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Abstract

Kernel two-sample testing provides a powerful
framework for distinguishing any pair of distri-
butions based on n sample points. However, ex-
isting kernel tests either run in n? time or sac-
rifice undue power to improve runtime. To ad-
dress these shortcomings, we introduce Com-
press Then Test (CTT), a new framework for
high-powered kernel testing based on sample
compression. CTT cheaply approximates an ex-
pensive test by compressing each n point sam-
ple into a small but provably high-fidelity core-
set. For standard kernels and subexponential
distributions, CTT inherits the statistical behav-
ior of a quadratic-time test—recovering the same
optimal detection boundary—while running in
near-linear time. We couple these advances with
cheaper permutation testing, justified by new
power analyses; improved time-vs.-quality guar-
antees for low-rank approximation; and a fast
aggregation procedure for identifying especially
discriminating kernels. In our experiments with
real and simulated data, CTT and its extensions
provide 20-200x speed-ups over state-of-the-art
approximate MMD tests with no loss of power.

1 Introduction

Kernel two-sample tests based on the maximum mean dis-
crepancy (MMD, Gretton et al., 2012a) can distinguish any
pair of distributions given only a sufficiently large sample
from each. However, standard MMD tests have prohibitive
running times that scale quadratically in the sample size
n. Gretton et al. (2012a); Zaremba et al. (2013); Yamada
et al. (2019); Schrab et al. (2022) introduced faster approx-
imate MMD tests based on subsampling, but each suffers
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from a fundamental time-quality trade-off barrier: for any
pair of distributions, quadratic time is required to match the
discrimination power of a standard MMD test (see Prop. 2).
Our first contribution is a new subsampling approach called
Compress Then Test (CTT) that accelerates testing by first
compressing each sample. In Sec. 3, we prove that this
approach pierces the aforementioned barrier, matching the
quality of quadratic-time tests in near-linear time for subex-
ponential distributions. Along the way, we develop refined
analyses of permutation tests, establishing their discrimi-
nating power even when permutations are restricted to pre-
serve group structure and relatively few (e.g., 39) permu-
tations are employed. In our experiments with both real
and synthetic data, the CTT time-quality trade-off curves
dominate those of state-of-the-art subsampling approaches,
providing 200 speed-ups.

Zhao and Meng (2015) introduced an alternative, low-rank
approach to fast approximate MMD testing that replaces
the target kernel with a ©(nr) time approximation based
on r random Fourier features (RFFs, Rahimi and Recht,
2008). This method often performs well in practice, but the
guarantees of Rahimi and Recht (2008); Zhao and Meng
(2015); Sutherland and Schneider (2015); Sriperumbudur
and Szab6 (2015) require ©2(n?) random features and hence
Q(n?) time to match the power of a standard MMD test.
By compressing before performing low-rank approxima-
tion, our second contribution, Low-Rank CTT (LR-CTT),
allows a user to harness any effective low-rank approxima-
tion without sacrificing the improved time-quality guaran-
tees of CTT. In our experiments, this hybrid test offers the
best performance of all, outpacing both the CTT and RFF
tests.

Finally, in the spirit of Schrab et al. (2021), we develop Ag-
gregated CTT (ACTT) tests that improve power by rapidly
identifying the most discriminating kernel in a collection
of candidates. In our experiments, ACTT offers 100-200x
speed-ups over the state-of-the-art efficient aggregated tests
of Schrab et al. (2022).
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2 Kernel Two-sample Testing

As a standing assumption, suppose that we observe X,,, £
(X;)™, and Y,, = (Y;)}_1, two independent sequences of
datapoints drawn i.i.d. from unknown probability measures
P and Q respectively. In two-sample testing, our goal is
to decide whether the null hypothesis Hy : P = Q or the
alternative hypothesis H; : P # Q is correct. A test A
is a binary function of X,,, and Y,, such that the null hy-
pothesis H, is rejected if and only if A(X,,,Y,,) = 1. The
size or Type I error of the test is the probability that the
null hypothesis is rejected when it is true, i.e., the proba-
bility Pr[A(X,,,Y,) = 1] when P = Q. A test is said to
have level o € (0, 1) if its Type I error is bounded by « for
all probability distributions, i.e., supp_q Pr[A(X;,, Y,,) =
1] < «. The Type II error of a test for a specific choice of
P # Q is the probability that the null hypothesis is ac-
cepted, i.e., Pr[A(X,,, Y,) = 0]. For a given level o, our
aim is to build a test with Type II error as small as pos-
sible for alternatives QQ that are not too similar to P. If
Pr[A(X,, Y,,) = 0] = f3, we say that the test has power
1 — B against the alternative Q.

Kernel two-sample tests are popular because they can
distinguish any pair of distributions given sufficiently
large samples and a characteristic kernel k (Gretton
et al., 2012a). A characteristic kernel is any positive-
definite function k(z, y) (Steinwart and Christmann, 2008,
Def. 4.15) satisfying Ex.pk(X,z) # Ey.ok(Y,z) for
some x whenever P # Q. Common examples include
Gaussian, Matérn, B-spline, inverse multiquadric (IMQ),
sech, and Wendland’s compactly supported kernels on R?
(Dwivedi and Mackey, 2021). Kernel two-sample tests take
the form A(X,,,Y,,) =1[T(X,,,Y,,) > t,] where the test
statistic T'(X,,,,Y,,) is an estimate of the squared maximum
mean discrepancy (MMD) between P and Q,

2 Ay B / B /
MMDE(P,Q) £ E i k(X X)+E g k(YY)

XX
—2Ex puy~ok(X,Y),

and t,, is a threshold chosen to ensure that the test has either
finite-sample or asymptotic level a.

Quadratic-time or complete MMD tests The standard
MMD test statistics defined in Gretton et al. (2012a) each
require ©(m? + n?) kernel evaluations and hence compu-
tation that grows quadratically in the sample sizes. For ex-
ample, Gretton et al. (2012a, Sec. 4.1) defines the squared
sample MMD test statistic,

MMD(X,Yi) 2 25 50 v (X, X i)
+or iy gren KOG Vi) =2 ST K(XG, Y)).

Gretton et al. (2012a, Lem. 6) also presents two unbiased

estimators of MMD3 (P, Q) as test statistics:

MMDE(K, ¥, ) & Erssstizn L)
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where h(I, xla Y, y/):k(fﬂ, :E/)+k(y7 yl)ik(xa y/)ik(xla y)
The estimator (2) differs from the estimator (1) as it omits
the diagonal cross-terms and is defined only when m = n.

Block MMD tests To improve computational cost
through subsampling, Zaremba et al. (2013) introduced
block MMD tests, or B-tests for short, that average % inde-
pendent instances of the quadratic estimator (2), each with
sample size B, i.e.,

MMD%(X,,, Y,) 2 2 S F (X, Y,,) with 3)
iB
(X, V) 2 B(Bl—l) Zj,k:(i—l)B+1,j;ék h(X;, Xk, Y;, Yi).

Consequently, the statistic computation takes time O(nB).
Moreover, when % — 00, 4 /% MMDzB has a Gaussian
limit under the null that can be estimated to set t,. Pre-
viously, Gretton et al. (2012a, Sec. 6) studied a particular
instantiation of this test with B=2.

Incomplete MMD tests Yamada et al. (2019) introduced
an alternative ©(¢) time subsampling approximation based
on incomplete MMD test statistics, MMD?Z _(X,,,Y,,) £
7 2 (ipep B(Xi X;,Y;,Y;), with D a collection of £ or-
dered index pairs. Yamada et al. (2019) sampled pairs
uniformly with replacement and set ¢,, using the Gaussian
limit of v//MMD?2_ as ¢ — oo. Schrab et al. (2022) in-
stead used deterministically pre-selected index pairs and a

wild bootstrap setting of ¢, described below.

Low-rank RFF tests Zhao and Meng (2015) proposed a
complementary speed-up for MMD testing based on a low-
rank MMD approximation of the form

MMD3, (X,,,Y,) £ )
|5 S @ ()~ L 00 @0 ()|

where ®,. maps each sample point to an r-dimensional fea-
ture vector. Specifically, Zhao and Meng chose r RFFs to
unbiasedly estimate MMD3. in ©((m + n)r) time.

Permutation tests For any of the aforementioned test
statistics, one can alternatively set ¢, using the following
permutation approach to obtain a test with non-asymptotic
level o (Romano and Wolf, 2005; Fromont et al., 2012).
Let U be the concatenation of X,,, and Y,,. For each per-
mutation o of the indices {1,...,m + n}, define the per-
muted samples X7, = (Uyi))21, YT = (Unmos)i
and the permuted statistic as 77 = T'(XZ,,Y9). Sample B
uniformly random permutations (o,)2_; to obtain the val-
ues T}, £ 77" and sort them in increasing order (T{;))}_;.
Finally, set ¢, = T( [(1—a)(B+1)])-
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Wild bootstrap tests Similarly, when m = n, the follow-
ing wild bootstrap approach employed by Fromont et al.
(2012) yields a non-asymptotic level o by exchangeabil-
ity and Romano and Wolf (2005, Lem. 1). For each vec-
tor e € {1}, define T¢ £ T(X¢,Y¢) where X, Y
are constructed from X,, and Y,, by swapping X; and Y if
€; = —1. Sample B i.i.d. vectors (&,)?_; uniformly from
{£1}™, compute the values T}, £ T and finally set ¢, as
in the permutation approach.

3 Compress Then Test

This section introduces Compress Then Test (CTT), a new
framework for testing with sample compression. CTT re-
lies on a new test statistic, CORESETMMD, that we de-
scribe and analyze in Sec. 3.1. Sec. 3.2 then provides an
analysis of the complete CTT procedure detailed in Alg. 1.

Algorithm 1: Compress Then Test, Actr

Input: Samples (X,,,, Y,), # coresets s, compression level g,
kernels (k, k"), failure prob. J, # replicates B, level a
% equal-sized bins (ngl))‘f”gl

o equal-sized bins (Ygf ))fgl

Partition X,,, into s,, =

Partition Y, into s,, =

// Identify coreset of size 2%/ ™£™ for each bin

fori:.17...,8md0 .

| X$) + KT-Comprss(XY, g,k, k', 6)
end
fori=1,...,s,do

| ¥ « KT-ComprEss(YY, g, k, k', &)
end
// Compute CORESETMMD test statistic

Mpy1 < MMDy (X, Y,,) for 6))
X,n = CONCAT((X$2)2m) and ¥, := CoNncaT((Y$)3n,)

// Simulate null by randomly permuting the s coresets I3 times
forb=1,...,Bdo

(X%, Y?%) < PERMUTECORESETS(X,,, Y., s)

My < MMDy (X%, %)
end

// Threshold test statistic

R < position of Mg in an increasing ordering of (Mj)5 1!
with ties broken uniformly at random

if R> by :=[(1—a)(B+1)] then return 1 //reject null

elseif R < b, then return 0 // accept null

else return 1 with prob. po = bo — (1 — a)(B+ 1) orelse 0

3.1 MMD compression with CORESETMMD

At the heart of our testing strategy lies CORESETMMD (5),
a new, inexpensive estimate for MMDy (P, Q) that builds
atop the KT-COMPRESS algorithm, a strategy introduced
by Shetty et al. (2022, Ex. 4) to compress a given point se-
quence (see App. A for background on KT-COMPRESS).
Given a coreset count s, a target compression level g, and
an auxiliary kernel function k' used by KT-COMPRESS,

CORESETMMD partitions each input sample into bins of
size ™ compresses each bin into a smaller coreset of
points using KT-COMPRESS, concatenates the coresets to
form the compressed approximations Xm and Yn of size

29m, /5 and 29n, /2 respectively, and finally com-
putes the MMD estimate MMDy (X, Y,,).

As we show in App. B, this strategy offers the following
strong approximation error guarantees, expressed in terms
of the KT-COMPRESS error inflation factor Ry xs/29.
Lemma 1 (Quality of CORESETMMD). The CORESET-
MMD estimate (5) satisfies'

| MMDy (X, Yo ) =MMDy (X, Y, )| (6)

< Rk,k’(XMaﬁv‘;»B) Rk,k’(Yn»SL;v(;vg)
- 28/m 29./n ’

with probability at least 1—0 conditional on (X,,,Y,,), and

| MMDy (P, Q) — MMDy (Xpr,, ¥ )
Ry (P, 2,6,8) | Ry 1 (Q,7%,6,9) k|| oo K|l oo
< kkzg\/m + kkmﬁ +05(\/”71‘1 + ”'rlzl )7

with probability at least 1—30 for cs =2+,/2 log(%).
Remark 1 (Beyond i.i.d. data). Our proof shows that the
guarantee (6) holds more generally for any point sequences
(Xon, Y,,) generated independently of the randomness in
CORESETMMD.

Remark 2 (Beyond KT-COMPRESS). CORESETMMD
and CTT are compatible with any compression scheme. In
particular, when an alternative compression algorithm is
used in place of KT-COMPRESS in Alg. 1, the conclusions
of Lem. 1 and Thm. I can be straightforwardly generalized
to accommodate the quality guarantees of that alternative.

The first guarantee of Lem. 1 bounds the compression
error introduced by substituting the compressed points
(Xpn, Y,,) for (X,n,Y,), while the second accounts also
for the @(\/% + ﬁ) random fluctuations of the quadratic-
time statistic MMDy (X,,,, Y,,) around the population es-
timand MMDy (P, Q) (Gretton et al., 2012a). In either
case, we find that CORESETMMD offers an order O(ﬁ—i—

ﬁ approximation—the same order as the quadratic-time

MMDy (X, Y,,) estimate—up to the inflation factor (1+
Rk,k’ /2g ) .

The value Ry x/ (P, m,d, g) depends on the choice of the
auxiliary kernel k’ and the tail decay of P (see App. B.1 for
details).> Two standard choices for k’ are the target kernel
k itself (Dwivedi and Mackey, 2022) or a square-root ker-
nel ki satisfying k(z, y) = [ ke (2, 2)ket (y, 2)dz. As de-
tailed in Dwivedi and Mackey (2021), convenient square-
root (or square-root dominating) kernels are available for a

'Unless otherwise specified, all of our results refer to an arbi-
trary setting of an algorithm’s input arguments.

*The related value Ry y (Xom, m, 6, g) is Ry 1 (-, m, 8, g) ap-
plied to the empirical distribution over X,,,.
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Tails of P Choice of k’ Ry x (P, m, 4, g)

Compact Compact k. (log 2)?
Subexponential Analytic k (log %) A
Subexponential ~ Subexponential k;y ¢ s(log %) =5

p-Heavy-tailed  p-Heavy-tailed k,

Table 1: Error inflation due to compression. We report
the scaling of Ry x/ in Lem. 1 up to constants depending
on d under various assumptions on k’ and the tail decay of

[P (see App. B.5 for the proof). Here ¢,, s £ /loglog 5.

variety of popular kernels including Gaussian, Matérn, B-
spline, inverse multiquadric (IMQ), sech, and Wendland’s
compactly supported k.

Tab. 1 summarizes how Ry w/ (P, m, ¢, g) varies with k’ and
P. For example, when P, Q, and k/ = k, are compactly
supported, Ry (P, m, 6, g) = O((log 2*)?) and hence the
compression error (6) of Lem. 1 becomes
m\2 n\2
O(GE+ G5 8) = o+ Jn),

when g = log,(w(log®(™¢™))). More generally, the
CORESETMMD compression error is asymptotically neg-
ligible relative to the usual error of MMDy(X,,,Y,)
whenever g = logy(w(Rk x (P,m V n,d,g))). For ex-
ample, if P, Q, and k’ = k,¢ have have subexponen-
tial tails then, for some constant ¢ > 0, the choice g >
clog, log(m Vv n) yields 0(\/% + ﬁ) compression error.

By Tab. 1, the same result holds when k’ = k is analytic.
Together, these results cover all of the aforementioned pop-
ular kernels.

We next turn our attention to the running time of CORE-
SETMMD. By Shetty et al. (2022, Ex. 4), the runtime
of each KT—COMPRESS(XE,?7 g,k, k’,9) call is dominated
by O(49 2 (log, (E%) — g)) kernel evaluations. Since
MMDk(Xm, Yn) can be computed using O(4%s(m + n))
kernel evaluations once Xm and Yn are available, the total
runtime of CORESETMMD is
O(4%(m + n)(s + log, (™) — g)). 8)

S

Notably, this runtime is O((m + n) log§t (m + n)), near-

linear in m + n, whenever s = O(log,(m + n)) and g <
clog, log(m + n), as in the subexponential and compact-
support settings previously considered.

3.2 Compress Then Test

We are now prepared to discuss our complete CTT pro-
cedure defined in Alg. 1. CTT begins by computing the

Test name MMD separation Runtime
CTT Ry 1/ (P,m,s,g) _1 g
(ours, Thm. 1) 20y/m tm™z  4%mlogm
Complete MMD 1 2
m”2 m
(Gretton et al., 2012a)
Block MMD (Bm) 1 Bm
(Zaremba et al., 2013)
Incomp. MMD = ,

(Yamada et al., 2019)

Table 2: Detectable MMD(P, Q) separation vs. runtime
for complete and approximate MMD tests. For subexpo-
nential (P,Q), CTT can detect m~2 MMD separation in
near-linear time, while the complete, block, and incomplete
tests require quadratic time. See Sec. 3.2 for more details.

CORESETMMD test statistic described in Sec. 3.1 but then
reuses the coresets to carry out a special form of the per-
mutation test. Rather than permuting all m + n points as
in the standard permutation tests of Sec. 2, CTT keeps each
coreset intact and only permutes the order of the s coresets
when setting the test threshold.

The advantages of coreset reuse are threefold. First, the
compression step can be carried out just once, irrespective
of the number of permutations employed. Second, the same
kernel evaluations used to compute the initial test statistic
(5) can be reused to compute every permuted CORESET-
MMD. Indeed, when forming the initial test statistic, it suf-
fices to store the s2 sufficient statistics

o1 R . /
Aij = |Z(1)H2(]’)| Zzez(i)7z/ez(j) k(Z,Z ) for

@O, 20) & XD, K IO, Ee)

3

since each permuted CORESETMMD can be written as

1-2[I[i <5 ] =11 <sm]|

MMD (X}, %) = 32

ij=1 52 Ao (i)o(3)
for some permutation o over the coreset indices {1, ..., s}.

Hence, the total running time of CTT is simply the running
time (8) of a single CORESETMMD call plus O(s*B) arith-
metic operations.

Finally, by keeping each coreset intact, CTT ensures that
every coreset permutation (X%  Y%) accurately approx-
imates an analogous full-sample permutation that keeps

each of the (X%))le and (Ygf ))f;1 bins intact and only
permutes the order of the s bins. One of the main contri-
butions of this work is showing that such restricted permu-
tation procedures provide high power even when s is set to
a small value. However, before turning to power, we next
show that CTT has a size exactly equal to the nominal level

« for all sample sizes and all data distributions P.
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Proposition 1 (Finite-sample exactness of CTT). For any
distribution P, Compress Then Test (Alg. 1) has size (Type
1 error) exactly equal to the nominal level o, i.e.,

Pr[Actr(Xim, Y,) = 1] = a  whenever P = Q.

Remark 3 (Exchangeability). Our proof in App. C does
not require datapoint independence and rather holds
under the weaker condition that the point sequence
(X1,..., Xm, Y1,...,Y,) is exchangeable under the null,
i.e., the null distribution of this point sequence is invariant
under permutation.

Our proof of Prop. 1, based on exchangeability, parallels
the size-no-larger-than-level proofs of Schrab et al. (2021);
Albert et al. (2022) but includes a more detailed treatment
of the case R = b, to ensure the exactness of the Type I
error, as in Hoeffding (1952).

We now provide a complementary upper bound on the
Type II error of CTT (or equivalently, a lower bound on its
power) under suitable assumptions on the MMD separation
between P and Q.

Theorem 1 (Power of CTT). Suppose Compress Then Test

(Alg. 1) is run with m < n, level «, replication count

1 32 2 a
B > = — 1, coreset count s, > jlog(f) for v =

1 ~
ﬁ(g) @M and (3 = 1:%/2 Then CTT has power

PI[ACTT(XmaYn) = 1] Z 175

whenever ¢ MMDy (P, Q)/+/log(1/~) is greater than

Ry 1 (Rﬁvmim 18) Ry 1 (Q, 72 120Bsn +8)

29\/m

i L3[PSS
QCB/QOS m

for ¢’ a universal constant and cs as defined in Lem. 1.

Remark 4 (Valid parameter values). The CTT compres-
sion level g is an integer in {0, . . ., log,(™+™)}—a larger
value provides more power but increases runtime. The fail-
ure probability § and level « take arbitrary values in (0, 1),
while the coreset count s < m + n and replicate count B
are positive integers.

The proof of Thm. 1 in App. D contains several novel ar-
guments that may be of independent interest. First, us-
ing novel techniques based on order statistics, we show
that B > é —1 permutations suffice to obtain a powerful
permutation test. Our arguments can be straightforwardly
adapted to strengthen the analogous results for the com-
plete (Schrab et al., 2021, Thm. 5) and incomplete (Schrab
et al., 2022, Thm. 5.2) permutation tests. Compared with
the B > %(10g(%)+0¢(17(1)) requirement of Schrab et al.
(2021, 2022), our requirement eliminates all dependence
on the target power 1 — 3 and improves the « dependence
by a quadratic factor. Put in practical terms, by Thm. 1,
B > 19 permutations suffice for powerful permutation test-
ing at level a = 0.05 while B > 2613 were previously

required to guarantee power greater than the level. Sec-
ond, we show that to obtain a powerful permutation test,
one need not permute all m + n datapoints; rather, it suf-
fices to permute s bins where the number s can be chosen
independently of the sample sizes.

In the end, Thm. 1 implies that CTT with a small number of
coresets and permutations can detect distributional discrep-
ancies of order #m—the same detection threshold enjoyed
by the quadratic-time MMD tests (Gretton et al., 2012b,
Thm. 13)—-up to the inflation factor (1+ Ry x//29). Since
Rk k' /29 = o(1) whenever g = log,(w(Rk k/)) and the
runtime of CTT is dominated by a single CORESETMMD
computation, by setting k’, g, and s as discussed in Sec. 3.1,
CTT can recover the quadratic-time detection threshold in
near-linear O((m + n)log§™ (m + n)) time for subex-
ponential (P, Q) and subquadratic time for heavy-tailed
(P, Q) with p > 2d moments.

Our next result shows that such runtime improvements can-
not be achieved by the state-of-the-art block and incom-
plete MMD tests of Sec. 2, as each requires quadratic time
(i.e., B = Q(m) or £ = Q(m?)) to match the order \/%
detection threshold of a complete MMD test.

Proposition 2 (Power upper bounds for complete, block,
and incomplete MMD tests). For any nominal level a €
(0,1) and target Type II error B € (0,1), there exists a
constant ¢, g such that the following power upper bounds
hold for all sample sizes m.

(a) Asymptotic complete test: Pr[A,X,,,Y,,) = 1] <

18 if MMD(P,Q) < %5

(b) Asymptotic block test: Pr[Apg(X,,, Y,,)=1]<1-8if
MMD(P,Q) < (;7‘:1% and B, — oo.

(c) Asymptotic incomplete test: Pr[N;.(X,,,Y,) =1] <

1-Bif MMD(P, Q) < 334, and = — ¢>0.

The proof of Prop. 2 in App. E uses the asymptotic distribu-
tion of each statistic under the null and alternative hypothe-
ses (as derived by Gretton et al., 2007, 2009; Zaremba et al.,
2013; Yamada et al., 2019) to upper bound the power (and
hence lower bound the Type II error) of each test. More-
over, the proof reveals that these detectable MMD(P, Q)
separation rates are tight. For example, there also exists a
constant c'aﬁ > cq,p such that Pr[A,,,(X,,,Y,,) = 1] >
1—/ whenever MMD(P, Q) > ¢, 5/+/m. Tab. 2 summa-
rizes the trade-off between detectable MMD separation and
runtime for the complete and approximate MMD tests and
highlights the improved trade-off offered by CTT.

In particular, the time-power trade-off of CTT improves
significantly under the favorable settings of Tab. 1 (e.g., for
compact [P or subexponential P and analytic % in lower di-
mensions). While the improvements need not be as large
for heavier-tailed distributions, less smooth kernels, and
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higher dimensions, even the worst-case trade-offs of CTT
are no worse than prior methods’ as Rg (P, m,d,g) =

0(29/2m1/4,/1og(§)) by Dwivedi and Mackey (2021,

Rem. 2). That is, for arbitrary distributions, dimensions,
and kernels, a user can comfortably use CTT as a drop-
in replacement for the block and incomplete tests, as we
should expect no worse power-time trade-off curves. That
said, there is some overhead associated with compression,
so a user may find the block and incomplete tests to be
faster for small sample sizes.

4 CTT Extensions

In this section, we develop two extensions of CTT: first,
a fast and powerful way to exploit an accurate low-rank
kernel approximation and, second, a fast and powerful ag-
gregation procedure for identifying a particularly discrimi-
nating kernel from amongst a collection of candidates.

4.1 Low-Rank CTT

Our first extension, called Low-Rank CTT (Alg. 2), allows
the user to exploit an accurate low-rank kernel approxima-
tion without sacrificing the provable time-power trade-off
improvements of CTT. Specifically, we consider ©(nr)-
time low-rank MMDyg, approximations of the form (4)
with ®,. selected so that the approximation error

(X'rnaYn) = SUpP,, yeX,, UY, |k(£(,‘ y) (I) ( )T(I) ( )‘

is small. For example, Sriperumbudur and Szabé (2015,
Thm. 1) show that ep, (X,,,Y,) = O(r~/*) and

hence that | MMD}, (X, Y,,) — MMD3 (X, Y,,)| (?
4€2 (X, Y,) = O(r~'/2) with high probability when
®,. consists of r random Fourier features and (P, Q)
are compactly supported. However, since computing
MMDs, (X,,, Y,,) requires ©((m + n)r) feature evalua-
tions, this analysis requires (m?) time to match the or-
de
following result, proved in App. F, shows that appropriate
compression prior to low-rank approximation yields com-
parable power guarantees in just O(4%(m + n) log r) time.

Theorem 2 (LR-CTT exactness and power). Low-Rank
CTT (Alg. 2) has size exactly equal to the level o for all

P. If the replication count B > l — 1, the permutation

bin count s > "En 32 log(%)for (7, ) as in Thm. 1, and
m < n, then LR-CTT has power

Pr[Aircrr(Xm, Y,) = 1] > 1-5
when, for a universal constant ¢’ and cs defined in Lem. 1,

¢ MMDx(F, @)/ V10g{1/7) 2 263, [l

Ry e (P 0) Ry 1 (Q, 7, 5B g) .

25 /m

7Wn 7‘72057?1 r

+ €p,. (meyn)

Algorithm 2: Low-Rank CTT, Argr.cTr

Input: Samples (X, Y,,), coreset size factor a, compression
level g, kernels (k, k'), feature map ®., failure prob. &, #
permutation bins s, # replicates B, level o

Partition X, into Sy, = 4 “ ™ equal-sized bins (Xm)sm "

4an Snr

Partition Y, into sy, » = equal-sized bins (Y< )it

// Identify coreset of size = for each bin
fori=1,...,5m, do

| X% « KT-ComprEss(X'Y, g, k, K/, )
end
fori:_l,.,.,sn,rdo _

| ¥ « KT-ComprEss(YY, g, k, k', §)
end
// Compute LR-CORESETMMD test statistic
Mpy1 < MMDs, (X, Y,) for )
X, = CoNCAT((X)5™7) and ¥,, := ConcaT((¥5))5m)
// Simulate null by randomly permuting s coresets B3 times
forb=1,...,Bdo

(Xb,,Y%) < PERMUTECORESETS (X, Y, 5)
My +MMDg, (X5, Y5)

end
// Threshold test statistic
R < position of Mg in an increasing ordering of (Mj)5*!

with ties broken uniformly at random
if R> by :=/[(1—a)(B+1)] then return 1 //reject null
else if R < b, then return 0 /I accept null
else return 1 with prob. po = bo — (1 — @)(B + 1) orelse 0

Specifically, to form a low-rank CORESETMMD test statis-
tic (9), Low-Rank CTT (LR-CTT, Alg. 2) divides each
sample into s,, , or s, , equal-sized bins, forms a coreset
for each bin using KT-COMPRESS with kernels (k, k'), and
computes the low-rank approximation MMDg . using only
the concatenated coreset points Xm and Y,L. Then, just
as in Alg. 1, LR-CTT selects an appropriate test statistic
threshold albeit now manually partitioning (X, Y,,) into
s coreset bins and permuting those bins. All told, the LR-
CTT runtime is dominated by O(4% (m+n)(log, (%) —g))
kernel evaluations, O(49(m + n)a) feature evaluations,
and O(s?B) arithmetic operations. Importantly, when a =
O(logr), the logarithmic dependence on the rank r means
that, by Thm. 2, LR-CTT can recover the order \F de-
tection threshold of a complete MMD test in near-linear
time for subexponential (P, Q) and subquadratic time for
heavy-tailed (P, Q) with p > 2d moments, even when the
approximation error e, has slow (e.g., order /%) decay.

4.2 Aggregated CTT

Each of the tests considered so far assumes that a suitable
kernel k has been pre-selected by the user. However, be-
cause the discriminating power of a kernel varies with the
pair of distributions under consideration, it can be challeng-
ing to identify a single suitable kernel a priori. As aresult, a
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variety of strategies have been introduced for automatically
selecting discriminating kernels for MMD tests (see, e.g.,
Gretton et al., 2012b; Sutherland et al., 2017; Liu et al.,
2020; Kiibler et al., 2020). We highlight in particular the
aggregated MMD tests of Schrab et al. (2021) which com-
bine complete MMD tests with varying kernels into a sin-
gle test with power comparable to the best individual test.
Since these complete aggregated tests run in quadratic time,
Schrab et al. (2022) recently introduced incomplete aggre-
gated tests that trade off computation time and power ex-
actly as in the single-kernel setting (see Tab. 2).

In Alg. 6 of App. G, we extend our Compress Then Test
framework to form a more efficient aggregated test that
we call Aggregated CTT (ACTT). Like past aggregated
tests, Alg. 6 takes as input any indexed collection of ker-
nels (ky)xea and accommodates nonnegative importance
weights (wx)aea with Yy ) wx < 1 reflecting prior be-
liefs about the suitability of each kernel. Like Alg. 1, ACTT
then proceeds to partition X,,, and Y,, into bins and to
form a coreset for each bin using a parallel collection of
auxiliary KT-COMPRESS kernels (k) ca scaled so that
sup,|k) (z, z)| = 1. However, instead of forming a sepa-
rate coreset for each candidate kernel, as one might if one
were running a CTT test separately for each k), ACTT
saves additional computation by forming a single coreset
per bin using the combination kernels k = ), -, k» and
k' = 3", ca K. These shared coresets are used to compute
a CORESETMMD test statistic M) for each ky, B; per-
muted CORESETMMD statistics to estimate the null dis-
tribution for each k), and B> permuted CORESETMMD
statistics to estimate the size of the aggregated test. Fi-
nally, exactly as in Schrab et al. (2021, Alg. 1), ACTT
selects a suitable rejection threshold for each test statistic
M), and rejects the null whenever at least one M) exceeds
its threshold. The total cost of ACTT is at most |A| times
that of single-kernel CTT (with B = B;) plus the cost
of O(|A|(B1 log By + B3Bs)) arithmetic operations due to
sorting and selecting thresholds.

Thm. 3, proved in App. G, shows that ACTT is valid,
ie., it has Type I error < « for all sample sizes and
generating distributions, and that its power is compara-
ble to that of the best k\-CTT test run with compression
level g — log, |A|. Moreover, by Thm. 1, each k)-CTT
test has power comparable to a complete k) test when
g = logy(|A|w(Ry, x;)). Therefore, by setting k', g, and
s as discussed in Sec. 3.1, ACTT with |A] = O(1) can
recover the detection threshold of the best quadratic-time
k) test in near-linear O((m + n)log§t (m + n)) time
for subexponential (P, Q) and subquadratic time for heavy-
tailed (P, Q) with p > 2d moments.

Theorem 3 (ACTT validity and power). For any distribu-
tion P, ACTT (Alg. 6) has non-asymptotic level o, i.e.,

Pr[Aactr(Xpn, Y,) = 1] < a whenever P = Q.  (10)

Morever, with m < n, a € (0, é), and replicate counts
By > (maxyen w) %) 2 (log (% Ha(1-a)), By > 5 log(3),
and B3 >log, (2 minyep wy '), ACTT has power

(e

PrlAacrr(Xpm, Yp) =1] > 1 -5 (11)
whenever there exists a A € A satisfying
MMDy, (P,Q)> ¢\ log(L) enca(244%2)  (12)

32 2¢ A
and sy, > <5 log(5%), where 7 = g2 (

B\ TewxBrm7aT
aw, (B1H1)/2
gia5) ,

c is a universal constant, and

ll¥ex [l oo

m

€AGG(5) £ 205

Ry, 1w (P,22,8,8)+Ry, w«(Q,7%.9,9)
N Sm X\ Sm
+eamay o

for cs as in Lem. 1 and cp =2+/|A|(1+1log(]A]))

S Experiments

We now present seven experiments that illustrate the im-
proved power-runtime trade-offs of CTT, LR-CTT, and
ACTT over state-of-the-art approximate MMD tests. In all
experiments, we use a Gaussian k' = k, «=0.05, m=n=
49 s =32,and 6 = % We report average rejection rates
over 400 independent replications of each experiment with
95% Wilson (1927) confidence intervals. See App. H for
additional details and github.com/microsoft/goodpoints for
open-source Python code recreating all experiments.

CTT experiments We evaluate CTT in two settings with
the kernel bandwidth set using the popular median heuristic
(Chaudhuri et al., 2017). In the GAUSSIAN setting, P and
@Q are 10-dimensional Gaussians with identity covariances;
the means have Euclidean distance 0.012 under the alterna-
tive and 0 under the null. The EMNIST setting is similar
to the one considered by Kiibler et al. (2020); Schrab et al.
(2021), where IP and QQ denote distributions on downsam-
pled 7 x 7 images of the EMNIST dataset (Cohen et al.,
2017)—an extension of the MNIST dataset (LeCun et al.,
2010) that also includes letters. Under the alternative hy-
pothesis, P denotes a 2-mixture of uniform distributions
based on parity of digits and letters with weight 0.49 (resp.
0.51) for even (resp. odd) parity, while Q puts equal weight
0.5 on both parities. Under the null hypothesis, we consider
P = Q = equally weighted mixture. We plot the test power
results versus runtime in Fig. 1 with GAUSSIAN setting on
top and EMNIST setting on the bottom.

Fig. 1 (left) shows that in both settings, the CTT time-
power trade-off curve uniformly dominates those of the
state-of-the-art subsampling approximations of Sec. 2:
the wild bootstrap block (W-Block) and incomplete (W-
Incomp.) tests and the asymptotic block (A-Block I and II)
incomplete (A-Incomp.) tests. In particular, the CTT test
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Figure 1: Time-power trade-off curves in the GAUSSIAN and EMNIST experimental settings comparing (left) CTT to
five state-of-the-art approximate MMD tests based on subsampling and (right) LR-CTT to the state-of-the-art low-rank

MMD test based on random Fourier features (RFF).

with g = 3 achieves the same power as the wild bootstrap
quadratic-time tests (W-block with B =4° and W-Incomp.
with /= (49_71)") while providing a 200x speed-up. While
CTT and the wild bootstrap tests are guaranteed to have
Type I error controlled by « (Fig. 3 in App. H), the asymp-
totic tests violate their level constraint for large B or £ as
the asymptotic approximation is poor for such settings. As
a result, Fig. 1 displays only those points that respect the
level constraint in the power plots. For consistency, we
used B = 39 replicates for all the non-asymptotic tests.

LR-CTT experiments In the same settings, Fig. 1
(right) compares CTT, the state-of-the-art low-rank RFF
test of Sec. 2, and LR-CTT with RFF &, and a =
r/(492r>4"""1)  We use B = 39 permutations to set the
threshold for each test. We find that CTT and RFF produce
comparable trade-off curves despite their distinct and com-
plementary approximation strategies and that the combined
LR-CTT test with g > 2 consistently yields the best perfor-
mance, with 5—20x speed-ups over CTT or RFF alone.

ACTT experiments We compare our ACTT procedure
in two different settings with the aggregated wild bootstrap
incomplete test (W-Incomp.) of Schrab et al. (2022). For
the BLOBS experiment of Gretton et al. (2012b, Fig. 1),
and Sutherland et al. (2017, Fig. 2), P and Q are two-
dimensional 3 x 3 grids of Gaussian mixture components
with a grid spacing of 10. Each mixture component has
identity covariance in PP, while for Q the ratio of eigenval-
ues for their covariance matrix is € with diagonal entries
set to 1; the null hypothesis corresponds to e = 1. We con-

sider the bandwidth set A = {2')\o}, %, for ky(z,y) =
e~ llz=yll3/ (2’\2), where )\ denotes the median heuristic
bandwidth, and uniform weights wy = 1/|A|. We plot the
results in Fig. 2 and observe that ACTT provides a uniform
gain in the power-runtime curve over the aggregated WB
incomplete test—a 100X to 200 x-speed up.

We perform the same comparison with the same configu-
rations on the HIGGS experiment, a variation of the setting
considered by Liu et al. (2020), which took the data from
Baldi et al. (2014). While the original dataset has samples
with 27 covariates belonging to two different classes (0 and
1), Liu et al. (2020) considers only four covariates of those,
and we only use the first two of the four. We consider
two settings for the alternative distribution: one in which
P is sampled from the class 0 and Q is sampled from the
class 1 (HIGGS: Fig. 2, middle) and a more challenging one
in which IP is sampled from the class 0 and Q is sampled
from each class with equal probability (HIGGS MIXTURE:
Fig. 2, bottom). We observe a 100x to 200 -speed up over
the aggregated WB incomplete test.

6 Connections and Conclusions

This paper introduced CTT, a new framework for kernel
testing with compression; LR-CTT, a test that combines
low-rank approximation and compression for added scal-
ability; and ACTT, a fast and powerful procedure for ag-
gregating kernel tests. While we have shown that CTT,
LR-CTT, and ACTT offer better power-time trade-offs than
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Figure 2: Time-power trade-off curves for ACTT and the
state-of-the-art incomplete MMD aggregation test in the
BLOBS and HIGGS experimental settings.

state-of-the-art approximate MMD tests, we highlight that
there are other approaches to fast non-parametric testing
based on alternative test statistics (see, e.g., Chwialkowski
et al., 2015; Jitkrittum et al., 2016; Kirchler et al., 2020;
Shekhar et al., 2022). A natural follow-up question is
whether compression techniques can also improve the
power-time trade-offs of those tests. A second opportunity
for future work is to extend the CTT framework to other in-
ferential tasks like independence and goodness-of-fit test-
ing or kernel regression.
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A Background on KT-COMPRESS

This section details the KT-COMPRESS algorithm of Shetty et al. (2022, Ex. 4). In a nutshell, KT-COMPRESS (Alg. 3)
takes as input a point sequence of size n, a compression level g, two kernel functions (k, k'), and a failure probability §. It
then combines the COMPRESS algorithm of Shetty et al. (2022, Alg. 1) with the generalized kernel thinning (KT) algorithm
of Dwivedi and Mackey (2021, 2022, Alg. 1) to output a coreset of 2%,/ input points that together closely approximate
the input in terms of MMDy. KT-COMPRESS proceeds by calling the recursive procedure COMPRESS, which uses KT
with kernels (k,k’) as an intermediate halving algorithm. The KT algorithm itself consists of two subroutines: (1) KT-
SPLIT (Alg. 5a), which splits a given input point sequence into two equal halves with small approximation error in the
k’ reproducing kernel Hilbert space and (2) KT-SWAP (Alg. 5b), which selects the best approximation amongst the KT-
SPLIT coresets and a baseline coreset (that simply selects every other point in the sequence) and then iteratively refines the
selected coreset by swapping out each element in turn for the non-coreset point that most improves MMDy error. As in
Shetty et al. (2022, Rem. 3), we symmetrize the output of KT by returning either the KT coreset or its complement with
equal probability.

For this work, we develop a slight modification of the original KT-COMPRESS algorithm, which we use in all experiments
and in the released implementation. When the compression level g = 0 and the number of input points passed to COM-
PRESS is n = 4, instead of running the usual COMPRESS algorithm, we run OPTHALVE4 (Alg. 4) which identifies the
coreset of size two that optimally approximates the input point sequence in terms of MMDy and then returns either that
coreset or its complement with equal probability.

Algorithm 3: KT-COMPRESS — Identify coreset of size 29/n

Input: point sequence Siy, of size n, compression level g, kernels (k, k'), failure probability &

/ 1)
return COMPRESS(Sin, 9, k, k', Wgw—g))

function COMPRESS (S, g, k, k', d) -

if |S| = 4° then return S

Partition S into four arbitrary subsequences {S; }7_; each of size n/4
fori=1,2,3,4do

S; « COMPRESS(S;, g, k, k', 6) /l ran COMPRESS recursively to return coresets of size 29 - %
end
S < CONCATENATE(S1, Sa, 83, S4) // combine the coresets to obtain a coreset of size 2 - 29 - \/[S]
return KT(S,k, k', |S|%5) // halve the coreset to size 2°4/|S| via symmetrized kernel thinning

function KT (S, k, k', §) :

// 1dentify kernel thinning coreset containing ||S|/2] input points

Skt + KT-swAP(k, KT-SPLIT(k', S, §))

return Sk with probability % and the complementary coreset S \ Sk otherwise

Algorithm 4: OPTHALVE4 — Optimal four-point halving

Input: kernel k, point sequence Si, = (mi)?zl
K12_plus_K43 < k(z1,z2) + k(z4,23); K41l plus_ K23 < k(za,z1) + k(z2,23); K42_plusK13 <+ k(z4,x2) + k(z1,23)
if K12.plus K43 < K41l plus_K23 then
if K12 plus K43 < K42_plus_K13 then
| return (zs, z4) with probability § and (21, z2) otherwise
end
return (z2, x4) with probability 5 and (21, x3) otherwise
end
if K41 plus K23 < K42_plus_K13 then
| return (z1, z4) with probability § and (22, 3) otherwise
end
return (z2, x4) with probability 5 and (21, 3) otherwise
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Algorithm 5a: KT-SPLIT — Divide points into candidate coresets of size |n/2]

Input: kernel k', point sequence Sin = ()}, failure probability §

SM 8@ « {} // itialize empty coresets: S, S have size i after round 4
o<+ 0 /I Initialize swapping parameter

fori=1,2,...,|n/2] do

/I Consider two points at a time

(z,2") = (w2i-1,22:)

/I Compute swapping threshold a

a,0 +get_swap_params (o, b, %) with b =K' (z, 2) + k' (2, 2') — 2k’ (2, z")

/I Assign one point to each coreset after probabilistic swapping

0 2322:712(1(/(3:77 QZ) - k/(ﬂfj,l‘/)) -2 Ezgs(l) (k/('z?x) - k/(z7 Z’/))
(z,2') + (2',x) with probability min(1,1(1—%);)

a
SW . append(z); S@.append(z’)

end
return (S, S®)), candidate coresets of size |[n/2]

function get _swap_params (0, b,d) :

a + max(bov/21og(2/6), b2)
0% — > +b% (14 (6% —2a)0%/a?) 4
return (a,0)

Algorithm Sb: KT-SWAP — Identify and refine the best candidate coreset

Input: kernel k, point sequence Sin = (z;)j—1, candidate coresets (8(1) , S(2>)
S baseline_coreset(Sin,size=|n/2]) // Compare to baseline (e.g., standard thinning)
Skt S for 1* arg min,e ¢ 1,23 MMDx (Sin, S(@) /I Select best coreset
/! Swap out each point in Sk for best alternative in Si,, while ensuring no point is repeated in Skt
fori=1,...,|n/2] do

Skrli] + arg MiN, ¢ (s (1 10(S
end
return Sk, refined coreset of size |n/2]

) MMDk(Sin’ SKT with SKT [Z] = Z)

in \SKT

B Proof of Lem. 1: Quality of CORESETMMD

We first provide a discussion on the error inflation factor and then prove the two claims in Lem. 1.

B.1 On the KT-COMPRESS error inflation factor

Given a point sequence Siy,, a positive integer 7, and a scalar § € (0, 1), the inflation factor Rk k/(Sin, 1, 9, g) denotes the
smallest scalar of the form

Ri,k/ (Sin, ., 0,8) =256(log, n—g—1)(Cici (Sin) + Mic i’ (Sin, 0,291 /n) \/1og(w))2 (13)
- (log(n+1) + /log(2/9))?,

where Ci i (Sin) and My 1/ (Sin, 6, 2971 /n) are any scalars satisfying the property that, on an event of probability at least
1-— g, every KT-COMPRESS (Alg. 3) call to KT with an input of size ¢ (that is a subset of S;,) is k-sub-Gaussian (see
Shetty et al. (2022, Def. 2)) with parameters

2Cy x/ (Sin 2My 1/ (Sin 6,0 _
g = k,kz( ) and T e 1/ ( )\/log( 12n49(1£)5g4n g)). (14)

l

See App. B.4.1 for the valid values of C x/, and 9 k- derived in prior work for standard choices of k’. (Notably, Dy i/
is non-decreasing in its last argument.)

The factor Ry« (Q, n, d, g) is the population analogue of Rk x/(Y,,n,d, g) and is defined as the smallest scalar of the
14



form

Ri7k/ (Q7 n, 57 g) é256(10g4 n—g— 1) (Ck,k’ (Q7 n, 6) + mk,k' (Qa n, 57 29-‘1—1 \/ﬁ) \/log(w))Q
- (Vlog(n+1) + /log(2/9))?,
where Cy 1/ (Q, n, §) and My 1 (Q, n, 8, 281 /n) satisfy

]P)[Ckk/ (Yn) < Ck,k' (Q, n, (5) and mhk/ (Yn, 6, 29+1\/ﬁ) < mkkf((@, n, o, 29+1\/ﬁ)] >1- (5/2 (15)

and Cy x(Y,,) and My (Y, 6, 29+, /n) satisfy the sub-Gaussian property (14) defined above when Si,, = Y,,. See
App. B.4.2 for upper bounds on the quantities Cy k' (Q,n, §) and My 1 (Q, n, §, 28+ /n) for standard choices of k’ and
App. B.5 for how that translates to a scaling for Ry - for the settings in Tab. 1.

B.2 Proof of claim (6)

We follow the notation of Shetty et al. (2022, Apps. A and C) and note that KT-COMPRESS (Alg. 3) is the COMPRESS

algorithm of Shetty et al. (2022) with, in the notation of Shetty et al. (2022, Example 4), HALVE = KT(W(S)
and 3, = log, n—g—1 for an input of size /.

We associate with each algorithm ALG and each input point sequence Sj, of size n and output Sy Of size 74, the
measure difference

¢ALG (Sin) = % ZzGSin (Sw - t ZCEGSout 617

and the unnormalized measure difference

VALG(Sin) =1 PALG(Sin) = Xses,, 00 — s 2owesS,u 0o
Shetty et al. (2022, Eqn. 18) show that for their COMPRESS algorithm, the following holds:

Yo(Sin) = VA2 Sl S 27 (SI), (16)
jeqa are the 4% coresets of size n; = 29717, /n resulting from i recursive calls to the
COMPRESS algorithm and ¥y is the unnormalized measure difference for HALVE. Substituting Sj;, < X(mr), we get that
forr =1,...,s, ¥o( X( Y = /m [8m - 27971 Zﬁ’"/gm Z] 127 (X X ), where X" s defined analogously to

m,i,J m,i,J

S;‘; If we let C+ be the algorlthm that maps X,,, to Xm (and Y,, to Yn), we obtain

T —g— Sm Bm Sm i —1 s
Yo (X)) = \/mfsy, - 2707 e Sl S 9 (X0, ).

where 3, £ log,n — g — 1L (S™).

Similarly,

Yo (V) = Vafon - 2707 iy S SiL 2 e (V).

Following App. C.1 from Shetty et al. (2022), if one numbers the elements of Sy, as (21, ..., 2, ), and defines the n x n
kernel matrix K £ (k(z;,2;))}';_,, one obtains

. - k
g K2 Y 161( (xiES,ICI}j)—2~1(a:ieS,’;’:f)), and uc 2 58" S0 wi s

A
where wy, ,, = WLI"M Then, we have

n2 . MMDI%(SII]?SC) = ||UCH;, and
Eluk,j|(uprjr 2 j' € 4¥], k' > k)] =0 for k=0,...,log,n—g-2,

and uy, ; for j € [4¥] are conditionally independent given (uy s : j' € [4¥'], k" > k). This follows easily from (16). For
any u € R” for arbitrary n, we also define

Mué (0 UT ) c R(n-‘,—l)x(n-‘rl)_

u Opxn
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For any u € R", the matrix M, satisfies

IMully, = llully = Amax(My), and M < [ul[3T,41 forall g € N.
Defining the shorthand M}, ,, £ My, uy, ;- We find that

log, n—g—1 4%
nMMDk(SinvSC):”UC”z:)‘maX(Muc):)‘maX( kjg ¢ Zj=1Mk,j)a

Let U = (Ul)z"jl'" be the sequence obtained as the concatenation of X, and Y,. Define the matrix Kx v, =
(k(U;, UJ));”;;”1 Substituting S, < X%), we can write

u,(:;X SKE o YL 1@( (xZEX(T) )—2~1(mZEX(mT);€°;t)),

X,

(r) & x-logy(m/sm)—g-1 (~4” (r) () N
and ucx,, k=0 2=t Whim s Uk 5 3, kod Xom — ka,m/suifi,xm
Hence, we can define
N Sm log,(m/sm )—g—1 4k (r)
UCH X =D 021 D ey Z =1 Wk,m/sm U j X,,
Analogously,
A Sn logy(n/sp)—g-1 (4" )
UCHY, =D 001 k=0 Zj 1 Wkn/sn Uk 5y,

Also, note that
|MMDk(Xm7Yn) - MMDk (meYn)| = |||(IED - Q)ka - ||(Pm - Qn)ka| S ||(P - Q - (]P)m - Qn))ka
= ||<P - ]P)m)k - (@ - Qn)ka
which implies that

| MMDy (X, Yo ) — MMDy. (Xm,s?(n) | < ey x,. /m — ucyx, /nll,

log,(m/sm )—g-1 4k log,(n/sn)—g—1 4k
= HZ 1 g?)( fom)8 ZJ 1 Wk, m/smul(c,z X 7 k§4( [on)s Z] 1 Wk n/snu](C,; Y,L) ‘
S log,(m/sm ) 1 r log,(n/sn)—g—1
:)‘maX(Zrzl(% ki?)( fom)a Zj 1Ml(ch - Z g4( fom)e Z] 1M RA'S ))-

Now we apply the sub-Gaussian matrix Freedman inequality (Shetty et al., 2022, Lem. 4). The zero-mean condition on
the matrices holds following the argument in Shetty et al. (2022, Sec. C.3.1), while for the moment bounds we use the
approach in their Sec. C.3.2. Namely, we use that for any ¢ € 2N,

(M0, ) =M 2 wkmyat e, 18T = 0 gl [T
m 3. Xm
and similarly, (M,(;) x,)! 2wl / 4||uk 5%, 15Tm4n41. Shetty et al. (2022, Lem. 5) prove that for any non-negative

random variable Z,
P[Z>a+vVt]<e " forallt >0 = E[Z9] < (2a+2v)?(2)! forall g € 2N.
In their case, their k-sub Gaussian assumption on HALVE implies that
Plllu,jll2 > €} (ag +’l}g;€\/1€) | (upr jo 2 5" € 4K K > k)] < et forall t >0,
for suitable scalar sequences {ay, v} (also see (14)), where £, = /n29+1=* which yields the moment bound E[|uy ;|2 |
(up o 3" € [4F], K > k)] < (£)1(2€;.(ag, + vg; ))?. Under the same assumption on HALVE, we obtain analogously that
Ellul) o 131 (s 3 € YLK > B)] < (DN e g on )Y,

q
2
[”uk]Y 13 | (“k' vy, J € [4¥] K > k) < (4)! (%;g,n/sn(aé;m/s + vy ),

k,n/sn
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whereékm/s \/m 9a+1—k g;m/sn m,2g+1—k'
£2

Now let {ag,n, ve,n } denote the scalar sequences from (14) so that COMPRESS with HALVE = KT(mé) for input

of size ¢, every HALVE call invoked by COMPRESS is k-sub-Gaussian with parameters ay ,,, V¢, on an event of probability
at least 1 — g. We define

2 4 \Sm 10g4(m/8m) g1 4" 2 2
o =0 (2 Z] 1 km/smglmn/gm(aé;C e S VG m/sm))

lo n/sn) 1
+Z g4 fon)o Z] 1(2wkn/s”€kn/sn(a£’ 7n/s"))Q)7

k,n/sn 7n/s“

+ Ue,

k,n/sn

which when combined with the expressions for a, ,, and vy, from (14), yields that

2
og,(m/sm)—g— — -4 M/ Sm\Pm/sm
o2 = Y mlem) e 1<29f(ckk/( m) + M s (X, 6, 2071 ‘f,/%)\/log(6 Y /2,3_(,55 L +”))) A7)
1 6-45/n/s, (8 +1) 2
o n/sn) 1 _ N/ Sn(Pn/sy,
R A <29f(0kk’( n) + Mg (Y, 6,297 k\/> \/1 ey )>>
2
< 16(1054(:;{§m)79*1) (Ck,k' (Xm) + Sﬁk,k' (Xm,6729+1 / \/log 3m(log, ’m/;m) g 1)))

Sm

2
- HeleEa R ) (Ck,k/ (Vo) + Mg (Y, 8,261 /20 flog (2008l ra) é”‘“”)) , (18)

where in the last inequality we also use the fact that 97y y+ is non-decreasing in its last argument. Now, by the sub-Gaussian
matrix Freedman inequality as stated in (Shetty et al., 2022, Lem. 4), we obtain that

Pr(| MMDy (X, Y,,) — MMDy (X, ¥,,)| > 04/8(log(m +n + 1) + 1)) (19)
4 /Bm r /Bn

< Pr(mae (o (5 020 S0 MY~ Y00 S22 ML) 4 )) > 0/Bllog(men+ 1) +1)

<$+tet, for all tzo.

The term g does not come from the sub-Gaussian matrix Freedman inequality but rather from the conditioning on
the event for which (14) holds. Equation (19) in turn implies that Pr(| MMDy(X,,,Y,) — MMDy (XWYR)\ >
8log(m +n + 1) + V/8t)) < 2 + e~*. Equivalently, for any § > 0, with probability at least 1 — 4,

| MMDy (X, Yo ) — MMDy, (Xm, Yn) | < VBo(y/loglm +n+ 1) + /1og(2/3)). (20)

Putting together the bound (20) with the upper bound (18) and the definition (13) of Ry x/ immediately yields the claimed
bound (6) and we are done.

B.3 Proof of claim (7)
Note that
MMD(P, Q) — MMD(X,,, ¥,,) = MMD(P, Q) — MMD(X,,, Y,,) + MMD(X,,, Y,,) — MMD (X, ¥,,).

The second term in the display above can be bounded via (6) and the first term via the following result from Gretton et al.
(2012a):

Lemma 2 (Adapted from Theorem 7, Gretton et al. (2012a)). Assume that ||k||cc < +00. Then,

Pr{|MMD(Xm,Yn) — MMD(P,Q)| > 2<\/";L°° + \/'k,'l'°°> + e] < 2exp <2lk—|jg§;n)>.

)), which is equivalent to € = \/ 2llkloc (m+n) log(2), we obtain that

—2mn
2[[k[| oo (m+n mn

Using Lem. 2 with § = 2exp (

Pr[MMD(Xm,Yn) — MMD(P, Q) > 2(\/% + \/%) + \/W 10%(?)] <9,
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where the bound (18) on o depends on (X,,, Y,,). Next, the bound (6) states that with probability at least 1 — d,

Ry« (Xm,m,0,8) Ry s (Yn,n,09)
29/m 20/n ’

and the definition of Ry w/ (P, m, d, g) (see the discussion around (15) in App. B.1) implies that

| MMD(X,, Y) = MMD(X,p,, V)| <

PRy (Xom,m,6,8) < Ric g (P,m, 6,9) and Ry i (Y, n,6,9) < Ricae (Q,n,6,9)] > 1 —46.
Putting the pieces together yields the bound (7) with probability at least 1 — 36 as claimed.
B.4 Bounds on Cy - and 9y i/

First, we discuss bounds on the sample-based quantities Ck i/ (X, ) and My o/ (X, 6, 2871 /n) defined in (14) followed
by bounds on its population analog Cy 1/ (P, m, §) and My i (P, m, §, 29+ /n) defined in (15).

B.4.1 Bounds on sample-level quantities (Cy i (X,,,) and My 1 (X, 6, 2971 /)

We discuss the default choices k/ = k, and k’ = k and the more general case one-by-one.

Case I: k¥’ = k,; For this case, we follow the discussion from Dwivedi and Mackey (2021, Sec. 3.1). Let Ly, denote
the Lipschitz constant of k. and define i, (R) = (sup, f\lyl\ p K (z, @ — y)dy) =,
,>R

. k, . ky
Gk, ¢ =min{r :sup «y:  |ke(z,y)| S%}, GLhZémm{r Tk, (1) < I 2“0" 1

lz—yll2r

CL'||2, and Gx Akmgémin (GX

m

A
Sx,, =maxzex,, m

143 1 [lkrel]
UARICIWE LS o]

and the kernel thinning inflation factor

L 14 Ly
N (£.0.5,R) 237, [log (%) [\/bg(g) +5\/d10g(2 + 2 (kag—kR))J .
Then using Dwivedi and Mackey (2021, Thm. 1) in Shetty et al. (2022, Example 4), we find that
Cx k. (Xm) = 2”krt”m,in and My k., (X, 6,0)= HkrtHOO,in(maX(GvaGLt,z/z))% DM, (¢,d,0,6x krt7£)7

ms

and My 1 (Y, 0, £) defined analogously by replacing X,,, by Y,, and m by n. Here |k’ o in = sup,cx, K'(z,2). We
note that the bounds in Dwivedi and Mackey (2021); Shetty et al. (2022) are stated with ||k’|oc £ sup, k/(x, z) instead
of ||k’ ||0o,in (and note that ||k’||cc,in < ||k'||oc). However, as noted in Dwivedi and Mackey (2022, App. B), all the results
of Dwivedi and Mackey (2021) (which is what Shetty et al. (2022) build on) go through with ||k’|| - replaced by ||k'||c0,in
thereby yielding the result stated above.

Case II: k' = k For this case, we follow the discussion in (Dwivedi and Mackey, 2022, Sec 2.2). In particular, for a
set A C R? and scalar ¢ > 0, define the k covering number Ni(A, ) with My (A, ) £ log Ni (A, ) as the minimum
cardinality of a set C C By = {f : || fllx < 1} satisfying

Bi € Unecty € Bi : supyea [h(z) — g(2)] < e}

Then choosing € = 7”?/”2““ in the notation of Dwivedi and Mackey (2022, Thm. 2) and combining that result with Shetty

et al. (2022, Example 4), we conclude that we can use the following bounds

Crerc(Xim) = 2¢/[K[[oon  and mk,k(xm,a,@:\/s”“';w log(12285) [log () + Mi(Ax,., (¢/2)"1)], @D

where Ax, = {z : ||z, < &x,, }. We can define My 1 (Y, J, £) analogously by replacing X,,, by Y,, and m by n.

Case III: General k/ When k' is neither of the two default choices (k or k) like in ACTT, then the expressions for
Ry k can be derived using Dwivedi and Mackey (2022, Thm. 2-4) and Dwivedi and Mackey (2021, Thm. 1-2). For
instance, when the RKHS of k is contained in the RKHS of k’, we can apply the sub-Gaussian tail bounds for a single f
(Dwivedi and Mackey (2021, Thm. 1)) and then apply a union bound with a covering argument for the ball {|| f||x < 1}
(Dwivedi and Mackey (2022, Thm. 2)), in which case R - also scales with SUD|| <1 || fll- See Rem. 6 for an example
of this case.
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B.4.2 Bounds on population-level quantities (Cy i (P, m, 6, g) and 9y i (P, m, 6,291 /n))

Define

, 2||krt]|lo wWhen k' =k
Ck kK’ —
’ 2¢/|k|loc when k' =k

Then for the choices of Cx i/ (+) in App. B.4.1, we have max{Cx k' (X,,), Cx i’ (Y,)} < C{(’k, almost surely, where
|k||oo £ sup, e k(z,2). Thus if we set Ci 1 (P, m, 6) = Ci 1 (Q, n, 8) = C y» to satisfy (15), it remains to determine
Mic e (P, m, 6,297 /n) such that P[ M i (Xiny, 6, 2071 /n) < My i (P, m, 6,297 /)| > 1 — §/2 for the choices of
mkyk/ in App B.4.1.

We now derive a suitable expression for these population-level quantities. Following Dwivedi and Mackey (2021), we
define 7p(R) = P(B(0, R)) and 1q(R) = Q(B(0, R)) where B¢(z, R) = {y : ||z — y||, > R}. The following result
(proven using results on order statistics that we later develop in App. D.3) shows that we can upper-bound Gx,, and Gy,
with high probability by a quantities that depend on P and m, and Q and n, respectively.

Lemma 3. Define Gp ,, 5 e T]Pfl(é/m). With probability at least 1 — 9, we have that Gx,, < Gp 5. Similarly, with
probability at least 1 — 6, we have that Gy, < Gg.,.5 = TQTl(é/n).

Proof. The random variable Gx,, £ max,ex,, ||7|, is the m-th order statistic for m samples of P (Def. 1). Since the
function 7p(R) £ P(B°(0, R)) = 1-P(B(0, R)) is one minus the cumulative function of the random variable ||z|,, z ~ P,

we obtain that 7p(Sx, ) is the first order statistic for m samples of the uniform distribution over [0, 1]. Applying Lem. 5(iv)
on 1 — 7p(Sx,, ), we obtain that

m

Pr(rp(Sx,,) < z) =Pr(1 — m(S6x,,) > 1—x) = ()™ ™™ = ma.

Hence, with probability at least 1 — 6, &x,, < 75 *(J/m), and similarly Gy, < 75 '(§/n). O

Now we can set

Mic e (P, 12,8, 0) = [[Kyi | oo max(Sp .52, SL 1 15)% M, (6::0,8p m 5/206,,0) When k' =k and  (22)

Micse (B,m, 6, £) = 1/ el 10g (12198 [10g (5) 1 My (Ap, 0.5, (/2)1)] when K =k, (23)

where &p 1, 5/2 k.. ,¢ £ min (Gp)m75/27£1+56km,[ + éé%) and Ap 1.5 = {x: 2]y < Spns/2}. By Lem. 3, we
have that with probability at least 1 — 0/2, &x,, < &p,,5/2. and by construction (see App. B.4.1), P(My 1/ (X, 6, €) <
My i (P,m, 0,£)) > 1 — /2 as needed above.

B.5 Proof of Tab. 1

We begin by showing the bounds on Ry w/ (P, m,d,g) for the cases in which k' = k,, and we include the case
in which k' and P are sub-Gaussian for completeness. For g < logm, equation (13) implies that the quantity
Ry i (P, m, 6, g) is of order cq\/[[K'[| s log(m—~+n)log(m)log(%) - My i (P, m, 6,291 /m). Hence, we seek to upper-
bound My 1 (P, m, 6,29+ /m). In the table we replace the factor \/log(m-+n)log(m) by log(Z) for simplcity.

First, note that upper bounds on 7p(z) £ P(B¢(0,x)), which are the usual notion of tail bounds on distributions, are
equivalent to upper bounds on Gp ,,, 5 = 75 ' (§/m). Namely,

« r-Compact: 7p(z) = 0, Vo > r < 75 '(§/m) < r, V5, m,
z2
* o-Sub-Gaussian: 7p(z) < 2e” 2.7 & 7 (6/m) < /202 log(22), V6, m,
* 0, \-subexponential: 7p(z) < 2max{e” 3%,e" 3} & 75 ' (§/m) < max{y/202log(Z2), 2\ log(Z2)}, V4, m,

+ p-Heavy-Tailed: p(z) < cqr™ & 75 '(§/m) < (Cdém)l/P,Vd,m.
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Second, define ékmm = max{Gxk,, m, GLt’m}. Following Dwivedi and Mackey (2021), we formulate bounds on the
decay of k’ in terms of bounds on Sy, .

In Tab. 1, we consider four different growth conditions for the input point radii Gx,, arising from four forms of the target
distribution and kernel tail decay (assummg same decay for both P and k'): (1) Compact Gpm,s Zd T, kam Zal,(2)
Sub-Gaussian: Sp ,,, 5 34 0+/log(m/d), kam Sd VIogm, (3) subexponential: Sp ,, 5 Sq Alog(m/d), kam =4
log m, and (4) Heavy-Tailed: Gp ,, s Zq (m/ 5)1/ P, 6kmm =g m!/P ). Here, the notation 3; means that factors depend-
ing on d and & are hidden. The first condition holds when IP is supported on a compact set like the unit cube [0, 1]%.

To get the bounds in the table, we observe that

mk7k' (Pa m, 5a 29+1m> = Od(maX(GP,m,§/67 Kr¢,29/m \/IOg % lOg maX(GP m,5/6> Gkrt,ZE‘ \/E)))a

where O, hides constants that depend on d. We now plug in the bounds on &p ,, 5, ékmm for each of the four cases to
obtain the following scaling for My (P, m, &, 2871 \/m) (and simplifying expressions by using g < 3 log, m):

e r-Compact: Od(r% log(%§) - logr)
* o-Sub-Gaussian: Od(a% log(%)# log(log(£)))
¢ 0, A-subexponential: Od(/\% log(%)% log(log(%)))

* p-Heavy-Tailed: Od((%)% log ()

To show the bound for k/ = k with an analytic k and P with subexponential tails, we follow the pointers in App. B.4.1.
Putting together (23) and Dwivedi and Mackey (2022, Thm. 2), we find that for this case Ry k' (P, m, d, g) is of order
car/Ik||s0 log(m—+n)log(m)log(%)- My k (P, m, 6,291 \/m), and doing algebra with (21), we conclude that 9p ,, i ()
scales linearly with the square-root of the log-covering number My. Dwivedi and Mackey (2022, Prop. 2(a)) states that
the kernel covering number M, admits the scaling (log(1/¢))4** times the Euclidean covering number in R that admits
a scaling of 7% for a Euclidean ball of radius r (see Wainwright (2019, Lem. 5.7)). Consequently, using the LOGGROWTH
My and subexponential P column with w = d + 1 in Dwivedi and Mackey (2022, Tab. 2) shows that for this case
Mk (P, m, 5,291 /m) = O(log %) 22 Wthh in turn implies the corresponding scaling in Tab. 1 for R i/ (P, m, d, g),
where once again we have used the fact that g<i 5 logy m to simplify expressions.

C Proof of Prop. 1: Finite-sample exactness of CTT

We will prove the result under the weaker assumption that the point sequence (X1, ..., X,,, Y1,...,Y,) is exchangeable.
Under this assumption the statistics (Mb)B 1 are also exchangeable. Since R represents the position of My, ; in a sorted
ordering of (Mb)B +1 with ties broken unlformly at random and all positions in {1,...,B + 1} are equally likely under

exchangeability,

Pr[R=10,]=1/(B+1),
Pr[R> b, =(B+1-0,)/(B+1), and
Pr[R < by] = (bo — 1)/(B+1).

Therefore, the CTT probability of rejection is

Pr[A(X,n, Y,) = 1] = Pr[R > ba] + Pr[R = ba]pa
= (B+1=ba)/(B+1)+ (ba — (1 —a)(B+1))/(B+1) = a.

D Proof of Thm. 1: Power of CTT

We first state a detailed version of Thm. 1.
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D.1 Thm. 4: Power of CTT, detailed

In this section we will prove the following theorem, which is the detailed statement of the result in Thm. 1.

Theorem 4 (Power of CTT, detailed). Suppose Compress Then Test (Alg. 1) is run with level «, replication count B >

L 1, and coreset count s,, > (32/9) log(%)for’y £ %(4f2ﬁ) BT, Let § = B/(1+ B/2). Then CTT has power

PI‘[ACTT(Xm,Yn) = ].] Z ].—ﬁ

whenever
Ry 1 (Pym/sm,B/6), Ry 1 (Qn/5,,8/6, )
MMDk(IP’,Q)Z?)Q( e et e ( e M=) 2 (( /8 1) (24 ¢ /log (7)) X

Rk,k’ (Pam/smvé/(Qosm)ag) | Sn Ry, K/ (@, n/.sn,B/(206n) g) \/Hk”oo Sn HkHaG
( 29/m + Sm 29/n cﬁ/(QOg) + SmT

Remark 5. Thm. 1 follows from this result as

Vsu/5m - Rice (Q,n /s, 5/(208,),8)/(2°v/1) = Ric e (Q, /50, B/ (20s,), 8)/ (28 /)

and since 20s > 6 and m < n.

We introduce some notation that we use throughout the proof. First, we let (M(b))é3 1 be the increasing ordering of the

permuted MMD values. Recall that b, = [(1 — «)(B + 1)], and that R is the position of My, 1 after sorting (M,)5*+}!
increasingly with ties broken at random.

We note B < b, is a necessary condition to accept the null hypothesis, and we show that it implies that Mp1 =
MMD(X,,,Y,) < M(b )- To prove this, assume the contrapositive: if M1 > My, ), then forcibly the position R of
M1 within an increasing ordering of (M;)2 b1 1s greater than b,. Hence,

Pr[Actt(Xpm, Yn) = 0] < Pr[R < b,] < Pr[MMD(X,,, ¥,,) < M, )-

Hence, to prove Thm. 1 (or Thm. 4) it suffices to show that Pr[MMD(X,,, ¥,,) < M) < B.

D.2 Recasting the power lower bound into a high-probability threshold upper bound

We start with the following result that follows a structure similar to Schrab et al. (2021, Lem. 2).

Lemma 4 (Upper bound on acceptance probability from upper bound on threshold). Let 1 > 8 > 0 arbitrary, and define
ﬂ = —5. Define the function

Ry 1 (Bym/sm,B/6,8) Ry 1 (Qn/s,,8/6,9) - -
Z(m,n, B) & SECTIRR | SR e (V= =), 24

which is equal to the upper bound in (7) when we make the choice § = 3/6 IfPr [MMD(]P’, Q) > Z(m,n,B) + M(ba)} >
T then PMMD(X,,,, ¥,,) < M) < 6.
2

Proof. Define the events 2 := {MMD(X,,, Y,,) < M,y }, and B := {MMD(P, Q) > Z(m,n, ) + M)}

By assumption, we have Pr[8] > 1 — g, and we want to show Pr[2] < /. Note that

Pr{|B] = Pr[MMD (&, ¥,)) < Mg, | B

IA

Pr [MMD X, ¥) < MMD(P, Q) — Z(m,n, 8) | *B]
(25)

IN

et ]

| A\

Pr [MMD(P Q) — MMD(X,, V) > Z(m, 5)}.

é
2
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Equation (7) in Lem. 1 shows that with probability at least 1 — g

Thus, the right-hand side of (25) is upper-bounded by g 7 1 5 = g where we used that

P

B
2
1+

o[@
O[T

>
[

8=

=

[T
[Ny

1—

[

We conclude the proof:

Pr(2() = Pr(A|B)Pr(B)
Pr(ABe)Pr(Be) < 5. 14+1-8 =5

D.3 High-probability bound on the threshold

Given Lem. 4, the remainder of the proof of Thm. 1 is devoted to checking that Pr [MMD(]P’, Q) > Z(m,n,B) + M, (ba)} >
1/(1+ g) holds, which involves getting a high-probability upper-bound on M, ). Schrab et al. (2021) use an approach
based on the Dvoretzky-Kiefer-Wolfowitz theorem, which forces them to use a number of permutations B larger than a
threshold which is larger than the values used in practice. We employ more precise techniques based on order statistics
(pioneered in this setting by Learned-Miller and DeStefano (2008)) which give tight results for any B as long as B>~ '—1.
We focus on the case of permutations instead of wild bootstrap, but the arguments could be adapted for the wild boostrap
case, which is in fact simpler.

Definition 1 (k-th order statistic). Given n i.i.d. variables (Yy);_,, and define the variables (Y(1))j_, as the result of
sorting (Yk)’g:1 in increasing order. For any 1 < k < n, the variable Y(k) is known as the k-th order statistic.

It is well known that the k-th order statistic for n samples of the uniform distribution on [0, 1] is distributed according to
the beta distribution Beta(k,n + 1 — k) (Gentle, 2009, p.63). The CDF of the distribution Beta(k,n + 1 — k) is equal to
the regularized incomplete beta function I, (k,n + 1 — k), which is defined below.

Given positive a,b € R and = € [0, 1], the regularized incomplete beta function is defined as I, (a,b) = Bég(”fél)’), where
B(w;a,b) = [ 1% (1—)>~ ! dt is the incomplete beta function and B(a, b) = [; t*~*(1—)*~ ! dt is the beta function.

Lemma 5 (Propertles of the regularized incomplete beta function). The following statements regarding the regularized
incomplete beta function and order statistics hold:

(i) For any integers m < n and xz € [0, 1), we have that

L(m,n+1-m) =37 (?)xj(l — )", (26)

(ii) Forany m < nandx € [0,1), wehavethat8 kI (m,n+1—m)|z=0 = 0forany 0 < k < m, and that

ol (mn L= m)loo = (M)l = Gt @7
m+1 nlm
%I (m,n+1—m)|z=0 = *1m<nm (28)

(iii) For any x € [0, 1), there exists z € [0, x) such that I,(m,n+ 1 —m) = (' )a™ — m(mzl)zmﬂ.

(iv) Let Y{,,) be the m-th order statistic (Def. 1) for n samples of the uniform distribution on [0,1]. For any x € [0,1],
we have that

( n )xn+1—m _ (’I’L—|— 1 _m)( 712)-’11‘"+2_m1m>1 < Pr[}/(m) >1 —l‘] < ( n )xn-i—l—m.

m—1 m m—1

Proof. We prove each part separately.
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(i) This part follows directly from NIS, Eq. 8.17.5.

(i1) The statement %Im (m,n+1—m)|z=0 = 0 for any 0 < k < m holds because by (26), I.(m,n + 1 — m) can be
expressed as a polynomial in = where all the terms are of power at least m.

To obtain %Lﬂ (m,n 4+ 1 —m)|z=0, we multiply by m! the coefficient of I,(m,n + 1 — m) for the term of degree

m, which is the term of degree m of the polynomial ()2™ (1 — z)"~"™.
am+

To obtain BT:J@. (m,n+1—m)|z=0, we multiply by (m + 1)! the coefficient of I,(m,n + 1 —m) for the term of

degree m +I1, which is the term of degree m + 1 of the polynomial (:;) 2™ (1 — )" plus the term of degree m + 1
of the polynomial (mil):cm“(l — )" =™~ 1L (if the latter term exists). Thus, when m + 1 < n, (m + 1)! times the

coefficient of I,,(m,n + 1 — m) for the term of degree m + 1 reads:

—(M(n—m)(m+1)! + (mer) (m+1)!

= —#Lm),(n — m)(m + 1)' + m(m =+ 1)'
n!(m+1) n!
= — D1 T T
nlm
== (n—m—-1)!"

When m = n, we obtain 0 instead.

(iii) By the residual form of Taylor’s theorem, we have that for any y € [0, 1),

m m+1
I,(m,n+1—m)= #%Iﬁ(m,n +1—m)|p=0y™ + m%h(m, n+1—m)|peoz™t,

where z € [0, y]. Substituting the expressions from (27) and (28) into this equation, we obtain that

Ly(m,n+1—m) = (nfgll)!mlym - (m+1)!7(bmm—1)!zm+11m<n = (m)y™ = m(m11)zm+11m<n~

(iv) By NIS, Eq. 8.17.4, for any a, b non-negative and x € [0, 1], we have that I;(a,b) = 1 — I1_,(a,b). The variable
Y{(m) is distributed according to Beta(m,n 4+ 1 — m), which means that
PrlYy >1—a]=1-Pr[Y,) <1—-a]=1-L_,(mn+1-m)=1IL(n+1-m,m)
=Ln+1-mmn+1—(n+1-—m))

— ( n )xn+l—m _ (Tl 41— m)( n )Zn+2_m1n+1—m<n

n+l—m n+2—m
= () e ) ()

In the second-to-last equality we plugged the result from Lem. 5(iii), replacing m by n+ 1 — m. Since z € [0, z], the
result follows.

O

Let F' be the CDF of the random variable M, £ MMD(X?,, Y?).,i.e. F(z) = P(M, < z). We define the random map §
as
() = F(x) if F' continuous at x

B Unif(lim,_,,- F(y), F(z)) otherwise
Note that by definition, for all z we have that Pr(M, < z) < §(z) < Pr(M, < xz). Also, by construction F(M,) is
distributed uniformly over [0, 1].
Lemma 6 (High probability bound on the threshold from quantile of the CDF F)). For an arbitrary o/ € (0, 1), we define
the random variable

¢1—o (X, Y,,) = inf {m eR:1-d < F(m)}
Given X,,,Y,,, we have that with probability at least 1 — g,

M(ba) < q1-a* (Xma Yn)v

s 1/la(B+1)]

where o =
(Q(LMBBH)J)
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Proof. Note that M, ) is the b,-th order statistic for the 5 samples (Mb)bszl. Since the random map § is increasing, this
implies that §(M 4, )) is the b,-th order statistic for the B samples (F (My))B_,. As stated above, (F(My))E_, are uniform
i.i.d. variables over [0, 1], which means that F(M,)) is the b,-th order statistic for B samples of the uniform distribution

over [0, 1]. Applying Lem. 5(iv) withn = B, m = b, = [(1 — «)(B + 1)], we obtain that for any = € [0, 1),

Pr[§(Mp,,)) >1—2] < (b;:)mgﬂ_ba = (B+f—ba)$8+1_ba = (m(t’fH)J)xLa(BH)J'

Since

B la(B+1)] — _ (5 \YlaB+1)]
(LG(BH)J)x =92 & e= 2(Lasr1))) ’

we obtain that with probability at least 1 — g,

s 1/a(B+1)]
F(Mp,,)) <1- (m) .

For any € > 0, we have that given X,,,, Y,,, F(z —e€) = Pr(M, < 2 —¢) < Pr(M, < ) < §(x). Hence, with probability

tleast 1 — &, F(My, y—¢) <1— (08 )/1oB+]
e 2 FMe.) —€) < (2(1a<§+m)
5 1/|e(B+1)]

Hence, if we define o* = ( , we obtain that

2(|asr))

M(bu) — e < inf {x ceR:1—-a*< F(x)} 4 G—a (X, Yy)

Since € > 0 is arbitrary, we conclude that M,y < q1-o~ (Xin, Y,,) with probability at least 1 — g O
Recall that (X%))f*:"l, (YS)):”__H are the outputs of KT-COMPRESS on inputs (X%))f*:"l, (Yﬁ?)jgl. Fori = 1,...,8m.,
j=1,...,5sp, denote
B = 5 D, b @ = i Do, b
B = m > nexd Oz QY = lYij)l >y Oy,
Sgril)_i_n _ ]}ADTZ), §£Z+:]) _ Qg)
We can write
MMD? (X, Y1) = (B — Qu)k, (B — Qn)k)ic

= i il Tt i S (B, — Qik, (P, — Q)

= 2 i T S S (Sl — S, (S — St

= ﬁ ( Zi;ﬁz"eu ..... Sm} Zj;éj’e{l,...,sn}«girwrn - Sié'f;f)k (S:;urn o S;;n+tzj/)k>k 29

+ 300 Zj;éj’e{l,...,sn}<(gin+n — Stk (86,4, — an"ﬂj/)kn

+ 2;11 Zi;ﬁi/e{1,...,sm}<(§3ﬁ+n - an++rzj)k7 (S;”LJ”W/ - anfnj)kﬂ

+ 20 5 S = So s (S = S50 )
By assuming m < n, let L := {ly, ..., 1, } be an m-tuple uniformly drawn without replacement from {1,...,n}. Then,
we can write (29) as

MMD?(X,0, ¥) = 22 E L sve ooy {Shnsn — SiitlOk, (81 — Siml (30)

+ ﬁ(zjg j;éj’e{l,...,sn}«gin-i-n - Sjﬁrﬂzj)ka (anJrn - Siﬁ:@j k)x
+ Z;ll Zi;&i’e{l,.“,snz} <(Sin+n - Siﬁ“ﬁf)h (Sg@-‘rn - Si:n+tlj)k>k
+ 320 35 S — Sor K, (S — Sid) k).
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This holds because for any i # i’ € {1,...,sm},

(e A m li ~ Asm li’ . ~ (2 A‘m : ~ (! ~ . .7
E[(B5) — QU +)k, (BG) — QC k] = it Siireqnony (S — S5m0k, (851, — S5k

Recall also that U,,4p, = (U;)4", with U; = X, fori = 1,...,m and Up,,+; = Y; for j = 1,...,n. Equivalently,
we can write that U,,,4,, = (va?+n)f:1’ with Ug;)+n = X and Ui,slﬁ:{]) =Y fori=1,... 8mj=1,... 5

Analogously, we define Uy, ., = (@5;)+n)f:1, with I[AJ%)JW =X and @S’j:‘j) =Y fori=1,... 8m.j=1,....5n.

Given a permutation o : {1,...,s} — {1,...,s}, we write U], = (Uﬁ,‘{@))le, @ﬁwn = (@E,f@l))f:l, and X7, =
(U3, X, = (U5, Yo = (U )i, 00 Yo = (U50)i,,, 11 Analogously to (30), we can write
MMD? (X, ¥9) = ol S5 S5m0, S5 (S — S5 ke, (S — St ™ e
_ (sm—l)(sn—l)EL [M”’L]
+ 2 (S0 ety ony (Sl = S 0k, (S — S7m ™ Ve (31)

+350 Zi;ﬁi/e{l,...,sm}<(an(jr)n - an(i';iﬂ))ka (ng(-zw)z - Sﬂi’ﬁﬂ))mk
Sm Sn SU(Z) _ S0(5m+3) k SU(IL) _ §0(37n+j) k
+ Zi:l Zj:l« m—+n m—+n ) ) ( m—+n m-+n ) >k)’
where we use the short-hand

MAE 2 b5 et (BTN = S e (S5 — S )y (32)

The following proposition, whose proof is deferred to App. D.3.1, provides a tail upper-bound on the random variable
MMD?(X? | Y?).

Proposition 3 (Tail bound on MMD? (an, YZ) conditioned on X,,, Y,). Let o be a uniformly random permutation over
{1,...,s}. Let 6,6" € (0,1), and § € (0,e™1). There is an event A of probability at least 1 — § concerning the draw of

Xon, Y., such that conditioned on A, with probability at least 1 — &' — 8" on the draw of o,
MMD?(Xg,, ¥7) < 2 (log(Z) + 1) MMD?(P, Q) + /0082 (NNID(P, Q)W (1, 1, 6/(58)) + W (m,n, 8/ (55))?)

where ¢’ is a universal constant and

Sm Rk 1 (Pom/sm,,0, snRy 1 (Qn/sn,9,
W(m,n,é) _ 2<F kl;g(\/m/ 9) + V5l k,kzg(%ﬁ/ 9) +05(\/SM|7‘711{”00 + \/an:Hoo>) (33)

Here, the KT-COMPRESS error inflation factors Ry x+ and the factor cs are defined as in Lem. 1.

Combining Lem. 6 with the tail bound from Prop. 3 yields the following high-probability upper bound on the threshold
M(ba ) :

Corollary 1 (High probability bound on the threshold). Assume that b, = [(B-+1)(1—a)] < B, and that KT-COMPRESS
calls are run with value §* / (5s,,) and §* /(5sy,) respectively. Then, with probability at least 1 — %,
Mg, < Z(m,n,a,&)
= /o (log(F) + 1) MMD(P, Q) + \/i@ + ¢/log(1/6%))(y/MMD(P, Q)W (m, n,5/(20s))  (34)

Sm

+ W(m,n,d5/(20s))).

where
5 & (§) 4 g ka2 [0(B+ 1),
Proof. By Lem. 6, with probability at least 1 — g, we have that
My < q1oax (X, Yo),
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where o* = (4(‘53 j )1/1%. Conditioned on the event A with ¢ < 6/4 (i.e. Pr(A) > 1 — §/4), and setting 6’ = §" = o*/2
k

we have that withaprobability at least 1 — o™ on the choice of o,
MMD(Xy,, ¥7) < (2 (log(%2) + 1) MMD?(P, Q)
+ L(MMD(IF’, Q)W (m,n,6/(20s)) + W(m,n,5/(20s))?)(2 + ¢ 10g;(2/04*)))1/2
< /5 (log(%

+ \/ L (2 + ¢ log(2/a"))(/MMD(P, Q)W (m, n,3/(208)) + W (m.n,5/(20s))).

2) 4 1) MMD(P, Q)

An application of Prop. 3 yields, conditioned on the event A,

d1—a* (meyn) < f?(l()g(i.*z

+ \/i(Q + ¢’ log(2/a*))(v/MMD(P, Q)W (m, n, 5/(20s)) + W (m,n, §/(20s))).

)+ 1) MMD(P, Q) (35)

Since the probability of A is at least 1 — §/4, we obtain that with probability at least 1 — §/2,

Mgy, < %(log(i’f) +1) MMD(P, Q)

+ \/5(2 + ¢’ log(2/a*))(v/MMD(P, Q)W (m, n, §/(20s)) + W (m,n, §/(20s))).

Using the fact ()% < (}) < (%2)¥, we obtain that log(;2) < 1og((k ) ) < log(;2)+1. Furthermore, log(£-) <
log(a(BH)) < log(2) since ko, > 1. Consequently, IOg((kKi)E) < log 2¢, so that the separation rate in Thm. 1 is

independent of B (up to the condition B+1 >« ~1). Equivalently, (k ) Fe < 2¢ anda* > (3)V/ke 2 and* > (§)V/hke £,
Plugging this into (35) concludes the proof.

D.3.1 Proof of Prop. 3: Tail bound on MMD? (X7, ¥7) conditioned on X,,,, Y,,

We will first show the following lemma, which gives a high-probability upper bound on the expectation E [M?:X], where
ML is defined in equation (32), and on the rest of the terms that appear in the right-hand side of (31).

Lemma 7 (Bounding the right-hand side of (31)). Let o be a uniformly random permutation over {1,...,s}, and L :=
{l1, ..., lm } a uniformly random m-tuple of elements from {1,...,n} without replacement. Let 6,0"” € (0,1), and §' €
(0,e~1). Conditioned on the event A defined in Lem. 9, which has probability at least 1 — 6, we have that with probability
at least 1 — 0" — 8" on the choice of o,

EL[M7F] < 2 log(2) MMD? (P, Q)

n %(MMD(P QW (m,n,5/(5s)) + W (m,n,5/(5s))?)

and
27 (00 Styrettont (St = Srin )k, (i — S e

I Yty (00, = 875m Ik, (8740, — §75m k)i

" (36)
sn o o 9m+ o o(sm+
30 S ST — ST Tk (871 — ST k)
< jnsln (MMD(P Qw (m,n,5/(58)) +W(m,n,6/(5s))* + MMD?(P, Q)
simultaneously, where ¢’ is a universal constant and W (m,n, §) is as defined in (33).
Proof. Given a vector € = (¢;)7_; € {£1}*%, an m-tuple L := {l1, ..., I, } of elements from {1, ..., n} without replace-
ment, and a permutation o on {1, ..., s}, define the permutation o€ on {1, ..., s} as
o<t (i) = €o(i) + (1 — €)o(sm + i) fori e {1,...,sm},
oL (s +1;) = (1 —€)a(i) + €o(sm +1;) forie{l,....sm},
o<L(4) = a(j) otherwise.
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Using these objects, we have that

M7 E s S et (ST ST (ST = ST e

Sm (Sm—1) m-+n m-+n m+n m-+n

sm 1) o(i sm-H
= Wlfl) 2t el ) 6i€i'<<8m+n - St )k> <Sm(+n - S )k k)i (37

Note that given a fixed m-tuple L, if o is distributed uniformly over the permutations of {1, ..., s}, and e contains i.i.d.
Rademacher variables, then a L is distributed uniformly over the permutations of {1, ..., s} as well. Hence, ML has

the same distribution as /\/l" L conditioned on Xm,Y and L (and consequently COIldlthIled on X,,, and Y,,). Given o,
L, define the function p, , : {1 S 8mp — {—1,0,1} as

1 ifo(@) e{l,...,smrando(sm +1;) € {sm +1,...,s}
po.r(1) =< =1 ifo(i) € {sm +1,...,stand o (s + 1;) €{1,...,5m}
0 ifo(i),o(sm+1l;) € {1,...,sm} oro(i),o(sm +1) €{sm+1,...,s}
We can rewrite (37) as
oL -~ () AF(SmAl)—sm 55 (i") _ AF(smtly)—sm
M7 = s (Zigéi’ep;i({fl 1) €€ (P — Qn )k, (P 7 — Qh Kk
-~ a(i sm 1;) ao (i’ &G (Sm+1
+ X isient (f0)) & (S50, — 875 )k, (874, — S§7Lm )k
(i) &(sm—&-li)—sm & (i) G (sm+1l,;r)
+ 2D i)t ((—1apenst (o Gér (B — QF ke, (8754 = 87507 k)
where we introduced € = (€;);_; and the permutation &, defined as:

*i.fa.zflv
gi:{e if po (7)

€ otherwise

o(sm+1;) ifie{l,...,s}and p, (i) = -1
(i) = ¢ o(j) ifi = s, +1; and p,(j) = —1

o(i) otherwise.

Note that conditioned on o, € is still a vector of i.i.d. Rademacher variables. Now, we will apply Lem. 8 on € = (€;);_; €
R® and the matrix A = (A; ;)7 ;,—y € R*** defined as

0 ifi =1
ey ((BED QI 10— (B2 QI )™ ey - MMD*(B, Q) ifi £ € p7 (1)),
Ayt = { sy (B — Qe =emie (§E1) — U Em iy, ifi € pz ' ({£1}),7' € pz " ({0}),
e (G0 = ST e, (B — @I e ifi € o ({0}),7 € o ({£1),
e (802, - Szfi';;” Nk, S = STk iti i € pyi({0}).
(33)
We develop the expressions that appear in Lem. 8. First, note that E[¢ " A¢] = Tr[A] = 0. Also,

ETAE = 5 (D ieps o1y G (PR — QR T 7om ke (1) — Q70+ 7o m k), — MMD? (P, @)
+2 Zz‘ep;1({—1,1}),z"ep;1({0}) €i€ir <(I€D&(i) - @z(sm+i)7sm)ka (ng(jrn - Sl:n(i:LH /))k>k
+ it qop G (S0, — §75m 0k, (87, - 8755 k)
= MO (s S e (1)) Gifir) MMD? (P, Q) = ML — ¢ MMD?(P, Q),

Sm (Sm—1

where we defined cz = ﬁ Dizirepst ({11} Ci€ir, and

I3, < AR
= 27 ( Digveps (-1, 1})(<(P&(i) — QLI (B — QAL )T o k) — MMD?(P, Q)§40)
+2 5= (it o (B = QREm Tk, (871 — 87t (41)
+ Yisireps on) (Simtn — Sisn ™k, &7, - & m i Kz) (42)
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Using that MMD?(P, Q) = ((P — Q)k, (P — Q)k)y, we upper-bound each of the terms in the right-hand side of (40):
R N
<| (ﬁp?n(l) _ @Z(Sm-‘rl Sm)k
G (7 G(sm+ls Sm
+1(( m( ) _ Q (sm+1i)— )k
<

D _ Qi T ey — (P — Q)k, (P — Q)k)]
of»if‘ — @Ok (P - Q)]
- (P-Q)k, (P - Q)k)k|
(BZD — QG m K - |(BL) — P)k — (QGm )T _ )k
(B — Pk — (Q° )7 — k|l - |

+ | o (P — Q)k|lx 43)

< |(B7? — P)k — <Ai<5m”>*5'" — Qklk - (P~ @)knk + B — P)k — QG — Q) - [|(P — QK|
~o (1 AT (sm+1i) AT (Sm+1l;r)—sm

B — Pk — (Q7 Q)klli - (B —P)k — (@77 — QK|

= (MMD(7" ) + MMD(@"““’“ J75m Q) + MMD(B) | B) + MMD(Q5 )= @) . MMD(P, Q)
+ (MMD(E7, P) + MMD(Q7 " )7, ) (MMD(B7"), P) + MMD(Q7 )7, Q).

An analogous but simpler approach yields bounds for the terms in (41) and (42):

(B0 — Q5L =om i (§71) — §7m iy ) < (B — QLTI m kel - (185, — §78mk

m+n m—+n

= MMD(B5D, @Gt =smy . MMD () §7(emHi)y

m—+n’m—+n

< (MMD(PZ?, P) + MMD(P, Q) + MMD(Q, Q3¢+~ )y . aiMD(E7) | S) + MMD(S, §7 1)) (44)

m—+n> yMm—+n
& (4 & (Sm+1; a G(Sm+1l;r &O & (St o G(Sm+1;r
(ST = 805k, (870, = 875 kol < MMD(E7,2,,, 872 71) - MMD(§75),, 8725 71)

< (MMD(§29|S) + MMD(S, §767 ) (MMD(87() | S) + MMD(S, §77 1))

m—+n? yMm—+n m—+n? »Mm—+4n

where S stands for IP or Q as needed. Applying Lem. 9, we obtain that if KT-COMPRESS calls are run with value 6/(55,,)
and §/(5s,,) respectively, conditioned on the event .4 we have that simultaneously for any 4,7’ € {1,..., s},

(B — QRlem I =om ke, (B — Q7o k) — (P — Q)k, (P — Q)K)i],
< MMD(P, Q)W (m,n,5/(5s)) + W(m,n,§/(5s))?,
(B — @l memyie (87 — §75m k)| < W (m, n, §/(55) MMD(P, Q) + $W (m,n, §/(55))”

2 A&(i) A &(Sm""li/)_sm 2 2 (45)
| MMD2(P ) — MMD2(P, Q)| < MMD(®, QW (m, n,3/(55)) + W (m,n,8/(55))2,
)

o (Sm &(i") G(Sm+l
(82, —Sm&n“ Nk, (S75) = SIGm k)| < W(m,n,8/(55))?
MMD?(§7) &6ty < Wi, n, 8/(5s))2,

m+n> Om4n
where W (m,n,d/(5s)) is defined as in (33), and where we used that §/(5s) < §/(5sy,) and §/(5s) < §/(5s,,) since
Sm,Sn < s. We conclude that conditioned on the event A,
115, < IIAIE < o=z (I ' ({=1, 1D (lp ' ({ =1, 11 = D (MMD(P, Q)W (m, 1, 3/ (55)) + W (m, n, 5/ (55 YH6¥
+ 1o ({=1,1N)llpz ({0} [(MMD(P, Q)W (m, n, 6/ (5s)) + 5 W (m,n,8/(5s))%)?
+ 15 ({017 ({ON] = HW (m, n,8/(55))")
<n(m,n,8)* = m(l\/ﬂ\/ID(]‘P’7 Q)W (m,n,d/(5s)) + W(m,n,d/(5s))%)?

Applying Lem. 10, we get that with probability at least 1 — §”/,

o Zicor (-1 Gl S lo- Xl < (57);
and this implies that with probability at least 1 — ¢/,
a 1 - 1 =2 ~2
ce = oD Ditveps ({11 G = 5o, ((Ev'epgl({—l,m &)’ = Yiepr ((=11p &) “47)
< 5o 2smlog () — o ({1, 1})]) < -2 log(57)-
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Conditioned on the event .4 defined in Lem. 9, we obtain that for any = > 0,

Pro(EL[M" ") > 2) L Pr, (EL [T A¢ — c: MMD?(P, Q)] > z)

g §" + e A E, Jexp(MVEp[€T AE — 3m2_1

log (%) MMD?(P, Q)))]

(iii) .
L 51 eI ¢ g foxp(N (€T AE — 2 log(Z) MMDA(F, Q)]
— 6// +]E [ _A*(z—i-SmZ_l log(%)MMD (P,Q))]Eg[exp()\*gTAg)H

B L +Eo. [ exp(—fz (¢ + 527 log() MMD?(P, Q) + ¢’ (A*)?[|A[|?)]
(

25 4 exp(— 2l + 1og<%>MMD2<P Q) + " (W) *n(m, n, 8)°)

. ( 2 log(5%7) MMD?(P,Q))® &+ -2+ log(57) MMD?(P,Q)
S 8" + exp ( — len{ S 1K4n(ém n,0)2 ) - 1K2n(6m,n,5) })

Here, (i) holds by (39), (ii) holds by (47) and the application of a Chernoff bound; the value of \* is to be set at a later
point. Inequality (iii) holds by the convexity of the exponential function, and (iv) follows from Lem. 8 (48). (v) holds
because conditioned on A, ||Al|2 < n(m, n, §)? by equation (46), and (vi) follows from Lem. 8 (49). If we set

. (et loa(57) MMD? (P,Q))? - a2 log( 57, ) MMD? (P,Q) -
0 = exp ( — len{ e 1[;517(5171,71,5)2 ) T l;fn(émm)(;) }) € (Oa € 1)
we have that
T = co(MMD (P, Q)W (m,n, ti?i5€)(l+1i/im 1,8/(55))?) log(1/8") + log(5,, ) MMD?2 (P Q)

where we defined cg = K?/c and we used that § € (0,e~!). We conclude that conditioned on A, with probability at least
1—¢ — 5//’

E, I:MO_G,L7L:| < co(MMD(P,Q)W (m,n, (i//i5a))s+Vi/i;rL n,0/(55))?) log(1/68") + log(%) MMD2 (IP Q)
To show (36), we use the same arguments of (43), (44) and (45). O

Plugging the results of Lem. 7 into the right-hand side of (31) shows that conditioned on the event .4, with probability at
least1 — 6" — &”,

MMD?(Xg,, ¥7) < Lem=DlenD) (_2_1og(-2) MMD?(P, Q)
+ \;’%(MMD(P, QW (m,n,6/(5s)) + W (m,n,6/(5s))?))
+ 2= (MMD(P, Q)W (m, n,6/(55)) + W (m, n,6/(55))* + MMD* (P, Q)),

SmSn

which concludes the proof of Prop. 3 upon simplification.
Lemma 8 (Hanson-Wright inequality, Rudelson and Vershynin (2013), Thm. 1.1, adapted). Let X = (X1,...,X,) € R"
be a random vector with sub-Gaussian independent components X; which satisfy EX; = 0, and E[X " AX] = 0, and
| Xilly, = inf{K’|E[exp(X?/(K")?)] < 2} < K. Let A be an n x n matrix. Then, there exists c,c’, ¢ > 0 and such that
Sforeveryt >0, X < /|| Allop

Pr(XTAX >t) < e*ME[eAXTAX] <exp(—At/K?2 + "N2|| A||2). (48)

Optimizing this bound over \ < co/||A||op, one obtains

Pr(XTAX > t) < exp(— min{ K4HAH2’ KZI\AHW}) (49)
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Lemma 9 (Simultancous bound on the MMD errors of P! and QJ). Suppose that KT-COMPRESS is
run with value 6/(5sy,) and 0/(5sy), ie. ) O KT—COMPRESS(X%),Q,k,k’,é/(f)sm)) and Y
KT-CoMPRESS(Y Ve 7g,k k', 8/(5sn)). Then, with probability at least 1 — 6, we have that simultaneously for all
ie{l,...,sm} j€{1,. sn}

~. VSmRy 1 (Pym/8m 0/ (58m
MMD(P:,,P) < o 29% [Gom)g )+05/(5sm) llvl;“my
. VEnRy 1 (Qn/s0,6/(55,),0) o
MMD(Q?, Q) < i O s (5] 2L

We define A as the event that these s conditions take place simultaneously, and observe that Pr(A) > 1 — 4.

Proof. Using the notation in App. B.2, we can write that

MMD (P4, Pi,) < ||ucy i, $m/ml], =

S \l0gs(m/s) g1 (~4” (i)
“m 24k=0 Z] 1 Wkm/sm U 5 X,, )

_ sm \1084 (M /5 )—g-1 —~4¥ ()
—’\max(ﬁ k=0 Ej:le,j,Xm)'

We define

1 S J—g—1 4 ;
022 é Zkoié(m/b”l) : ijl ( 2:71m wkvm/3m€;€um/sm (GZ;C,M/Sm ’m/sm (%) + Uf;c sm/sm m/Sm <%)))2

I S ) —1 6-49/m/Sm (B /s, +1)
— szog4(m/ )-o 201 (Corn/ 1K || 0o +Cv\/k/||oolog( 29*/%/((5%) )My xr))?
< sm(log4(m/sm)—g—1)|\k’Heo L+ C, \/k)g 15m (log, m/%)—ﬂ—l))z)jtX x)?

48m

When comparing this equation with (17), we have replaced é by ¢/(5s,,,). We obtain that

-t forall ¢ > 0.

Pr(MMD(Pi P! ) > 0;1/8(log(m + 1) + 1)) < 1o
Equivalently, with probability at least 1 — 6/(55,,),

MMD(P,, Pi,) < vBoi(+/log(m + 1) + /10g(25,0/9))-

An application of Lem. 2 with Q = P and n = +o0 yields

Pr|MMD(Pi | P) > (2 + \/2log(1505))\/3“"°°] <Z.

Hence, with probability at least 1 — 25/(58,, ),
MMD(P?,, P) < MMD(P? ,Pi ) + MMD(P! , P)
< VBor(/Ioglm 1) + /10825, /) + (2 + | 2log(25)) =i,

Defining 9% 1 (d) as in (22) and (23), we obtain that with probability at least 1 — §/(10s,,), Mxi 1 <
Mp /s, .k (0/(55m)). Hence, with probability at least 1 — 50/(10s,,) = 1 — /(25,,),

\/SmRk,k/ (Pam/smvé/(55m)7g) ”kHoo

MMD(P;,, P) < 55 /m C5/(55m) \/ S

Using a union bound, we obtain the result. O

Lemma 10 (Chernoff bound for sums of Rademacher variables). Let ¢ = (¢;)%_, be i.i.d. Rademacher variables. We have
that for any x > 0,

Pr(|L(35, e)] > z) < e~ DUH)/2I1/2)k 4 o=D((1=2)/2011/2k < 9 exp(—22k),

where D(z||y) = xlog($) + (1 — z) log(1=5).

v
Proof. The first inequality holds by the Chernoff-Hoeffding theorem. The second inequality holds because D((1 +
x)/2||1/2) = D((1 — z)/2||1/2), and because for p > 1/2, we have that D(p + z||p) > O
30
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D.4 Concluding the proof of Thm. 4

The following result is the basis for Thm. 4.

Lemma 11 (Putting everything together). Let 3 € (0,1) be arbitrary, and define § = —2 F Let o € (0,1) and suppose
7

H

that ko = (B +1)] > 1. Assume that CTT is run with B > 1 — 1 and § = min{%~ (g)l/k

Z(m7n’a7ﬂ) é Z(m7n7/8) + Z(m’n7a7g)’

where the functigns Z and 7 are defined in Lem. 4 (equation (24)) and Cor. 1 (equation (34)), respectively. If
MMD(P,Q) > Z(m,n,«, 3), then

Pr[MMD(X,,, Y,,) < Mg,.)] < 8. (50)

Proof. Using Lem. 4, it suffices to see that with probability at least 1 — g,
MMD(P,Q) > Z(m,n, ) + M,,).

L . s 3
Cor. 1 implies that with probability at least 1 — &,

Mgy, < Z(mm,a,B).

Hence, with probability at least 1 — g, Z(m, n,a, B) > Z(m,n, ) + M. Using the assumption that MMD(P, Q) >
Z(m,n, o, B), we obtain that (50) holds. O

Proof of Thm. 4 To go from the statement of Lem. 11 to the one of Thm. 4, we write the function Z (m,n, «, ) in terms
of its arguments, as follows:

5 Ry i (P;m/sm,B/6,8) R 1 (Qun/sn,8/6,0) Kl . /Kl
Z(m,n,«a, ) = kok IV 4 K STV +CB/6( %Jr %)

n \/% 1Og(%(%)1/ku)MMD(P, Q)

If we define
a=1-/Zlog(®¢ (§)/5=),
b=/ 2+ ¢log(1£(2)1 /K ))W (m, n. B/(205),
(5D

Ry ' (P,m/sm,3/6, Ry ./ (Q,n/sn,3/6, 2+4c’ log(4e (4)1/ka) ~
o R 2g/ﬁ 5/6.0) R (@28% 8/ g)+05/6( [kl | /|k|oo)+\/ s E ) o, m, B /(205)),

MMD(P, Q),

and we assume that a > 0, we can rewrite the condition MMD(P, Q) > Z(m, n, o, 8) as ax? — bz — ¢ > 0, which together
with the positivity constraint on z is equivalent to ¢z > vt +dac ng*‘l“c. A sufficient condition for this is ./ MMD(P, Q) >

2 +4/%, and yet another sufficient condition is MMD(P, Q) > 2(3—2 +£). Since 0 < a < 1 by assumption, the right-hand
side of this equation is upper-bounded by

2 /79 - 2 Ry i (Bom/s1.8/6,8) | Ry (Qn/sn,5/6,8) i Iklo [/ klloo
F(b +C)7 (1_\/ 2 log(s"‘2(4~)1/ka))2( 29/m + 29.\/n +Cﬁ/6( m + n )

+2(3 (24 ¢ log (2 (4)1/ke)) + \/%m(2+c’log(%(%)1/ka)))x

(Rk)kl(P,m/sm,ﬁ/(ZOsm),g) Rk,k/(@,n/smﬁ"/uosn),s)+ ) ( 1%/l
29 \/m,/sm 29 \/n/sn CB/(QOS)
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We have that

\/l log(5 (4)1/kx) < § & s = 8 log(3 (4)1/5) 52)
Under (52), we have that

2 < _2 _
(1 /25 tog (57 () /kayz = (1237 2

1 (2+c'10 (g(é)l/ka)) < 2+c’log(4e(%)1/ka) (2+C o (‘L(é)l/ka))
VSm gaﬁ —\/ log(8c()1/k) \/ gaﬁ

and consequently,

2 Ric 1 (Pom/sm,B/6) | Ry (Qun/sn,5/6,0) HkHoo Hk”oo
az(b2+c)§32( TG + TG +cz6( +4/ )

Ry, /(P*m/smaé/(QOS)yg)
+2( %4‘1)(24-0’ log(;(é)l/ka))( K.k Jon

- Ricier (Qn/s50,8/(209).9) [ olkl )
+ 957” 29./n +CB/(205) m + \/S Smn

The final result follows.

E Proof of Prop. 2: Power upper bounds for complete, block, and incomplete MMD tests

We prove the three parts of Prop. 2 one by one.

E.1 Proof of Prop. 2(a)

According to Gretton et al. (2007, Thm. 8) (see also Gretton et al. (2009, Eq. 2) for the exact formulation), the complete
unbiased test with statistic MMDiP(Xm, Y,..) has the following asymptotic distribution under the null hypothesis:

mMMD} (X, Yo ) = 32020 Mi(27 — 2),
where z; ~ N(0,2) i.i.d., — denotes convergence in distribution and \; are the solutions to the eigenvalue equation
J k(i ) n(xi)dP(z:) = (),

where k(z;,x;) = k(xi,25) — Epk(zi,2) — Egk(2,2;) + By ak(z,2'). Hence, the variance of MMDip(Xm,Ym) is
(asymptotically)

Var(MMD2, (X, Y)) = 7 3352, M Var(22 —2) = 4 S5, W2,

where the last equality holds because z7 is distributed like a chi-squared distribution of one degree of freedom scaled by
v/2, which has variance 4. Since the asymptotic threshold ¢;_,, of level « for MMDfLP(Xm, Y,,) is of the order of the

standard deviation of MMDip (Xim, Yy ), we can write

tioa = “52, (53)

m

where the constant K _, is of the order of 2,/ ",~, A7 and depends on a.

Under the alternative, MMDip(Xm, Y,,) converges in distribution to a Gaussian according to

m'/2(MMD?, (X, Y;) — MMD?(P,Q)) — N(0,02,), (54)
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where 02 = 4(E, ,(E,/ y/h(x,x YN = (Eg e ph(z, 2, y,y'))?) (Gretton et al., 2007, Sec. 6), (Serfling, 2009,
Sec. 5.5). Let z= (ac y),z' = («',y') and h(z, 2’) = h(z,2’,y,y’). If (-, -),. denotes the RKHS inner product, note that
[E.[h(z, 2")]|
= By [k(z,2") + k(y, ') — k(z,y") — k(z',y)]|
= | [k(z,2") ( Q@) — [ k(y,a") d(P — Q)(a’ | \ z,a') — k(y,2")) d(P - Q)(')]
1! !/ 1 / /! (55)
=|[k(= Q)(") d(0, — ) 56)!—!( T Q)(x),f (,2") d(8s — 8,)(2')), |
< ka(»w’) Q)( ’>|| 1/ k(2") (6, = 3y) (l” ||k
Hence, using equation (55) we obtain an upper bound on Uip
ap = AE:[(E [h(z,2)])%] — (B, [h(z,2')])%) < 4E.[(E.r[h(z, 2")])?] 56)

< AMMD?*(P, Q)E, , [(k(z, =) + k(y,y) — 2k(z,y))?] = AMMD?(P, Q)E, [h(z, z)?].
Asymptotically, we obtain that under the alternative distribution

PI‘(MMD2 (XnuY ) < tl—a)
Py (ﬁ(MMpz (Xpm, Yp) — MMD?(P, Q)) < (t1 « — MMD?*(P,Q)))
= (L2 (t1_ — MMD*(P,Q))),

where @ denotes the CDF of a standard Gaussian. Hence, the condition that the Type II error be upper-bounded by
B € (0,1/2) translates to

Y (11— — MMD?(P,Q)) < &7'(8) (57)
& MMD?*(P,Q) > t;_o — T2 (B) =tia + 2O (1 - B)

Replacing ¢, _,, by its expression in (53) and using the upper bound (56), we get that a sufficient condition for (57) is

MMD?(P, Q) — 24/ ElC2l1g-1(1 — g) MMD(P, Q) — Ki== > 0.

Solving the corresponding second-degree equation, this is equivalent to

MMD(P, @) > V=Rt (VPRI (LI — 01/ vim)

A necessary condition for (57) to hold is MMD(P, Q) > / £i== = ((1/,/m), which concludes the proof of this part.

m

E.2 Proof of Prop. 2(b)

By the definition of MMD%(X,,,, Y,,) in (3), it is the average of m /B independent instances 7;(X,,, Y,,,) of the quadratic
estimator (2), each with sample size B. Hence, in the regime m/B — oo, we have

%(MMDZB(X"“ Ym) - MMD2(P7 Q)) - N(O’ Var(ni(xmaym)))'

Using the argument of App. E.I, under the null hypothesis we obtain that asymptotically Var(n;(X,,,Y,,)) =
Bz Y101 A7. Hence, under the null hypothesis, ,/ Z°° e MMD% (X, Y,) — N(0,1). We derive the expression
for the threshold ¢1_,, corresponding to the level a:

Pr(MMDQB(Xm,Ym)<t1_a):Pr(4/4z MMD2 2 (X, Y) < 1/42 srti-a)
—@(1/th Oé)—].*a
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This implies that

too =/ 22211 — ). (58)

Reusing (54), we have that asymptotically, under the alternative hypothesis, Var(n;(X,,, Y,,)) = o2,/B. Hence, under
the alternative hypothesis,

VI (MMD (X, Yon) — MMD? (P, @) — N(0,1)).
We conclude that asymptotically,
Pr(MMD% (X, Yi) < t1-a)
= Pr(L2(MMD (X, Y,) = MMD*(P, Q)) < ¥ (t;_o — MMD?(P, Q)))
= ®(L2(t1-a — MMD?(P, Q))).

Hence, the condition that the Type II error be upper-bounded by 8 € (0, 1/2) translates to

Y (11— — MMD? (P, Q)) < ®71(8) & MMD*(P, Q) > 1 + Z£&7!(1 - ) (59)

Replacing t1_, by its expression in (58) and using the upper bound (56), we get that a necessary condition for (59) to hold
is

MMD(P, Q) > /1o = (AZE2)1/4 /GT(1 = o) = Q(1/(Bm)*/4).

Also, a sufficient condition for (59) is

MMD?(P, Q) — 2,/ 2BE2g-1(1 — g) MMD(P, Q) — 21/ ZE220-1(1 — ) > 0.

Solving the corresponding second-degree equation, this is equivalent to

MMD(P, Q) > 1 /W@—l(l —B)+ \/Wq)—l(l — B)2 + 24 /Eg;i%’\?q)q(l —q)

= O(1/(Bm)'/%).

E.3 Proof of Prop. 2(c)

Yamada et al. (2019, Cor. 3) show that when the pairs in the design D are chosen i.i.d. (with replacement), and
lim,,, |p|ee M 2|D| = 0,0 < v = lim,, |p|—yoe m™|D| < 00, the incomplete MMD statistic MMDZ(X,,, Y,) is
asymptotically distributed according to

|D|*/2 MMD2,. (X, Yon) = N(0,02) ifP=Q
|D[Y/2(MMD}, (X, Yin) — MMD?(P,Q)) — N(0,02 +y02,), if P # Q.

where 0% = E. ./ (h(z, 2') — E. ./h(z,2'))? and 07, , is defined in (56).

We derive the expression for the threshold ¢;_,, corresponding to the level « using the asymptotic distribution under the
null hypothesis:

Pr(MMDZ, (X, Y,) < t_a) = Pr({2L2 MMD2, (X0, ¥,) < 2L24, )

mnc nc

1/
(22 J=l-aet o= 11— a).

‘D‘1/2
And then, under the alternative hypothesis and asymptotically,
Pr(MMD2,. (X, Vo) < t1_0)
1/2 1/2
B (X, Yi) — MMD?(P, Q) < —22——(t1_ — MMD*(P, Q)))

=P, e,
1/2
= @(\/%W(tl,a — MMD?(P, Q))).
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Proceeding as in App. E.2, we obtain that a necessary condition for the Type II error to be upper-bounded by S € (0,1/2)
is that

MMD(P, Q) > /f_a = \/ID\W L1 —a) =Q(1/D['/),
and that a sufficient condition is

MMD2(]P>, Q) > t1_a+ o+2yMMD(P,Q) \/Wq) g

|D‘1/2

In order to derive this, we used that \/02 + 4y2MMD? (P, Q)E. [h(z, 2)2] < o + 29yMMD(P, Q)+/E. [h(z, 2)?]. Solving
the corresponding second-degree equation, this is equivalent to

MMD(P, Q) > gz et (1 - §) +/TERETe-1(1 - 52 4 11 o + g

IR D7z
— 0(1/|D|!4),

F Proof of Thm. 2: LR-CTT exactness and power

The proof of Thm. 2 follows the structure of the proof of Thm. 1. We first introduce a detailed statement of the result of
Thm. 2.

Theorem S. Low-Rank CTT (Alg. 2) has size exactly equal to the level o for all P. Suppose Low Rank CTT (Alg. 2) is
1

run with level o, replication count B > = — 1, and coreset count s,, > (32/9) log(Qe)for o (4+B2,8) TeBDT, Let

B = B/(1+ B/2). Then LR-CTT has power

PrActt(Xo, Yn) =1] > 15

whenever

Ry i/ (P;m /8 r,3/6,8)  Ric 1 (Qun/5n,,8/6,9) Kl K
MMDk(IP’,Q)>32< S e + g6 (y Bl /=) L9y, (X, V)
R i (B /s rsB/ (208 ), 8)
+2M4 (55 + 1) (2 + ¢ Vlog (7)) % (fcm(Xm’Yn) +

Ric 1 (Qn/8n,,8/(2085,1),8 Ik oo Sn |\k||oo
+ sm 2E\f 209 \/ + \/ Smmn

It is important to remark that Alg. 2 involves two separate parameters: the number of compression bins s;. := Sy, » + 5y
and the number of permutation bins s = s,, + s,. The former is always larger or equal than the latter and in particular s
divides s, that is, the compressed outputs of s,./s compression bins are grouped together into a single permutation bin.

We formulate a statement which is analogous to Lem. 4, but for the LR-CTT test statistic, and with a slightly different
lower bound Z(m,n, ().

Lemma 12 (Upper bound on acceptance probability from upper bound on threshold). Let 1 > 8 > 0 arbitrary, and define

B = Tz 5 Define the function

Ry o (Pym/Sm.r,B/6, Ry 1 (Q.n/sn,,6/6,
Z(m,n,ﬁ)é 1,1/ ( 2g/ﬁ 3/6.9) 4 R (QQB/\/E B/6,9) +CB/6( %_’_ Hk““)—f—?&p (X, Ya),

which is equal to the upper bound in (7) when we make the choice § = 5/6 IfPr [MMD(IP, Q) > Z(m,n,B) + M(ba)} >
—L_ then Pr]MMDg, (Xm,Yn) < My, < B. Here, Ry are defined in App. B.1, and egbr (P, Q,) =

1+Z
Supx,x’ESupp(IP’m)Usupp(Qm) |<‘I)7"('7;)7 (I)'f ($/)> - k(JU, .13/)|

V

Proof. The proof structure is the same as for Lem. 4, but in this case we must use instead that with probability at least
1-8

2 9
|MMD(P, Q) — MMD(I)T (lea Yn)l < ‘MMD(IR Q) MMD(X"“ Y")l
—+ |MMD¢T (Xm, Y ) MMD(Xm; Yn)|
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The first term in the right-hand side is upper-bounded by

Ry 1 (P, m/$mm.r, 3/6, Ri 1« (Q,n/$n.r, 3/6, K| k|00
wx (P, m/sm.r, B/ 9)+ 1k (Q,n/8n.r, B/ g)+cﬁ/6(\/ll | +\/II I ),
28,/m 29/n m n

while the second term can be upper-bounded as follows, since MMD is nonnegative:

IMMDg (X, Yy) = MMD(X,,, Y,,)|

< \/|MMD2 (&ns ¥) — MMD2(K,, ¥,0)|
<@, &, (V). @, (Km) — @, (Vi) — (Bow — @), (B — @)

S (|<(I)7-(X7”), (I)T(X7n)> - <HAD7nkaI@> > | + 2|< ( TTL) (I)7(}A/n)> - <ﬁp7nk7 (@nk>k|

1/2
+ |<(I)7’(Yn)v (I)T(YH» - <anv(@nk>k> <2 sup \/|<q)r($)a P, (') — k(z,2')| = 29, (P, Qn).

z,x’ €X,,, UY,
(60)

O

The following proposition, an analog of Prop. 3, establishes a high-probability upper-bound on the MMD obtained by
permuting the data samples.

Lemma 13 (Tail bound on MMD?{)T (X2 ¥9) conditioned on X,,,, Y,,, and ®,.). Let o be a uniformly random permutation
over {1,...,s}. Let §,0" € (0,1), and § € (0,e™1). There is an event A of probability at least 1 — § concerning the draw
ome, Yn, such that conditioned on A, with probability at least 1 — ' — 6" on the draw of o,

MMD3 (X7, V7)< = 2 (log() + 1) MMD?*(P, Q)
+ CLos/E2 (9¢4 (P,,, Q) + 2(MMD(P, Q)W (m, n, 5/(55)) + W (m,n,5/(5s))%)2)"*

where s, = S,, + Sn, €' is a universal constant and

SmRyk 1 (Pm/sm r,0, snRy 1 (Q, n,rs0, s s
W (m,n, 6) ZQ(F k,k2(g\/m/ E)+r k,k;g\;%/s B)+ \/ m|l:|\oo i \/ 71HkH(x, . (61)

Here, the KT-COMPRESS error inflation factors Ry y and the factor cs are defined as in Lem. 1, and £(Py,, Q) =
(@ (2), Pr(z')) — k(z,2)].

SUP, 2/ esupp(P,y, )Usupp(Qu)
Proof. For an arbitrary distribution P, we denote ®,.(P) = E,p®,(z) € R". We can write
MMD3, (X7, ¥9) = (9,(B5,) — ,(QF), ®.(PF,) — ©.(Q7))

= 2l T T S S (@S — @ 5L ), @, STED) - e85

Remark that this is the analog of (31) when one replaces ((§7() — Ssﬁfﬁ"ﬂ)))k, (§le) _ glolsm DNy, by

m—+n m—+n m-+n
®,.(So) S(U (sm+3)) , D, Sy _ @, (§olmTDYy Following the analogy and using the construction from
m—+n m—+n m—+n m—+n g gy g
Prop 3, we will apply the Hanson-Wright inequality (Lem. 8) to the matrix A defined as

0 ifi =4
5 AG(sm+l;)—sm (i G(sm+l;)—sm
el e NPLE Y it ' € p7 (1)),
50 (% AT (Sm+1i)—Sm &1 SO (Sm+ly . _ . _
Ay =8 o (@, (B) — @, (@700 70m), @, (87%)) — @, (875 1))  ifi € p ({£1)). 4 € pz " ({0)),

(@800 — 2SR ),

sm(sm—1)

1 <q)r(§5(l) ) — @T(S&(sm+li)),

Sm (Sm—1)

PBR) — B (@) it € p7t ({0). 4 € 3 ({£1)),
PSn) = @R i e pp (0],

(62)



which is the analog of the matrix defined in (38). Note that

(@, (B~ @, (@ 170y @, (B)) — @, (@7 )™ )) - MMDE (P, Q)| (63)
< (@, () =@ (@07, @ (B) 2 (@R )
_ <(]@fn(i) _ @Z(smﬂi)—sm)k’ (]13);(1") - QZ(sm-l-i’)—sm)k>k|
+ (B — QR T e (B — QR T Iy — (B — Q)k, (P — QK.

The last term in the right-hand side is formally the same as the one upper-bounded in (43). However, there is a difference:

in this case I@i}” is not the empirical distribution of the output of KT-COMPRESS on the points of ng (i)), but rather the

distribution corresponding to the concatenation of the outputs of KT-COMPRESS on the s,./s compression bins contained
in ng ) Asa result, an adaptation of the argument yields

(@, (B5D) =, (QG e =om) &, (B5)) =, (QG (o Hi) o)) —MMDJ, (P, Q)|
< MMD(P, Q)W (m, n,d/(5s,)) + W(m,n,d5/(5s,))?,

where the function IV defined in (61) is slightly different from the one in Prop. 3 in that the arguments of the error inflation
factors are m/ sy, , and n/s, , instead of m/s,, and n/s,,.

We can bound the first term of (63) by

(@ (), @, (B)) — (B e, Bl (@, (B7), @, (@110 7)) — (B, Q10T e
+ ‘< ( O'(l ))’¢T(QZ(S7n+ll)—ém)> o < O'(l )k Qo'(ém-‘rl%)—snlk>k|

Sm+li)—8m G (Sm+1; m
+ (@, (@R Ty @, QLo ) T

> < U(Serl Smk,©2(3m+li')_37nk>k|
(D7 (), Pr(2)) — k(z,2")|.

< 45UPy o esupp (P, ) Usupp(Qn)

The bound in the right-hand side follows from applying Lem. 14. The other cases in (62) admit similar upper-bounds
which in this case rely on (44). In analogy with (46), we obtain that

1ANIZ, < NAIE < =z (Ip ' (=1, 1D)1(1p5 ' ({=1,1})] = 1)(26?(Pra, Qn)
+ 2(MMD(P, Q)W (m, n,8/(5s,)) + W (m,n,8/(55,))%)?)
+ o7 H({=1,1D)1p5 ({01262 (P, Q1)
+ 2(MMD(P, Q)W (m,n,6/(5s,)) + W (m,n,8/(5s,))%)?)
+ o5 "HOD[ (s ' {ON] = DWW (m, n,6/(5s,))*)

< n(m,n,d)?* = ﬁ@% (P, Qn) + 2(MMD(P, Q)W (m,n,8/(5s,)) + W(m,n,8/(5s,))?)?)

To prove this inequality, we used that (a + b)? < 2a? + 2b2 for any a, b > 0.

Mirroring the proof of Lem. 7, we establish that conditioned on the event .4 defined in Lem. 9, which has probability at
least 1 — &, we have that with probability at least 1 — ¢’ — 4" on the choice of o,

ELM7L] < 2 log() MMD?(P, Q)

4 IO (36}, (P,1,Q,) + 2(MMD(P, QW (m, n,8/(55,)) + W (m, n,5/(55,))*) )/

and

52132 (Zf;nl Zj;éj/e{l,...,sn}«Sern - Smi7;+J ) (S:n+n - Smiyg-i_j ))k>k
305 S qr oy (D = S5m0, (8740, — 75 e

m—+n m m
+Z L (S, = 876k, (871, — ST k) )
< =L (26} (Ppn, Qu) + 2(MMD(P, Q)W (m,n,8/(55,)) + W (m,n,8/(55,))*)*)"/* + MMD*(P, Q))

simultaneously, where ¢’ is a universal constant and W (m, n, ¢) is as defined in (33).
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Mirroring the final step of the proof of Prop. 3, we rely on these two equations to show that conditioned on the event .4,
with probability at least 1 — &' — §”/,

SmSn

MMD3, (Xg,,Y7) < <6m—1)<én—1>(5m21 log(Z) MMD?*(P, Q)

Sm(sm_l)

+ \;’M(%;(Pm, Q,) 4+ 2(MMD(P, Q)W (m,n,8/(5s,)) + W(m,n, 5/(55r))2)2)1/2>

+ =L ((2¢3, (P, Qp) + 2(MMD(P, Q)W (m,n, 6/ (5s,)) + W (m,n, §/(55,))%)2)'/?2 + MMD?(P, Q)),

SmSn

which concludes the proof upon simplification.

Lemma 14. Let S and S’ be arbitrary distributions. We have that
[(©r(S), @r(S')) — (Sk, S'k)k| < sup [(Pr(2), Pr(2')) — k(z,2)]. (64)
z€supp(S),z’ Esupp(S’)
Proof. The right-hand side of (64) is equal to

|Ew~S,w’~S’ <q)r (l‘), CI)T(QJ/» - EmNS,x’NS’k(xa -/I:/)‘ < ExNS,;E’NS’ | <(I)T (x)a q)r(xl» - k(.’II, JJ/)|

< sup (@ (z), Dp(a)) — K(z,2").
zesupp(S),z’ Esupp(S’)

O
We proceed to prove Thm. 5. Reproducing the argument of Cor. 1, if b, = [(B + 1)(1 — «)] < B, and KT-COMPRESS
calls are run with value 6*/(5s,,) and 8* /(5s,,) respectively, then with probability at least 1 — 2,
M(bu) < Z(m7 n, a, 5)
2 /2 (log(2) + 1) MMD(P, Q) + \/i(z + ¢ log(1/6%)) - 2Y/4(eq, (Pr, Qn) (65)
+ MMD(P, Q)W (m,n,5/(20s,)) + W (m,n,§/(20s,))).
where M, (ba) is the threshold of Alg. 2, and
5* & (ke o ko £ [(B+1)).

e’

Then, we have that the statement in Lem. 11 holds with the redefined Z (m,n, a, B) given by (65). Consequently, the
function Z(m, n, «, ) now reads

= R s ’(P7m/sm,,7‘7é/67g) R /(Q n/gw r B/6 Q) K| oo k| oo
Z(m7naa75): X 29\/> + = 29./n 5/6( %4»\/ %)

+ \/7 log(52 (4)1/k+) MMD(P, Q)

[+ log(22(4)1/5) (e, (B, Qn) + \/ MMD(®, Q)W (m, n, 3/ (205,))
+ W(mvna B/(2087”)))

We also reduce the remainder of the proof to a second-degree inequality analogous to (51), but in this case the coefficients
read

a=1- /2 log((E (),
b= \/£(2 +c log(4e( Yk YW (m7n’3/(208T))7

_ Ruaw®m/smr,5/6,8) | Ry (Qn/sn,rB/6,9) IIk\Ioo Hka
c= 29 /m 25/n +C[§/6( + )

+ L Z @+ log(3 ()VE)) (e, (B, @) + Wim,n, 5/(205,))),
MMD(P,Q),

YN

+

Proceeding just like in the case of CTT, the proof is concluded (recall that the function W is slightly different in this case).
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G Proof of Thm. 3: ACTT validity and power

Algorithm 6: Aggregated CTT, Aacrr

Input: Samples (X, Yy,), # coresets s, compression level g, kernels (kx, k) xea, importance weights (wx)aea, failure prob. 8, #
replicates (B1, B2, B3), level a

Partition X,,, into s,, = equal-sized bins (Xg,?)f’:”l

m+n

=t equal-sized bins (Y$ ))fgl

// 1dentify coresets of size 2%, / ™+ usi
k + Z)&Ak)\; k'« Z)\g/\ki\
fori=1,...,s5, do

| X% « KT-ComprEss(XYY, g, k, K/, §)
end
fori=1,...,s,do

| ¥ « KT-ComprEss(YY, g, k, k', &)
end

Partition Y,, into s,, =

// Compute CORESETMMD for each candidate parameter A
X == ConeaT((X)2m); ¥, := Concat((Y)3n))
for A € Ado M) < MMDy, (X, Y,)
// Simulate null for each A by randomly permuting s coresets
for/{=1,2andb=1,...,8,do
(X520, Y4Y) < PERMUTECORESETS (X, Yo, §)
for A € A do My < MMDy, (X8, Y%)
end
for X € A do Sort (M x,1)5", increasingly into (M) x1)pl,
// Estimate largest rejection threshold for each M statistic that ensures aggregated test size < «
Umin < 0 and Umax <— minyep w;l
fori=1,...,B3do
u ¢ UmintUmax s for A € A do by, < [(B1+1)(1—uwy)]
Py, — B ZBZ 1[max,\eA(Mb,,\,gfM(bu‘A),)\,l)>O]
if P, S a then unmin < u else umax < u
end
// Reject null if any test statistic M exceeds its threshold
Go ¢ Umin; for X € Ado by, \ < [(B1r +1)(1 — Gawn)]
if My > M(b;))\%)\ql for some )\ € A then return 1 (reject null)

else return O (accept null)

The validity statement in (10) follows from exactly the same argument as Schrab et al. (2021, Prop. 8), replacing the
estimate MMD,,,,(X,,,, Y,,) with parameter A by CORESETMMD (X,,,, Y,,) with parameter \.

Let Acrr,x denote the output of a modified CTT (Alg. 1) with level awy /2, B = Bi, k=3,  kaand k' =3, k),
that uses k, (in place of k) to compute CORESETMMD. Then using arguments from Schrab et al. (2021, Proof of Thm. 9,
up to their equation 25), we find that

Pr{Ascrr(Xm, Yn) = 1] > maxyea Pr[ACTT,A(Xm,Yn) =1]- 5. (66)
We claim that for A such that (12) holds, we have Pr[Acrr A (X, Y, ) = 1] > 1 — 5, which when put together with (66)
immediately implies the claimed power in (11). We now establish our power claim for this modified CTT test.

To do so, we claim that KT-COMPRESS with k and k' = ), _, k), —referred to as KT-COMPRESS-AGG—is k-sub-
Gaussian (Shetty et al., 2022, Def. 3) with parameters az’m and vg’ ,, (the analog of (ag,n,ve,,) from (14) in our notation)
simultaneously for all A € A, on an event of probability 1 — §/2, where

a;/,n = \/Z)\GA CI%A k’ (Sm) + mk K/ (Sina 67 E) : IOg |A|)’ (67)
o = 2y log (2P 5 M (Sins0,0),
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and Cy v and My . were defined in (14). Deferring the proof of this claim to the end of this section, we proceed with the
proof.

Using (67) and repeating the arguments from the proof of Lem. 1 (after (14)), we conclude the following analog of (6) for
the CORESETMMD estimate with the output X,,,, Y,, of KT-COMPRESS-AGG: With probability at least 1 — d, we have

| MMDy, (X, Yr) — MMDy, (Xpn, ¥, |2 (68)
< 1024(y/log(m + n + 1) + /log(2/6))?

2
W <CA,k/ (Xm) + ( log |A‘ + \/log(3m(log4(;:ln/6srm)—9—l) )) ;\,k’ (Xm, s, 9g+1 /m/sm))

- |A]

2
+ {ogg(n/on)g1) (OA,k/ (Yn) + ( log [A[ + \/1og(?m(k’g4<;f§")ﬂ)) M), (Y, 6, 29+1\/n/8n)> ]

where Cp i/ (Sin) £ maxyep Ck, x(Sim) and M), 1 (Sin, 6, €) £ maxyep M, w (S, , £). Putting (68) together with
the definitions (13), we find that

< $ R s /(Xn’mﬁv‘sag) R s /(anﬁvévg)
| MMDy, (Xpn, Yy,) — MMDy, (Xp,, ¥,)[ < 2 \A|(1+10g(|A|))~max>\6A( A+ )

=cp

with probability at least 1 — §. Propagating this result further in the proof of Lem. 1 implies the following analog of (7):

| MMDy, (B, Q) — MMDi, (X, ¥,)| < e 1/ Leall= 1 /1Bl

N Sm

—|—cAmaX,\eA< 35/ + STV

Ry (P2 5.0) Rk;(@,:,;,a,g)) ©9)

with probability at least 1 —30 with cs =2+, /2 log(%) as in Lem. 1.

We now apply Thm. 1 to characterize the power of the modified CTT (corresponding to Acrr,y) described above. In
oW )

particular, substituting @ «— 2%, 3 < 2,4 < ~, in Thm. I, noting s,, > 32 log(%), and using the definition of &,
along with (69) in the proof of Thm. 1, we conclude that

Pr[Acrta(Xm, ¥a)] 2 1= 5 whenever  MMDy, (P, Q) 2 ¢ /log() eace(24452)
for some universal constant ¢/, and yielding the desired claim when m < n. It remains to prove our earlier claim (67).

Proof of (67) Note that, for any probability measures (P', Q'),
MMDy, (P, Q") < MMDy (P, Q") (70)

whenever the right-hand side is well-defined, since for any two kernels ki, ko with well-defined MMDy, 4k, (P, Q’), we
have

MMD; . (P, Q) = (P' — Q') (k1 + ko)(P' — Q') = MMD; (P, Q) + MMDj,_(P',Q"). (71)

In the terminology of Shetty et al. (2022, Def. 3), we next establish that the halving algorithm KT(§) (Shetty et al., 2022,
Ex. 2) underlying KT-COMPRESS is k) -sub-Gaussian when run with k and split kernel k’. To proceed, we can suitably
adapt the proof of Thm. 4 of Dwivedi and Mackey (2022) (which in turn is an adaptation of Dwivedi and Mackey (2021,
Thm. 2-4)).

We begin by instantiating the notation of Dwivedi and Mackey (2022). Given an input coreset Si,, let Syyii,1 denote the
first coreset output by the KT-SPLIT step and S, denote the output of size n,y; after the KT-SWAP step. Then using (70)
and the definition of KT-SWAP, we have

(@) 71
MMDi)\ (Sina Sout) < MMDi(Sina Sout) < MMDi(Sim Ssplit,l) (:) Z/\GA MMDiA (Sina Ssp]it,l)y (72)
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where the inequality (i) follows directly from the definition of KT-SWAP (Dwivedi and Mackey, 2022, Eqn. 27). Hence it
remains to show that KT-SPLIT(J) is k-sub-Gaussian for each .

To proceed, we modify the Dwivedi and Mackey (2022, Proof of Thm. 4). In particular, replacing k' (in their notation)
with k’, and ||k || with ||k/[|cc.in throughout their proof® we conclude, with analogy to Shetty et al. (2022, Ex. 2), that
KT-SPLIT(d) is ky-sub-Gaussian with parameters vy , and ay ¢ satisfying

Ck)\,k’ (Sin)

Mout

m 1 (Sin,0,€ n O, n
k»k( )\/lOg(G out | gg(e/ Out))’ (73)

Mout

axg = and vy =

for input (a subset of Si;,) of size £ and output of size ngyt, for Cx, x and My, k- defined in (14) (also see Rem. 6).

Next, we use an auxiliary result proven at the end of this section.

Lemma 15 (Tail bounds for sum of non-centered sub-Gaussian random variables). Consider non-negative random vari-
ables Zy,...,Zy such that for i € [{], we have P[Zi > a; + vl\/ﬂ < et forallt > 0, with some suitable scalars

{a;,v;}¢_ . Then P[\/Ef_l Z?>a+ B\/f] < e tfort >0, where

a2 2% (a2 +02logl) < 4llogl - max; max{a2,v?} and (22 ' 0? < {max; 2.

Putting Lem. 15 together with (72) and (73), we conclude that on an event of probability at least 1 —§ /2 and simultaneously
forall A € A, KT-COMPRESS-AGG (KT(6) with aggregated kernels as above) is k y-sub-Gaussian with parameters (aj, v;)
given by

S
=
|

= [0 (G e 0) 1 (S06.0) g A])  and

Nout 1 £/nout
= nol\,t \/1Og(6$2(/n)) ’ \/ZAEA i):rtlzg\,k’ (Sin, 57 6)

for input (a subset of Si,) of size £ and output of size n,y. Now the arguments of Shetty et al. (2022, Ex. 4) imply
that on an event of probability at least 1 — §/2, every HALVE call invoked by COMPRESS (for KT-COMPRESS-AGG) is
k\-sub-Gaussian with parameters ay ,, and v}, (the analog of (as,n, v¢,») in our notation (14)), where

v

~~

ag’n = 2\5/5\/2 > aea (C’ﬁhk, (Sin) + fmihk, (Sin, 8, £) - log |A|) and

Ué/n _ \/log 12n493 /3n+1 ) S ea imm 1« (Sin, 0,0),

as claimed in (67).

Proof of Lem. 15  Collect the scalars {a;} (resp. {v;}) into vector a € R’ (resp. v € R) such that the i-th coordinate of
a (resp. v) is equal to a; (resp. v;). A direct union bound yields that with probability at least 1 — fe~t, we have

S22 <Y (a4 oD = Y a? + o2+ 200VE = a2+ [[ov/E]]s + 2(a, 0vE)

(@)
< llal; + [loEll; + 2lall, v,
= (lall, + [ov]l,)?

where step (i) follows from Cauchy-Schwarz’s inequality. Substituting ¢ < ¢ + log ¢, we conclude that

[V Y1 22 2 Nlally + vllyv/Tog? + Villoll,| < et
The lemma now follows once we note that 3 = l|lv]|5 and

=2(llall; + [[v]51og ) = (lally + v]l,vIog®)*.

3The remark in Dwivedi and Mackey (2022, Footnote 5) implies that the arguments work both with ||k’ || s and ||k’ ||so,in.
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Remark 6. If the aggregated kernel satisfies k' = >, _, kx with each ky normalized, i.e., |[kx|[cc = 1. In this case,
Dwivedi and Mackey (2022, Eq. (23)) shows that for any A € A and any f in the RKHS of ky, we have || f|l, < || f[l-
Then, repeating arguments as in Dwivedi and Mackey (2022, App. F, Proof of Thm. 4), we find that

Ci, & (Sin) = 2V/[[K[|o = 2¢/|A] and DMy, = /[A] - D, ki,

where 9y, i is defined in (21).

H Experiment details and supplementary results
Here we provide the details deferred from Sec. 5 along with supplementary results.

Optimal four-point halving As discussed in App. A, we modify the KT-COMPRESS algorithm of Shetty et al. (2022,
Ex. 4) slightly so that whenever an input of size 4 is being compressed into an coreset of size 2, we return an optimal coreset
of size 2 that minimizes MMDy between the input point set and the output. This optimal coreset is also symmetrized so
the either the coreset or its complement is returned with equal probability. See Alg. 4.

Details on the code All computations related to kernel and MMD evaluations are written using identical Cython com-
mands to ensure both consistent runtime comparisons across methods and faster runtimes overall. Our code can be easily
extended to cover other MMD tests and can be used as a benchmark to assess power-time trade-off curves.

Additional details for CTT experiments on GAUSSIAN and EMNIST

* The bandwidth of the Gaussian kernel is selected according the median heuristic, which is a popular heuristic in kernel
methods (Chaudhuri et al., 2017) that prescribes the usage of kernels of the form k(x,y) = exp(—||z — y||?/(262)),
where ¢ is the median of the pairwise distances between different points in the sequence X,,, U Y,,. Unless otherwise
specified, we used the median heuristic to select all bandwidths in our experiments. Since computing the median among
all pairs is expensive, we selected 512 points from X,,, and 512 points from Y,, uniformly at random and computed the

median of all (10224) pairwise distances among them.

* For wild bootstrap block and incomplete tests, we use the fast computation procedure proposed by Schrab et al. (2021,
2022), which computes the terms h(X;, X;,Y;,Y;) only once for each pair 7 # j. This is the main advantage of the wild
bootstrap approach over the permutation approach. The wild bootstrap incomplete test is the same test studied by Schrab
et al. (2022).

* Both in Asymp. Block I and I, the threshold is computed via the CLT using an estimate of the variance of the estimator.
In Asymp. Block II, the estimate of the variance is obtained from the variance of the n/B block MMD estimates.
Asymp. Block II was considered as a baseline by Yamada et al. (2019). In Asymp. Block I, the estimate of the variance
is obtained by sampling a Rademacher vector length n and flipping the corresponding elements of X,,,, Y,, to obtain a
new pair of sets of n/B blocks of size B, and computing the empirical variance of these n/B block MMD estimates.
Since computations of h(X;, X, Y;, Y;) are reused, Asymp. Block I'is almost as fast as Asymp. Block II. Asymp. Block
I was proposed first chronologically by Zaremba et al. (2013) in the paper that introduced block tests, although they used
a permutation instead of a Rademacher variable, which made the method twice as slow.

Additional details for LR-CTT experiments on GAUSSIAN and EMNIST
* The bandwidth selection is as described above.
Additional details for ACTT experiments on BLOBS and HIGGS

* We use the permutation approach and take B; = 299 permutations, B2 = 200 permutations, and Bs = 20 iterations.

* As suggested by Schrab et al. (2021), the ACTT experiments set A as multiples of the bandwidth given by the median
heuristic. We computed the median heuristic bandwidth )\ as in the CTT experiments, and we set A = {27%)\g|i €

{0,...,4}}.

» The aggregated wild bootstrap incomplete test is the same test studied by Schrab et al. (2022).
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Figure 3: Estimated test size with 95% Wilson confidence intervals in the GAUSSIAN (leff) and EMNIST (right) exper-
imental settings of Fig. 1. Top: Asymptotic block and incomplete tests with 800 (lefr) and 400 (right) independent test
repetitions. Middle: Non-asymptotic wild bootstrap block and incomplete with 800 independent test repetitions. Bottom:
Non-asymptotic CTT, RFF, and LR-CTT with 1200 independent test repetitions.
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Figure 4: Time-power trade-off curves in the GAUSSIAN and EMNIST experimental settings comparing (leff) CTT
to five state-of-the-art approximate MMD tests based on subsampling and (right) LR-CTT to the state-of-the-art low-rank
MMD test based on random Fourier features (RFF). These plots are like those in Fig. 1, but for a smaller sample size:
n = 47 instead of n = 4°.
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Figure 5: Estimated test size with 95% Wilson confidence intervals in the GAUSSIAN (right) and EMNIST (left) ex-
perimental settings of Fig. 4, i.e. with n = 47. Top: Asymptotic block and incomplete tests with 1200 independent test
repetitions. Middle: Non-asymptotic wild bootstrap block and incomplete with 1200 independent test repetitions. Bot-
tom: Non-asymptotic CTT, RFF, and LR-CTT with 1200 independent test repetitions.
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