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Abstract

Motivated by the limited qubit capacity of cur-
rent quantum systems, we study the quantum
sample complexity of k-qubit quantum opera-
tors, i.e., operations applicable on only k& out
of d qubits. The problem is studied accord-
ing to the quantum probably approximately cor-
rect (QPAC) model abiding by quantum mechan-
ical laws such as no-cloning, state collapse, and
measurement incompatibility. With the delicacy
of quantum samples and the richness of quan-
tum operations, one expects a significantly larger
quantum sample complexity.

This paper proves the contrary. We show that the
quantum sample complexity of k-qubit quantum
operations is comparable to the classical sam-
ple complexity of their counterparts (juntas), at
least when % < 1. This is surprising, especially
since sample duplication is prohibited, and mea-
surement incompatibility would lead to an expo-
nentially larger sample complexity with standard
methods. Our approach is based on the Pauli
decomposition of quantum operators and a tech-
nique called Quantum Shadow Sampling (QSS)
to reduce the sample complexity exponentially.
The results are proved by developing (i) a con-
nection between the learning loss and the Pauli
decomposition; (ii) a scalable QSS circuit for es-
timating the Pauli coefficients; and (iii) a quan-
tum algorithm for learning k-qubit operators with
sample complexity O(’%k log d).

1 Introduction

Quantum-enhanced learning is one of the leading applica-
tions of quantum computers (QC) both for classical data
(Giovannetti et al., 2008; Park et al., 2019; Lloyd et al.,
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2014; Schuld et al., 2020) and inherently quantum samples
(Carleo and Troyer, 2017; Massoli et al., 2021; Lu et al.,
2018). However, current state-of-the-art QCs have a lim-
ited qubit capacity of up to a few hundred qubits with infi-
delity. On the other hand, the dimension of quantum sys-
tems in typical applications far exceeds the qubit capacity
of near-term QCs. Therefore, it is crucial to understand the
fundamental limits of near-term QCs for learning applica-
tions. Motivated by this observation, we study the learning
capability of k-qubit operations in d-qubit systems, where
k is significantly smaller than d. Particularly, we character-
ize bounds on the quantum sample complexity of k-qubit
systems and propose a quantum learning algorithm achiev-
ing the minimum learning loss.

There are several quantum learning models such as state
discrimination, quantum property testing, and quantum
state classification (see Section 1.1 for related works). For
a comprehensive study, we consider a general formulation
incorporating such models as special cases. In classical set-
tings, probably approximately correct (PAC), developed by
(Kearns et al., 1994; Valiant, 1984), is a concrete model to
study fundamental limits such as sample complexity with-
out any distributional or structural assumptions. In this
work, we consider the quantum counterpart of this model,
known as QPAC (Heidari et al., 2021).

This learning model consists of a set of n labeled qubits
(pi,yi), as the training samples. These samples might
be classical or quantum originally. There is no structural
assumption about the samples other than (1) being d-qubit
states and (2) being generated independently and identi-
cally distributed (i.i.d.) according to an unknown but fixed
probability distribution. The samples are processed by a
QC with a measurement at the end layer. We seek a proce-
dure that takes the training set and tunes the quantum op-
erations based on a library of choices (concept class). The
objective is to minimize the loss in predicting labels of the
next unseen quantum states. Quantum sample complexity
is, then, the minimum number of required samples to ob-
tain a minimal loss.

It is not difficult to see that this model subsumes several
well-studied models. For example, state discrimination is
a special case in which p;’s are identical and are equal to
one of two known possible states. Classical learning is also



a special case in which p;’s are pure states |z;)x;| with
x; representing the classical samples. Therefore, QPAC
is a stronger requirement than these special cases, as it is
a distribution-free and state-free condition. Whereas PAC
is only distribution-free, and state discrimination assumes
certain prior structures. In addition, more difficulties arise
from the quantum nature of the problem. The quantum
samples are irreversibly disturbed by the algorithm due to
state collapse. Further, sample duplication is prohibited
abiding by the no-cloning principle.

With the delicacy of quantum samples and the richness
of quantum operations, quantum sample complexity is ex-
pected to be significantly larger than the classical one. To
see this, one natural approach for learning k-qubit opera-
tions in d-qubit systems is via state fomography with clas-
sical post proceeding. One first performs state tomogra-
phy on each sample to arrive at an approximate descrip-
tion of the quantum states and then performs classical
learning algorithms on the stored density matrices. This
approach requires 0(6%22‘1) identical copies of the sam-
ples (Haah et al., 2016). Compared to the classical set-
ting, one considers learning of k-juntas which are Boolean
functions depending on k out of d inputs (Mossel et al.,
2003). It is known that the sample complexity of k-juntas is
O(% log £) (Shalev-Shwartz and Ben-David, 2014). This
observation implies that the quantum sample complexity
might be exponentially larger.

Contributions: In this paper, we prove the contrary and
show that the quantum sample complexity of k-qubit oper-
ations scales logarithmically with d. Although not equal,
it is comparable to the classical sample complexity of k-
juntas for small values of k. More precisely, we prove in
Theorem 1 that the quantum sample complexity of k-qubit

operations is O(%k logd). Furthermore, we strengthen
this existential result by designing a quantum algorithm
achieving this bound (see Algorithm 1).

Our approach is based on a Pauli decomposition of quan-
tum operators and an estimation procedure called Quan-
tum Shadow Sampling (QSS). We establish a connection
between the learning loss and the Pauli decomposition of
the induced operator of the training samples. We then de-
velop a novel approach for estimating the Pauli coefficients
of this induced operator. We argue that naive empirical
estimations require O((4:l2)k) quantum samples. Hence,
they lead to an exponentially larger sample complexity than
classical (See Section 3.2). We address this issue and pro-
pose QSS that reduces the quantum sample complexity to
O(%k log d) that scales with the logarithm of the num-
ber of qubits (see Theorem 2 and Section 3.5). For that,
we design an estimation circuit with O(d) gate complex-
ity. This design is scalable as it consists of a parallel set of
completely independent sub-circuits, each acting on a sin-

gle qubit (see Figure 2). With this estimation, we develop )

our algorithm and prove that it learns the k-qubit operators
without any distributional or structural assumption (agnos-
tic QPAC). Lastly, in Section 4, we verify our results with
a numerical experiment for detecting maximally entangled
from separable qubits.

1.1 Related Works

The literature in this area is broad. We only can give point-
ers to a few of the best-known and most relevant works.

Quantum enhanced learning has been studied extensively
for classical data (Schuld et al., 2014; Giovannetti et al.,
2008; Park et al., 2019; Rebentrost et al., 2014; Lloyd et al.,
2013, 2014) and for quantum data in recent literature in the
context of diverse applications, including condensed mat-
ter for phase-of-matter detection (Carrasquilla and Melko,
2017; Broecker et al., 2017), ground-state search (Carleo
and Troyer, 2017; Broughton et al., 2020; Biamonte et al.,
2017), entanglement detection (Ma and Yung, 2018; Mas-
soli et al., 2021; Lu et al., 2018; Hiesmayr, 2021; Chen
etal., 2021; Deng et al., 2017), and other applications (Kas-
sal et al., 2011; McArdle et al., 2020; Hempel et al., 2018;
Cao et al., 2019; Heidari et al., 2022; Bauer et al., 2020).

There are several solutions and models for quantum learn-
ing. In state tomography, the objective is to find an approx-
imate description of an unknown quantum state p using
measurements on multiple copies of the state. This problem
has been studied under various distance/fidelity measures
(O’Donnell and Wright, 2016, 2017; Haah et al., 2016).
State Certification can be viewed as a quantum counterpart
of property testing in which we would like to check where
p = o or ¢ far away from it (Badescu et al., 2019; Bubeck
et al., 2020). This is again done by measuring multiple
identical copies of p. A survey on this topic is provided
in (Montanaro and de Wolf, 2016). In state discrimina-
tion we want to tell whether p = o7 or oy (Barnett and
Croke, 2009; Gambs, 2008; Guta and Kotlowski, 2010).
Another framework is quantum hypothesis testing as sur-
veyed in (Audenaert et al., 2008). An operational view of
learning quantum states is introduced by (Aaronson, 2007).
In this work, the training samples are i.i.d. measurements.
The objective is to approximate the acceptance probability
tr{ Ep} for most measurement E. Another related work in
this line is (Cheng et al., 2015), where an unknown mea-
surement F is to be learned from samples. The training
samples are {(p;, tr{Ep;})}.—_,, where p;’s are i.i.d. ran-
dom quantum states. At first glance, this formulation seems
similar to our problem. However, as a careful reader will
recognize, p;’s are pre-measured states. Contrary to this
model, in our work, simultaneous access to pre-measured
states and the measurement’s outcomes are prohibited. An-
other distinction is that the probabilities tr{Ep;} are un-
known in this paper. Another direction is based on the
well-known work of Bshouty and Jackson (1998). In this



model, we measure identical copies of a superposition state
to solve a classical PAC learning problem. This model
is also different from QPAC in our paper, as the concept
class in QPAC consists of quantum measurements rather
than classical functions. Hence, QPAC is expected to sub-
sume its model as well. Other related works in this area
are (Arunachalam and de Wolf, 2017; Arunachalam and
De Wolf, 2018; Kanade et al., 2019; Bernstein and Vazi-
rani, 1997; Servedio and Gortler, 2004). Lastly, estimating
the decomposition of an operator with respect to a set of
elementary operators has been studied in (Crawford et al.,
2020; Peruzzo et al., 2014).

2 Model Formulation

Notations: For shorthand, denote [d] as {1,2,...,d}.
Also, for any s € {0,1,2,3}¢, define supp(s) :=
{€ e d]:s¢#0}. Forany d € N, let Hy be the Hilbert
space of d-qubits. The identity operator on H, is denoted
by I;. As usual, a quantum state is defined as a density
operator; that is a Hermitian, unit-trace, and non-negative
linear operator. A quantum measurement M is a positive
operator-valued measure (POVM) represented by a set of
operators M := {M,,v € V}, where V is theset of possi-
ble outcomes, M, > Oforanyv € V,and ) .\, M, = Ig.
For an operator A, denote ||A|; = tr{|A|} as the trace
norm, and ||A||, = y/tr{ AT A} as Hilbert-Schmidt norm.

2.1 Quantum Learning Model

Before presenting the main results, we formally define our
quantum learning model. In this model (Heidari et al.,
2021), the objective is to distinguish between multiple
groups of unknown quantum states without prior knowl-
edge about the states. Available is only a training set
of quantum states with a classical label determining their
group index. We seek an agnostic procedure that given
enough samples learns the labeling law. The model in the
binary case is defined more precisely as follows.

Let py and p; be two unknown quantum states denoting
each of the possible states of an unknown physical sys-
tem. We associate to each state a label y € {0,1}. Let
po = 1 —p1 € (0,1) be an unknown probability distribu-
tionon {0, 1}. Each time, a sample p is randomly generated
where p = po with probability py and p = p; with proba-
bility p;. The objective is to tell which of the two states is
generated without knowing what pg, p1 and/or (pg, p1) are.
Available are only n training samples {(py,, v:)};_,, gen-
erated i.i.d. according to (po, p1). We seek a procedure that
given the training samples constructs a quantum measure-
ment to distinguish between py and p; with high accuracy.

A predictor is a quantum measurement that acts on the
quantum state and outputs § € {0, 1} as the predicted label.
Hence, from Born’s rule, the (expected) loss is calculated

as
Lo—1(M) = potr{Mipo} + p1 tr{Mop1 },

where the first and the second trace are the probability that
erroneously ycs¢ = 1 and 90 = 0, respectively. It is as-
sumed that M belongs to a collection C of choices as the
concept class. With this setup, a quantum learning algo-
rithm is a process that selects a predictor M from C, with
the training samples as the input. We are interested in al-
gorithms with guaranteed learning irrespective of pg, p1, Po
and p;.

Definition 1 (QPAC). A quantum learning algorithm
QPAC learns a measurement class C if there exists a func-
tion nc : (0,1)? — N such that for every ¢, € [0,1] and
given n > nc(e,0) samples drawn i.i.d. according to any
probability distributions (po,p1) and from any unknown
states (po, p1), the algorithm outputs, with probability of
at least (1 — 0), a measurement whose loss is less than
inf pqec Lofl(./\/o +e!

Consequently, the quantum sample complexity of a concept
class C is the minimum of n¢ for which there exists a QPAC
learning algorithm. The focus of this study is on k-qubit
operators that are formally defined below.

Definition 2 (k-qubit Operators). An operator A on Hy is
said to be a k-qubit operator, if there exists a coordinate
subset J C [d] with |J| < k such that A = Az ® Iigpg»
where A is an operator on the subsystem corresponding to
the coordinates J and 1(q)\ 7 is the identity operator on the
residual sub-system.

Classical counter parts of k-qubit operators are k-junta
Boolean functions (Mossel et al., 2004). k-qubit opera-
tors subsumes k-juntas. They are significantly richer than
their classical counterpart. While there are ({)22" jun-
tas; k-qubit operators are infinite. The input dimension
for a k-junta is k; while that of a k-qubit operator is 2.
One can learn k-juntas by performing a brute-force ex-
haustive search over all k-juntas and finding the one min-
imizing the empirical loss. However, the learning task be-
comes more difficult in the quantum settings as there are
infinitely many k-qubit circuits and sample duplication is
prohibited. Therefore, with the richness of quantum con-
cept classes and the the fragility of quantum samples, one
wonders whether quantum learning is harder. In the next
section, we show it is not, but it requires looking at the
problem from a different angle.

3 Main Results

Our first main contribution is the following theorem that is
proved in Section 3.5.

'Naturally, we are interested in efficient learning with n¢ be-
ing at most polynomial in €, ¢ and d.



Theorem 1. There exists a quantum algorithm that QPAC
learns k-qubit operators with an error up to

4k dk4k
opt;, + O(\/n log<5(k — 1)!>>,

where opt,, is the minimum loss of the concept class, and
this is achieved by Algorithm 1.

With this result, for small % the quantum sample complex-
ity of k-qubit operators is simplified to 0(%’“ log 4) which
grows with logarithm of d, the number of qubits.

Next, we study a lower bound on the quantum sample
complexity. Given that QPAC subsumes PAC and that k-
juntas are special cases of k-qubit operations, the quantum
sample complexity is bounded from below by the classical
one. Hence, from Vapnik—Chervonenkis (VC) theory for k-
juntas, (Shalev-Shwartz and Ben-David, 2014), we obtain
the following lower bound.

Proposition 1. The quantum sample complexity of k-qubit
operations is Q(% (klog 22 + log 1)).

This result and Theorem 1 suggest that quantum sample
complexity is of the same order as the classical one at least
for small values of k compared to d. Hence, though QPAC
is a more difficult problem and low-width quantum circuits
are much richer than classical juntas, yet the quantum sam-
ple complexity grows similarly for small £’s. Whether the
same holds for larger values of £ is yet to be determined.
In Section 3.2, we argue that primitive empirical estima-
tion methods are not efficient in QPAC and that one needs
a more sophisticated approach as in Algorithm 1. Before
that, we present an overview of the Pauli decomposition
and study its connection to learning loss.

3.1 Pauli Decomposition

Our approach relies on the Pauli decomposition of quantum
operators (Montanaro and Osborne, 2010). We start with a
brief overview of this decomposition. Then, we analyze the
connection between the 0—1 loss and the Pauli coefficients.

The Pauli operators with the identity are denoted as {o”,
ol 0% 0%} with 0% = I and

L (01 2 (0 —i s (1 0
"_<1 o)’ "‘(i 0)’ 7=\ -1)°

Define the Pauli tensor products as
0% =0 Q02 ® --Qo, Vs € {0,1,2,3}. (1)

Fact 1 (Pauli Decomposition). Any bounded operator A on
H is uniquely decomposed as

A= Z as 0°,

s€{0,1,2,3}4

where as € C are the Pauli coefficients of A and are given
by ag = 2% tr {AO’S}.2

An immediate consequence of this decomposition is the
following identity for any pair of operators on H:

tr{AB} =2 " agbs, 2)

where ag and b are the Pauli coefficients of A and B.

Next, we present the connection between the Pauli coeffi-
cients and the learning loss.

Lemma 1. Let pxy = popo ® |0)X0]|+p1p1 @ |1)X1] denote
the average state of the training samples. Then, the loss of
any measurement M := {My, M1} decomposes as

1
Loy (M) = 5 =277 ) " gsfe,

where gs and fs are the Pauli coefficients of Gy; := M1 —
My and Fy := —\/pxy (I4 ® 03),/pxy, respectively.

Proof. Given My = I; — M, the loss can be written as

Lo—1(M) = p1 tr{Mop1} + po tr{Mipo}
== py(-1)tr{Mop,} +po.  (3)
Y

Observe that (I;®0%)pxy = 3, py(=1)Yp, @ [y)yl.
Then, from the definition of F'y and Gj,, we have that

tI‘{G]wa} = tI‘{Fy} — QtI‘{MoFy}
= —tr{([d ®03)pxy} . QtI"{MoFy}
= Ey[(-1)"]+ 23 py (~1)? tr{Mop, }

@ g1+ 2(po - Lo—l(M))
—2p — 1+ 2(p0 - Lofl(M)>
=1-2Ly_1(M),

where (a) follows from (3). Hence,
1 1
Lo_l(M) = 5 - 5 tI‘{G]wa}.

Hence, the proof is complete, because from (2), the trace
term above equals to 24 >°_ gs fs. O

We note that Fy is viewed as the induced operator rep-
resenting the labeled samples. In agnostic settings, Fy is
unknown as the states and the probabilities are unknown.
We design our learning algorithm by estimating the Pauli
coefficient of Fy instead.

>The factor 2% is because tr{c®c°} = tr{lq} = 24,



3.2 Estimating the Pauli Coefficients

In light of the previous section, the main idea behind the
proposed algorithm is to estimate a subset of the Pauli co-
efficients of the auxiliary operator Fy. In the classical set-
ting, estimating the Fourier coefficients is easily done by
empirical averaging. In quantum, each coefficient fs is in-
deed an observable acting on the samples’ quantum state.
The issue is that these observables are incompatible and,
thus, are not simultaneously measurable.

Example 1. In a single qubit system, the Pauli coefficients
corresponding to o' and o® are incompatible as they do not
commute with each other. Indeed, they are mutually unbi-
ased observables. Hence, independent samples are needed
for estimating each coefficient.

The incompatibility and no-cloning make the estimation
process more challenging than the classical one. In this sec-
tion, we discuss the estimation process and derive bounds
on the square loss. In the next section, we discuss the con-
struction of a predictor from the estimated coefficients.

We start with estimating a single Pauli coefficient fs. For
that we consider the POVM My := {A3, A% ;} with out-
comes in {—1, 1} and operators

Al =07, A% =08, 4)
where ¢° is the Pauli operator corresponding to s €
{0,1,2, 3}d as in (1). Moreover, 05 and o° are the pos-
itive and negative part of o° (such that 0* = 05 — 0%),
constructed through the spectral decomposition of 0. With
these definitions, fs is estimated by measuring each sam-
ple with Mg. Note that we cannot use all the samples for
estimating one coefficient; because the samples will be in-
accessible as they collapse by the measurements. Suppose,
we only use m < n samples. Let Z; € {—1,1} be the
output of My on the ith sample (p;,v;),¢ = 1,2,3...,m.
Then, the estimation is computed as

. 1 & !
fo = g LN 2 5)

From Born’s rule, Z; is a binary random variable with bias
tr{ai pi}. Hence, fs itself is random and it is not difficult
to check that E[f;] = fs. Therefore, using standard con-
centration inequalities, we can show that, for any § € [0, 1],
with probability (1 — ), the estimation error is bounded as:

. [1 1
Ifs — fsl :2-%9( E1og 5). (6)

Note that 2~% is due to the normalization of f as in Fact |
and fs as in (5).

For learning k-qubit measurements, all the Pauli coeffi-
cients o with | supp(s)| < k need to be estimated. Let

K be the number of such coefficients. Given that k < d/2,
we bound K as

K<Zk: d4‘f<1+/.c d4’“—1+ & 4% (7
= AN7 k) (k—1)!"

Given the incompatibility of the related observables, with a
naive strategy, one would partition the total n samples into
several equal-size groups one for each coefficient. Hence,
with this approach and (6), the estimation loss satisfies

fofl=0 (M/ . 1og<1/5>>,

for all s, with | supp(s)| < k. In what follows, we propose
an approach to exponentially reduce the estimation error.

Theorem 2. Given any sy,S2, - -,Sg € {071,2,3}d,
there exists an algorithm that, given n training samples,
estimates the corresponding Pauli coefficients of Fy with
an error bounded with probability at least (1 — 0) as

. _ 1 K
Sup |fsj—ij|:O<2 ¢ 10g<5>>.
J€lK] \ 7

For our case, s;’s are all s with |supp(s)| < k, and K
is as in (7). Hence, compared to the naive strategy with
a fresh copy for each coefficient, we get exponential im-
provements.

3.2.1 Quantum Shadow Sampling

Our approach is inspired by Shadow Tomography (Aaron-
son, 2018; Huang et al., 2020), where repeated measure-
ments obtain an approximate description of an unknown
quantum state from its exact copies. In view of the no-
cloning, in our work, we propose an alternate approach
called QSS that takes a single quantum state and can gen-
erates multiple samples called shadows. This is a one-shot
procedure that applies to each sample (p;,y;),¢ € [n] and
is explained below:

First, we generate a unitary operator U; randomly and
uniformly from the space of all unitary operators on d
qubits. We rotate p; by applying U, resulting the state
U;r pi:U;. Then, we measure the rotated state along the
computational basis {|b)b|,b € {0,1}}. From Born’s
rule the probability of getting the output b; € {0, 1}d is
b, = (b1|U2L piUi|b;). At the next step, given each out-
put b; € {0,1}%, the state w; = U; |b;)}b;] U is prepared.
Hence, with p; we obtain the state w; with probability P, .

Define the following mapping on any operator B on H;:

I[B] ::EU[ 3 <b\UTBU\b>U|b><b|UT] @)
be{0,1}¢
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Figure 1: The process for estimating the Pauli coefficient
fs- Once p; is generated from the ith sample, we calcu-
late tr{p;0°}(—1)¥. Then, the estimate fs is calculated
by computing the empirical average over all the samples as
in (9).

Note that I" is a linear mapping on the space of density op-
erators with its inverse denoted as I'"1. Moreover, observe
that T'[p;] equals to the expectation E[w;] over the measure-
ment randomness (FP,) and the choices of unitary U;.

At our last step, we apply I'"! on w; resulting in the fol-
lowing state

pi =D [U; |bi)bi| U]

Repeating this process for all samples, we obtain the
shadow samples p;,4 € [n]. This process is demonstrated
in Figure 1.

3.3 Proof of Theorem 2

After applying QSS on the entire training samples, we es-
timate each fs; by computing

f, 1

S]‘:ﬁ

2703 tr{pio™ (1), 9
=1

for all j € [K]. We proceed with the following lemmas for
the analysis.

Lemma 2. p; is an unbiased estimate of p;, that is
Euslpi] = pi-

Proof. By linearity of ['"!, taking the expectation of p;
over the choice of U; and the randomness of b; gives

E i) pi] = T [E[U; [b:)bs] UJ]]-
The expectation term equals to
B[ |bi)ts| U | = B | - (bJUTpiU'[b) U [b)b] U]
b
=Llpil,
where the last equality is from (8). O
Lemma 3. The estimation fs is unbiased, that is E[fs] =

fs, where the expectation is taken over all sources of ran-
domness including the sample distribution.

Proof. By taking the expectation, from Lemma 2 we obtain
the following chain of equalities:
E[fs] = 27Eltr{p10°}(~1)""]
=27E(p, vy [tr{E[p1[p1]0®}(=1) "]
=27 En vy tr{p10°} (- 1)"]
=274 tr{Fyc®} = fs,

where we used the definition of f5 in Lemma 1. O

Lastly, with Lemma 3, we apply the Chernoff inequality:

n€2

; —d
P{jnel%ﬁsj — fs;| > €2 } < 2Kexp{ — 7}

Equating the right-hand side to §, we obtain the following
bound on the estimation error:

; ol [ Log(E
jrrel%lfsj—fsj—(’)(? nlog(5>>- (10)

With this inequality, we establish Theorem 2.

3.4 Creating the Predictor

Next, we describe the construction of a predictor using the
estimated Pauli coefficients. Let 7 C [d] be the coordinate
of a subsystem with k qubits. Define

F)‘Z = Z

sisupp(s)C.J

fs0®,

where supp(s) := {f € [d] : s, # 0} for any s € {0, 1, 2,
3}9. Define the estimate of this operator as

= Y

s:supp(s)CJ

fSCTS,

where fs’s are the estimated Pauli coefficients. This opera-
tor has a spectral decomposition of the form

B = Z)\i |pi X i -

Let 117 be the projection onto the subspace spanned by
eigenstates with positive eigenvalues, i.e.,

M7= %" [6:)eil. (1)

: Xy >0

Then, we create our predictor as the measurement M g =
{I17,1; — 1T17}. In what follows, we study the learning
loss of M 7. We show that if 7 is chosen appropriately,
then the loss of M 7 is close to the optimal value opt,,. For
that, we present the following theorem.



Theorem 3. Let J* be the subset maximizing HFg |1
among all k-element subsets. Let M - = {121‘7* , I—fIJ*}
be the measurement with the projection 117" given in (11)
but with J = J*. Then,

Lo_1(M) < opt, + 4x/2dHF5 — F,?H2 (12)
where opty, is the minimum loss among all k-qubit opera-
tions, and fs is the estimation of fs.

This theorem implies an interesting connection between the
QPAC learnability of a predictor and its Pauli decomposi-
tion. Moreover, it implies that the square loss is a suitable
loss function for estimating the Pauli operators. We note
that the factor 2¢ is not problematic as it appears simply
because of the way the Pauli coefficients are defined.

Proof Sketch of Theorem 3: The proof of this theorem
is involved. Here, we only explain the sketch of its proof
by presenting the following key lemmas with their proof
in Appendix A. The first lemma characterizes opt;, and the
second lemma is the key connection to Pauli estimations in
our analysis.

Lemma 4. If opt,, is the minimum loss among the class of
all k-qubit measurements, then

opt, = max

J
JcCld]:|T|=k HFY“l7

1
2 2
where ||-||, is the trace norm.

Lemma$5. Let M 7 = {117, 1 —T17} be the measurement
with the projection 117 given in (11). Then,

Loa (M) < 3 (1= 8], ) + U (Vo[ - B ).

where U(z) = 23 + 222 + 3, forall z > 0.

With these lemmas, Theorem 3 immediately follows. Let
J* be the coordinate as in Theorem 3. Then, with Lemma
4 and 3, and the fact that U(x) < 4z for < 1, we have
that

Lo_1 (M) < opt, + 4\/2dHF§ - FgH .
2
With that, we establish the theorem.

3.5 Algorithm and Proof of the Main Theorem

So far, we discussed the estimation of the Pauli coefficients
and the construction of the predictor. The estimation pro-
cess in Section 3.2 in its current form may not be applicable
when d is large. It is not clear how to create '~ and U; in
Figure 1. In this section, we characterize a closed-form ex-
pression for I'~! and present an implementation of it with
a scalable circuit.

7
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Figure 2: Scalable implementation of the estimation pro-
cess in Figure 1. For each sample, Uy, Us,---,Uy are
selected randomly and independently from {1, H, STH }.
The circuits operate independently on each corresponding
qubit implying a O(d) gate complexity.

Consider I'[p;] as in (8) for a single qubit system (d = 1).
Instead of ranging over all unitary operators, we choose U
from the following set with equal probabilities:

Ue{l,HSH},

where H is the Hadamard and S = Vo3. With this set,
the state is measured either along the computational basis,
X -basis, or the Y -basis. Let

1
Tolpl =" > 30U pUI) U k)b U".
Ue{I,H,StH} be{0,1}

It is not difficult to check that I'y has an inverse and that
Lemma 2 still holds as the above set is tomographically
complete.

For general d-qubit systems, we apply the single-qubit pro-
cess to each of the d qubits independently (see Figure 2). In
the following, we show that this circuit gives an unbiased
estimate of p, even though p could be an entangled state!

Lemma 6. Let p; be the operation’s output in Figure 2.
Then, E[[h} = Pi-

Proof. Consider the Pauli decomposition of p; =
Yoo AsT ! is a linear mapping, the circuit in Figure
2 is also linear. Let W represent this operation. Then p;
U(p;]. The linearity implies that W[p;] = > _a,V[o®].
Since, ¢® is in tensor product and ¥ operates on each qubit
independently, then W[0%] = @%_, W;[0™], where ¥; is
the jth wire on Figure 2. As a result,

d
E[pi = 3 o QE[¥;l0"]].

Note that
E[;[0*]] = T5" [Eu, u.[Us [b:)bi| U]
> X et u Ul U]

Ue{I,H,StH} be{0,1}
Ly Co™]] = o%.

=I5
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Algorithm 1: Algorithm for k-qubit Circuits

Input: k£ < d, and n samples (p;, y; ).
Output: Predictor M
LearningAlgorithm:
PauliEstimation:
fori=1:ndo
Choose d unitary U; randomly from
{I JH,STH }
Apply the circuit in Figure 2 with the
selected unitary operators.

for s € {0,1,2,3}" with | supp(s)| < k do
L Compute f using (9).

for 7 C [d] with |T| = k do

Compute Fy/ = D ssupp(s)CT fso®.
B Find j that maximizes ||F§,7 Hl
Construct I17 as in (11) with J = j
return POVM M := {f[j, I— f[j}.

As a result of this equation,
Elpl = Tan &0 =
3 . S ]:1 (3
Hence the proof is complete. O

It follows from large deviation analysis that we get the
same error bound as in (10) with the circuit in Figure 2.
Therefore, we obtain a scalable estimation circuit consist-
ing of independent single-qubit quantum operations, result-
ing in a O(d) gate complexity. With that in mind, we sum-
marize our design and present Algorithm 1. It remains to
complete the proof of Theorem 1.

Proof of Theorem 1: We show that M the output of Al-
gorithm 1 achieves the optimal loss opt;,. We use Theorem
3 followed by a Parseval-type identity. From (2), it follows
that [|A[|5 = tr{ATA} = 2¢ 5" _|as|?. Then,

Z (fs - fs)Q‘

s:supp(s)CJ "

L071(./\;l‘7*) <opt, +4 2d

Hence, with Theorem 2, we have that

> of;e(%))

s:supp(s)CJ "

4k K
= —1 —_
optk-i-(’)( - og(5)>,

where we used the fact that |7*| = k. Note that J* is
unknown as it is defined based on the true operator Fy.

Lo-1(Mg-) < opt), +4

13)

Y'8

We need to show that J in Algorithm 1 is “close” to J*.
From Lemma 4, it suffices to show that HF{Z H1 is close to
Hij* H1 which gives opt,,. Since J maximizes HF{Z‘ .
then ||FY‘7 Hl > F’}‘Z ) ||1 From the triangle inequality and
the relation ||-||, < v/dim/||-|,, we have that

| | =2

where €, is the second term in (13). The last inequality
follows from Theorem 2. Combining this inequality with
Lemma 5 and 4, we obtain that

e - e
ja Fl —Fy

1 HFYJ*

5 S €n,

Lo_l(./\/l) < LO—I(MJ*) + €, = opty, + 2¢,,

where M is the output of Algorithm 1. The proof is com-
plete by replacing the expression for €, in given (13) and
that of K in (7).

1F

o
©
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o

> 3 s 5
Size of the Subsystem
Figure 3: Success probability vs. the size of the sub-system

(k) for classifying maximally entangled and separable d-
qubit states with different values of d.

4 Numerical Validation

We test Algorithm 1 for classifying separable states from
maximally entangled. For that, we generate a training data
set by randomly generating d-qubit states. We generate two
types of states: separable (with label y = 0) and maximally
entangled (with label y = 1). For that, we use RandomDen-
sityMatrix in (Johnston et al., 2016) to generate a separable
random density matrix based on a Haar measure.

Figure 3 shows the success probability versus the size of the
sub-system (k) with different dimensions (2¢). Our results
indicate that accessing only a small subsystem is sufficient
to obtain a reasonable accuracy. For instance, a success
probability of 0.95 is possible using a 3-qubit subsystem
inside the original 10-qubit system.

Moreover, we tested the accuracy of Algorithm 1 with dif-
ferent values of k versus various sample sizes (n = 103,
104, and 10%). The dataset is the same as in the previous
experiment but with a fixed dimension dim = 2°. Figure



Success Probability

f 15 2 25 8 35 4

Size of the SubSystem (k)
Figure 4: Success probability of Algorithm 1 for various
k (subsystem size) and various samples n = 103, 104, 10°
compared to theoretical bound (exact). The experiment is

averaged over 5 runs with error bars showing the devia-
tions.

4 demonstrates success probability as a function of &k for
various sample sizes. As observed, with more samples, the
success probability converges to the theoretical values with
exact computations.

Discussion and Future Directions

We prove that the quantum sample complexity of k-qubit
quantum operations is O( %k log d) which grows logarith-
mically with the number of qubits and is comparable with
the classical sample complexity of k-juntas. This is a sur-
prising result due to the no-cloning principle, measurement
incompatibility, richness of k-qubit operations, and the fact
that QPAC is a stronger condition than classical PAC. We
propose a quantum algorithm that provably QPAC learns
k-qubit operations. We develop a new connection to Pauli
decomposition with a new estimation method with a scal-
able circuit.

Our results indicate that shallow-width quantum circuits
are learnable with a sample complexity growing logarith-
mically with the number of qubits (d). In future work, one
can study learning of shallow-depth quantum circuits and
compare the quantum sample complexity of such circuits
with constant-depth classical circuits. Whether quantum
sample complexity is comparable with the classical one is
an important direction to pursue.
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A Proof of The Technical Lemmas

A.1 Proof of Lemma 4

Proof. We start with proving a lower bound on opt;. Fix a k element coordinate subset Z C [d] and consider a k-qubit
measurement that depends only on coordinates Z. From Lemma 1, the loss of M equals to

1
Lo-1(M) =5 — 271N fags.

From Definition 2, as M depends only on coordinate Z, then one can show that g = 0 for all s with supp(s) ¢ Z.
Therefore,

Lo,l(/\/t)zl—Qd—1 > fegs

2
s:supp(s)CZ

Define the following operator:

FL .= Z fs0®. (14)

s:supp(s)CZT
Therefore, from (2), we have that

1 1 1 1 1

where |A| = V AT A and the first inequality follows as tr{ A} < tr{|A|}. The second equality follows as the eigenvalues
of G belong to {—1, 1}, implying that |G| = I;. Therefore, we obtain that

1

1
Lo_1(M) > > ||F§I/||

1= 27 2 cag= k” |l

where the last inequality holds by minimizing the lower bound over all k-element coordinates 7. Note that the above
bound holds for all M depending on any k-element coordinate subset Z. Thus, we obtain the lower bound on opt:

1 1
opt, > - — - max F' 15
P =9 7 2 scidi- k” vl (15)
Next, we establish the achievability of the lower bound. Again fix a k-element subset J C [d] and let Gy, = sign[Fy.].
Note that we can consider a valid measurement M 7 corresponding to Gr,. Moreover, Gy, is a k-junta operator
depending only on the coordinates 7. Therefore, its Fourier coefficients g5 are zero for any s with supp(s) ¢ J. As a
result, from (14)

1 1
Loa(My) =5 = 5 t{Gu Y}
1 1
B . T1T
=5 - §tr{Slgn[Fy]FY}
B 1
)

where the last equality follows from the identity | A||; = tr{Asign[A]} that holds for any Hermitian and bounded operator
A. With the above inequality, optimizing over [J gives

1 1
min Lo i(Ms)==—Z= ma F 16
JCld]:|T|=k 0 1( ‘7) 2 2 JCld]: \J\ k H YHI ( )
Note that opt;, is smaller than the left-hand side of (16), as it has an additional minimization over the choice of the
measurements:

ot— min inf L M
Pl = cmin_, gl Lo (M),

Therefore, (16) is an upper bound for opt(k). As this upper bound matches with the lower bound in (15), then we obtain
the equality in (16). This proves the expression for opt(k) and that M 7« is the best k-junta measurement.

0
12



A.2 Proof of Lemma 5

Let Gy = My — My = I — 2117 It is not difficult to check that G ; = sign[F%7]. From Lemma 1 in the main text,
the loss of M 7 can be written as Lo_1(M 7) = % —2d-1 ZS fsgs, where fg and gg are the Pauli coefficients of Fy and

G 7. Note that G 7 depends only on the coordinates of 7. More precisely, G 7 = (I7 — 2017 )@ 17", where IV and 17"
are the identity operators on the corresponding systems. Hence, the Pauli coefficients of gs of G 7 are zero outside of 7.
Therefore,

1
Loyoi(Mg) =5 -2 3" fugs

2
s:supp(s)CJ

Define the 2-norm of an operator A as || Al|, := /tr{ ATA}. Then, from (2), HAHS = 243" _|as|®. Moreover, for any pair
of Hermitian operators A, B we have the identity | A — B||2 = ||A|| + || B||3 — 2 tr{ AB}. Therefore, from (2), we obtain
that

> asbs = 27 0r{AB} = 277 (|l 4|15 + |BI; — | A - BI)

Therefore, from the definition of F ,Z , we have that

Z fs9s :2_dtr{F3ZGJ}.

s:supp(s)CJT

As a result, the loss of M 7 can be written as

1
= 1 (lealls + 17215~ 1R - Gal3)

(22"~ [F]l; + |7 — Glly)- an

Lo-1(Mz) =

1
2
1
4
where we used the fact that ||G 7 Hg = 2% as the eigenvalues of G 7 belong to {—1,1}.

Next, we bound the last 2-norm quantity above. Recall that Fg = Zs:supp(s)c 7 fsas is an approximation of ng using

the estimated Pauli coefficients. By adding and subtracting 13},7 , we have that

2 (@)

( . . 2
17~ Gl < (|rg -2, + |7 - o))"

N 2 ~ 2 ~ ~
= |7 =+ |77~ 6o, w2l - A7 57 - a8

)
2

where (a) follows from the Minkowski’s Inequality inequality for 2-norm. Note that G 7 = sign[ﬁ’ {,7 ]. Moreover, note that
for any function h the identity |h — sign[h]| = |1 — |h|| holds. Therefore,

2 2 2
A7 =G, = 1871, = naatz + 77, == 7]

A 2 .
=o'+ | B -2 #| - (19)
2 1
From this relation and equations (17), (18), we obtain the following upper bound
2 . 2 . .
R L e | |

9 T .12 . . N
=22 = |l + [ - 77, w2t A7, -2 A7 2| - 7] A7 -],

N N 2 2 N 2 N N
=22 87|+ |7, W | - B 2 - 7] 77 - 6o @0
e
@ an

In what follows, we bound the terms denoted by (I) and (II). 13



Bounding (I): From the Minkowski’s inequality for 2-norm, we have
1, < (17l + 87 - ],

= [|F715+

B~ R, + 20 |57 - R

S e

where the second inequality is due Bessel’s inequality and the following chain of inequalities
IF N, < 1IFY Ny = [loxyTa®®)||, = loxylly < lloxvl, =1,

where we used the fact that Fy = —/pxy (Ia® 0*)\/pxy which also equals to pxy (I3 ®0?), and that ||-][, < [-|;.
Hence, the term (I) in (20) is upper bounded as

~ 2 .
M < n = || B - F | +2HF;Z—F§H . @1
2 2

Bounding (IT): From (19), we have

R 2 N 2 .
77 =6, =1+ 5], 2],

(a) .12 .
R

®) T2 g w7 J
O 1 o(F 2+ R - B - 215, +

-~ 17¢1)
.12 S

= 2RI - |7 + 2 - 7, 2|7, - 17911

< vy - 7], 287, - 1)

(@)
<1+2HF~7 FJH +2v2 HFJ Fj‘

(22)
where (a) follows from the Minkowski’s inequality for 2-norm and the inequality (z + y)?2
(b) follows by adding and subtracting ||Fy. H1 Inequality (c) holds from the inequality |-||,

|F{ ||, < 1 which implies that ||Fy’ ||; < ||FY ||, < ||FY||,- Lastly, inequality (d) holds because of the following chain
of inequalities

< 2(z% + y?). Equality
<

|-I, and the fact that

il =271 < 7 - 27 < Vel - 77

where the first inequality is due to the Minkowski’s inequality for 1-norm and the second inequality is due to the inequality
[]l, < V/dim|-|, and the fact that dim = 2.

—

(23)

Next, we show that the quantity HF{Z -Gy H2 without the square is upper bounded by the same term as in the right-hand
side of (22). That is

N N 2 N
) = |5 = Gall, < doi=1+2|[Ff - ijHz +2v2||F{ - Fguz. 24)

The argument is as follows: if HF)‘Z -G j||2 < 1, then the upper bound holds trivially as Ay > 1; otherwise, if ||F’}‘,7 —

_— . . 2 .
G jHQ > 1, then quantity is less than its squared, i.e., . In that case, we obtain an upper

bound using (22).
As a result of the bounds in (20), (21), and (24) we obtain that

N A 2 .
S | RO i W

~ ~ 2 ~
—2-9||FY|, + 2(||F§||1 _ HF&Hl) F A+ HFgZ _ F{ZHQ n 2A2HF§ _ F{ZHQ

. ~ 2
<2-2|F|, +2|F - F;ZHQ o+ R - F;ZHQ 2|
14



where the last inequality is due to (23). Next, from the definition of A\; and Ao, the right hand side of the above inequality
simplifies to the following

~ 3 R 2 N 2 N
1Lo-1(Mg) <2 =2|F{ |, +4||FY - 7| + 2| - B | +av2i| /) - B | +o6|Fd - £Y|

)
2

We, further upper bound the right hand side by replacing HF }‘Z — ]3'5,7 H with v/ 2dHF }‘Z — }%g H in the third, fourth and
2 2
sixth terms above. As a result we get

Aot (M) <2~ 2 Y|, + 0 (V2| - BZ| ),

where U(z) = 23 + %xQ + %x as in the statement of the lemma. Dividing both sides by 4 completes the proof.
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