Density Ratio Estimation and Neyman Pearson Classification with Missing Data

Josh Givens
University of Bristol

Abstract

Density Ratio Estimation (DRE) is an important
machine learning technique with many down-
stream applications. We consider the challenge
of DRE with missing not at random (MNAR)
data. In this setting, we show that using standard
DRE methods leads to biased results while our
proposal (M-KLIEP), an adaptation of the popu-
lar DRE procedure KLIEP, restores consistency.
Moreover, we provide finite sample estimation
error bounds for M-KLIEP, which demonstrate
minimax optimality with respect to both sam-
ple size and worst-case missingness. We then
adapt an important downstream application of
DRE, Neyman-Pearson (NP) classification, to
this MNAR setting. Our procedure both controls
Type I error and achieves high power, with high
probability. Finally, we demonstrate promising
empirical performance both synthetic data and
real-world data with simulated missingness.

1 INTRODUCTION

Density Ratio estimation (DRE) is the problem of esti-
mating the ratio between two probability density functions
(PDFs). DRE’s ability to characterise the relationship be-
tween two PDFs naturally lends itself to many applications
such as outlier detection (Azmandian et al.,|2012), Genera-
tive Adversarial Networks (GANs) (Nowozin et al.| 2016)),
and general binary classification. One issue with DRE is
that it is especially sensitive to missing data due to the large
impact a “few key points” can have on the procedure (Liu
et al.. 2017). While there are a vast number of DRE ap-
proaches (Sugiyama et al., 2008], 2010; | Kanamori et al.|
2009; (Choi et al., [2021)), none of them explicitly account
for the case of missing data. Some work has been done re-
garding the impact of missing data on DRE (Josse et al.,
2019), and while this work does explore a wide variety of
missing data methods it does so while assuming the data to
be missing at random (MAR). There are many applications
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in which such an assumption is unrealistic and the probabil-
ity of an observation being missing depends in some way
on the value of the observation itself leading to missing
not at random data (MNAR). For example, many measur-
ing instruments are more likely to err when attempting to
measure more extreme values, while in questionnaires, par-
ticipants are less likely to answer a question if they deem
their answer to be embarrassing or unfavourable. In such a
case, naively applying any classic DRE procedure leads to
inconsistent estimations.

Classification is an area of statistic with strong ties to den-
sity ratio estimation and is also an area where missing co-
variates are a common issue. In this paper, we focus on the
links of DRE to a particular type of classification problem
called Neyman Pearson (NP) classification. NP classifica-
tion allows the user to construct a classifier with a fixed
Type I error rate with high probability (Tong} 2013} Tong
et al., 2018). This type of classification has many natu-
ral applications as there are often cases where missclassi-
fication in one direction is far more damaging than in the
other (for example, disease diagnosis or fault detection).
We would like to choose our classifier to control the error
in said direction. Taking missing data into consideration
during NP classification is vital. Without it, our classifier
may no longer satisfy our Type I error constraint with high
probability. Classic NP classification works in two steps.
First, we estimate the class density ratio between the two
classes (hence motivating the use of DRE), then we define
the classification boundary of our classifier to be a level
set of our density ratio estimate, which leads to the satis-
faction of our Type I error constraint with high probability
(Tong, 2013). To our knowledge, no previous work has
been done to make this second stage of NP classification
robust to MNAR data.

There is a large body of research into the phenomenon of
MNAR data in more general cases (Sportisse et al., [ 2020;
Liu and De, 2015 [L1 et al., 2013; |Seaman and White,
2011), however none of this work has explored its use
within DRE specifically. Work exists on MNAR data in
the covariates of logistic regression (Ward et al., 2020),
a classification method with close ties to DRE. However,
Ward et al.’s approach requires more direct knowledge of
the missing data distribution rather than just the probability
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of an observation being missing conditional on its value.
Our main contributions are:

* We adapt KLIEP (Sugiyama et al., 2008), a classic
DRE procedure, to the MNAR setting using an inverse
probability weighting approach before expanding this
technique to any DRE whose objectives comprise ex-
pectations of two different data sets. We give finite
sample convergence results for our method and show
minimax rate optimality of this convergence when the
conditional probability of being missing is known.

* We provide an adaptation to the NP classification pro-
cedure, allowing it to control Type I error even with
MNAR data and show finite sample power conver-
gence results for our adaptation when the conditional
probability of being missing is known.

We also provide extensions to our DRE approaches, which
allow us to deal with both partial missingness across multi-
ple dimensions and learning the missing pattern by query-
ing a subset of the missing samples. Finally, we assess and
compare the efficacy of our proposed methods by testing
them on various simulated and real-world data with syn-
thetic missingness.

2 MISSING DATA & DENSITY RATIO
ESTIMATION

2.1 Motivation

Density Ratio Estimation (DRE) is a versatile tool with
many downstream applications such as binary classifica-
tion (including NP classification, which we will discuss
in Section , GANSs (Nowozin et al., 2016; Ding et al.,
2020), and covariate shift (Sugiyama et al., 2008} [T'suboi
et al, [2009). In DRE problems, we want to estimate
r* = p1/po, with p1,po the PDFs for two distributions.
DRE approaches estimate r* using IID samples from these
two distributions. Existing DRE approaches are designed
to handle fully observed data sets. However, when observa-
tions are missing, these approaches do not apply straight-
forwardly.

DRE requires two sets of observations. When two sam-
ples are collected at different times under different con-
texts, they are especially susceptible to different missing
patterns. An example is binary classification for diagnosing
an illness. In this setting, it is natural to expect that samples
collected from healthy individuals and patients will have
different MNAR patterns due to privacy concerns.

Within this setting, using both data sets by simply discard-
ing all missing values will lead to a biased classification
and degraded performance.

We aim to make DRE robust to Missing Not at Random
(MNAR) datasets. In this setting, an observation’s prob-
ability of being missing depends upon that observation’s

true value and the MNAR pattern is different between two
samples. We formally introduce our problem set-up below.

2.2 Missing Data Framework

Let Z', Z° be two RVs taking values in measurable space
(Z,Bz) with densities (Radon Nikodym derivatives) p;
and pg respectively w.r.t. (with respect to) a measure p
on (Z,Bz) and assume that pg is strictly positive. For
w € {0,1}, let X“ be a RV taking values in the measurable
space (X, Bx) with X := ZU{@}, By = o(BzU{{@}})
whose distribution is uniquely defined as follows:

P(X¥ = &|Z%) = o (Z)
B(X* = 2] 2%) = 1{Z* = 2}(1 - ¢*(2*)),

where ¢* : Z — [0,1) is a measurable function. Here
we take X = & to represent the observation being missing
and thus ¢(z) represents the probability of an observation
being missing given its “true” value is z. Additionally, let
p., be the density of X“|X* # & w.r.t u. Throughout,
unless stated otherwise, we assume ¢ to be known.

For w € {0,1} and n, € N we define {Z¢}"~ and
{X¢}, to be IID copies of Z, X“ respectively and ab-
breviate them by D,, = {Z¢}!,, D!, = {X{}!«,. H-

nally we define, D := (Dy, Dy), D' :== (D7, D}).

2.3 Notations

Throughout we shall adopt the following two conventions
for the purpose of brevity. Firstly, if X, Z, or any other
class-specific element is given without a sub/superscript
specifying the class, the associated statement is assumed
to hold for both classes where all the elements within the
statement have the same class. Secondly, given a function
h : Z — R we implicitly extend h to a function h : X — R
by taking h(2) := 0, unless stated otherwise.

We now introduce some additional notation. For n € N
we let [n] == {1,...,n}. For a function h : £ — R
we take ||h|loo’= sup,cz|h(z)|. Finally, for a RV W in
a product space W< and any j € [d] define W) to be
the 5 coordinate of W and W (=) = {WG"},,_;. The
Kullback-Leibler (KL) between two density functions with
p1 absolutely continuous w.r.t. pg is defined as

(2)
(2)

M@mw:ém@mi ().

24 DRE

The aim of DRE is to estimate r* : Z — [0, 00) defined
by r* = p1/po. We will let H be the set of non-negative
measurable functions from Z to [0, c0) and let G be some
subset of { which we intend to use in our approximation of
r*. Note that while * € H, G may or may not contain the
“true” density ratio 7*. We say that G is correctly specified
if 7* € G and incorrectly specified otherwise. We now
introduce a classic approach for estimating r* using D.
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2.4.1 Kullback-Leibler Importance Estimation
Procedure

First proposed in (Sugiyama et al.,2008)), Kullback-Leibler
Importance Estimation Procedure (KLIEP) is a popular
DRE procedure that minimises the KL divergence between
p1 and r - pg. Specifically, it aims to solve the following
optimisation problem:

7= anrgmié1 KL(p1|r - po) M
re

subject to :/Zr(z)po(z)u(dz) =

As KL-divergence is strictly for use with probability densi-
ties, we need to include the additional constraint that r - pg
integrates out to 1 over Z.

Provided G is closed under positive scalar multiplication,
we can re-write 7 in terms of an unconstrained optimisation
problem. Specifically, we have 7 := N~! . ro where

ro = argmax Eflogr(Z")] — log E[r(Z°)] @)
reg

N = E[ro(2)].

for some select G € G = {a-g:a € (0,), g € G}.
More details on this alongside the lemma that makes this
possible can be found in the Appendix [A.T] Throughout
we will be mostly interested in estimating 7o and as such
will refer to[2]as the population KLIEP objective. As we do
not know the true distributions of Z!, Z°, we must approx-
imate these expectations with samples from corresponding
distributions giving us the sample KLIEP objective.

In the case ofimulti—dimensional real-valued data, Z = RP,
we can take G = {rg : R? — [0,00)|0 € R%} where

ro(z) ==exp(f' f(z)) 3)

for some f : RP — R< (Tsuboi et al., [2009; [Kanamori
et al., 2010; [L1u et al., [2017). We refer to this form as the
log-linear form. Under this form, our solution becomes
7= N’lré where

ni no

6 :=argmax L Z9Tf(Zil) log 1 ZQXP 07 f(2)))

gerd M1 i=1 i=1
)

1
Zexp 0T 1(Z))
=1
which gives us a convex optimisation problem.
We now define 6 as the minimiser of the population KLIEP
objective under our log-linear model (i.e. the population
analogue of (4 ) allowing us to view 6 as an estimator for

6. Indeed, with some mild restrictions on f and for npy,;, :=
min{ng,n1} > Colog(1/d), we have that w.p. 1 — §

Colog(1/9)

Nmin

&)

where Cj is a constant depending on f(Zo), f(Z1),0,d.
Details of this result are found in Appendix

An additional bound for the accuracy of N is given in the
Appendix section [A.2.1] However, as we will see in ap-
plications such as NP classification, we only require the
knowledge of 7* up to strictly increasing transform and so
it is often unnecessary to estimate N.

Within this paper, we mostly focus on KLIEP however
for completeness we also present the general class of f-
Divergence based density ratio estimators and describe
some notable cases in Appendix [B.I] We now go on to
adapt this procedure for use with MNAR data.

3 PROPOSED METHODS

In our setting we do not observe samples from Z and so
cannot use (@) to approximate the population KLIEP objec-
tive. Instead, we only have samples from X. The following
result relates expectations of Z with expectations of X.

Lemma 1. We have that p' = C - (1 — ) - p, for some
C € R. Hence, for any measurable function g : Z — R

1{X # o}

Bl(2)] =B |12 25

W ©

For proof of this Lemma see Appendix [A.3). This impor-
tance weighting technique is an approach that is already
used to tackle MNAR data contexts outside of DRE (Li
et al., 2013;[Seaman and Whitel [2011). From this Lemma,
we get that for some C’ € R,

r. p/l _C/- 1_901 Lp*
Py 1—¢"

Consequently, 7’ is not proportional to r* when ! # °
with either non-constant. As a result, using KLIEP with
only the observed values of our MNAR data will be biased
due to the fact it estimates 7’ rather than r*. We now use
this Lemma to inform our adapted estimation procedures.

3.1 KLIEP with Missing Data

We can now approximate the population KLIEP objec-
tive by replacing expectations in (2) with the important
weighted expectations in Lemmal[T} This replacement mod-
ifies the sample KLIEP objective to work with D’ as fol-
lows:

— 1{x}
7o 7arrgéngaxn—l {?Xil];logr(X )
no ]l{XO;éQ} 0
i 0
- e O

i=1

X 0
N::%ZM 0(X9) .

Pt oxp)
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We refer to this approach as M-KLIEP and to as
the sample M-KLIEP objective. We now take, 6’ to be
the estimated parameter when r takes the log-linear form

To show the efficacy of M-KLIEP, we prove that
0’, converges to 0 under mild conditions. Let Meff =
Megt (N0, n1, 9%, ') denote the effective sample size de-
fined by

Megr := min{no - (1 = [|¢%ee), n1 - (1= [l¢'lloo)}-

Theorem 2. Let 6 be defined as above. Assume that
Iflle< 00 and owin = Var(f(Z°)) > 0. Then,
there exists some constant C, > 1, depending only on
I £llocs Omin, 0], and d, such that for any § € (0,1/2]
and meg (no, n1, °, o) > Cf - log(1/8) we have

PO " log(1
P (64> Cl log /‘? —) <.
Megt (no, n1, ©%, @1)

Proof is given in Appendix [A.4] This result shows that M-
KLIEP, unlike applying KLIEP on only observed values,
does not suffer from the inconsistent ratio estimation prob-
lem we mentioned earlier.

The following result shows that this bound is minimax op-
timal w.r.t meg.

Theorem 3. Given any estimator 0 = 6(D') of 0, and
any (wo,w1) € [0,1)2, (ng,n1) € N2 and § € (0,1/4]
there exists distributions Py, Py on X which satisfies the
conditions of Theorem 2| with ||¢%|cc< w,, such that if
D), ~ P+ forw € {0,1} then

- 1 101og(1/(49))
Pl0—-0|>=A > 4.
<| | 2 \/meﬂ(n05n15<ﬁ07@1) -

3.2 General Extension

While we have described the adaptation for KLIEP, this ap-
proach can be applied to any expectation-based DRE pro-
cedure with the following form:

argmin h(E[g1(Z")], E[g0(Z°)])
reg

where h : R% x R4 5 R, g, : Z — R%. We can then
approximate these expectations using Lemma [I] as we did
for KLIEP. An example of this with f-Divergence based
DRE is given in the Appendix section[B.1.1]

3.3 Extensions to Partial Missingness across Multiple
Dimensions

We now extend our approaches to the case of partial miss-
ingness in multi-dimensional settings. Throughout this sec-
tion let d € N and replace our original space Z for Z¢ (and

similarly X’ with X'¢). We start off with the assumption on
our data missingness structure that for all j € [d],

}P’(X(j) - @\Z,X(fj)) - cpj(Z(j))
P(X(j) — ;U(j)|Z,X(_j)) _ ]l{Z(j) — x(j)}(l _ SOj(Z(j)))

As such, the components are missing independently from
one another with probabilities only depending on their
own true value. To further simplify proceedings, we as-
sume a naive Bayes style condition. Namely we include
the restriction that for all j/ # j, ZU) 1L ZU) so that
(zD, x@) 1L (2, xG"). This implies that

d p(j)
r* o= H 7‘;-‘ where r}‘ = %
j=1 Po

with p?) be the p.d.f. of ZU),

This allows us to separately estimate the density ratio over
each dimension and then take the product to get the joint
density ratio (DR). Within each dimension, only data from
that dimension is relevant (due to the aforementioned inde-
pendence) and so we can estimate the density ratio on each
dimension using exclusively the data from that dimension
with our current methods.

3.4 NP Classification with Missing data

We now apply our adapted procedures to the problem of
NP classification. First, we introduce NP classification.

NP classification constructs a classifier that strictly controls
the miss-classification of one class while minimising miss-
classification in the other (Cannon et al.l [2002; [Scott and
Nowak| [2005} [Tong} [2013}; [Tong et al., 2018). Specifically,
in NP classification we aim to learn a classifier ¢ : Z —
{0, 1} which solves the following constrained optimisation
problem

min B(6(7') = 0)
subject to: P(¢(Z°) = 1) < a. 8®)

We refer to the classifier which solves the above problem
as the NP oracle classifier at level o and refer to class 0
as the error controlled class. From the Neyman-Pearson
lemma, it can be shown that the classification boundary of
the oracle classifier is a level set of r* (Tong} [2013). This
motivates the use of DRE to approximate r* and in turn the
oracle classifier. In contrast to hypothesis testing, we do
not know the distribution of Z°. As such, there is no means
of constructing a classifier that is guaranteed to satisfy (8).
Instead, we create a classifier gfg p from our data D. This
classifier has a small pre-specified probability of violating
our Type I error constraint. In other words for a given small
& > 0, and classification procedure (;3 D>

P(P(&D(zo) - 1‘D> < a> >1-6. ©)
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A procedure satisfying () is described in [Tong et al.
(2018). This procedure uses any density ratio estimate
alongside additional data from the error-controlled class to
choose a classification threshold. The estimated density ra-
tio alongside the threshold is used for classification. As a
result, different DRE approaches lead to different NP clas-
sification procedures. More information on the details of
this classification procedure can be found in Appendix [B.2]

As we know the optimal classifier comes from the true den-
sity ratio, we can assess the accuracy of various DRE pro-
cedures by the efficacy of the associated NP classification
procedure. We asses the efficacy of an NP classification
procedure fi; p by the expected power which is defined as

E|P(40(2) = 1D) | =Pén(2") = ).

We can also assess the efficacy of a classifier by it’s Type
11 error which we define to be Ry (¢) == P(¢(Z°) = 1).

3.4.1 Adapting NP Classification to Missing Data

Current NP classification approaches require direct sam-
ples from Z° in order to select the appropriate classifica-
tion threshold. Therefore, we will need to adapt it for the
MNAR setting.

We can again use Lemmal(l]to approximate P(#(Z°) > C)
using Dj, and choose a threshold based on this. Specifi-
cally, if for any h : Z — R we define

chy _ HXP +# o} 0
W, =T (X0 1{h(X;) > C}
then E[W,“"] = P(h(2°) > C). We also introduce the
effective sample size for class 0 defined by m2; = no(1 —
l¥%]ls0). We now use this result to prove the key lemma
that informs our adaptation to the threshold selection within
our NP classification algorithm.

Lemma 4. For a given measurable h : Z — R let’s choose

Cas,n = Ca,5,n(Dp)

: 1 Ch
=inf JCER : — S WM <a— AL s
i€[n]
161og(1/6
where Ao 5= %.
eff? meﬂ

Then, for any § € (0,1/2],
IE”[IF’(h(ZO) > Cosn| D) > a] < 4.

Proof. Fix C7, ), = inf {C € R: P(h(Z°) > C) < a}.
As P(h(Z°) > CO) is a decreasing right continuous func-

tion of C' we have that P(h(Z°) > C}, ) < a. Hence,

P {P(h(zo) > Cosn | DY) > a}

=P(Casn < Cop)

1 cx )
<P —E W, "o <a— A <6
— n 7 S o m9...8 >~ 0,

eff’
i€[n]

where we used Lemma [TT] from Appendix in the final
step. O

Therefore this gives rise to the following NP classification
Algorithm [T We will assume that we have access to an
additional ng IID copies of X,y which we will label as
X9 41,---.X3,, however this is just for notational con-
venience and the algorithm and associated theory adapts to
any number of samples from Xy. Wenow let g : R — R

be any strictly increasing function.

Algorithm 1 Missing NP Classification Procedure

1: Use {X} 1}, {X?}°, to estimate gor* with go7 by

any DRE procedure.

2: Fori € {1,...,n0} compute #; := g o #(X?,, ) and
wy = X0, € ZH1 - O(XS,,,))"" with g o
(D) = —o0.

3: Sort #y,...,7p, 1in increasing order to get
P(1)s -+ T(no) With 75y < F(;11) and associated
w(l)7 PN ,w(ng).

4: Set7* = min{s € {1,... 7”0}|n%, ol wg) < a—
Amgff75}'

5: Let C\Yay&,gof(D/) i= 7(;+y and define (;ASD/ by

bp/(z) =1{go#(z) > Cosgor} forall z € Z.

We can freely introduce g within Algorithm [T]as the classi-
fier produced is invariant to strictly increasing transforma-
tions. Crucially we can do this without knowing g specif-
ically and are only required to know g o #. This added
flexibility has many advantages, for example, we are now
only required to learn r* up to a multiplicative constant.

We now analyse the performance of Algorithm [T]in con-
junction with M-KLIEP. To this end, define ¢/ as in Al-
gorithm [T| with # = r;, as defined in Theorem [2} We now

compare this with its population analogue ¢ defined by
(2) = Ugory(2) > CF gor,}

for all z € Z, where C;‘, ,, is defined as in the proof of
Lemmald]

Theorem 5. Assume the conditions of Theorem 2] hold and
let pp, @ be defined as above. Further assume that for all
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0 e R z € Z, ||Vogore(2)||< L. Finally, suppose there
exists positive constants By, B1, 70,71, a s.t. h satisfies the
following conditions

IP’(MZO) e +d> > By e
P(h(Z% € [Ch—C.Co +d> < Biov,

forall ¢ € (0, Boal/%]. Then there exists a constant Cy >
0 depending only on C{, By, B1,%0,71, a, and L such that
forall § € (0, 3], with meg > Cslog(1/5), we have

P(|R1(¢p/) — Ri(d)|> ') < 26.

where

e =0y (bg"((l)/é))g%l@ + (1og(1/5)) ﬂ;l] )

Mg Meff

Remark 1. If G is correctly specified and Z L Z9 are con-
tinuous then the NP lemma gives us that ¢ is the oracle
classifier (Tong, |2013|). Hence we have shown convergence
in Type II error to the oracle classifier in this case.

Remark 2. Taking g = log gives L = b under the con-
straints imposed in Theorem 2]

We have now fully adapted NP classification to the MNAR
setting. Namely, we have proposed an algorithm to con-
struct an NP classifier using MNAR data and shown this
classifier simultaneously control Type I error with high
probability while also converging to the oracle classifier
when G is correctly specified. We test our adaptations on
some synthetic examples.

4 SYNTHETIC DATA EXAMPLES

Here we empirically evaluate our proposed methods along-
side CC-KLIEP (naive Complete Case KLIEP) which
simply discards any missing value in the dataset and esti-
mating the ratio using only observed data. Both M-KLIEP
and CC-KLIEP are tested on simulated datasets. Details on
the data generating processes can be found in Appendix [C]

4.1 5-dimensional Correctly Specified Example

In this example we take both classes to have multivariate
Gaussian distributions with the same variance. We then in-
duced MNAR missingness in class 0 and no missingness in
class 1. We use the log-linear form for rg with f(z) = z so
that G is correctly specified. 100 simulations of the above
data generation procedure were run for ng = n; with ng
ranging from 100 to 1,500 and 0 estimated by M-KLIEP
and CC-KLIEP. These simulations were then used to esti-
mate the mean square (Euclidean) distance (MSD) between
our estimate, i , and 6 for both procedures. These estimates
alongside 99% C.I.s (confidence intervals) were calculated

DRE Procedure
M-KLIEP
CC-KLIEP

o
N
wu

o
]
o

o
=
w

o
=
o

Mean Square Distance (MSD)

0.05 1

0.00 {

200 400 600 800 1000 1200 1400
Sample Size

Figure 1: MSD between ¢’ and 6 for varying n with 99%
C.Ls.

which are presented in Figure In the plot we can see
clear evidence of the complete case approach being asymp-
totically biased as the error plateaus around 0.08 while the
error under M-KLIEP converges to 0 as ng,n; increase.
We now go on to illustrate the affect of our DRE procedure
on NP classification.

4.2 Neyman Pearson Classification

For this example we take both classes to be 2-dimensional
Gaussian mixtures. We then induce MNAR missingness in
class 0 and no missingness in class 1. M-KLIEP and CC-
KLIEP are then used to estimate r* using the log-linear
form with f(z) = x again. NP classifiers were then fit
using these estimators alongside the true r*.

8

Class 1
Class 0:1-n
Class 0: n+1 - 2n

X2

DRE Procedure
—— True DR
---- M-KLIEP
------- CC-KLIEP

X1

Figure 2: Scatter plot of D alongside classification bound-
aries produced from corresponding D’ via various proce-
dures. If X; = & then Z; is faded out.

Figure[2]shows one run of this experiment with ng = n; =
500. We see that M-KLIEP provides a good approximation
to the classifier that uses 7* despite the model being incor-
rectly specified while CC-KLIEP is biased due to the way
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Figure 3: Expected Power for varying n with 99% C.1.s

it discards corrupted points.

Repeated Simulations

We now run 100 simulations of the above experiment for
various n; = np ranging from 100 to 1500. We then
use these to estimate the expected power of the procedures
alongside 99% C.LI.s . Figure |3| shows the results of this
experiment.

We see similar results to our correctly specified DRE exper-
iment with the complete case approach performing poorly.
As we can see, despite our model not being able to encom-
pass the true density ratio, our estimate density ratio via
M-KLIEP still gives a reasonable approximation to r* and
therefore gives a good NP classification procedure. Due to
G being incorrectly specified, M-KLIEP never converges to
the expected power using the true DR. Additional synthetic
experiments are given in Appendix D]

S REAL-WORLD DATASETS WITH
SIMULATED MISSINGNESS

We now go on to perform NP classification experiments
with real-world data. To make this scenario more realistic
we will assume the ¢ to be unknown and aim to estimate
them. We briefly tackle how to do this in the section below.

5.1 Learning the Missingness Function

Thus far we have assumed ¢ is known. We now consider
the challenge of learning ¢ by querying the latent values Z;
for a subset of our missing data.

Here we are motivated by settings in which we can send a
small sub-sample of observations which erred (i.e. a subset
of {i € [n] : X; = @}) off for further investigation to
obtain their respective true values Z;. Now we can learn
the missingness function ¢ by fitting a logistic regression
with samples of (Z;, 1{X; = @}) and treating 1{X; = &}
as the response variable.

As we have not observed Z; for every i € [n], we can-
not use a standard logistic regression to learn . However,
we can use an adaption of logistic regression designed to
deal with miss-representative class proportions presented
in|King and Zeng|(2001). More details on this can be found
in the Appendix in section We now try our methods
on real-world data to assess their efficacy.

5.2 Set-Up

We choose datasets and classification problems where the
NP classification is properly motivated: One would want
to strictly control miss-classification for one class in these
datasets. We have chosen 3 datasets which we refer to as
“Fire”, “CTG”, and “weather”;

* CTG dataset: This data set contains 11 different sum-
maries of Cardiotocography (CTG) data for 2126 foe-
tuses where we take each foetus to be an observa-
tion. Alongside this is a classification of each foetus
as “Healthy”, “Suspect”, or “Pathologic”. We aim to
predict whether the foetus is classified as “Healthy” or
not. We take the error controlled class to be “Suspect”
or “Pathologic”.

* Fire dataset: This data set contains 62,630 readings
of 12 atmospheric measures such as temperature, hu-
midity, and CO2 content. We aim to predict whether a
fire is present. We take the presence of fire as the error
controlled class.

¢ Weather data: This data set contains 142,193 obser-
vations of 62 dimensions giving various weather read-
ings for a given day in a given location in Australia
and whether it rained the following day. We aim to
predict whether it rains the following day. We take the
occurrence of rain as the error controlled class.

In all cases, we artificially induce missing observations sep-
arately across each dimension and only in the non error-
controlled class. We construct each dimension-wise miss-
ing function ¢;,j € [d] as ¢;(z) = (1 + exp{7;(a; o0 +
a;1%)}) where a;g,a;1 € [0,00) and 7; € {—1,1}.

We constructed NP classifiers using M-KLIEP and CC-
KLIEP under our naive Bayes framework introduced in
Section For M-KLIEP we test both cases where ¢;
is known and ¢; is learned. Estimating ¢; is done using
the method described in Section [5.1] and each ¢; is esti-
mated separately using only data from that dimension. We
also estimate the density ratio using the fully observed data
via standard KLIEP as a benchmark.

The power of the NP classifiers produced with these DRE
procedures was then calculated on fully observed testing
data. We repeat this process multiple times with new ran-
dom test/train splits and 7; at each iteration to estimate the
pseudo expected power and corresponding 95% C.1.s. We
apply this technique at different target Type I errors and



Density Ratio Estimation and Neyman Pearson Classification with Missing Data

0.7
0.851 0.9 061
£ 0.80 08 05
g a a
@ 0.751 207 2044
> [ S
£0.70 §0.5 &’%037
& .
‘5 0651 « KLIEP (full dataset) Sos o KLIEP (full dataset) 5 0.2 o KLIEP (full dataset)
3 0.601 o M-KLIEP (known ¢) 3 « M-KLIEP (known g;) e « M-KLIEP (known g)
o M-KLIEP (estimated ¢;) 04 o M-KLIEP (estimated ;) 0.1 o M-KLIEP (estimated ¢;)
0-551 o CC-KLIEP 0.3 o CCKLIEP 00 o CC-KLIEP

0.05 0.10 0.15 0.20 0.25 0.30
Fixed Type 1 Error

(a) CTG Dataset.

0.05 0.10 015 020 025 0.30
Fixed Type 1 Error

(b) Fire Dataset.

0.05 0.0 015 020 025 0.0
Fixed Type 1 Error

(c) Weather Dataset.

Figure 4: Out of sample power with pseudo 95% C.1.s for various different target Type I errors.
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Figure 5: Out of sample power with pseudo 95% C.1.s for various ¢ with varying missing proportions.

varying a; o to construct datasets with different missing
proportions. Additional detail is given in Appendix[E.2]

5.3 Results

In Figure 4] we see that in both the Fire and Weather
data, M-KLIEP significantly outperforms CC-KLIEP for
all values of a. For the CTG data we see significant out-
performance for « € [0.1,0.25] and comparable perfor-
mance in the extremes. Surprisingly, we see that M-KLIEP
performs equally well when ¢ is either learned or known.
Further, M-KLIEP perform comparably with KLIEP run
on fully observed datasets. In Figure [5| we see that M-
KLIEP outperforms CC-KLIEP for larger missingness pro-
portions. As we would expect, the more missing points,
the worse CC-KLIEP performs. For the Fire and CTG data
we see no loss in performance when learning ¢. For the
Weather data, an increase in the missing proportion leads
to a decrease in performance of M-KLIEP using a learned
. Remarkably, there is no performance loss when running
M-KLIEP using the true ¢ in all datasets.

Results from additional experiments comparing with an it-
erative imputation approach are given in Appendix section

6 DISCUSSION & CONCLUSIONS

DRE is a widely used machine learning technique with a
diverse range of applications. In this paper we have shown
that, when data is MNAR, naively performing DRE by dis-
carding all missing observations can lead to inaccurate es-
timates of the density ratio functions. We have proposed a
novel procedure M-KLIEP as well as adaptations to a broad
family of DRE procedures to account for the MNAR phe-
nomenon when the missingness structure is known. For
M-KLIEP we have presented finite sample bounds under a
commonly used parametric form showing convergence at
rate \/meg where meg is the effective sample size. We
have then extended these approaches in multiple ways to
partial missingness across multiple dimensions under the
naive Bayes framework. Finally, we have presented a tech-
nique to estimate missing patterns from data by querying
the true values of a few missing observations.

We then studied a downstream application of DRE in NP
classification. We have adapted NP classification to MNAR
data settings and shown that our adaptation ensures satis-
faction of our Type I error constraints with high probability.
We have also provided finite sample convergence results for
the expected power of our NP classification procedure and
hence shown that it converges to the optimal power under
certain conditions.



Josh Givens, Song Liu, Henry W J Reeve

We have shown all these adaptations to work well in prac-
tice on simulated data and applied them to real world data
with known and unknown synthetic missing patterns. In
particular, our adapted NP classifier using M-KLIEP has
been shown to negate losses in accuracy/power incurred by
MNAR phenomenon in most cases. We briefly explore the
societal impact of our work in Appendix [F]

A natural extension of this work would be relaxing the
naive Bayes assumption required for the handling partial
missingness (Section to a more realistic set-up where
dependencies are properly modelled and accounted for.
This extension would enable applications in areas where
the naive Bayes framework is unrealistic such as image
classification. Another possible direction would be explor-
ing the set-up where the missing pattern is known to only
belong to some class as discussed in [Sportisse et al.|(2020).
This approach could be further expanded using a Bayesian
framework by assigning of some prior belief on the missing
pattern. Finally, our adaptation to NP classification could
be extended further by adapting it to the case of partial
missingness in both classes.
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Density Ratio Estimation and Neyman Pearson Classification with Missing
Data: Supplementary Material

A ADDITIONAL PROOFS

Here we prove key results from the paper however before we do we need to first introduce some additional notation. We
let p//, to refer to the density of X“ with w.r.t. the measure v where v is the unique measure on Z U {@} s.t. (such that)
v(A) = u(A) for any A € Bz and v({@}) = 1. For square matrices A, B € R¥*? we take A = B to mean that A — B is
positive semi-definite and define Ay (A4) to be the smallest eigenvalue of A.

A.1 KLIEP Objective Simplification

Lemma 6. Let G be closed under positive scalar scalar multiplication so that for all v € G, a > 0, ar € G. Define T to
be the solution of the constrained optimisation problem

in KL,
min KL(p1|rpo)
subject to :/ r(2)po(z)p(dz) = 1.
z

Then we can re-write the solution to the above optimisation problem as ¥ = N~ - 1o where

T = ar{gnéax E[logr(Z')] — log E[r(Z°)]
N = E[ro(Z2°)]

where G is G C G s.t. for any r € G, there exists 7o € G,a > 0s.t. a-19 = 7.
Proof. We have that

b1
rpo(z

)
= argmin Ello 7]31(21)
= e B8 (21

= argerréin Ellogp1(Z")] — E[log po(Z")] — E[log r(Z")]

argmin KL (p1|rpo) :/pl(z) log
reg z

= argmax E[log r(Z")].
reg

As such we can re-write the optimisation problem as

in E[l A
min. [logr(Z")]

subject to : E[r(Z%)] = 1.
To simplify this further we now show that
{r € GIE[r(2%)] = 1} = {E[r(2°)]'r|r € G}.

To this end let r € G, then as G is closed under positive scalar multiplication, E[r(Z")]"!r € G. Hence, as
E [E[r(Z%)]~'r(Z°)] = 1, we have that E[r(Z°)]~'r € {r € GE[r(Z°)] = 1}. As the other inclusion is trivial, we
have shown equality between the two sets of functions.
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From this we can now re-write the optimisation as

argmax Ellog (E[r(2%)]"'r(21))]
E[r(Z°)]tre{E[r(29)] 'r|reg}
= argmax Ellogr(Z")] — log E[r(Z°)]

E[r(Z°)]~tre{E[r(Z%)]~'r|reg}
which gives the desired result. O
Remarlg 3. We can take G s.t. forany r € G d >0, ifr,a'r € G then a’ = 1. Hence for certain choices of G we can
choose G so that rq is unique

A.2 KLIEP Finite Sample Proofs

Before we can prove Theorem [J] there are a few simple results we need first. The first is a generalisation of Bernstein
bounds to random vectors presented in [Kohler and Lucchi| (2017).

Lemma 7 (Kohler and Lucchi (2017)). Let W1, ..., W,, be IID copies of a non-negative random vector W over R? with
2
E[W] = p. Now letb,o > 0 be s.t. |W||< ba.s. and E[||W|*] < o®. Then for any e < %

P EXTL:VV* <e|>1-etex fn—gz
ni:l K2 ,LL — - p 80'2

We also need a Lemma bounding true and sample covariance in terms of the eigen-space

Lemma 8. Let W be a RV over R? with |W||< b a.s. and let Wy ..., W, to be IID copies of W. Define the sample
covariance of {Wi}icn) by

T
Var(W; {Wi}ie[n]) = o Z WiWiT — (n Z Wz) (n Z W1>
=1 i=1 =1

then provided oy, < 4b2

)\min(Var(W))> >1—(d+ 61/4)6Xp{aminn}

— 1
P (Amin(var(W; {Wl}1€[n]) Z 5 32b2
where omin = Amin(Var(W)).

Proof. Define the centred RVs Y7, ..., Y, by Y; := W, — E[WW,] and the random matrices R,,, S,, by

— 1 - vl
Sy 1= ﬁ;m
1 n 1 n T

so that R, — S, = @r(Yl,...,Yn) :\7a\r(W1,...,Wn).

Firstly we use the matrix Chernoff inequalities (Tropp, [2015)) to get that

3 ! min
P ()\min(sn) Z 4Umin) 2 1-—- deXP{—a UbQ n}

where a’ :== 3/41og(3/4) + 1/4.
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Now note that for any z € R? Apax(zz’) = ||lz[|? so that Anax(Ry) = |2 37 ¥;||%. Additionally, by Lemma [7|
provided oy < 4b2,

1 B 1« 1 1/ OminT
P ()\max(Rn) S 40min> =P (”n ;K”< 5\/ Umin) Z 1-—e exp {_ 32b2 }

Taking the intersection of these two events we get that w.p. at least 1 — (d + /%) exp{ —g&is" }

)\min(\/];r(yla cee 7Yn)) = )\min(Sn - Rn)
Z )\min(Sn) - Amax(j:in)
>3, 1
= 4Um1n 4Um1n
1
= ix\min(Var(W))

We can now use this to state and prove our theorem giving finite sample bounds for the estimation error of KLIEP.

Theorem 9. Define 1y as in (3) and the population and empirical losses L, L by

L(0) :== —E[log(rg(Z")] + log E[re(Z°)]

. 1 ny 1 no
L. D) ==~ > log(re(Z})) +log o > ro(Z)).
=1 i=1

Let 9,@ be the minimisers of these respective losses. Now assume that || f||eo< 00 and Auin(Var(f(Z°))) :== omin > 0.
Then we have that for any § < % and nyin > Colog(1/6),

Colog(1/9)

min

P [6-0|<

with Cy a constant depending upon || f|| o, Omin, d, 6.

Proof. We firstly show that L is a convex function for 6 for any sample D € Z™o:"1,
The first term is linear in € so clearly convex. For the second term, note that it can be written as g o hpo (6) with g : R™0 —
R, h : RY — R™ given by
0" f(27)
hpo(0) = :
07 f ()

no

g(w) = log Z exp{w; }
i=1

Now again for any D, h is linear in # and therefore convex additionally g is convex and non-decreasing therefore g o h is
convex.

Now we state some important bounds which we will use in our proof. If we let b := || f||oc M := exp{]|6]|b} then for any
z € Z,

* 1/M <rz(z) <M
« [Vra(z)|< oM

Vrs(z)
rs(z)

B
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Finally we need to bound the minimum eigenvalue of the Hessian of the empirical loss function. To this end note that for
any 0 € B, (0) := {6 € R[[|6 — 6]|< n},

%Zi, ( 7,)

s(Z)f (2 ) FENNF(2D) = F(Z)T
S 0
T%g 2 M~ 226_2nb[f(zo) -
o 2 Zz \J 3277br9(Z10)7A
1 %zi,j[fw@) - 12Ol
—
— M2e4nb 2 Z y 0(2 )7‘ (ZJO)

2 Vir(f(Z°>;Do>
- MPett [ (Z0); Do)

where, for square matrices A, B we take A = B, to mean A — B is positives semi-definite.

Thus if we define 0 < opin = Amin(Var[f(Z°)]) then Lemmatells us that, provided %amin <1,

P (Ao (Va(F(2°): Do) 2 i) 2 1= @+ ¥y exp {4 (T2 n1) )}

2
Additionally if we let yy == E[r;(Z°)] we can use Lemmato get that,
3 1/4 1 H%
( ); Do) <2,u2>21—e exp ~3 4M2/\1 ng

Thus for any given § € B, (0) w.p

4Um1n 1/4 1 /L% Omin

=A

Now we have these bounds we can continue with the main body of the proof. For some 7 > 0, define 0’ to be the solution
to the following constrained optimisation problem

min_ L(6; D)
0€ B, (0)

While, @ is a purely theoretical quantity, we know that when ||’ — ]|< 1, § = 6 and so we can use it to get finite sample
bounds for 6.

By the necessary KKT conditions, we know that there exists u* > 0 s.t.

in turn giving us that

v
= (6" = 6,VoL(#)) + 18" — )|
= (0" = 0,VoL(0) + VEL©O)(O' — 0)) + u*||(6" — )]
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Using multidimensional MVT over each coordinate with 6 some point in the hypercube with opposite corners given by
0,6’ (which is a subset of B, (6). We then get that

10— 0P Ain( VEL(0)) < (0 = )T VEL@)(O ~ ) + 7|0 ~ D)
(

<9 0llIVeL(B)]

Therefore we have that

U 1 .~
0" — 0| < ———————|IVoL(0)|.
10 =01 < 5 — =5 192 O

Hence if A from holds with our given § € B, (f) we have that

. B 9M2e 4nbu
6" — 6] < TQHV oL(0)| as..

min

From now on we will work on the event A so that bounding ||§ — || simply requires us to bound ||V L(8)]|.

As VyL(6) = 0 we have

IVeL(O)]| = [VoL(0) — Vo L(B)]|

:HE[VfT@lZ)>] ElTurs(2) ;;v:;ﬂ(g%u

25 i Varg( ?)’
B 1?"9( )
Vorz(Z1) ot

o[Fote] 1 St
=I
E[Vorg(Z2°)] = 200 Vrg( 20)‘
B0 s ra(2D)
=1

We now go on to bound I, Io, using using generalised Hoeffding bounds.

We first introduce some additional notation to allow us to proceed. Define RVs W7, W5 and constants (i1, po as follows

1 &
1 = E[Vere(Z%)] Wy = - > Vors(2Y)
=1
1 &
pi = E[rg(2°)] W = o 2 ZW(Z?)

Then we have

M2 Wa
e Wi
B p2Ws
< I =i n 2 — Wal|[pua |
- 2%’ p2Wo

1%
12::‘,&1 1
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Thus to have

450—min
h4+lh< ———F—
Lt 9M2etnby2’
it is sufficient to have
250—min
h< ———
! 9M2etnby2’
EO0min
W < ———F+—
[ 121 1l YT
EO0mi
|H2 _ W2| < min

18 M2 |y |

QN2 4Nt [ . .
e Cualmuill pyrthermore we can get probabilities on each of these events using Lemma|7|once again.

Omin

provided € <

These probabilities are

vV

250min 1/4 1 4820—12‘(1in
P<Il<9M?e4’7bu§> trem e 75 \swearresyg M)
2 2
_ _ EOmin el (S min
F (”’“‘1 Wil 9M264’7bu2> I-e eXp{ 8 (81b2M668’ibu§ " 1) ”O}
E0mi 1 e2o?.
]P —W <—mm >]__ 1/4 _ min /\1
(1 =0 gy ) 2= {5 (samnctbipe 1)

Therefore using unions bounds and taking 7 = ||A|| we have that

vV

P(|0' - < &) > P (|Vpl(f)|< —mn_ 4
(16" — )< ) > (IIVe 0)lI< MAcAlalb )

>1—aexp{—C(g*> AY)nmin }

where
o= d + 5el/4
1 : 40-1%1111 62O'rznin 62O'r2ni1r1
C := = min - , . , :
8 811)2M468H9Hbu% 81b2M668H0”b,u% 324M668H0”b||,u1||2

1 . ,U/% Omin
=— — 1
7 80“““{41)2’ a2 }

As L is convex for any sample we know that if ' is in the interior of B;(f) then 6’ = 0. Therefore, for any 0 < £ < 7 the
same result holds replacing 6" with 6.

hence now gives us that for % <AA|0)| wp.1—0

o i [losta/o)
0—0||< | ————=
16— d1< /=50

(log(a)+1) log(1/6)

If we assume § < 1 then log(a/) < (log(a) + 1) log(1/8). Therefore we have that provided ny;, > T

wp. 1—94,

C'nmin

16— dl< \/ (log(a) + 1) log(1/0)

Finally, taking Cy := log(a)—i-l’y} gives our desired result. O

min{C, 0],
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A.2.1 Bound on KLIEP Normalising Constant
We now give a finite sample bound for the normalising constant calculated in KLIEP

Corollary 10. Define N*, N 10 be

N* = Blry(29)
N =3 ryl20)

with 6, 6, 1 defined as before. Then we have that for § € (0,1/2], provided 1y, > Cn log(1/6),

Cnlog(1/96)

T'min

P[|N* - N|< >1-94

with C a constant depending upon Cy, b, ||

Proof. We condition upon the same events we condition upon in Theorem El Specifically for 6 € (0,1/2], provided
Nmin > 2Co log(1/d), w.p. at least 1 — ¢ the following two conditions hold:

A A CvO IOg(1/5> €0min
-0 <4 —1L—= —Wo| < ———7+—
10 =00 <\ = 2 = Wal < Tgprmem ]
with ¢ = \/Cyplog(a/d). The first conditions implies
5 2Cp log(1/9)
g 0108
ra(2) = ra(2)| < el |20 EULO)
Therefore we have that
X 0 IS 0 1 & 0 1 & 0
IN* = N| < [E[rg(2°)] = — > rg(ZD)| + | — D rg(Z0) = — > sl Z))
"o 5 "o Mo
Cilog(1/6) 4 ol Co log(1/6)
Nmin Nmin
with
o Omin\/ Oé (lOg(Oé) =+ 1)
18D |
Taking Cny = (v/Co + e”(;”b\/C’l)2 gives our desired result. O

A.3 Proof of Lemmal[l]

Proof. Throughout, unless stated otherwise, all integrals are taken w.r.t. p (note that for any integral over some subset A
of Z this is equivalent to taking the integral w.r.t v.)

First we prove that

p"(2) = (1 = p(2))p(2)

for p almost every z € Z. by showing that for all A € Bz

P(X € A) = / (1 - o(z))p(a)v(dz)

A
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Indeed

A@—wummwm=MMZemu—¢wm

E[1{Z € A}] - E[1{Z € A}1{X = @}] by definition of p(2)
E[1{Z € A}1{X # @}] by linearity of expectation

P(Z e A X +# 2)
I(
B(

ZeAX=2)
X el

We now have that for any A € Bz,
P(X € A|IX # @) =P(X # @) 'P(X € A)

—P(X £0)" [ p@(de

A

—P(X £0)" [ (1= plaplaln(do)

A
andsop’ =P(X # @)1 (1—¢) - p.

We also have that p can be extended to a density over X by taking p(@) = 0. This combined with the above result gives
us that

o) 1z #2)
p'(x) 11— p(x)
for v almost every xz € X.

Hence we can use importance weighting to get our desired result. O

A.4 Proof M-KLIEP Finite Sample Bounds
Lemma 11. Let W,V be two RVs over R¢ with p.d.f.s pw py w.r.t. some measure v. Assume that g ‘= ’;—VVV is well defined
and g(w) < o for all w € RY. Finally suppose that |W ||, |V ||< b a.s. Then we have that for any 0 < & < b

1 1/4 e2n
P{|EW]- EQ(V)V <e|>1—-e’'"exp ~ %ol

Proof. This proof is a direct corollary of Lemma [7| First we clearly have that ||g(V)V||< ab a.s.. Second we have that

E(lg(V)VII*) = Elg(V)?|V|]?]
= E[g(W)|[W?|]
< aE[|W]?]
< ab®.

Hence as E[g(V)V — E[W]] = 0, we can use the Bernstein inequality to get

P (e - Zovw| <o) 21— e {221

Remark 4. If we want to remove the requirement that € < b we can re-write this as

(-] ) 1o (300) £}
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Lemma 12. Let W,V be two RVs over RY, with densities py, py respectively s.t. |W||, ||V ||< b a.s.. Assume that
g =B R? — RP s well defined with g(w) < o forall w € RY. . Let Vi, ..., V, be IID copies of V. Now define the

pv
importance weighted sample covariance by of W estimated by {V; }icn]

n n T
Var(W; {Vi}ien)) = < Zg VVT) %Z g(Vi) | — (iZﬂ%)%) <;ZQ(V¢)V1>

i1€[n]
then provided o, < 4b2
algnlinn

—~ 1 4
P (/\min(Var(W; {Vitiem) = 20min> >1—(d+ 2¢1/ )eXP{W}

where o' = (2=v/3)* and omin = Amin(Var(W)).

Proof. Define the centred RVs Y7, ..., Y, by Y; .= V; — E[W;] and the random matrices R, .S,, by

Zg Vi)Y;Y,"

i€[n]
so that a, Ry, — S, = @r(W; {Yi}icin))- Simple algebraic manipulation gives us that a,, R,, — S, = \7§r(W; {Vitiem)-

Firstly we can use the matrix Chernoff inequalities (Tropp, [2015), alongside the fact that E[S,] = Var(WW) and
)\max( (V)YYT) < ab to get

V3 ATmin”
. >Y25 |l >1 - _
P ()\mm(Sn) 2 5 Omin | 2 1 dexp{ e }

Now note that for any z € R? Apax(22 ") = ||z[|? so that Amax(Ry) = || £Y;||*. Hence, as E[g(V;)Y;] = 0, we can use
vector Bernstein bounds to get that provided o,;, < 4b2

1 y 1
P )\max Rn < —Omin =P - Vi)Y, a5 min
(Aos(20) < J00in <n;9< < 3\ )
>1_ 1/4 {7Uminn}
S o GRET WY

Finally by Lemma[TT]

Taking the intersection of these three events we get that w.p. at least 1 — (d + 2e!/4) exp {— (a/‘g% A 1) %}

Aumin (Var(W3 {(Vi, 9(Vi)) ietn) = Amin(@nSn — Ra)
Z /\min(ansn) )\mmx( )
= an)\min(Sn) )\mdx( )
SVBVE_ 1
= 2 2 min 4 min
)

1
= §Amin(Var( )
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where a’ = (27215)2 O

We can now state the Lemma which gives rise to Theorem 9}
Lemma 13. Let ry take the log-linear form and for for € R? define and L, ) by

”lmx1¢ o}

L(6) = ~E[rg(Z")] +logE[re(2°)|L'(6; D') = AXT)

log Tg(X )

1 X 1{X 4w
—Hog—zi{ i }Tg(XiO).

no = 1 — ¢(X})
Finally, define the constant 6 and the RV 6, by
0 = argmax L(6)
OeRd
0 := argmax L' (0, D").
0cRd
Now suppose that ||¢°]|co< 1, [|¢* || s = Amin (Var(f(2°))) > 0
Then we have that for any § < 3 and meg min > C§log(1/6),
P Chlog(1/6
Meff
where Cly a constant depending upon || f|| oo, Oumin, d, ||6]].
Proof. Firstly we define the population version of n by L' as follows
1{X! £ 2} 1{z° # &}
L'O)=E|—-L—=1 XYH| —logE | —L—L|.
0 =B [T e | ek [T

Then from Lemmawe have that L(0) = L’(f). As a result we can re-define 6 to be

0 := argmin L' (6)
HeRd

For proof of convexity we note that agaln the term involving D "+ (our sample from {X}}1 ) is linear in 6 and the second
term is convex for the same reason as L is with the caveat that we replace g : R™ — R by 9po : R™ — R defined by

g(x) =log Z w; exp{z;} where

i=1
1 1%}
w? — {7 # 0}
1—0(27)
As each w; > 0, this modified log-sum-exp is also convex by the same argument which makes the unmodified log-sum-exp
function convex. That is,

iag(u)(1Tu) —uu '
V:z: DO( )_dag( )((11Tu))2

where u; = w exp(z;). If we then let v € R™, we get

v diag(w)v(1Tu) —vTuuTo
vagDO( ) = ding(u) ((11Tu))2

_ (Z 1Y UZ)(Z i) = ( ?:01 viU;)
(1Tw)

>0
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where the final inequality is given by the Cauchy-Schwartz inequality.

For ease of notation we define b := || f||oc and M := exp ||0|b. We now aim to bound Apin (VL' (0)) from below. To this
end we have

S e D) — FODNICED) = ST
)= W0l (X0)rg(X0)

V3L(0;D) =
n2 i,J % J
nz 20y M 2e 2 Pwdud[f(XP) — F(XDIA(XD) = F(XD)]T
B n2 Zz J e2nbw0 Q é(Xg)Té(X?)
1z 2y wiwd [F(XD) — FDIFXD) — F(X)]T
= M?2e4nb L wowor (X)rz(X9)
no i, 0 /"6 7

Varg {f(zo) Df {wd}re ]
" MAeAnb R 2
(E’ [m(zox Da])

where, for square matrices A, B we take A = B, to mean A — B is positives semi-definite. We can then bound Varo and
E similarly to before to get that

1 G,/O'min

P (Amin(\/’;r(f(z)»Di)) > 20min) >1—(d+2e*) exp{— < 72 A 1> no(%so?na")}
P (E [re(zo) D'} g]E[Té(XO)D >1—e/*exp {— (4’;;2 A 1) no(1 _8@9“’()}

where again opin = Amin(Var(f(Z2°)), po = E[rz(Z°)].

Therefore we have that

40m1n alamin n 1 B 9113-?(
P mm(veL/ (0; D)) > W > 1—(d+3el/4)exp{— <4/;\42,2 A 72 /\1) of 890 )} (11)
Ha

=A’

We now have all the bounds required to continue with the main body of the proof. Let ¢’ be defined as the solution to the
following constrained optimisation problem.

min_ L(6, D)

0eB, (0)

By and identical argument to Theorem 9] we then get that

A ~ 1
9 —0I|I< ———— || Vs L .
10 =0l S — s IV O

for some 0 € B, (0).
Hence if A’ from holds with our given 6 € B, (f) we have that

R 5 9M2e 4nbu
16" — 0| < T2||v L@)| as..

min

From now on we will work on the event A so that bounding || — || simply requires us to bound ||V L(6)]|.
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We further get that ||V L/ (0)||< I} + I} where

7l [v”é(zlq 1N LX) # @) Verg(X))

' r§(2) 1 —!(X}) (X))
no 1{X?

1 || ElVerg(X°)] no i ﬁT@?})VMa(XP)

- _

. 0 n 1{Xx9
E[rg(X°)] Ly %ré(xg)

Define RVs W{, W}

1 H{X? # o} 0
Wi =— oy Vera(X;)

o i€[no] 1= ¢2(X7)

L X0 £8)
W2/ = 10 0 T9~<Xz)

no S 1—9(X7)

and 1 = E[Vgr5(Z")]. We can then bound I to get

_ / _ /
I =< i = WAL 2 = Walllpa |

2 p2 Wy
Thus to have
4O’min
I +1, < — 22
P2 c9M2ednby 3’
it is sufficient to have
2ggmin
I < ——r
LT 9M2ednb 2’
E0min
— W’ < —
||:u1 1H 9M264776,u2’
€0 mi
2 — W3| < b

1802 |

9OM 22 1y ||mauy ||

Omin

provided € <

The probabilities for these events are

260 m; 1 4252,
/ min 1/4 (= “min _ ot
P (14 < gurangg) 21~ o~ (srapicsg 1) 0~ eh |
/ €0min 1/4 1 20 nin 0
P <||H1 - Wil 9M264"b,u2) >1—e/*exp {_8 (MW A1) no(1 = Prax)
2 2
/ €0min 1/4 1 €" 0 min 0
P (s~ 9412 gy ) 21— o0 5 (mmmscim 1) ot~ b}

Therefore by the same argument as Theorem[J] we get

A A Fin €0 min
P(6 - 81< 2) > P (Vo L(B)lI< )

MA4ednb’
>1—a'exp{—C" (A7) meg} .



Josh Givens, Song Liu, Henry W J Reeve

where
o i=d+ 6el/t
/ 1 : 4(Tr2nin 62(7r2n1n €2Or2n1n
C’ := — min - , - ,
8 81b2M468\|0|\bu421 8162M668”9”bu§ 324M668”9”b||,u1||2

v = Lmin CH3  Tin 1
" 8C M2 4b2°

By an identical argument to the proof of Theorem |§| in Section this gives us that for us that for § < 1, provided

2
log(a’) log(1/8) 4

Meoff >
off = T Al

j< Jloa(@) lox(1/0)

P(|6— >1-04.
|| C/meff -
: /. log(a’) ; ;
Now taking Cj, := mm(Cr 1By Sives our desired result. U
A.4.1 Bound on Normalisation term in M-KLIEP
Corollary 14. Define N*, N 10 be
N* :=E[r;(Z°)]
. 1 X L{X? #£ 2}
N=—% 1L (X))
o 21— 0

with 6, 6, rg defined as before. Then we have that for 6 € (0,1/2], provided ny,in > C'y log(1/6),

1 C'\ log(1/0)

>1-4
— [1#°lleo Mett

PN = Ni< -

Proof. We work assuming the same events hold as in Theorem Crucially we have that for § € (0,1/2], provided
megr > C|log(1/d), w.p. at least 1 — ¢ the following two events hold

A 2C{ log(1/9) E0mi
[} 0 0 . W/ < min
6 ~él Tmin Iz = Wl 18 M 20|11y |
We will refer to these inequalities as A and B respectively. A then implies,
1 1%} 1 5] 1 j Cjlog(1/6
‘ {mi }ré(x) {z # }7“9(2)’ < . mgis b log(1/4)
1- ¥ (.CC) 1- ( ) 1- ||<)0 ||oo Nmin

Therefore A and B together give

n no

Elry(2°)] - iz (29| + 1zre, IR o

i=1
< log 1/(5 ”ellb CO log 1/(5
- = H<P°||oo Mgt

Ominy/ Ch(log(a) + 1)
18M 2641018 ||y ||

Therefore, taking C'y, = (1/C§ + exp{]|0]|b}1/C})? gives our desired result. O

S

N - W] <

with

Cy =
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A.5 M-KLIEP Lower Bound
For each ¢ € (0, 00) let’s define a density f of a measure supported on [0, 1] by

Cey
e¢ —1’

fely) =

fory € [0,1], and f(y) = 0 for y ¢ [0, 1]. In addition, let f, denote the uniform density on [0, 1].
Lemma 15. For all € [0, 2] we have

2

KL( fo, f¢) < 20

Proof. Given any ¢ € (0, 2] we have

Lo sinh(¢/2) ¢\ _ ¢

KL = 1 d log § ——>— log (1 =

s = | Og(w) V= { /2 } ( +20)20
where the penultimate inequality uses the bound (Klén et al., 2010, Lemma 3.3 (i)). The case where ( = 0 is immediate.
O

Let Py be the uniform distribution on Ay := [0,1/v/2] x [0,1//2( )]47L, take X0 = Z° ~ Py and Cy =
d — 1)4=1. Moreover, given ¢ € [0,2], w; € [0,1] and 7 € {0, 1} we write P (¢, w;,7) for the distribution
on X' = (X});e[q constructed by choosing Z* with density (2;)¢[g) — Ca - fr-c(V221) on Ag, and choosing @' so that

@' (2) = wy forall z € [0,1]4. We write P,,, ,,, (¢, w1, ) for the joint distribution on D’ := (D}, D) where D}, ~ P}
and D} ~ Py (¢, wy, 7)™

Lemma 16. Given ¢ € [0,2], n1 € Nand w; € [0, 1] we have

KL {ﬁno,nl (C’wl’o)’?noynl(Cawlvo)} < nl(lgiou)l)e
Proof. We have
KLA{Py(¢, ws,0), Pr(C w1, 1)} = /Xlog (W) dP (¢, wy,0)

C—w). Ca- fo(V2-2) . ,

=(1—w) /Ad log <C’d-f<(\/§-21)> (Cd fo(vV2 Z1)> dz

= (]. — wl) < 0

[0,1]

_ 2

= (1 —w1) - KL(fo, f¢) < %7

where we used Lemma [T3]in the final step. Hence, by the product rule for Kullback-Leibler divergence (Tsybakov, 2009}
Chapter 2) we have

KL {?noﬂn (C? w1y, 0)7?710,7741 (Ca w1, 0)}

=To -KL (P()’PO) +n .KL{Pl(CawlaO%Pl(C)wla1)} < 711(]‘;70“)1)<2

We are now ready to complete the proof of Theorem 3]
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Proof of Theorem[3} We assume, without loss of generality, that njw; < nowp. Suppose Z° ~ P, and Z' has density
(2j)jeiq = V2 frc(vV2 - z1) for some ¢ € [0,1/v/2], 7 € {0,1} then the density ratio between the densities of Z' and

79 is proportional to e/ "= on [0, 1]¢ where (¢, 7) = (V2 -7-¢,0,...,0)T € R, and hence ||6(¢, 7)< 1. Next, we
convert § = (0;) ¢[q into an estimator 7 by # = 1{0; > (//2}. Consequently, for 7 € {0, 1} we have

¢

16— 6(C, )2 > 16 — CT|> 5 HF AT

Hence, by (Tsybakov, 2009, Theorem 2.2(iii)) for at least one 7 € {0, 1} we have

T7€{0,1}

- ; ¢
min PD/Nﬁno,nl (¢,w1,7) {0 - 9(C7T)||22 ﬁ

7711(1 — U}l)cz

. . 1
2 i Pt o (7 7) 2 o ().

To complete the proof we take

¢ = min 201og(1/(40)) 1
o min{ng(1 —wo),n1(1 —w1)} V2 [

A.6 Proof of Missing NP Classifier Finite Sample Bounds

Before we can proof this result we need to state a (relatively trivial) result on conditional probabilities.

Lemma 17. Let X,Y be RVs on measurable space (Z,Bz) and define events F' € o(X), and Ey, Ey € Bz. Suppose
that F N Ey C Ey then

P(FN{E[1lg,Y|X] > E[lg Y|X]}) =0.
Proof. Define the event C := {E[1g,Y|X] > E[1g, Y|X]} then by construction, as F' N C € o(X), this gives

E[lg,nrncY] = E[E[1g,Y|X]1rnc]
> E[E[Ag,Y|X]1rac]
= E[]lEmFOCY}

where equality holds throughout if and only if P(F' N C) = 0. Alternatively, as F' N Ey C E; we have that FN EyNC C
F N E;NC so that

Elrncne Y] < E[lpncne Y]
Therefore equality holds and P(F' N C) = 0. O

We can now go on to prove Theorem [3]

Proof of Theorem[3] This proof is adapted from Tong|(2013).

For notational simplicity we define functions hh:Z >R by

so that Ry (¢), Ry () can be re-written as
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Define events Gg, G1 by

Go=1{n(Z" >C* ., WZ°) <C_ 5}

a,h’ 50,

Gr={n(Zz°) <C . 2% >C 40}

We now have that

For ease of notation we will define Amow 5 asin LemmaEI, that is,

[1610g(1/6
Amgff’é = #
eff

Eo:={|0 —6|<e"}
By = {P(h(X")) > C, 5;ID) = a = 24,0 5}

o [Culog(1/9)
. oell/o)

Theorem and Lemrna give us that both these events occur w.p. 1 — ¢ so that P(Ey N Eq) > 1 — 26. We now aim to
show that,

Now define 2 events Fy, F; as follows

where

EoNEy C{Ry(§) — Ri(d) < €'}

We immediately have that

By C{P(W(2°) > C ;) = P((Z°) > C, 5 41D') < 206 mey

Additionally, we note that as ||Vg o rg(z)||< L for all z, 6, so that

Ey C {Sugllﬁ(@ —h(z)|?< €"L}.
zZ€

We now aim to bound CA’W; 4 above. Taking the intersection of these two events we get that

EoNEy C{P(W(Z°) > C, 55 —"LIC, 55) > @ — 20,0 5}

Mg

On the other hand, the lower bound on our condition gives that QAmom § > a,

28,0, 5 SPICL; <h(Z°) < Cp+ (2BoA 0, 5)"/)
= P[A(X°) < CZ ; + (2BoA 0, 5)"/7°] = P[R(X°) < C7 ;]
=P[A(X%) < C 5 + (2BoA o, 5) ] = (1 - ).

Combining these two results we get that

EoN Er C{PIA(X®) = O 5 + (2BoAyo, 5)/ ) < @ = 28,0 5 <PR(X?) > C, 5, —€'LIC, 5]},
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and hence, Eg N E; C {C‘a@g < C;,B +e"L + (2BoAm2“75)1/70} which implies that

EgNEy C{Cl; <MX®) < CLp+ 26" L+ (2BoA, 5)"/ ) =: Gy

We can now use this to bound the expectation. Indeed using Lemma[I7] we have that

Eo N Bx € {E[{Go}|R(2°) - € ;| D] < EIL{G}[A(2°) - € ;I|D'T}

We we also have
E[L{GR}R(Z°) = C2AlID') < (2"L+ (2BoA g, )"0 ) P(GY)
< By(2¢"L + (2BoA,0 )"/ 70) 1!

with

. 1
B2 = mln{W,Bl}

where the final step uses our probability lower bound.

By an identical argument again
Eo N Ey C{E[lg, [M(Z°) = C ;| |D'] < Ba(2" L+ (2BoA o 5)"/ 7)1}
and so we get

Bo N By € {R1(9) — Ri(9) < 2Ba(2"L + (2Bod o, )M/ 70)" F1 4207 - A o 1.
Taking Cy = 4B2(L V By)(y1 + 1) 4+ 2C7 - therefore gives Eq N £y C {Ry($) — R1($) < &'} and hence,

P(Ry($) — Ri(¢) <) < P(Ry(¢) — Ri(¢) <&, EgNEy)
= P(Eo N E1)
=1—-26.

B SUPPLEMENTARY METHODS
B.1 f-Divergence based DRE

We now present another example DRE which relates to the f-Divergence. First we state the following theorem on which
these approaches are built

Theorem 18. Let f : (0,00) — R be convex and lower-semicontinuous function and define f' : Ry — R to be the
derivative of f. Firstly, there exists unique f* : A — R with A C R by

f @)= sup ut— f(u)

u€(0,00)
Secondly,

argmin B[T(ZY)] — E[f*(T(Z°))] = T*
TeT

where, T* := [’ or* and T is some set of non-negative functions containing T*.
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As a direct result of this, for any set of positive real values functions G containing r* we have that

r* = argmax E[f'(r(Z"))] — E[f*(f'(r(Z°)),

reg
We can then approximate this using D to get
1 - ! 1 1 - *( pl 0
- > fr(zh) - - ()
i=1 i=1

Note that while we have theoretical guarantees of consistency in the case of correctly specified G, we have much less
justification for this approach in the case of incorrectly specified G. This is simply because from a heuristic perspective,
we have no idea if

7= argrgl;ax E[f'(r(Z")] = E[f*(f'(r(2°)))]

is sensible approximation of r* when G is miss-specified. As a result, one could argue that KLIEP is a more principled
approach as in the objective we are approximating we choose some notion of the “closest” r € G to r*.

We now go on to expand this process in the case of 2 popular choice of f

JS-Divergence
If we take f(u) == ulog(u) — (u+1) log (15*) then the associated f-divergence is the JS-Divergence. The corresponding
f:(0,00) = R, f*: (log(2),00) — R are then given by

f(t) =log <1241E15) f(t) == —log(2 — exp(t))

giving us that

r¥ o= arrgéngax E[f (r(Z1)] = E[f*(f'(r(Z°)))]

= ar%éngax E [log (%)} tE [bg (Hf(ZO))]

= ar%ggax E [log (1:_(7,2(12)1))} +E [log (H-:(Z‘))>]

for correctly specified G. The form that our approximation for this take is highly similar to the form of the logistic
regression approach and is in fact identical when n; = ng. The only difference being that this approach adjusts for the
class imbalance directly in the estimator while the logistic regression approach adjusts for it after the fact.

KL-Divergence

If we take f(t) := tlog(t) then the corresponding f-divergence is the KL-divergence. This choice of f has corresponding
f*:R—=R, f:(0,00) = R defined by

() =exp{t — 1} F(t) =1+log(t).
Thus we get that

r* o= aringax ELf/ (r(X")] = E[f*(f'(r(X%)))]

= argmax Eflog(r(X"))] ~ Elr(X")].

Note the objective of this estimator differs from KLIEP as E[r(X?)] is not logged.
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B.1.1 Adaptations to MNAR Data
Adapting this to work with D’ simply equates to modifying the objective to be
11{X #Q} L~ HXP#2} 0 vo
— X - = — = (f(X})).
mZ (X)) nolgl_@o(){?)f(f( )
B.2 Original Neyman-Pearson Classification

We now describe the Neyman-Pearson classification procedure laid out in (Tong et al.l 2018)). This procedure is describe
in Algorithm 2] and constructs a classifier from our data. We assume we have n additional copies of Z° which we label
Z9 T PR zZ9, , however the algorithm adapts to any number of samples from either distribution. We also let g : R — R
be any strictly increasing function. Note that the classifier produced by the algorithm does not depend on g.

Algorithm 2 Neyman-Pearson Classification Procedure

1: Use {Z}}72,, {20}, to estimate r* with # by any DRE procedure.

2: Seti* = min{i € {1,...,no}|P(W > 1) < §} where W ~ Binomial(ng, 1 — «)
3: Fori e {1,...,no} compute #; := g o #(Z) ,;)

4: Sort 7, ..., Py, in increasing order to get 7 (1), . .., F(ny) With 75y < 71

5: Define C’a@go,a = i)

6: Define the classifier ¢ by

ép(2) = 1{go#(2) > Casgop} forallze Z.

Proposition 19. Algorithm 2] constructs a Neyman-Pearson classifier satisfying Equation ([9).
Proof. As the algorithm does not depend on g we take g as the identity in the proof. We adapt the proof given in (Tong
et al.,|2018). Let 7 € H and define A to be the event
A= {P(¢p(2°) = +|D) > a}.
We then aim to show that P(A|#) < 4. To this end let C, ; := inf{C € R|P(# (Z°) > C|?) < a}.
Now as P(7(Z°) > C|#) is a right continuous decreasing function we have that P(7(Z°) > C, +|7) < «
Thus we can re-write A
A={C<C*}
= {fu < C*}

= {i* ormore of 11, ..., 7y, are less than C*}

no
={) B; >i"} where B; := 1{; < C*}.

i=1
Hence we have
no
7) =P() B > i*|F).
i=1
As Z) .1,...,Z3,, are independent, we have that By, ..., By, are independent given 7. Furthermore, we have that

q=P(B; =1) <1— a. If we now define W’ ~ Binomial(ng, ¢), W ~ Binomial(ng, 1 — «) we get that.
P(A|F) = P(W' > ")
<P(W >i*) asqg<1l—a«
< ¢ by definition of i*.

Finally, as P(A|r) < § for all non-negative measurable 7 we have that P(A) < 4. O



Density Ratio Estimation and Neyman Pearson Classification with Missing Data

B.3 Logistic Regression Re-adjustment

Here we describe how to use the adjusted logistic regression described in |King and Zeng| (2001) to learn the ¢ under the
scenario presented in Section[5.1]

First define I = {i € [n]|# is observed} so that for ¢ € I either X; # & or we have queried Z;. We then refer to
{(W3, Z;) }ier as our set of fully observed samples. These fully observed samples will have disproportionally few W; = 1
however {Z;|W; = 1,i € I}, {Z;|W; = 0,i € I} still give exact samples from Z|W = 1, Z|W = 0 respectively. [King
and Zeng| (2001) propose a re-adjustment to logistic regression specifically for this case in which the true proportion each
response are different to the proportion in your given data.

Let BO, Bl be the logistic regression estimators for the coefficients of the intercept and slope respectively from our fully
observed samples. Now let 7 be some consistent estimate of P(WW = 1) and 77 = Zier LUV=1} Now define

1]
B4 = Bo —log{(l_%}

1 -7

Then B{J and $3; are consistent estimates of the logistic regression parameters. In our case we will simply take 7 =

M This allows us to simplify and get

B = fo —log {m/n1}

where ny = 37,1, 1{wi = 1} andm =3, 1{w; = 1} that is, the number of observations we have queried.

i€[n
C SYNTHETIC EXPERIMENT DETAILS

C.1 S5-dimensional Correctly Specified Case
For setting we take Z;, Zj to have PDFs defined by

p1(z) = N(z;p1,1)
po(z) = N(z; po, 1)

with go = 0, g1 = (0.1,0.1,0.1,0.1,0.1) T and where N(z; 1, Y) is the PDF of a multivariate normal distribution with
mean y and variance 3 evaluated at z. We take @' (z) = 31{z"a > 0}, ¢ = 0where a = (1,1,1,1,1)".

To estimate the density ratio, we use rg(x) := exp{#'x} making the model correctly specified with "true” parameter
6:=— p1. for given n € N, n IID samples are drawn from both X and X*. M-KLIEP and CC-KLIEP are then fit using
gradient simple gradient descent to obtain parameter estimates. This process is repeated 100 times for each n and with
n € {100, 200, 300, . .., 1500}.

C.2 Mixed Gaussian Neyman-Pearson Case

For this experiment we take Z! and Z° to be 2-dimensional Gaussian mixtures with the following densities
1 0 1 -1
1 1 1 0
po(z) = §N <z, <O) ,I> + 5]\7 (z, <4> ,I)

Now let ! = 0.91 47 452(Z) wherea = (0,1) 7, »° = 0 and define X!, X° on R? U {@} as before. For given n € N we
generate n samples from X%, X! and use these to estimate 7 by both M-KLIEP and CC-KLIEP. An additional Z° = X°
and these used to produce a classifier via Algorithm [2] with @« = § = 0.1. These samples are also used to produce a
classifier via Algorithm [2| with 7 replaced by r*, the true density ratio. One instance of this procedure with n = 500 is
presented in Figure 2]

To estimate the power of the produced classifiers, 1,000,000 samples from Z! are produced and the proportion classified
as 1 recorded. This process is then repeated for 100 times for each n € {100, 200, 300, ..., 1500}. The estimated powers
of the classifiers produced from these iterations is then used to estimate the expected power of the procedures alongside
99% confidence intervals
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Figure 6: The expected power of the Naive Bayes NP classifier for various levels of correlation between features.

D ADDITIONAL SYNTHETIC EXPERIMENTS

D.1 Naive Bayes Assumption Test

We wanted to test the effect of our Naive Bayes assumption on our ability to estimate the density ratio. For this experiment
we take Z, Z to be distributed as follows:
0
Zy ~ N
1

)
ORI

for varying p € [0, 1]. To test our Naive Bayes assumption alongside our M-KLIEP approach we also induced non-uniform
missingness separately in the features of the class 0 data. The missingness functions used were @1 (z) = 0.8 - 1 {z > 0},
¢3(z) = 0.8 1 {x < 0} and then no missingness for class 0i.e. ) = pJ = 0.

100 samples from X, X; were then generated, a density ratio fit through the Naive Bayes assumption, and then 100 more
samples from X, (equivalent to Z,) were used to produce an NP classifier. Figure [6] shows you the average power of the
classifier alongside 95% C.I.s from 100 montecarlo simulations.

As we can see the Naive Bayes approaches only start seriously deviating from the performance of the true density at around
p = 0.5 We also reassuringly see that M-KLIEP consistently outperforms CC-KLIEP.
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Figure 7: Expected power of NP classifier when used in conjunction with multiple DRE approaches for varying sample
size. In this case our model is misspecified.

D.2 Differing Variance Misspecified Test

We have tried an additional misspecified case set up as follows

R ORE)
=n(() (0 2)

We then introduced complete missingness in class 1 with ¢*(z) = 0.8 - 1 {7 > 0} and no missingness in class 0 (¢" =.
We then used the log-linear form for our density ratio estimate with f () = 2 which leads to an incorrectly specified model
(f(z) = (=7, 22" )T would lead to a correctly specified model.)

For various values of n, we then generate n samples from X, X; and a density ratio was then fit using M-KLIEP and
CC-KLIEP. An additional n samples from X (equivalent to Z) were used to produce an NP classifier.

Figure [7| shows one simulation in this case alongside the classification boundaries produced. We can see that with this
misspecified parametric boundary our model will always approximate the true boundary relatively crudely however we can
clearly see that the M-KLIEP boundary is a more sensible approximation than the CC-KLIEP boundary

Figure [§] shows you the estimated expected power of the classifiers produced alongside 95% C.Ls from 100 montecarlo
simulations (where 1,000,000 additional samples from Z; were used to estimate the power of the classifier in each simu-
lation.) This definitively shows M-KLIEP has better performance than CC-KLIEP. While M-KLIEP does perform worse
than the true classification boundary this decrease is not drastic.
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Figure 8: Scatter plot of D alongside classification boundaries produced from corresponding D’ via various procedures. If
X, = @ then Z; is faded out.
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Figure 9: Expected power of NP classifier produced via various DRE techniques for varying levels of misspecification. We
take misspecification to be 2 x p.

D.3 Varying Misspecificaiton Level

In this experiment we wanted to examine the effect of the level of misspecification on our model. To do this we let Z;, Zj

have pdfs defined as follows
0 2
pi(z)=(1—-p)N <Z; (0) ,I> +pN (Z; (0> J)

o= (-(0)1

for various p € [0,0.5]. We then introduced complete missingness in class 1 with ¢*(z) = 0.8 - 1 {z; > 0} and no
missingness in class 0 (¢” =.) We then used the log-linear form for our density ratio estimate with f(z) = 2 which leads
to an incorrectly specified model for p > 0 with larger values of p leading to greater levels of misspecification.

We then generate 100 samples from X, X; and a density ratio was fit using M-KLIEP and CC-KLIEP. An additional 100
samples from X, (equivalent to Z) were used to produce an NP classifier. Figure[9] shows you the average power of the
classifier alongside 95% C.L.s from 100 montecarlo simulations (where 1,000,000 additional samples from Z; were used
to estimate the power of the classifier in each simulation.)

E REAL WORLD EXPERIMENT DETAILS

Here we give additional information on the experiments performed on the real world data. We start off by describing each
of the three datasets.

E.1 Datasets

E.1l1 CTG

Foetal Cardiotocograms (CTGs) measure the babies heart function during labour. These are then used by doctors and
nurses and then used as a diagnostic tool to assess the foetus’ health. In our data-set we have numerical summaries of foetal
CTGs which alongside the diagnoses of one of “normal”, “suspect”, or “pathologic” that doctors ascribed to associated
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foetuses. We aim to create an automated diagnosis procedure which will determine from the summaries whether the foetus
is “normal” (class 1) and therefore needs no additional attention/ intervention, or one of “suspect” or “pathologic” (Class
0) to and hence needing further follow up. It is clear that NP classification as a well suited classification procedure to
this paradigm as we would like to strictly control the probability of miss-classifying a “suspect” or “pathologic” baby as
“normal”.

The data is taken from: https://archive.ics.uci.edu/ml/datasets/cardiotocography and was first presented in|de Campos et al.
(2000).

This data contains observations of 2129 foetuses, 1655 from class 1 and 474 from class 0. From the data we select 10
features which we describe below

We split the data as follows, 237 & 1555 samples from Class 0 & 1 to fit 7, 237 samples from Class O are used to fit the
threshold of the classifier, and 100 samples from Class 1 are used to estimate the power of the classifier. When ¢ are
learned we query 10 missing samples from each feature.

E.1.2 Fire

For multiple different fires and non-fires, various different environmental readings were taken such as Temperature, Hu-
midity and CO2 concentration. The aim of this is to be able to classify whether or not a fire is present to create a sort of
10T (internet of things) smoke detector to detect the presence of fire. Again NP classification is clearly a good fit as falsely
detecting a fire is far less damaging than missing a fire. As such, we take the presence of fire as our error controlled class
(Class 0) as we want to strictly control the probability of not detecting a fire which is present. This data is taken from:
https://www.kaggle.com/datasets/deepcontractor/smoke-detection-dataset.

This dataset consists of 62,630 observations of 12 features. The observations consist of 17,873 observations from Class 1
and 44,757 from Class 0. Before carrying out any of our procedures we perform minimal feature manipulation by trimming
extreme values for some of the features as described below:

* TVOC(ppb), eCO2(ppm): Values are trimmed to not exceed 1000.
e PM1.0, PM2.5: Values are trimmed to not exceed 1.
¢ NCO0.5, NC2.5: Values are trimmed to not exceed 5.

E.1.3 Weather

A dataset containing various weather reading for different days in Australia collected with the aim of using the previous
days weather to predict whether there is a chance on the following day. We want to be able to choose what we mean by
a “chance” in terms of the probability of our classifier correctly predicting rain when it is present therefore motivating the
use of NP classification. As such we take the event of rain the following day to be our error controlled class (Class 0.) This
data is taken from: https://www.kaggle.com/datasets/jsphyg/weather-dataset-rattle-package.

This dataset consists of 142,193 observations of 20 features. The observations consist of 110,316 observations from Class
1 and 31,877 from Class 0.

Before carrying out any of our procedures we perform minimally feature manipulation by trimming extreme values for
some of the features. Factor variables are split into indicator variables for each of the possible outcomes, with one outcome
having no indicator to avoid redundancy. Continuous features are trimmed to be within 5 IQR (inter-quartile range) of the
median. This data manipulation lead to a total of 62 dimensions in our final data.

E.2 Experimental Designs

For each of the datasets, the same overall experimental design is used. Firstly data is randomly split into train (Class
0 & 1)/calibrate (Class 0)/test (Class 1) datasets of sizes given below. Any missing values originally in the data set
are then imputed using simple mean imputation. Next the data is normalised to reduce the risk of numerical precision
issues within our algorithms. The Class 0 training data is then corrupted along each dimension using ¢; of the form
¢j(z) = (1 + exp{r;(ao; + a1,z)}) 1. This ; is then estimated by querying points as described in Section The
density ratio is then fit by M-KLIEP, CC-KLIEP on the training data. Alongside this, we also fit the density ratio using
M-KLIEP with the true ¢; and KLIEP with the original non-corrupted training data as benchmarks. A classifier is then
constructed from these estimated density ratios using the calibration data by the procedure described in Algorithm [2] with
given «, d. The testing data is then used to estimate the power of these classifiers.
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Figure 10: Out of sample power with pseudo 95% C.1.s for various different target Type I errors with iterative imputation
approach included.

Multiple iterations of this process are performed with random train/calibrate/test splits (of fixed size) and random 7; €
{—1,1} for each iteration. The estimated powers from these iterations are then used to calculate the pseudo expected
power and 95% C.Ls

For experiment 1, we vary o € {0.05,0.1,0.15,0.2,0.25,0.3} with 6 = 0.05, a0 = —u;/0;, aj1 = 1/o; where p;,
and o; are the sample mean and variance of feature j.

For experiment 2 this process is repeated with varying a;; with o = 0.1, = 0.05,a;1 = o;. The a; are chosen to
produce the following proportions of missing values for each feature: {0.1,0.2,0.3,...,0.9}.

Dataset specific experimental design information can be found below

E.2.1 Dataset specific experimental design

CTG The size of the data splits are as follows, Class O train = 237, Class 1 train = 1555, Class 0 calibrate = 237, and
Class 1 test 100.We query 10 missing samples from each feature when learning ;. For both experiments 1,000 iterations
are run.

Fire The sample sizes of the data splits are as follows, Class O train = 20, 000, Class 1 train = 12, 873, Class 0 calibrate =
24,757, and Class 1 test = 5, 000. We query 50 missing samples from each feature when learning ;. For both experiments,
100 iterations are run.

Weather The size of the data splits are as follows, Class O train = 15, 000, Class 1 train = 100, 316, Class 0 calibrate =
16,877, and Class 1 test = 10, 000. We query 50 missing samples from each feature when learning ;. For experiment 1,
100 iterations are run; for experiment 2, 30 iterations are run.

E.3 Additional Missing Data Approaches

We also compared our approached to an iterative imputation approach implemented using the
sklearn.impute.IterativeImputer module in Python using the default estimator BayesianRidge ().
For fair comparison, this imputed data was then used to perform Naive Bayes DRE to make it comparable to our approach.
Results of these additional experiments are given in figures[T0| & [TT]and described below.

E.3.1 Additional Results

Here we present the same results as the paper but with the iterative imputation method included. Figure[T0]shows the out of
sample power of various NP classifiers for varying Type I error we can see that the additional iterative imputation method
seems to perform comparably or worse than our method for each data set

Figure[IT] shows the out of sample power of various NP classifiers for varying levels of missingness. Here we see that as
the level of missingness increases, the iterative imputation method degrades significantly leading it to perform significantly
worse than our approach. It does however consistently perform better than the complete case approach

F SOCIETAL IMPACT

We now briefly discuss the societal impact of our work. As we have shown, ignoring MNAR data can lead to degradation
in performance. Perhaps worse than this however is that, without taking account of our MNAR structure, use of the original
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Figure 11: Out of sample power with pseudo 95% C.Ls for various ¢ and varying missing proportions with iterative
imputation approach included.

NP classification procedure won’t guarantee our desired Type I error with high probability. This could lead to classifiers
which perform far worse on our error controlled class than estimated. The impact of this could be serious in the case of say
disease detection where we believe our classifier to be detecting a far higher proportion of diseased individuals than it truly
is. The impact of MNAR data on analysis has been explored before in more general settings (Rutkowski, 2011 |Padgett
et al.l 2014} |Goldberg et al., [2021) with the key takeaway always being that ignoring the structure of the missingness can
negatively impact your results and lead to false inference.
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