK '

Algorithm 5 DIANA-SGDA: DIANA Stochastic Gradient Descent-Ascent Mishchenko et al. (2019); Horvéth et al. (2019)

1: Input: starting points z°, h,..., h% € R, A0 = LS A stepsizes v, a > 0, number of steps K

2: fork=0to K —1do

3: Broadcast z* to all workers

4 fori=1,...,nin parallel do

5: Compute g¥ and AF = gF — nF

6: Send Q(AF) to the server

7: hETE = hF + aQ(AF)

8 end for N .

9 gt =hF4 03 Q(AY) = 4 X (W + Q(AY)

i=1 i=1

10: ah = prox p (2% — ")
n n

1 hFFL=hF 4ol 3 Q(AF) =1 3 Ab
i=1 i=1

12: end for

G.2.1 Proof of Proposition 5.4

The following result follows from Lemmas 1 and 2 from Horvith et al. (2019). It holds in our settings as well, since it does
not rely on the exact form of F;(z").

Lemma G.8 (Lemmas 1 and 2 from Horvith et al. (2019)). Let Assumptions 4.2, 5.2 hold. Suppose that o < 1/(1+w).
Then, for all £ > 0 DIANA-SGDA satisfies

E:[¢"] = F(z),
. 2w\ 1 . 2wor (1 +w)o?
B flo* - FeOP) < (142) 1Y IRGEH - RelP + 22 4 207
=1
o — .
Eilofi] < (1-a)of+ 2 Y IRE) - B+ ao?
i=1

n
where 07 = 1 21 |h¥ — Fy(z*)||? and 02 = L 37 | 52,
i=

The lemma above implies that Assumption 2.1 is satisfied with certain parameters.

Proposition G.9 (Proposition 5.4). Let Assumptions 4.1, 4.2, 5.2 hold. Suppose that o < p%w Then, DIANA-SGDA
with quantization (15) satisfies Assumption 2.1 with o7 = L 3™ ||h¥ — F;(2*)||? and

1 . 2 1 2 v
A=(=4+2)0 B=2, D1:M7 c=% p=a, Ds=ad?
2 n n n 2

Proof. To get the result, one needs to apply Assumption 4.1 to estimate = 7" | ||F;(2*) — F;(2*)||? from Lemma G.8. [

G.2.2 Analysis of DIANA-SGDA in the Quasi-Strongly Monotone Case

Applying Theorem 2.2 and Corollary 2.3 with M = 2% we get the following results.

an’
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Theorem G.10. Let F be p-quasi strongly monotone, Assumptions 4.1, 4.2, 5.2 hold, « < 1/(1+w), and

1
0<y < ———.
7=y 82)7

Then, for all £ > 0 the iterates produced by DIANA-SGDA satisfy

720*(1 + 5w)

E [o* — 2*|?] < (1 — min {’Wa %})kE[VO] v n - min {yu, o/2}’

where Vy = [|2° — 2*||? + 497?95 /an.

Corollary G.11. Let the assumptions of Theorem 5.4 hold. Then, for any K > 0 one can choose @ = 1/(1+w) and
{Vk }r>0 as follows:

1

lfKSEa Ve = 7>

W h

1

ifK>ﬁandk;<ko, Yo = =,

I h

h 2

if K > —and k > ko, =———
7 =M TR ulk — ko)

where h = max { (1 + % Z 2u(1 + w) ¢, ko = | X/2]. For this choice of v, the following inequality holds:
% H

1+ 82)7 1
E[|z® — =% )2 < 32max{(+'u"),2(1+w)}voexp<min{zﬂm,}K)

36(1 + 5w)o?
winK

G.2.3 Analysis of DIANA-SGDA in the Monotone Case

Next, using Theorem 2.5, we establish the convergence of DIANA-SGDA in the monotone case.

Theorem G.12. Let F' be monotone, ¢-star-cocoercive and Assumptions 2.1, 2.4, 4.1, 4.2, 5.2 hold. Assume that

0<y<——F—
LY

Then for Gap,(z) from (9) and for all K > 0 the iterates produced by DIANA-SGDA satisfy

K 0 2 202 7 0 *#,0|2
1 5 3 [maxyec |20 — ul?]  8v£202 ~ 12wl |z® — O
— < 2+ —+l) ——
Gap, (K;x )] < K + K + + " + K

N 7 2
+<4+7<2€+W+£>> 5oy
n pK

+y <<2+fy <2£A+12:€+£)> ((1+zw)02>>

F(z%)|.
+971131€a§<* 1F' (=)l

E

Applying Corollary D.4, we get the rate of convergence to the exact solution.
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Corollary G.13. Let the assumptions of Theorem G.12 hold. Then VK > 0 one can choose vy as

2, =1l
~ 12 v/ Q Q
~ = min <£—|—2€—|— wﬁ) , eue 0,C 0,C :
n

Vawie o/K+39/’ GVK
This choice of « implies that E [Gapc (% Zle a:k)} equals

(6+ 0+ “B/n) (2 o + 02) + mc 2 Nityw . Qoc \/<1+w>a T+ G.)

© K \/omK

Proof. The proof follows from the next upper bound 73 for o2 with initialization h9 = F;(x?)

o= Y IRE) - )R

nz:l
< UF(2°) - F(a*),2° — 2*)
< | F(@°) = F@*)|| - l=° — 27|
< U -2 < Zmaxux —u)? < 09,

Next, applying Corollary D.4 with 5 := \/tféQo’C, we get the result.

G.2.4 Analysis of DIANA-SGDA in the Cocoercive Case

Next, using Theorem 2.6, we establish the convergence of DIANA-SGDA in the cocoercive case.

Theorem G.14. Let F' be ¢-cocoercive and Assumptions 2.1, 2.4, 4.1, 4.2, 5.2 hold. Assume that

(i+2)7

Then for Gap,(z) from (9) and for all K > 0 the iterates produced by DIANA-SGDA satisfy

K
1 3 [maxqyec |20 — uHQ] 18wl |20 — z*°]2
G — & < n 3 L
ape (K;x )] < K 3+ —— - +3 %

+<6+7<4£+1°"€+3g>> ff‘(’_é

Applying Corollary D.6, we get the rate of convergence to the exact solution.

E

Corollary G.15. Let the assumptions of Theorem G.14 hold. Then VK > 0 one can choose v as

~ —1
~ 1 N/ Q
v =min{ [3¢+30+ Swi ,van O ,
n Vowte oy/K1+30)/,
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This choice of « implies that E [Gapc (% Zszl l'k)] equals

(€ + i+ “Z/”)(Qg,c +Q3) n Q¢ \/?é\ﬁ i Qo,cv/(A+w)o*/n

© K VanK VK

G.3 VR-DIANA-SGDA

In this section, we assume that each F} has a finite-sum form: F;(z) = L Z;n:l Fij(z).

Algorithm 6 VR-DIANA-SGDA: VR-DIANA Stochastic Gradient Descent-Ascent Horvéth et al. (2019)

1: Input: starting points z°, A9, ... A% € R%, h% = L 3 A, probability p € (0, 1] stepsizes v, a > 0, number of steps
i=1

Ks
2: fork=0to K —1do

3: Broadcast z* to all workers
4 fori=1,...,nin parallel do
5: Draw a fresh sample ;I from the uniform distribution on [m] and compute g = F,;x (2*) — F, i (wf) + Fi (w})
6 Wt — x®,  with probability p,
! w¥,  with probability 1 — p,

n Ab—gb ik
8: Send Q(AF) to the server
9: hETE = hF 4+ aQ(AF)
10: end for . .
e gt =hF 4+ 5 30 Q(AY) = & X (hF + Q(AY))

i=1 i=1
12: M = prox, g (¢% — yg")
13 WM =RF el Yy oAl =13 hk

i=1 i=1

14: end for

G.3.1 Proof of Proposition 5.6
Lemma G.16 (Modification of Lemmas 3 and 7 from Horvith et al. (2019)). Let F' be ¢-star-cocoercive and Assump-
tions 4.1, 4.2, 5.5 hold. Then for all £ > 0 VR-DIANA-SGDA satisfies

Ec[¢"] = F(@b),
X 2 2wl 40 . b 2w+l
) [l - PGl < Q++ ( ))wuﬂ=mwwhﬁ>+(n oz,
where 02 = H* 4 D" ywith H* = 3 ||h¥ — Fi(«*)||* and DF = 3 3 || Fij(wh) — Fyj(a)||”
i=1 i=1j=1
Proof. First of all, we derive unbiasedness:
1 n 1 n 1 n
Elg*] == E[Qgf —h)+h]=—> Elgf —hi+hi]=—3 Fi(a")=F(").
i=1 i=1 i=1

By definition of the variance we get

Eo [l¢" = Fa")||= [Ea [¢"] = F@")|[" +Eq [ld" — Eq [4"]]] -

Ty T,
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Next, we derive the upper bounds for terms 7} and 75 separately. For 7> we use unbiasedness of quantization and
independence of workers:

2
_ l . k__1ky _( k _ 1k

T =Eq n;Q(gi hi) — (gi — hi)
1 & (15>w

=3 >_Bo ot - h) - (g — mHI] < ZH’“ .

i=1

Taking E[-] from the both sides of the above inequality, we derive

102 2 Bl 117 = 25 3 (e o )1 [l 8 st~ ] )
= 53 (16 -+ B [ng—F i)
an(nFl — nb|? +Ek[
<53 (It - + 5
AN (IInf = F@)||* + | Fa(a®) = Fi@)|[")

2
2
} + Eg U

i=1
Since j¥ is sampled uniformly at random from [m], we have

F; k(“’f) - Fijk(x*)

7"77,

Fyje(a®) = Fyje(a¥)

Zjl

2w —
+ — (Ek |:‘
n i=1

2w o .
Belr] < 53 ([0k = BE)| + 1RGN - B
i=1

(B [ ) = Py @) ] + B [P e - Pyt

i=1 j=1
(14),(19) 2 2 2wl + ¢
< —wH’“+—ka+M<F(:ck)—F(x*),xk—x*).
n? mn?

In last line, we also use the definitions of H*, D*. For T we use definition of g*:

2

1< I

Ty = |~ Bo [Q(gf — ki) +hf] L9
i=1 i=1
Next, we estimate E[7}] similarly to E[75]:
1 n 2 1 n 2 1 n 2
Ey [Th] = =~ - ==Y _E[gf] - F(a*)| +Ex HnZ(gf—E[gﬂ)

i=1 i=1 i=1 2

= |74~ P + 25 S OB [llgf — R
i=1

(%) UF(z*) — F(z*), 2% — %)

1 n
+n221EU

i=1

Fip(a%) = Fr(wh) — By [F +(2%) = Fiy (wk)} HQ]

15 5
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<UF(z*) — F(z*), 2" — %) + % Z]Ek U Fy(a®) — Fy i (wh)

1j; /A

—0(F(z*) — F(z*), 2" — &) QZZHFW — Fy(wh)?

=1 j=1

<UF(a*) = F(a*),a" - - ZZ(H& = Fy@)[* + P @*) - Fya)])

=1 j=1

a9 20 2

< |+ = | (F@F) - F(a*), 2" — 2 D".

_<+n><<x> ("), 0% —a*) + 2
Finally, summing [ [T1] and E [T5] we get

E|[ls" - F(z*)lﬂ ~E(f+ )

2 2 2wl +¢
+—°"H’€+%Dk+ C+0 pak) - Pat), 2 — o)
n? mn n
20 0+ 0) e 2 2w+ 1
<€+n w(n)> (F(z*) - F(x )7967‘—96>—i-n—o;hfk—i—%Dk7
which concludes the proof since o7 = HTk + %. O

Lemma G.17 (Modification of Lemmas 5 and 6 from Horvith et al. (2019)). Let F' be ¢-star-cocoercive and Assump-

tions 4.1, 4.2, 5.5 hold. Suppose that < min {g, s } Then for all £ > 0 VR-DIANA-SGDA satisfies

Ei [oi] < (1—a)of + (pl+2a(T+1D)) (F(a¥) - F(a*),a* - a*),

where 07 = HTk + 2 w1th HF = Z |h¥ — Fy(z*) ?

? and DF = z z || Foj (wF) — Fyj()

Proof. We start with considering H**1:

MU#HJEkzmeﬂ@wﬂ
ZHh’“ ol +Zﬂﬂk[ (g% — ¥), S = Fifa™)) +a? || Q(gt — )]
(2) Hk—i-ZEk {2049 — hi hY = Fy(a*)) + o*(w+ 1) ||gF — hﬂﬂ
=1

Since o < 1/(w+1), we have

Ep [H*] < HF 4By | algh — b gf +hF - 2Fi(fv*)>]

M= 1

HY + By, algf — Fy(a*) + Fi(z*) — bl gf — Fy(a*) + hf — Fi(ﬂ«“*»]

o (1ot =5 - ot - o)

=1

NE

=  H'+E:

1

.
Il
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n

Za (HgiC - FZ(CE*)HQ)]

=1

H*(1 —a) +Ey

< H*1-a) +Zn: (205Ek [I|g§“ *Fi(xk)HQ} +20 || Fy(=") *Fz’(ﬂ?*)Hz)
-
- H-0 YR 20 [Py ) = Fip ) ~ B [Fn o) - Fig )] [
=
+2aiHF1‘($k)—Fi($*)||2
< 51— a) +i(Ek{ Fyje (%) — Fyp (wh) 2}+2aHFi(xk)Fl-(x*)||2)
-
< wae ii‘f;i(um R I Rl
22
+2QZHF 2)|s
M -0 ZZHFU wh) = Fis ()|

+2an(l + O)(F(z*) — F(z*), 2" — 2*)
= Hk(l—a)—|—%Dk—f—Qan(Z—&—Z)(F(xk)—F(:E*),xk—x*>.

Next, we consider D*t1

I, [DH1] :zzm (17t ) = ()|
fZZ{l— 1Fs(why) = iy + p || Figa*) — Figle®)]3]

(2 D* (1 = p) + nmpl(F(2*) — F(a*), 2" — 2*).

It remains put the upper bounds on D**1, H*¥1 together and use the definition of o7, ;:

Ek [Hk-‘rl] N Ek [Dk—i-l]

n nm
k k

<(1- a)HT +(1+2a —p)% + (p17+ 200 + Z)) (F(a*) — F(a*), 2" — 2*)

Ex [O'IQH-I] =

With a < £ we get —p < —3a, implying

k k ~ ~ o~
Ei [o74] < (1 - a)HT +(1- oz)anm + (p€+2a(€+f)) (F(zF) — F(a*), 2" — 2*)

o~

—(1—a)o?+ (p27+ 20(0 + e)) (F(z") — F(z*), 2 — z*).

The above two lemmas imply that Assumption 2.1 is satisfied with certain parameters.

Proposition G.18 (Proposition 5.6). Let F' be {-star-cocoercive and Assumptions 4.1, 4.2, 5.5 hold. Suppose that
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« < min {%; 1—%«)} Then, VR-DIANA-SGDA satisfies Assumption 2.1 with

A:<E+Z+W(Zn+z)> B:M

2 n no
1< aa ) (2
ﬁZHh 7ZZHFZQ — Fi;(z )H )
=1 =1 j=1
7 - . 1
C:<g+a(€+€)>7 P_a<m1n{§ 1+w}’ Dy =Dy =0.

G.3.2 Analysis of VR-DIANA-SGDA in the Quasi-Strongly Monotone Case

4(w+1)

Applying Theorem 2.2 and Corollary 2.3 with M = , we get the following results.

Theorem G.19. Let F' be p-quasi strongly monotone, ¢-star-cocoercive and Assumptions 4.1, 4.2, 5.5 hold. Suppose that

o < min { and

37 1+u.)

< |7
0<7_<+ n an

10w+ )@+8 | 4w+ 1)pf> - |

Then for all k£ > 0 the iterates of VR-DIANA-SGDA satisfy

E [[la* = 2*[*] < (1 — min {yu, Yan})" Vo,

where Vg = ||2° — z*||2 + WO’%.
Corollary G.20. Let the assumptions of Theorem G.19 hold. Then, for p = =, o = min { — T },

(e L 10 +T1L)(1z +0) | 4w+ 1) max{3m, 1 + w}€>

nm

and any K > 0 we have

1 1
E k%2 < _ : _ M _ K.
[l — z*[|*] < Vpexp ( mln{£+ D Mot ) max (e}l 6m’ 2(1 —|—w)} )

nm

G.3.3 Analysis of VR-DIANA-SGDA in the Monotone Case

Next, using Theorem 2.5, we establish the convergence of VR-DIANA-SGDA in the monotone case.
Theorem G.21. Let F' be monotone, ¢/-star-cocoercive and Assumptions 2.1, 2.4, 4.1, 4.2, 5.5 hold. Assume that

= —il
0<~< <£+6(w+2(€+£)+2(w+1)pf>

an

and o = min {% 1w } Then for Gap,(z) from (9) and for all K > 0 the iterates produced by VR-DIANA-SGDA
satisfy

E

K
1 B 3 [maxyec [|2° — ul|?]
— <

Gap, (K E T )] < K

k=1



Stochastic Gradient Descent-Ascent: Unified Theory and New Efficient Methods

) 0 __ ..%,0/2
+<3£+12(w+711)(€+€)+8(w+1)pl>.||:c ; I

an
7+ 0) 2
N <4+7 <3£+ 120w+ )@+ | 8(w+1)pf>> 1Bo}
n an pK

Applying Corollary D.4, we get the rate of convergence to the exact solution.

Corollary G.22. Let the assumptions of Theorem G.21 hold. Then VK > 0 one can choose p = --, « = min {ﬁ, H%}

and v as
. 1
¥ = min ~
{3€ + 12(w+1)(£+£) 8(w+1) max{3m,1+w}l’
Qo,cv/n Qoc }
Qo \/2 max{3m, 1 + w}(w + 1)(£ + 0)¢ G.VE

This choice of a and ~ implies

K _ _ , , ,
0+ (@D (@D [y, 4 (w+1) max{m.w}l/pmn) (Q2 » + Q2) + ()
Gap, (Pl, E xk>] = (9<( / /mn) Q¢ + ) ¢

E
K

. Q(Q),C \/max{m,w}(w 4L 1)(Z+ Z)E N Qo G
VnK VK )

Proof. The proof follows from the next upper bound 3 for o2 with initialization hY = F;(z°) and w; = z

B o= IR - Ry + ZHF )P
=1 j=1
< ([(+O(F@%) - F(@*),2° —a)
< ([(+D|F@E%) - F@)] - [|l2° — 2"
< ((+D)a® — 2| < (€+€)€m€emé<\\x0—u||2§(E—i—ﬁ)éﬁg’c.
Next, applying Corollary D.4 with 5 := 4/ (Z + Z)éQoyc, we get the result. O

G.3.4 Analysis of VR-DIANA-SGDA in the Cocoercive Case

Next, using Theorem 2.6, we establish the convergence of VR-DIANA-SGDA in the cocoercive case.

Theorem G.23. Let F' be ¢-cocoercive and Assumptions 2.1, 2.4, 4.1, 4.2, 5.5 hold. Assume that

N —1
e <£+6(w+1n)(€+£) +2(w+1)pf>

an

and o = min {g, 14%4} Then for Gap,(z) from (9) and for all K > 0 the iterates produced by VR-DIANA-SGDA
satisfy

K
1 3 [maxyec [|2° — ul|?]
E = E le <
Gapc (K k:laj )] ; 2,YK
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) 0 __ ,..%0[2
. (6“ 18w+ D@+ | 12w+ 1)pz> 2 =20
n an K

1 D(E+6) 12(w+1)pl Bo?
+<6+'y<6€+ Bw+ DI+ |, 12w+ >p>>w %
n an pK

Applying Corollary D.6, we get the rate of convergence to the exact solution.

Corollary G.24. Let the assumptions of Theorem G.23 hold. Then VK > 0 one can choose p = --, @ = min {ﬁ, H%}

and v as

1
7 = min{ — =,
60 + 18(w+rll)(£+2) + 12(w+1) max{3m,1+w}’

mn

Qo,cv/n }

-~

Qoc \/2 max{3m, 1 + w}(w + 1)( + 0)¢

This choice of a and ~ implies

| X
Gap, <K Zxk>

k=1

E

o ( (£ + @A) T/ 4 (1) max{m.w}l/mn) (QF  + Q3)
K

Q. \/max{m,w}(w +1)(¢ + Z)f
+ NS :

G.4 Discussion of the Results in the Monotone and Cocoercive Cases

Beznosikov et al. (2021b) also consider monotone case and derive the following rate for MASHA1 (neglecting the

dependence on Lipschitz parameters and the quantities like Qf » = max,ec [|2° — u[[*): O (\/ (m+w)(1+ ""/n)%) In

general, due to the term proportional to 1/vK and due to the relation between (star-)cocoercivity constants and Lipschitz
constants our rate

o (1n+;) n (1+w):;$c({m,w} i \/max{\;r%,;}(l+w) + 3%) our rate is worse than the one from Beznosikov et al. (2021b)

(even when R(z) = 0, i.e., G« = 0). However, when the difference between cocoercivity and Lipschitz constants is not
significant, and m, n or w are sufficiently large, our result in the cocoercive case (Corollary G.24) might be better. Moreover,
we emphasize here that Beznosikov et al. (2021b) do not consider SGDA as the basis for their methods. To the best of our
knowledge, our results are the first ones for distributed SGDA-type methods with compression derived in the monotone case
without assuming (quasi-)strong monotonicity.
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H COORDINATE SGDA

In this section, we focus on the coordinate versions of SGDA. To denote i-th component of the vector z we use [z];. Vectors
e1,...,eq € R? form a standard basis in R<.

H.1 CSGDA

Algorithm 7 CSGDA: Coordinate Stochastic Gradient Descent-Ascent

1: Input: starting point 2° € R, stepsize v > 0, number of steps K
2: fork=0to K —1do

3 Sample uniformly at random j € [d]

4: g~ = de;[F(a*));

5 zhtl = prox,, (2% — vg")

6: end for

H.1.1 CSGDA Fits Assumption 2.1
Proposition H.1. Let F be ¢-star-cocoercive. Then, CSGDA satisfies Assumption 2.1 with

A=df, Di=2d max [||F( )\ﬂ, 02=0, B=0, C=0, p=1, Dy=0.

Proof First of all, for all @ € R and for random index j uniformly distributed on [d] we have E;[||e;[a];||*] =

de 1[a]? = 3lla|[®. Using this and g* = de;[F (2*)];, we derive
wlllg" = F@™ )] = Ex [llde;[F(z*) - F( s + dej[F(a™F)]; — F(a**)|?]
< 2By [|lde; [F(a) = F(@™M)]1I°] + 2By, [[ldes [F(2*%)]; = F(2"F)|7]
= 2d|F(z* (ﬂﬂ*’k)H2 + 2By [||de;[F(2"*)]; — Exlde; [F(z™*)}5]1%]

IN

)
2d||F (%) — F(a**)|I* + 2B [||de;[F(a"));17]
2d||F(a*) — F(a**)||* + 2d|| F («9) | (64)
Finally, the star-cocoercivity of F' implies
Er [lg* — F(z*")|?] 2d0(F(a*) — F(a*"),a" — a*) + 2d||F («™F)||?

26(F(a*) = F(a™*), 2" —2%) +2d max [HF( )||2}.

IN

IN

H.1.2 Analysis of CSGDA in the Quasi-Strongly Monotone Case

Applying Theorem 2.2 and Corollary 2.3, we get the following results.

Theorem H.2. Let F' be u-quasi strongly monotone and ¢-star-cocoercive, 0 < v < 1/2d¢. Then for all k > 0
k (|2 k.0 w02 4 27d 2
E [la — o] < (0= )" e = 20l + S5 - mag [IFG)I].

Corollary H.3. Let the assumptions of Theorem H.2 hold. Then, for any K > 0 one can choose {7 }x>0 as follows:

2df 1

if K < 2% -

[ V& 2d0°

2d/ 1

if K >—andk <k = —
K> ZFand kb <ko, %= g
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2
(u(4dl + p(k — ko))’

2d/
if K > — and k& > ko, U =
I

where ko = [K/2]. For this choice of ~; the following inequality holds:

64d0, o oo pK\  72d 5
< ||z° — z* S .
EVi] < = [o — 2P exp (57 ) + o - maxe [17())]

H.1.3 Analysis of CSGDA in the Monotone Case

Next, using Theorem 2.5, we establish the convergence of CSGDA in the monotone case.

Theorem H.4. Let F' be monotone, ¢-star-cocoercive and Assumptions 2.1, 2.4 hold. Assume that v < 1/24¢. Then for
Gap,(z) from (9) and for all K > 0 the iterates produced by CSGDA satisfy

K
1 3 [maxyec |20 —ul?]  8y2Q%  5de|ja® — 20|
E (G — E k < c
apc (Kk_lz )] < K + K + %

+207d - max {HF( )||2}.

Applying Corollary D.4, we get the rate of convergence to the exact solution.

Corollary H.5. Let the assumptions of Theorem H.4 hold. Then VK > 0 one can choose y as

- {1 QOC}
7= 5dl’ G v2dK |

dU(QF e + Q) + 092 QG
Ga = : 4 = .
®fowe (7 30¢) | <o (e VE

H.1.4 Analysis of CSGDA in the Cocoercive Case

This choice of v implies

Next, using Theorem 2.6, we establish the convergence of CSGDA in the cocoercive case.

Theorem H.6. Let F' be ¢-cocoercive and Assumptions 2.1, 2.4 hold. Assume that v < 1/24¢. Then for Gap,(z) from (9)
and for all K > 0 the iterates produced by CSGDA satisfy

3 [maxyec |20 — ul|?]  9dl||z® — z*0||?
Gapc< Zm )1 < K 4F K

+16yd - max [||F( )ﬂ.

Applying Corollary D.6, we get the rate of convergence to the exact solution.

Corollary H.7. Let the assumptions of Theorem H.6 hold. Then VK > 0 one can choose v as

. { 1 Qo.c }
=ming —, ——— ¢ .
7 9dl” G V24K

K 2 2
E |Gap, ( Z: )] (dﬁ(QO’IC; %) , Qi’;;) .

This choice of v implies
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H.2 SEGA-SGDA

In this section, we consider a modification of SEGA (Hanzely et al., 2018) — the linearly converging coordinate method for
composite optimization problems working even for non-separable regularizers.

Algorithm 8 SEGA-SGDA: SEGA Stochastic Gradient Descent-Ascent Hanzely et al. (2018)

1: Input: starting point z° € R, stepsize y > 0, number of steps K
2: Seth? =0

3: fork=0to K —1do

Sample uniformly at random j € [d]

5. hEY=hF 4 ei([F(2F)]; — hk)

6: g~ = de;([F(z*)); — hf) + hF
7

8

Nk

htl = prox ., p (2% — vg")

: end for

H.2.1 SEGA-SGDA Fits Assumption 2.1

The following result from Hanzely et al. (2018) does not rely on the fact that F'(x) is the gradient of some function.
Therefore, it holds in our settings as well.

Lemma H.8 (Lemmas A.3 and A .4 from Hanzely et al. (2018)). Let Assumption 4.2 hold. Then for all ¥ > 0 SEGA-
SGDA satisfies

Ei [lg" — F(e*)II”] < 2d||F(z*) — F(z*)|* +2do3,

1 1 .
Blota] < (1-3) o+ FIFEH - PP

A

where 02 = ||h* — F(z*)|?.

The lemma above implies that Assumption 2.1 is satisfied with certain parameters.

Proposition H.9. Let F' be ¢-star-cocoercive and Assumption 4.2 holds. Then, SEGA-SGDA satisfies Assumption 2.1
with o2 = ||h* — F(2*)||? and

L 1
A=dl, B=2d, D=0, C=— =—-, Dy=0.
) 9 1 9 2d° P il 2
Proof. The result follows from Lemma H.8 and star-cocoercivity of F'. O

H.2.2 Analysis of SEGA-SGDA in the Quasi-Strongly Monotone Case

Applying Theorem 2.2 and Corollary 2.3 with M = 4d?, we get the following results.

Theorem H.10. Let F' be p-quasi strongly monotone, ¢-star-cocoercive, Assumption 4.2 holds, and 0 < v < G—iw. Then,
for all £ > 0 the iterates produced by SEGA-SGDA satisfy

k
1
E [|la* —2*|?] < (1-min{yp, =) -V,
2d
where Vg = [|20 — z*||2 + 4d*>y202.

Corollary H.11. Let the assumptions of Theorem H.10 hold. Then, for v = @ and any K > 0 we have

E_ x)12] < i Li
E[||z x||]VOexp( mm{6d€72d}K>'
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H.2.3 Analysis of SEGA-SGDA in the Monotone Case

Next, using Theorem 2.5, we establish the convergence of CSGDA in the monotone case.

Theorem H.12. Let F' be monotone, ¢-star-cocoercive and Assumptions 2.1, 2.4, 4.2 hold. Assume that v < 1/64¢. Then
for Gap(z) from (9) and for all X > 0 the iterates produced by SEGA-SGDA satisfy

maxuec |l2° — u||2] 876290 |z
G 13d/ -
ape ( Zw )1 < K + K + K

0 —.’E*’0||2

(4 + 13d0) 24070 (172

TreX*
Applying Corollary D.4, we get the rate of convergence to the exact solution.
Corollary H.13. Let the assumptions of Theorem H.12 hold. Then VK > 0 one can choose v as

7:min{ 1 Qo.c Qo.c }
13d¢’ \2G*d’ G VK |

This choice of v implies
K 2 2 2
1 )| (x5 e +Q5) 0 dQo Gy QoG
Gap, (K;x )]O( % aF K aF NS .

Proof. The proof follows from the next upper bound 53 for o with initialization hg = 0

0 = llho = F(a")|* = ||F(«")|* < GZ.

E

H.2.4 Analysis of SEGA-SGDA in the Cocoercive Case

Next, using Theorem D.5, we establish the convergence of CSGDA in the cocoercive case.
Theorem H.14. Let F be ¢-cocoercive and Assumptions 2.1, 2.4, 4.2 hold. Assume that v < 1/6a¢. Then for Gap, ()
from (9) and for all K > 0 the iterates produced by SEGA-SGDA satisfy

3 [maxyec |20 — ulf?] |20 — 20|12
o (55| < ] =

Applying Corollary D.6, we get the rate of convergence to the exact solution.

Corollary H.15. Let the assumptions of Theorem H.14 hold. Then VK > 0 one can choose v as

B 1 Qoc
V=M S aged

Qe +%)  d G,
E [Gap, < Zw )1 = < K ar K .

H.3 Comparison with Related Work

This choice of v implies

The summary of rates in the (quasi-) strongly monotone case is provided in Table 3. First of all, our results are the first
convergence for solving regularized VIPs via coordinate methods. In particular, SEGA-SGDA is the first linearly converging
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coordinate method for solving regularized VIPs. Next, when ¢ = 2 in zOVIA from Sadiev et al. (2021), i.e., Euclidean
proximal setup is used, our rate for SEGA-SGDA is better than the one derived for zoVIA in Sadiev et al. (2021) since
¢ < L?/,,. Finally, zoScESVIA might have better rate, but it is based on EG and it uses approximation of each component of
operator I’ at each iteration, which makes one iteration of the method costly.

In the monotone and cocoercive cases, our result and the results from Sadiev et al. (2021) are comparable modulo the
difference between (star-)cocoercivity and Lipschitz constants.

Table 3: Summary of the complexity results for zeroth-order methods with two-points feedback oracles for solving (1). By complexity we
mean the number of oracle calls required for the method to find  such that E[||z — z*||?] < . By default, operator F is assumed to be
p-strongly monotone and, as the result, the solution is unique. Our results rely on p-quasi strong monotonicity of ' (3). Methods
supporting R(x) #Z 0 are highlighted with *. Our results are highlighted in green. Notation: ¢ = the parameter depending on the proximal
setup, ¢ = 2 in Euclidean case and ¢ = 400 in the ¢1-proximal setup; G+ = maxg«cx= ||F(z")]|, which is zero when R(z) = 0.

’ Method

|

Citation

Assumptions

Complexity

|

zoscESVIA ()

(Sadiev et al., 2021)

Fis L-Lip.®)

o]

zoVIA (Sadiev et al., 2021)
CSGDA * This paper
SEGA-SGDA * This paper

Fis L-Lip.?”)
F'is ¢-cocoer.

F'is ¢-cocoer.
As. 4.2

O (dL7)
O (dt + %5

p2e

o (d+d§)

)

 The method is based on Extragradient update rule. Moreover, at each step full operator is

approximated.
© The problem is defined on a bounded set.
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