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Abstract

In the paper, we propose a class of faster
adaptive Gradient Descent Ascent (GDA) meth-
ods for solving the nonconvex-strongly-concave
minimax problems by using the unified adap-
tive matrices, which include almost all exist-
ing coordinate-wise and global adaptive learn-
ing rates. In particular, we provide an effective
convergence analysis framework for our adaptive
GDA methods. Specifically, we propose a fast
Adaptive Gradient Descent Ascent (AdaGDA)
method based on the basic momentum technique,
which reaches a lower gradient complexity of
O(k*e=*) for finding an e-stationary point with-
out large batches, which improves the existing
results of the adaptive GDA methods by a fac-
tor of O(+/k). Moreover, we propose an acceler-
ated version of AdaGDA (VR-AdaGDA) method
based on the momentum-based variance reduced
technique, which achieves a lower gradient com-
plexity of O(k*®¢~3) for finding an e-stationary
point without large batches, which improves the
existing results of the adaptive GDA methods by
a factor of O(e~1). Moreover, we prove that our
VR-AdaGDA method can reach the best known
gradient complexity of O(k3e~3) with the mini-
batch size O(x3). The experiments on policy
evaluation and fair classifier learning tasks are
conducted to verify the efficiency of our new al-
gorithms.
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1 Introduction

In the paper, we consider the following stochastic
nonconvex-strongly-concave minimax problem:

;réi;{u;leaf Eewp[f(2,9:6)], ey

where function f(z,y) = E¢[f(z,y;€)] : R" x R — R
is p-strongly concave over y but possibly nonconvex over
x, and & is a random variable following an unknown dis-
tribution D. Here X C R% and ) C R? are nonempty
compact convex sets. In fact, Problem (1) is widely used
to many machine learning applications, such as adversar-
ial training (Goodfellow et al., 2014; Tramer et al., 2018;
Nouiehed et al., 2019), reinforcement learning (Wai et al.,
2019) and robust federated learning (Deng et al., 2021). In
the following, we specifically provide two popular applica-
tions that can be formulated as the above Problem (1).

1) Policy Evaluation. Policy evaluation aims at estimat-
ing the value function corresponding to a certain policy,
which is a stepping stone of policy optimization and serves
as an essential component of many reinforcement learning
algorithms such as actor-critic algorithm (Konda and Tsit-
siklis, 2000). Specifically, we consider a Markov decision
process (MDP) (S, A, P, R, 7), where S denotes the state
space, and A denotes the action space, and P(s’|s,a) de-
notes the transition kernel to the next state s’ given the cur-
rent state s and action a, and 7 € [0, 1) is the discount
factor. R(s,a,s’) € [-r,r] (r > 0) is an immediate re-
ward once an agent takes action a at state s and transits
to state s’, and R(s,a) is the reward at (s, a), defined as
R(s,a) = Egyp(s,a)[R(s,a,8)]. m(s,a) : S x A = R
denotes a stationary policy that is the probability of tak-
ing action a € A given the current state s € S. We let
V7(s) = E[3/ %5 7' R(st,ar)|s0 = s,7] denote state
value function. Further let V'(s;6) be the parameterized
approximate function of V™ (s), and V'(s; 6) generally is a
smooth nonlinear function. Following Wai et al. (2019), we
can solve the following minimax problem to find an opti-
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Table 1: Gradient complexity comparison of the representative gradient descent ascent methods for finding an e-stationary
point of the nonconvex-strongly-concave problem (1), i.e., E[|VF(z)|| < € or its equivalent variants, where F'(z) =
max,cy f(z,y). ALR is adaptive learning rate. Cons(x,y) denotes constraint sets on variables x and y, respectively.
Here Y denotes the fact that there exists a convex constraint set on variable, otherwise is N. 1 denotes Lipschitz continuous
of Vi f(z,y), Vy f(z,y) for all z,y; 2 means Lipschitz continuous of V, f(z,y; ), Vy f(z,y; §) for all £, z, y; 3 denotes
the bounded set ) with a diameter D > 0. Since some algorithms do not provide the explicit dependence on , we use

p(K).
Algorithm Reference Cons(z,y) | Loop(s) | Batch Size | Complexity | ALR | Conditions
SGDA Lin et al. (2020a) N, Y Single | O(ke ?) O(k3e %) 1,3
SREDA Luo et al. (2020) N,Y Double | O(k%¢ 2) | O(r%¢ ?) 2
Acc-MDA Huang et al. (2022) YY Single 0(1) O(k*2e73) 2
Acc-MDA Huang et al. (2022) YY Single O(x%) O(K373) 2
PDAda Guo et al. (2021) N, Y Single 0(1) O(k*?e7 %) Vv 1
NeAda-AdaGrad | Yang et al. (2022) N, Y Double O(e7?) O(p(k)e™?) Vv 1
AdaGDA Ours Y, Y Single O(1) O(kte™) Vv 1
VR-AdaGDA Ours Y, Y Single O(1) O(k*5e3) | 2
VR-AdaGDA Ours Y, Y Single O(r?) O(k3e3) Vv 2

mal approximated value function, defined as

mix max Eg a6 [(6VeV (5;0),w)

— %wT (VoV(s:0)VoV(s; )N w|, (2)
where & = R(s,a,s") + 7Vp(s') — Vy(s), and E; 4 ¢ is
taking expectation for s ~ d™(-) that is stationary distribu-
tion of states, a € 7 (-, s) and s’ ~ P(:|s,a). Here matrix
Hy =E[VyV (s;0)VyV (s;0)"] is generally positive def-
inite. The above problem (2) is generally nonconvex on
variable # when using the neural networks to approximate
value function V™ (s).

2) Robust Federated Averaging. Federated Learning
(FL) McMabhan et al., 2017) is a popular learning paradigm
for training a centralized model based on decentralized data
over a network of clients. Specifically, we have n clients in
FL framework, and D; is the data distribution on ¢-th de-
vice, and the data distributions {D;}?_, generally are dif-
ferent. The goal of FL is to learn a global variable w based
on these heterogeneous data from different data distribu-
tions. To well solve the data heterogeneity issue in FL,
some robust FL. methods (Deng et al., 2021; Reisizadeh
et al., 2020) have been proposed, which solve the following
distributionally robust empirical loss problem:

min max { ;szgwi [fi(w; )] Mb(p)}, 3)
where p; € (0,1) denotes the proportion of i-th device in
the entire model, and f;(w; &) is the loss function on i-th
device, and A > 0 is a tuning parameter, and ¥ (p) is a
(strongly) convex regularization. Here IT = {p € R" :
> . pi = 1, p; > 0} is a n-dimensional simplex, and
Q C R is a nonempty convex set.

Since the above minimax problem (1) frequently appeared
in many machine learning applications, multiple methods
have been proposed to solve it. For example, Lin et al.
(2020a,b) proposed a stochastic gradient descent ascent
(SGDA) method to solve the problem (1). Subsequently,
a class of accelerated SGDA methods (Luo et al., 2020;
Huang et al., 2022) have been presented based on the vari-
ance reduced techniques of SPIDER (Fang et al., 2018;
Wang et al., 2019) and STORM (Cutkosky and Orabona,
2019), respectively. More recently, Guo et al. (2021); Yang
et al. (2022) introduced the adaptive versions of SGDA by
using the adaptive learning rates. However, these adaptive
SGDA methods still suffer from the high sample (gradient)
complexities (please see Table 1). Meanwhile, the adaptive
PDAda algorithm in Guo et al. (2021) only considers us-
ing adaptive learning rate in updating minimized variable
x. Thus, there exists a natural question:

Can we develop faster adaptive gradient de-
scent ascent methods to solve the Problem (1),
which use adaptive learning rates in updating
both variables = and y ?

In the paper, we give an affirmative answer to the above
question and propose a class of faster adaptive gradient de-
scent ascent methods to solve the Problem (1). Our meth-
ods can use many types of adaptive learning rates to update
both variables x and y. Moreover, our methods can flexibly
incorporate momentum and variance-reduced techniques.
Our main contributions are in three-fold:

(1) We propose a class of faster adaptive gradient descent
ascent methods for the nonconvex-strongly-concave
minimax Problem (1) using the universal adaptive ma-
trices for both variables x and y, which include most
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existing adaptive learning rates.

(2) We propose a fast adaptive gradient descent ascent
(AdaGDA) method based on the basic momentum
technique used in Adam algorithm (Kingma and Ba,
2014). Meanwhile, we present an accelerated ver-
sion of AdaGDA (VR-AdaGDA) method based on the
momentum-based variance reduced technique used in
STORM algorithm (Cutkosky and Orabona, 2019).

(3) We provide an effective convergence analysis frame-
work for our adaptive methods under mild assump-
tions. Specifically, we prove that our AdaGDA
method has a gradient complexity of O(k*e~*) with-
out large batches, which improves the existing result
of adaptive method for solving the problem (1) by
a factor of O(k'/?). Our VR-AdaGDA method has
a lower gradient complexity of O(k*%¢~3) without
large batches, which improves the existing best known
result by a factor of O(e~1) (please see Table 1 for
comparison summary).

From Table 1, despite achieving a better rate when
compared to PDAda (Guo et al, 2021) and NeAda-
AdaGrad (Yang et al., 2022), our VR-AdaGDA algo-
rithm still have the same complexity rate as the existing
non-adaptive Acc-MDA algorithm. In fact, only under
some specific cases such as sparse gradient condition, the
adaptive gradient methods have a faster convergence rate
than the non-adaptive counterparts. For example, Ada-
grad (Duchi et al., 2011) shows a better convergence rate
than SGD under the sparse gradient condition. In fact, we
propose an adaptive gradient-based algorithm framework
for minimax optimization based on the general adaptive
matrices without some specific conditions such as sparse
gradients. It is well known that adaptive gradient meth-
ods generally perform well in practice although with same
convergence rate as non-adaptive gradient methods. In
fact, our VR-AdaGDA algorithm obtains a near-optimal
complexity O(e~3) in finding an e-stationary point (i.e.,
E[[VF(@)]| < e where F(z) = max, E[f(z,y:6).
Thus, we can not obtain a lower complexity than this near-
optimal complexity O(e=3). NOTE THAT: the single-
level problem

min f(z) = Ee[f(x;¢)] ©)

z€ERC
can be seen as a specific case of the minimax Problem (1).
For example, f(z,y;¢) = af(z;€) + b, where a > 0
and b > 0 are constants, i.e., given any z, the function
f(z,;€) = c is independent on x and &, where ¢ is a
constant. Arjevani et al. (2019) proves the stochastic al-
gorithms in solving the single-level nonconvex stochastic
problem (4) has a lower bound complexity O(e~?) for find-
ing an e-stationary point (i.e., E||V f(z)|| < €). Since the
above Problem (4) can be seen as a specific case of the

minimax Problem (1), the stochastic algorithms in solving
the minimax stochastic Problem (1) also has a lower bound
complexity O(e~3) for finding an e-stationary point (i.e.,
E[[VE(z)|| < o).

2 Related Works

In this section, we overview the existing first-order methods
for minimax optimization and adaptive gradient methods.

2.1 Minimax Optimization Methods

Minimax optimization has recently been shown great suc-
cesses in many machine learning applications such as ad-
versarial training, robust federated learning, and policy
optimization. Thus, many first-order methods (Nouiehed
et al., 2019; Lin et al., 2020a,b; Lu et al., 2020; Yan et al.,
2020; Yang et al., 2020b,a; Rafique et al., 2021; Liu et al.,
2021) were recently proposed to solve the minimax prob-
lems. For example, some (stochastic) gradient-based de-
scent ascent methods (Lin et al., 2020a; Nouiched et al.,
2019; Lu et al., 2020; Yan et al., 2020; Lin et al., 2020b)
have been proposed for solving the minimax problems.
Subsequently, several accelerated gradient descent ascent
algorithms (Rafique et al., 2021; Luo et al., 2020; Huang
et al., 2022) were proposed to solve the stochastic mini-
max problems based on the variance-reduced techniques.
Meanwhile, Huang et al. (2021b); Chen et al. (2021) stud-
ied the nonsmooth nonconvex-strongly-concave minimax
optimization. In addition, Huang et al. (2022); Wang et al.
(2022) studied the zeroth-order methods for solving the
nonconvex-strongly-concave minimax problems. Huang
and Gao (2023) have proposed a class of Riemanian gra-
dient descent ascent algorithms to solve the geodesically-
nonconvex strongly-concave minimax problems on Riema-
nian manifolds. Zhang et al. (2021); Li et al. (2021) stud-
ied the lower bound complexities of nonconvex-strongly-
concave minimax optimization. More recently, Guo et al.
(2021); Yang et al. (2022) proposed an adaptive gradient
descent ascent method for solving Problem (1).

2.2 Adaptive Gradient Methods

Adaptive gradient methods are a class of popular optimiza-
tion tools to solve large-scale machine learning problems,
e.g., Adam (Kingma and Ba, 2014) is one of the most pop-
ular optimization tools for training deep neural networks
(DNNs), which is a version of the first adaptive gradient
method, AdaGrad (Duchi et al., 2011). The adaptive gradi-
ent methods have been widely studied in machine learning
community. Among them, Adam (Kingma and Ba, 2014)
is the most popular one and uses a coordinate-wise adap-
tive learning rate and momentum technique to accelerate
algorithm. Multiple variants of Adam algorithm (Reddi
et al., 2019; Chen et al., 2018; Guo et al., 2021) have
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been presented to obtain a convergence guarantee under
the nonconvex setting. Due to the coordinate-wise adap-
tive learning rate, Adam often shows a bad generalization
performance in training DNNs. To improve the generaliza-
tion performance of Adam, recently several adaptive gra-
dient methods such as AdamW (Loshchilov and Hutter,
2017) and AdaBelief (Zhuang et al., 2020) were developed.
More recently, the accelerated adaptive gradient methods
(Cutkosky and Orabona, 2019; Huang et al., 2021a) were
designed based on the variance-reduced techniques. In par-
ticular, Huang et al. (2021a) proposed a faster and universal
adaptive gradient SUPER-ADAM framework using a uni-
versal adaptive matrix.

2.3 Notations

For vectors  and y, 2" (r > 0) denotes the element-wise
power operation, x/y denotes the element-wise division
and max(zx, y) denotes the element-wise maximum. I de-
notes a d-dimensional identity matrix. For two vectors x
and y, (z,y) is their inner product. || - || denotes the /o
norm for vectors and spectral norm for matrices, respec-
tively. V. f(z,y) and V, f(z,y) are the partial deriva-
tives w.r.t. variables x and y respectively. I; denotes d-
dimension identity matrix. « = O(b) means that a« < Cb
for some constant C' > 0, and the notation O(-) hides loga-
rithmic terms. Given the mini-batch samples 5 = {&;}7_,,

welet Vf(z;B) = 2 30, Vf(a:8).

3 Faster Adaptive Gradient Descent Ascent
Methods

In this section, we propose a class of faster adaptive gradi-
ent descent ascent methods for solving the minimax prob-
lem (1). Specifically, we propose a fast adaptive gradient
descent ascent (AdaGDA) based on the basic momentum
technique of Adam (Kingma and Ba, 2014). Meanwhile,
we further propose an accelerated version of AdaGDA
(VR-AdaGDA) based on the momentum-based variance
reduced technique of STORM (Cutkosky and Orabona,
2019).

3.1 AdaGDA Algorithm

We first propose a new fast adaptive gradient descent ascent
(AdaGDA) algorithm for solving the Problem (1) based on
the basic momentum technique. Algorithm 1 summarizes
the algorithmic framework of our AdaGDA.

At the line 4 of Algorithm 1, we generate the adaptive ma-
trices A; and B, for variables x and y, respectively. Specif-
ically, we use the general adaptive matrix A; > pl4, for
variable x as in the SUPER-ADAM (Huang et al., 2021a),
and the global adaptive matrix B; = b:I4, (bs > 0). For
example, we can generate the matrix A; as in the Adam

Algorithm 1 AdaGDA Algorithm

1: Input: 7T, tuning parameters {7, \, 7, ay, 3¢ } 1, and
mini-batch size g;

2: initialize: Initial input z; € X,
and draw a mini-batch 1i.i.d. samples
Bi = {&}.,, and then compute v; =

Vaf(xi,y1;81) = % ! Vaof(z1,y1:€) and
wi =V f(z1,yiB1) = ¢ 30, Vi f e,y )

3: fort=1,2,...,T—1do

4:  Generate the adaptive matrices 4, € R%*% and

Bt c RdQXdQ;
One example: A; and By are generated from (5) and
(6), respectively.

Ty + nt(jt+1 — "Et) with i't+1 =

arg mingex {(ve, ) + %(m — )T Ay(z — ay) }

6 Y1 = Y + (Y1 — y) with gy =

argmaxyey {(we,y) — 55y = ye)" Be(y — ye) }3

7. Draw a mini-batch i.i.d. samples By =

{¢+119_ | and then compute
8: V41 = at+1vzf($t+1, Y413 Bt+1)+(1*at+1)vt;

e y’

5: Ti41 =

90 w1 = BV f (@1, Yer1; Berr) + (1 —
5t+1)wt;
10: end for

11: Output: z¢ and yc chosen uniformly random from
{6, vtz

(Kingma and Ba, 2014), defined as:

o =0, 0 = 00¢—1 + (1 — 0)Vauf (e, ye; &)
Ay = diag(\/Ty +p), t > 1, (5)

where ¢ € (0,1) and p > 0. Matrix B, is defined as: given
B €(0,1)and o > 0,

bo >0, by = obe—1 + (1 — 0)[|Vy f(@e, ye: &)l
Bt = (bt + p)Idza t Z 17 (6)

which can be seen as a new global adaptive learning rate.
Meanwhile, we also generate the matrix A; as in the Ad-
aBelief (Zhuang et al., 2020), defined as:

0o =0, 0 = 00y—1+ (1 — 0) (VoS (xe, ye: &) — Ut)27

Ay = diag(\/Te + p), t > 1, )
where ¢ € (0,1) and p > 0. Matrix B; is defined as:

bo >0, by = obi—1 + (1 — 0)||Vy flze,ye: &) — well,

By = (b + p)lay, t > 1, ®)
where g € (0,1) and p > 0.

At the lines 5 and 6 of Algorithm 1, we apply the general-
ized projection gradient iteration to update variables x and
y based on the adaptive matrices A; and B, respectively.
Meanwhile, we use the momentum iteration to update the
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Algorithm 2 VR-AdaGDA Algorithm

1: Input: 7T, tuning parameters {7, \, 7;, a, 3¢ } 1, and
mini-batch size gq;

2: initialize: Initial input z; € X, y; € ), and
draw a mini-batch i.id. samples By = {1},
and then compute v1 = V,f(x1,y1;81) and w; =
Vy f(@1,y15B1);

3: fort=1,2,..., T —1do

. Generate the adaptive matrices A, € R%*% and
Bt S RdedQ;
One example: A; and By are generated from (5) and
(6), respectively.

5: Tip1 = X + nt(-%tjtl - th) with Z44; =

arg mingex {(ve, ) + %(x — )T Ay(z — ay) }

6: Y1 = yr + ne(Per1 — ye) with g =

argmaxyey {(we,y) — 55 (Y — 41)" Be(y — y1) }3
7: Draw a mini-batch i.i.d. samples By =
{¢+119_  and then compute

8: V41 = me($t+1, yt+1;l’>’t+1) + (1 - at+1)(vt -
Vaf (2, ye; Biy)):

90 wipr = Vyf (@1, o1 Begr) + (1= By (we —
Vyf(wu Yt Bt+1));

10: end for

11: Output: z: and yc chosen uniformly random from

{It, yt}thl'

variables x and y. At the lines 8 and 9 of Algorithm 1,
we adopt the basic momentum technique to estimate the
stochastic gradients vy and w;.

3.2 VR-AdaGDA Algorithm

Next, we propose an accelerated version of AdaGDA (VR-
AdaGDA) algorithm based on the momentum-based vari-
ance reduced technique. Algorithm 2 shows the algorith-
mic framework of the VR-AdaGDA.

At the lines 5 and 6 of Algorithm 2, we simultaneously
use the momentum iteration and the generalized projection
gradient iteration to update variables x and y. At the lines
8 and 9 of Algorithm 2, we apply the momentum-based
variance reduced technique to estimate the stochastic gra-
dients v; and wy. For example, the estimator of gradient
V f(i41, yry1) is defined as:

Vi1 = 1 Va f(Teg1, Yey1; Ber) + (1 — augn) [Ut
+ Vo f (@es1,Yer1; Bevr) = Va f (20, 485 Big) ]

Compared with the estimator w41 in Algo-
rithm 1, w47 in Algorithm 2 adds the term

(1= 1) (VF(@es1, yeg15 Birr) = V(2,96 Biy)) o
reduce variance of gradient estimator, where ;1 € (0, 1).

4 Convergence Analysis

In this section, we study the convergence properties of our
new algorithms (i.e., AdaGDA and VR-AdaGDA) under
mild assumptions. All related proofs are provided in the
following Appendix.

4.1 Mild Assumptions

We have the following mild assumptions for Problem (1).

Assumption 1. Each component function f(x,y;€) has
an unbiased stochastic gradient with bounded variance o2,
Le,forallé,x € X,y € Y, E[V.f(x,y;€)] = Vi f(z,y),
E(|Vaf(z,y) = Vaf(z,4:6))? < 0% E[V, f(z,y;€)] =
vyf(xvy) andIEHVyf(x,y) - vyf(xvyaf)HQ S 02'

Assumption 2. Function f(x,y) is u-strongly concave in
y € Y, ie., forall x € X and y1,y2 € )Y, we have

IVyf(z,91) = Vi f (@, y2)l| = pllyr — y2ll. Then the fol-
lowing inequality holds

F(@, 1) < fla,y2) (Vo (@,y2) 1 = o) = G llon = v

Since the function f(x,y) is strongly concave in y €
Y, there exists a unique solution to the problem
maxycy f(z,y) for any x. Here we let y*(z) =
argmaxycy f(z,y) and F(z) = [f(z,y"(x)) =
maXyey f(IL', y)

Assumption 3. The function F(z) is bounded below in X,
ie., F* =infycx F(z) > —o0.

Assumption 4. In our algorithms, the adaptive matrices
A, for all t > 1 for updating the variables x satisfies AT =
At and Apin(At) > p > 0, where p is an appropriate
positive number.

Assumption 4 ensures that the adaptive matrices A; for
all ¢ > 1 are positive definite as in Huang et al. (2021a).
Since the function f(x,y) is p-strongly concave in y, we
can easily obtain the global solution of the subproblem
maxy,cy f(x,y). Without loss of generalization, in the fol-
lowing convergence analysis, we consider the adaptive ma-
trices By = b;14, for all ¢ > 1 for updating the variables
y satisfies b > by > b > 0, as the global adapitve learn-
ing rates (Li and Orabona, 2019; Ward et al., 2019; Huang
etal., 2021a).

Assumption 5. The objective function f(x,y) has a
Ly-Lipschitz gradient, i.e., for all x,x1,29 € X and
Y, Y1, Y2 € YV, we have

IVaf(z1,y) = Vaf (@2, y)|| < Lyl — 22|,
[Vaf(@,y1) = Vo f(z,y2)ll < Lgllyr — 92l
IVyf(z1,y) = Vyf(@2,9)|| < Lyllzy — 22,
IVyf(z,y1) = Vyf(@,y2)ll < Lyllyr — y2l|-
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4.2 Convergence Metrics

We introduce useful convergence metrics to measure con-
vergence of our algorithms. Let ¢, (z) = 127 Az, accord-
ing to Assumption 4, ¢, (x) is p-strongly convex. We define
a prox-function (i.e., Bregman distance) associated with
¢+(x) as in Censor and Lent (1981); Censor and Zenios

(1992); Ghadimi et al. (2016):

Di(z, 1) = ¢i(x) = [pe(@e) + (Vi (1), @ — 1))
= %(x —a) T Ay(z — x¢). 9)

The line 5 of Algorithms 1 or 2 is equivalent to the follow-
ing generalized projection problem:

. . 1
Tip1 = argmin {(Ut, T) + ;Dt(%xt)} (10)

As in Ghadimi et al. (2016), we define a generalized pro-
jected gradient Gy (x4, vs,y) = %(xt —#;,1). At the same
time, we define a gradient mapping G (z¢, VEF(x¢),7) =

%(xt — xf,,), where

. 1
xri , = arg ;Tél;(l {(VF(xt), x) + ;Dt(:ﬂ,xt)}. (11)

For Problem (1), when X C R%, we use the standard gra-
dient mapping metric E||Gx (x, VF(z),7)| to measure
the convergence of our algorithms, as in Ghadimi et al.
(2016). When X = R% | we use the standard gradient met-
ric E||VF ()| to measure convergence of our algorithms,
as in Lin et al. (2020a).

4.3 Convergence Analysis of the AdaGDA Algorithm

We analyze the convergence properties of our AdaGDA al-
gorithm under Assumptions 1, 2, 3, 4 and 5. The follow-
ing theorems show our main theoretical results. The detail
proofs are provided in the Appendix A.l. For notational
simplicity, let L = Ly(1+ k) and k = %

Theorem 1. Suppose the sequence {x;,y;}- , be gen-
erated from Algorithm 1. When X C R%, and given
B, = by, (b > b > b > 0) foralt > 1,

m = Wfor allt > 0, app1 = a1y, Bry1 =
a,,2
CoMy, M > max (k’Q,(Clk)27(CQk)2), k > 0, JZ <
7 L2, -
a < m2 Bho< g < m2g < oy <
min( 15v2Au?p m1/2p) and 0 <
2,/400L3 X2 +24:2 X2 +1687562 2 L2 2| 4Lk
405bL5 %2
A < min (W7 6Lf)’ we have
1 I
TZEHgX(xth(xt%’Y)”
t=1
- 2/3Gm* 2V/3G .
= T1/2 T1/4 ) ( )

_ F(z)—F*  91LFAY | 952 | 9mo?
where G = e S T

ku2p2
T)and A3 = ||ly1 — y*(z1)|]? o
) and A} = [lyr = y* (z1)[*

In(m+

Theorem 2. Assume that the sequence {x,y;}i_, be
generated from the Algorithm 1.  When X = R%,
and given By = by, (b > by > b > 0) for all

t > 1 n = Wfor allt > 0, a1 = c1me,

BtJrl = C2M, M Z max (kga(clk)27(02k)2)’ k > O)

2 1/2  T5L3 1/2
R R T U
: 15\/§Au2p ml/zp
mm( » TATE ) and 0 <

2\/400L§,\2+24H2A2+16875132n2 L3p2

. 405bL2 1u3/?
A < min (8 il b

——___ -2 ) we have
/50L% 49 6Ly )’

1 T
7 L EIVF G
t—=

% ZtT:1 E[|A¢][2 (2 3G'ml/4

2v/ 3G’
; i , (13)

T1/4

where G = LE@)—F") —|—9b1L?A? 4207 4 2mo? In(m+

kv kA qkp? ' qkp?
T).

Remark 1. Without loss of generality, let
k. = 01), b = 0O(1), b = 0O() and
2 1/2

15v2up _ < T2, we have m >
2\/400L§,\2+24p2/\2+9375b2n2L}m‘
2 2 2 225 L2 K2 N2t
max (k2 (e1k)?, (2k) ’800L§)\2+48y2)\2+1875052n2L§y2)'

. 405bL% 1i*/ 2
At the same time, let 2~ < 7’;“, we have 0 <
6Ly 84/50L2+92

2
A < g2 Giveny = 15vBulp )
f 2\/400L?>\2+24M2A2+9375b252L§;ﬂ

2
A= %f, c = % and co = % Without loss of
generality, let p < L%w it is easily verified that v = O(%),
A= O(%f)’ cr = O(p?), ca = O(L}). Then we have
m = O(L}). When mini-batch size ¢ = O(1), we
have G = O(k? + K2 In(m + T)) = O(k?). Thus, our
AdaGDA algorithm has a convergence rate of O(z17z).
Let O(712) < 6 ie, E||Gx(ze, VF(z¢),7)|| < € or
E|VF(z¢)|| <€ we have T < k*e~%. In Algorithm 1, we
need to compute 2q stochastic gradients to estimate partial
derivative estimators v; and w; at each iteration, and
need T iterations. Therefore, our AdaGDA algorithm has

a gradient (i.e., stochastic first-order oracle) complexity
of 2¢ - T = O(k*¢™*) for finding an e-stationary point.

Note that the term \/%Zle E||A¢|? is bounded to

the existing adaptive learning rates in Adam algorithm
(Kingma and Ba, 2014) and so on. For example, given
the above adaptive learning rate (5) and the standard
bounded gradient |V, f(x,y)| < § as in Adam, we have

VE S Bl A2 <640+ po.




Feihu Huang, Xidong Wu, Zhengmian Hu

4.4 Convergence Analysis of the VR-AdaGDA
Algorithm

We further study the convergence properties of our VR-
AdaGDA algorithm under Assumptions 1, 2, 3, 4 and 6.
The detail proofs are provided in the Appendix A.2. Here
we first use the following assumption instead of the above
Assumption 5.

Assumption 6. Each component function f(x,y;&) has
a Ly-Lipschitz gradient, i.e., for all x,v1,22 € X and
Y,Y1,Y2 € Y, we have

||me(x1,y f) vacf(x%yv )H > mel _x2||v
IVaf(2,4158) = Vo f (z,y2; Il < Lyllyr — v2ll,
IVyf(@1,9;6) = Vyf (22, 4; I < Lyllr — 22,
IVyf(@,y158) = Vy f(@,y2: Il < Lyllyr — p2l|-
By using convexity of | - || and Assumption
6, we have [Vif(z1,9) Va f (2, 9)|| =

”E[Vlf(xla Y; £)—sz($2,y,§)] ” < Evaf(xlay;f)_
Vaof(x2,4;8)| < Ly|lxr — x2|. Similarly, we also
have (Vo f(z,y1) — Vyf(z,y)ll < Lyllyn — w2l
IVyf(z,y1) — Vyf(@y)ll < Lgllyr — y2f and
IVyf@ry) = Vyf (2| < Lylles — ool In the
other words, Assumption 6 includes Assumption 5, i.e.,
Assumption 6 is stricter than Assumption 5.

Theorem 3. Suppose the sequence {x;,y;}_, be gen-
erated from Algorithm 2. When X C R¥, and given
B, = by, (b > b > b > 0) foralt > 1,
= Wfor allt > 0, agy1 = cin?, By =

9 7oL
6277?1 C1 2 3k3 + H and C2 2 3k3 + f m 2

max (k;ff‘7 (c1k)? ,(czk) ) 0< A< mm(273;;2bq7 6£f) and

PALNG ml/Sp)
Lpv/32324150qk202 " 2Lk 77

O<'y§min( we have

1 T
= ZEng(fft» VE(x:),7)|
zrm 2v3M

- T2 T3 (14)
_ F(z1)-F* 9L2 b1 A9 202m!/3
where M = ;c““/kp + k:)\,up AT + e
2 02 62 0.2
%ln(m—kT)

Theorem 4. Suppose the sequence {x;,y;}i_, be gener-
ated from Algorithm 2. When X = R, and given B; =
thd (b > bt > b > O) ne = W, At = 01’17,52,

2 7oL
Biy1 = comf, 1 > 525 + “ and cy > 35 + —5+,m >

max (k3, (c1k)?, (c2k)?), () <A< mm(273;12bq7 6£f) and

AT m1/3p)
Lyv/32324150qk202° 2Lk 77

0<W§min( we have

T

1

LS BV
t=1

T
%Zt—lEIIAtIIQ(Q\/?,M/ml/G 2\/3M’)

— p T1/2 T1/3
(15)
z1)—F* 9L7b o2ml/3
where M' = ”(F(TW)]CF) + k/{ulAQ 2k2qu2 +
22 (24202
7(3”;2) In(m +T).
Remark 2. Without loss of generality, let k = O(1),
b = 0O(1), b = O(1) and P < m P
o) O(1) an Ly/32224150qk202 — 2Lk
3 3 3 8(LkAw)®q*/?
we have m > (k3, (c1k)?, (c2k) ’Lf(32>\2+1l;oq12132)3/2)'
Gi _ PALNG _ PG d
ven L/32X2+150qK2b2 /3222 +150qk2b2 an
A = min (27?f‘2bq, %). Without loss of generality, let
uw < Lif we have A\ = O(bu). When mini-batch size
q = O(1), it is easy to verify that v = O(k73), A = O(u),

c1 = 0(u?), ca = O(L%) and m = O(L?). Then we have
M =O(s*+k+£r2+r*In(m+T)) = O(k
VR-AdaGDA algorithm has a convergence rate of O( oo / - )
Let O(54%) < ¢ e, E|[Gx(xc, VF(we), )l < e or
E|VF(z¢)|| < € we have T < k%573, In Algorithm 2,
we need to compute 4q stochastic gradients to estimate the
partial derivative estimators vy and w; at each iteration,
and need T iterations. Therefore, our VR-AdaGDA algo-
rithm has a gradient complexity of 4q-T = O(k*%¢=3) for
finding an e-stationary point.

3). Thus our

Corollary 1. Under the same conditions of Theorem 2,
. .. . 27ub

given mini-batch size ¢ = O(x") for v > 0 and =% <

our VR-AdaGDA algorithm has

(45-3)e=3) for finding

b . v 16
6L e 4 =K < g
a lower gradient complexity of O (Iﬁ:
an e-stationary point.

Remark 3. Without loss of generality, let v = 1, we have
q = Kk = Ll—j < 811L6fu Thus, we have L; < %. Al-
though the objective function f(x,y) in the minimax prob-
lem (1) maybe not satisfy this condition Ly < %, we
can easily change the original objective function f(x,y)
to a new function f(x, y) = Bf(z,y), 8 > 0. Since
Vf(z,y) = BV f(z,y), the gradient of function f(x,y) is
ﬁ—Lipschitz continuous ( L= BL¢). Thus, we can choose a
suitable parameter [3 to ensure this new objective function

7 . .. > 4
f(z,y) satisfies the condition L = Ly < 3.

5 Experimental Results

In this section, we show the empirical results to vali-
date the efficiency of our algorithms on two tasks: 1)
Policy Evaluation, and 2) Fair Classifier. We compare
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Table 2: Model Architecture for the Policy Evaluation

Layer Type Shape
Fully Connected + tanh 16
Fully Connected 1

Table 3: Model Architecture for the Fair Classifier

Layer Type Shape
Convolution + ReLU 3X3x%x5H
Max Pooling 2x2
Convolution + ReLU 3x3x10
Max Pooling 2 %2

Fully Connected + ReLU 100
Fully Connected + ReLU 3

our algorithms (AdaGDA and VR-AdaGDA) with the ex-
isting state-of-the-art algorithms in Table 1 for solving
nonconvex-strongly-concave minimax problems.

The experiments are run on CPU machines with 2.3 GHz
Intel Core 19 as well as NVIDIA Tesla P40 GPU.

5.1 Policy Evaluation

The first task is to apply a neural network to estimate the
value function in Markov Decision Process (MDP). The
value function Vp(-) is parameterized as a 2-layer neu-
ral network, whose minimax loss function is defined in
(2) given in the Introduction. In the experiment, we gen-
erate 10,000 state-reward pairs for three classic environ-
ments from GYM (Brockman et al., 2016): CartPole-v1,
Acrobat-v1, and MountainCarContinuous-v0. Specifically,
in CartPole-v1, a pole is connected with a cart by a joint.
The goal of CartPole-vl is to keep the pole upright by
adding force to the cart. The system in Acrobot-vl has
two joints and two links. To get the reward, we need
to swing the end of the lower link and make it reach a
given height. In MountainCarContinuous-vO0, the car is on
a one-dimensional track between two “mountains”. The car
needs to drive up to the mountain on the right but the car’s
engine is not strong enough to complete this task without
momentum.

In the MDP, we let the discount factor 7 = 0.95. In our
algorithms, we set v = A = 0.005, and the adaptive matri-
ces A; and B, are generated from (5) and (6) respectively,
where 0 = 0.1 and p = 0.001. In other algorithms, we
set the step-size for updating parameter 6 be 0.005 and the
step-size for w be 0.005. At the same time, in the SREDA
algorithm, we set S; = 10,000 and S; = ¢ = 500. The
batch-sizes for all other methods are 500. In AccMDA
and VR-AdaGDA, ;11 = 12, Bir1 = n?. In AdaGDA,
Qg1 = Nt Pry1 = N InPDAda, B, = By = e =0y =
0.9. In NeAda-AdaGrad (Yang et al., 2022), we utilized
the AdaGrad (Duchi et al., 2011) optimizer in both dual

and prime variables. The step-size is chosen from the set
0.015. To avoid the explosion of adaptive learning rates, we
clip it between (0, 3). The architecture of neural network
for policy evaluation is given in Table 2.

Figure 1 shows the loss vs. epoch of different stochas-
tic methods. From these results, we can observe that our
algorithms outperform the other algorithms, and the VR-
AdaGDA consistently outperforms the AdaGDA.

5.2 Fair Classifier

In the second task, we train a fair classifier by minimizing
the maximum loss over different categories, where we use a
Convolutional Neural Network (CNN) model as classifier.
In the experiment, we use the MNIST, Fashion-MNIST,
and CIFAR-10 datasets as in Nouiehed et al. (2019). Fol-
lowing Nouiehed et al. (2019), we mainly focus on three
categories in each dataset: digital numbers {0, 2, 3} in the
MNIST dataset, and T-shirt/top, Coat and Shirt categories
in the Fashion-MNIST dataset, and airplane, automobile
and bird in the CIFAR10 dataset. Then we train this fair
classifier by solving the following minimax problem:

3
1
i Li(w) — - 217}, 16
minmgs { Y udiw) = olu=31%% 09

where U = {u | u; > 0, Zle u; = 1}, L1, Lo, and
L3 are the cross-entropy loss functions corresponding to
the samples in three different categories. Here ¢ > 0 is
tuning parameter, and u is a weight vector for different loss
functions, and w denotes the parameters of CNN.

In the experiment, we use xavier normal initialization to
CNN layer. In our algorithms, we set v = 0.001 and
A = 0.0001, and the adaptive matrices A; and B, are gen-
erated from (5) and (6) respectively, where o = 0.1 and
p = 0.001. In the other algorithms, we set the step-size
for updating parameter w be 0.001 and step-size for u be
0.0001. At the same time, we set 1, = 0.9 in our algo-
rithms. We run all algorithms for 100 epochs, and then
record the loss value. For SREDA, we set S; = 18,000
and Sy = ¢ = 900. The batch-sizes for all other meth-
ods are 900. For AccMDA and VR-AdaGDA, a; 11 = 72,
ﬂt+1 = 77? For AdaGDA, A1 = M, /Bt+1 = M. For
PDAda, 8, = B¢ = 0. = 1y = 0.9. In NeAda-AdaGrad,
we utilized the AdaGrad optimizer in both dual and prime
variables. The step-size is set as 0.015. Note that for fair
comparison, we do not use the small stepsizes relying on
small e following the original SREDA algorithm, but use
the relatively large stepsizes in the experiments. The archi-
tecture of CNN for policy evaluation is given in Table 3.

Figure 2 plots the loss vs. epoch of different stochastic
methods. From these results, we can see that our algorithms
consistently outperform other related methods.
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(a) CartPole-v1 (b) Acrobat-v1 (¢) MountainCarContinuous-v0
Figure 1: Results of different methods on the policy evaluation task.
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Figure 2: Results of different methods on the fair classifier task.

6 Conclusions

In the paper, we proposed a class of faster adaptive gradient
descent ascent methods for solving the minimax Problem
(1) using unified adaptive matrices for both variables z and
y. In particular, our methods can easily incorporate both the
momentum and variance-reduced techniques. Moreover,
we provided an effective convergence analysis framework
for our proposed methods, and proved that our methods
obtain the best known gradient complexity for finding the
first-order stationary points. The empirical studies on pol-
icy evaluation and fair classifier learning tasks were con-
ducted to validate the efficiency of our new algorithms.
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A Appendix

In this section, we provide the detailed convergence analysis of our algorithms. We first give some useful lemmas.

Given a p-strongly convex function ¥ (z) : X — R, we define a Bregman distance (Censor and Lent, 1981; Censor and Zenios, 1992;
Ghadimi et al., 2016) associated with 1)(x) as follows:

D(z,z) =¢(z) — [w(x) +(Vi(z),z — x)}, Ve, z € X, a7

where X C R? is a closed convex set. Assume h(z) : X — R is a convex and possibly nonsmooth function, we define a generalized
projection problem:

1
zt = argn.leigfl {({z,v) + h(z) + ;D(z,x)}, T € X, (18)
where v € R? and v > 0. Following Ghadimi et al. (2016), we define a generalized gradient as follows:
1 +
gx(x,v,'y):;(x—x ) (19)
Lemma 1. (Lemma I in Ghadimi et al. (2016)) Let ™+ be given in (18). Then we have, for any x € X, v € R* and v > 0,
1
(0,Gx(2,v,7)) > pl| G (a,v,7)||* + 5 [h(z™) = h(x)], (20)

where p > 0 depends on p-strongly convex function ¥ (x).

Based on Lemma 1, let h(x) = 0, we have

(v, G (2,0,7)) > pl|Ga(, 0,7 @1

Lemma 2. (Nesterov, 2018) Assume function f(x) is convex and X is a convex set. ™ € X is the solution of the constrained problem
mingex f(x): if

(Vf(z"),z —x") >0, Vz € X. (22)

where ¥V f (z™) denote the (sub-)gradient of function f(x) at x*.

Lemma 3. (Lin et al., 2020a) Under the above Assumptions 2 and 5, the function F(z) = minyey f(z,y) = f(z,y"(x)) and the
mapping y*(x) = arg maxycy f(z,y) have L-Lipschitz continuous gradient and k-Lipschitz continuous respectively, such as for all
x1,T2 € X

[VF(21) = VF(2)|| < Lllzy — 22ll,  ly" (1) — " (w2) || < &llz1 — 22|, (23)
where L = Ly(1+4 k) and k = Ly /p.
Lemma 4. For independent random variables {&; };—, with zero mean, we have E|| 2 3" &[> = LE||&]|? for any i € [n].
Lemma 5. Suppose the sequence {x+, yt}thl be generated from Algorithms 1 or 2. Let0 < ny < land (0 < v < #m’ we have

< 2fnycnt

* 2 ~
F(211) = F(a1) ly”Gee) = well® + =LV f o) = well* = S fers = 24)

where L = L¢(1 + k).

Proof. According to the above Lemma 3, the function F'(x) has L-Lipschitz continuous gradient. Then we have

L
F(ze) < Fa) +(VE(@1), 21 — 20) + S|z — o4 |?
B ~ L7712 ~ 2
= F(ze) + m(VF (), Tep1 — @) + —=[|Ze41 — 24|
o ~ ~ L77t2 ~ 2
= F(ze) +1e 06, Te1 — @)+ (VE (@) — 0, Tegr — ) +=7 [[Tea — a7, (25)

=T =Ts

where the first equality holds by x¢11 = x¢ + 7t (Te41 — T4)-
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According to Assumption 4, i.e., A; = plg, for any t > 1, the function ¢ () = x¥ Az is p-strongly convex. By using the above
Lemma 1 to the line 5 of Algorithm 1 or 2, we have

1

(e, ;(xt —Ti41)) > PH%(% — Z41)||* = (ve, Fegr — m) < —§\|5€t+1 — x| (26)
Then we obtain
Ty = (s, Grg1 — 21) < —guml — z|% @7
Next, we decompose the term T2 = (VF(x¢) — v¢, Te41 — x4 ) as follows:
To = (VF(xt) — vt, Te41 — Tt)
= (VF(@:) = Vo f(@e,y), Lrr1 — @) + (Vo f (20, 1) — v1, Tepr — a) - (28)
=Ty =Ty

For the term 73, by the Cauchy-Schwarz inequality and Young’s inequality, we have

T3 = (VF(xt) — Vo f(re,yt), Tea1 — )

SNIVE(xe) = Vaf(@e,yo)ll - [[Zea1 — x|
2 .
< DNVF@e) = Vaf o y)l? + L de — )
p 8y
2 . -
= gnvxf(xt,y (@) = Vaf (e, 50> + %me — x|
2vL3 .
< T2 iy (@) — el + %thﬂ —z?, (29)

where the second inequality is due to the inequality (a, b) < %|al|* 4+ 5 [|b]|* with v = 477, and the last inequality holds by Assumption
5. For the term 75, similarly, we have

T, = <fo(33t7yt) — V¢, Te41 — CCt)

< |\ Vaf(ze,ye) — vel - [|Tee1 — 2]
2 .
< NVof(@eye) = vel? + l|Fer — el (30)
p 8y
Thus, we have
yL2 2 N
Ty = 2y (@) — wel® + %uvxf(xt,yg — vl + %nxm — 2. 31)

Finally, combining the inequalities (25), (27) with (31), we have

PN || ~ 2 27Lff77t * 2, 2y 2
F(2i41) < Fw) — 7||l’t+1 —x]|” + ——— |y (@) — yell” + T||sz($t7yt) — vl
2
2 s =l 4+ S s — e
2yL> . 2 N
< Flae) + =Ty @) = el 4 LIV oy — ol = G @ — ), (32)

where the last inequality is due to 0 < v < 5 me .

O

Lemma 6. Suppose the sequence {4, yt}zzl be generated from Algorithm 1 or 2 . Under the above Assumptions, given B; =

belg, (be >b>0)forallt >1,0<n <land0 <\ < % < GbT‘f,wehave

* )\ * 3 ~
lyerr =y @) 12 < (1= 22 1y — 5™ @)1 = 22 Gerr — yel|?
4b; 4
251\ 25121,y

+ IV f(@e, ) — wel|” + o1 — ze]%, (33)

6ube 6u

where k = Ly /.
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Proof. According to Assumption 2, i.e., the function f(z,y) is u-strongly concave w.r.t y, we have

f(xhy) S f(CUt,yt) + <Vyf($t,yt)7y - yt> - %Hy - ytH2
= f(@e,ye) + (we, y — Ger1) + (Vo f (T, ¥) — we, ¥ — Get1)
HAVy f(Te,ye), Get1 — ye) — gHy — el

According to Assumption 5, i.e., the function f(zx,y) is L¢-smooth, we have

Ly, . N _
*7f\|yt+1 —uell® < F(@e Gerr) = F@eye) — (Vo f (@, ye), Grn — ).
Summing up the about inequalities (34) with (35), we have

F(@e,y) < (@, Ger1) + (we, y — Get1) + (Vo f (26, y¢) — we, y — Ge1)

- B e —
2||y yell” + 5 lGes1 — yell”
By the optimality of the line 6 of Algorithm 1 or 2 and B; = b;14,, we have

by . .
(—w: + Xt(yu—l — Y)Yy — Ge41) 20, Vye€y

where the above inequality holds by Lemma 2. Then we obtain

(we, Y — Gey1) < S (be(Ger1 — Ye), Y — Geg1)
. - 1 -
(bt (Fe+1 — Yt ), Yt — Yet1) + X<bt(yt+1 — Y)Y — Yt

Sl = ] =

be

be - 2 -
)\||yt+1 Y| +)\<yt+1 Yt Y — Yt)-

By plugging the inequalities (38) into (36), we have

be

\ (Gt+1 — yt, ¥ — ye) (Vi [(Te,yt) — we, y — Geg1)

(e, y) < foe, Getr) +
by - 2 M 2 Ly, 2
)\||yt+1 el 2HZ/ yell” + 5 1Fe+1 — well ™
Let y = y*(x+) and we obtain

b

\ (Ge1 = Y,y (2e) = ye) (Vo f(@e,y) — we, y" (T4) = Geg1)

flae,y™ (@) < fl@e, Gegr) +
be |\~ 2 Moo« 2 Lf ~ 2
g = well” = Slly™ (@) = well™ + S0 — well™
Due to the concavity of f(-,y) and y*(z:) = arg maxyey f(x¢,y), we have f(z¢,y" (x+)) > f(x¢, Je+1). Thus, we obtain

b ~ * * ~
0< f(ytﬁ—l =Y,y () — o) + (Vo f (@, v) — we, y" (2) — Get1)

be - T Ly, .
- thlym = well® = Slly" (@) — wel® + Tfl\ym — el

By yi+1 = yt + ne(Yer1 — ye), we have

lyes1 =y (@)l = lye + e @esr — ye) — " ()]
= llye — y* (@)1 + 20¢Gesr — ye,ye — y* (o)) + 07 [ Ger — ye|-

Then we obtain

~ X 1 « - 1 X
(Gt = ey @) =) < gl =y @O+ F e =l = e =y @Ol

(34)

(35)

(36)

(37

(38)

(39)

(40)

(41)

42)

43)



AdaGDA: Faster Adaptive Gradient Descent Ascent Methods for Minimax Optimization

Considering the upper bound of the term (V, f (¢, y¢) — we, Y™ (x¢) — Jey1), we have

<Vyf(xt, yt) - wt,y*(xt) — Jt+1)
= (Vyf(@e,ye) —we,y" (@) — ye) + (Vo f (@6, Ye) — we, Yo — Yes1)

1 . 1 -
< ;Hvyf(xt,yt) —we|* + %Hy (ze) — el + ;IIVyf(wt,yt) —wel* + %Ilyt — Ge|?

2 * .
= IV o) = wd + Gl ) = el + e = G . (“4)

By plugging the inequalities (43) and (44) into (41), we obtain

bs N 9 by m » nebe by op Ly 2
ot _ < _FE _ vt 2t it
27]t)“|yt+1 Y (z)]I” < (Qnt)\ 4)||yt v (@) + ( oy T TaT )||yt+1 el (45)
2
+ ;”Vyf(l’tyyt) — wy?
b 3L
(27;)\ %)Ilyt v (z)))* + (Tf - *)Hytﬂ — el *||Vyf(l“t,yt) — we||?
bt B a2 (30t b BLpyyo 2
(277t>\ 4)||yz Y (z) | (8>\ tey T 1 Mger1 — el

2
+ m IV y f (e, ye) — wel|

b N 3b: 2
< (277:/\ - %)Hyt —y (@) - 87>f||yt+l — e+ ;”Vyf(mt,yt) — we|?%,

where the second inequality holds by Ly > pand 0 < 7¢ < 1, and the last inequality is due to 0 < A < 57— Lf <3 L
implies that

47]t

. A 30t ~
lyess = @)l* < (0= B 2)llye = v @) I* = e = well* + =521V f (e ) — wel® (46)

Next, we decompose the term ||y;+1 — y* (z¢+1)||* as follows:

lyes1 — v (@) ||? = llyerr — y* (o) + ¥ (20) — ¥ (eg1) ||
= llyesr — ¥ @0)|1? + 2(yer1 — ¥ (@), ¥ () — ¥ (@e41)) + [y (@) — y* (@es1) ||

* 4b *
< 0+ B s =" @)1+ (14 2l ) = o )l
« 4b
< (1 + T s =y @0l + (14 e = e, “7)

where the first inequality holds by Cauchy-Schwarz inequality and Young’s inequality, and the second inequality is due to Lemma 3, and
the last equality holds by z:4+1 = @t + 0t (Te41 — x4).

By combining the above inequalities (46) and (47), we have

A )\ A3
T )(1_ ntﬂ Hyt —y (-Tt)H2_ (1 Tt b ) ’r]i

4b,

lyerr — " (er)||” < (1 + 4, b, [Ge+1 — well®
A4 4b
++ T e 2190 (e ye) = wel (1+W3>n2||xt—wt+l||2- (48)

< b’ andn, <1< b’ . Then we obtain

Since 0 <m < 1,0 <A < = ande>,LL,

1A 1A MepA | nepA PN 1A
1 1— =1- - <1- 4
(4 0= 5, 2, b, 82 =T b “49)
Ne A | 3n¢ 3N
_ L i
(1+ Ab, ) S (50)
NepA | Ane A 1 4n A 25m
1 1 = 1
(+ 50 S (L 5p== = 50, 1)
2 2 2
(1 + 4bt )K/g S K bt 4K bt _ 25K bt (52)

NepA 6mcpX — mepA  GnepA’
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where the second last inequality is due to % < %and the last inequality holds by 6 - > L Thus, we have
X A _
lyess =y @) P < (0= ) llwe " (a:t>||2—%nyt+1—yt||2
257775 o 25K%b: 2
\V4 —
+ by [V f(@e, ye) — we|” + Y lzer1 — a4
A 3¢ ~
= (1= T e =" @) = lgess = well
4
25 25K by |
+ m I\Vyf(a:t,yt) wt||2+ﬁ||xt+l—$t”2, (53)

where the equality holds by z¢11 = @t + 17 (Z441 — :ct).

A.1 Convergence Analysis of the AdaGDA Algorithm

In this subsection, we study the convergence properties of our AdaGDA algorithm for solving the minimax problem (1). We first give a
useful Lemma for the gradient estimators.
Lemma 7. Assume that the stochastic partial derivatives vi+1 and w41 be generated from Algorithm 1, we have

2 2
« o
E|Vaf (@1, yee1) — vesa]* < (1= oo ) B Ve f (e, 50) — v %
2L>2
1 25 s~ P 4 Bl — ),
Q41
2 2 5?-4-102
EVyf(@it1,Ye+1) — w1 [|” < (1 = Ber1)BIVy f (e, y2) — wi||” + ———
21>
I (s — a4 Ellgess — wil?).
Bt+1

Proof. We first consider the term E|| V. f (241, Ye41) — vet1 ]|, Since vey1 = i1 Ve f (Te1, Yer1; Bev1) + (1 — qu1)ve, we have

E(|Vaf(zis1, yes1) — vega|? (54)

=E||Vaf(zer1,ye1) — g1 Va f(@ea1, yea1; Berr) — (1 — augr)oe?
=Ellar+1(Vef(@er1,ye+1) — Vo f (@11, Yer1; Ber1)) + (1 — w1 (Vo f (2, ye) — ve)

+ (1= 1) (Vaf (@en, ye1) — Vaf (@, y0)) |12

=E[|(1 — ar1)(Vaf (e, ye) —ve) + (1 — ceg1) (Vaf (@1, yer1) — Vaf (e, 3)) I
+ ai BV f (@es1, yer1) — Vaf (@es1, yegr; Begr) |2

< (1= )’ (1 4+ BV e, eer) = Ve (o)

+ (1= 1)’ (1 + aer )E|Va f (e, ye) — vel|> + @t 1B Ve f (@41, Yes1) — Vo f (@es1, Yes1; Besr) ||

1 aipi0°

< (1= s )E[| Ve f (e, 90) — vel* + 7]E||fo(a:z+1,yt+1) — Vo f (e, y0)lI” + %
2L a2 0_2

< (1= )El|Vaf (e, ye) — oil|* + af"t (BllZee1 = 2l + Bllgees - gel®) + ===,

where the third equality is due to Es, ,, [V f(2¢11, ye11; Ber1)] = Vf(2411, ye11); the second last inequality holds by 0 < a1 < 1
such that (1 — at+1)2(1 —+ Oét+1) =1- Q1 — Oé?_,_l -+ Oé?+1 <1- Q1 and (1 — Oét+1) (1 + at+1) < (1 — at+1)(1 + at+1) =
, and the last inequality holds by Assumption 5 and zt+1 = T+ — Nt (Te41 — Tt), Ye+1 = Yt — e (Te+1 — Ye)-

_atJrl + at+1 - O‘t 1

Similarly, we have

2 2
E|V,yf @, pes1) — wern |2 < (1= Bern)EIIVy F(@e, ge) — wi]]? + 21
2L%n? ~ -
T (E||Z g1 — @el|” + EllFers — well?). (55)
/Bt+1
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Theorem 5. (Restatement of Theorem 1) Assume that the sequence {:ct,yt}thl be generated from the Algorithm 1. When

X C R, and given By = b, (l; > b > b > 0)forallt > 1, ns = W for all t > 0, ay1 =
L2
cany Beyr = compe, m > max (K%, (c1k)?, (c2k)?), k > 0, # < ca < mlk/2, %Tf < e < %/2, 0 < v <

2 3/2
405bL% p3/ b

8,/50L23+ou2’ 6Ly

min ( 15v22u?p ml/Z”) and 0 < X < min (

— - , we have
2\/400L},\2+24H2>\2+16875b2m2L}u2 7 4Lk )

T

1 2V/3Gm'Y*  2V3G

7 D2 BlGa (e, VE () )l < = 5— + s (56)
t=1

_F* 9b; L2 A2 2 2
where G = F(zklﬂ)WF + kl)\ufpzl + q,f:zpz + qizgpz In(m + T) and AT = [ly1 — y* (a1)||*.

. . . 1/2
Proof. Since ny = W on t is decreasing and m > k2, we have 1, < 1o = # < landy < %78 < 5 < 3£ for any
t>0.Dueto0 < n < 1landm > (clk)Q, we have aey1 = cime < WCL}% < 1. Similarly, due to m > (czk)2, we have Bi11 < 1. At

. 1/2 .
the same time, we have c1, ca2 < ’”T According to Lemma 7, we have

E|[Vaf (@i, yei1) — ve|? = EIVaf (@, 1) — vel| (57
2 2
N _ af 0
< —u 1 E||\Vaf (e, ye) — ve]|* + 2Lfcnt2/at+1E(H;ptH — 2|+ ||Ger — yt||2) n t+ql
2 2 2 2 0%7715202
= =Bl Vaf (e, ye) — vell® + 2L/ B([|Ze1 — ze|” + |Ge1 — well”) + —
92 82 ~ } mn2o?
< =R, fwe ) — wel? + LB (T — w4 (G0 — vel?) + T
4 I k2q
. . o ou2 ml/2 Q.. . 75L%
where the above equality holds by a;+1 = ci17:, and the last inequality is due to “4~ < ¢; < ™—. Similarly, given —Z < ¢z <
%m,wehave
E|Vyf(zr1,ye1) — wer || — B[ Vy f(2e,ye) — we]? (58)
75L7 4 : ) mn2o?
< =~ VRV, fae ) — wl + SR E(Fe — 2ol + e — will?) + T
2 75 k2q
According to Lemma 5, we have
2vL3 . 2 -
Fzis1) — F(zy) < %Hy (@) — well? + %Hvzf(mhyt) - ’;—Ztuxm .t (59)
According to Lemma 6, we have
* 2 * 2 Wtﬂ)\ * 2 377t ~ 2
lye+r =y (@er)I” = lye =y (ze)I” < — 1b, lye =y (@e)l|” — THUH—I — Yl (60)
25m: A o 25KZmby 2
+ Gube Vyf(we,ye) — wel|” + )y [ Ze41 — 2"

Next, we define a Lyapunov function, for any ¢ > 1

9by L3y
App

Q =E[F(z:) + lye —y* (o) ||I” + #(vaf(l’z,yt) —ve|® + IV f (e, ) — wel?)].
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Then we have

Qi1 — Oy

9thfc’y
Ap

—E(|Vaf(@e,y0) — vel|* + B Vy f (@i, ye41) — we || — B Vy f (@0, 90) — wi?)

=E[F(zi11) — F(ze)] + (Ellyerr — " (@er)1? = Ellye — " () I°) + # (ENVaf(@es1, yer1) — vesa )

2vL% . 9 )
< %E\Iy () = wel* + WTmE”V“ P ) — vl = PR F 0 — 2]

2y

9 L3y A 3 3 25

" ( BBy =" @I = 2Bl — el + GBIV ) =

25/‘627)tbt - 2 v 9# Nt 2 8Lf77t . 2 - 2
+76/~M El|lZ+1 — x4 +7PM2 RV f(ze,y:) — ve||” + 9.2 E([|#41 — e|I” + [|Ge1 — well”)

2 2
mn; o 75L% Nt 4 - - mn; o
:;q f E||Vyf(ze, ye) — wt\|2+%1E(||xt+1—xt|\2+|lyt+1—yt\|2)+ qu )

p 8L}y 4~ 225b7 k> L3y

_ e 2 2 -~ 2
T4y (L3Ellye — y" (x> + EIVa f (@, y0) — vel?) — (% T Ot T GiEaZp YE|Zer1 — a|

27, L%y  8L%y 4 5 2myo?
—( L =l i 0Bl Gesr — yell® + 72 n
AApp 9pu*  Topp k*pp2q
2m
< =gy (LBl = " @) + BIVaf (o y) = onl*) = B — el + kgpijm, (61)

where the first inequality holds by the above inequalities (57), (58), (59) and (60); the last inequality is due to 0 < v <
405bL§u3/2 405th§#3/2

15v22u2p < 15v22u2p < >
2\/400L§>\2+24#2A2+1687582H2L§M2 - 2\/400L?)\2+24u2A2+16875bf;42L?,u2 and 0 < A < 8\/50L}+9M2 - 8\/50L§+9,u2 forallt = 1.
Then we have
L? Q-0 2mo>
f77t P — Qgr) | 2mo” o
El|y: — ]E Va - — < . 62
lye = y* (@e)|1> + LB Va f (e, 30) — ve|> + 7 x|? 5 K2 (62)
Taking average overt = 1,2,--- , T on both sides of (62), we have
L} pone

E[{Tmﬂyt - y*(fﬂt)”Q + %Hvzf(fﬂtayt) - Ut\|2 + 472 |Ze41 — fft||2]

NE

1
T

Il
—

t

T
Q-0 1 2mo?
(S — Quy1) L1 mo” 2 63)

T~ T~ kQ,qun

M~

-
Il
-

Given 71 € X, 31 € YV and A = |jy1 — y*(21)]|%, we have

9b1L2")/ %
Q= Fon) + = ol =y @) + 5 EIVa S @1 0) = ol + BNV f (@) - )

9 LAyAT 2402
LAY | wz, (64)
App qpp

< F(z1) +

where the above inequality holds by Assumption 1.
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Since 7 is decreasing on ¢, i.e., 17;1 > nt_l forany 0 <t < T, we have

1 2
Z nyt—Z/ (xt)HQ+Z||sz(~’6t,yt)—”t\|2 1 LN —ae)?]

o 1 o 2mo?
< -0 ;
< T’W? ; t+1 T77T — kzuzqnt
T 2
P 9b1Lf’yA1 2vo? » 1 2mo? o
< F(z1) + + —F) 4+ —
T WT( () Aup qpp? ) Tor 2~ k2u2q "
< P(F(x1) — F7) 9by L3 AT 20 N 2mo? g2 o
- Tynr AunrT qpPneT  nrTk*p?q J; m+t
—F*) 90 L3A3 2 2
p(F(z1) — F7) 1L7 A7 220 N 2ma2 In(m + T)
Tynr AunrT quPnrT — nrTu?q
p(F(z1) — F*)  91L3AT 202  2mo? (m 4+ T)Y?
= 1 T)|—— 65
( iy + A e + e n(m+T) T , (65)
here th d inequality holds by the above inequality (64). Let G = F@D=F" | 9 LiAT 2mg? ) T
where the second inequality holds by the above inequality (64). Le = Tvp + Tanp2 + qku p2 + TknZp? n(er )
have
d 1 1 G
2, 1/2
; 2||y (ze) — yel” + 17 Vo f (e, ye) — vell” + e &1 — @] < f(m'f‘T) . (66)
According to Jensen’s inequality, we have
S B[y () — il + 2 V2 f e ) — el + 2 s — ]
Tt: 2 Y (Tt Yt 2 x ty Yt t 2y t+1 t
3 <& 1 1/2
< (fz Ly (@) = wel® tiz HV f(@e,ye) — Ut|\2+w|\5@t+1 —ﬂft|\2]>
t=1
. V3G e V3G \/3G
S pipmt D) S —rn—t (67)
where the last inequality is due to (a + b)'/* < a'/* + b'/* for all a, b > 0. Thus, we have
T
1 1. 3Gm'*  2v3G
Z Lr ly™ (ze) — el + ;IIsz(xt,yt) — el + ;||93z+1 —zfl] < Ti/2 Ti/a (68)

Let ¢¢(z) = %a:TAtm, according to Assumption 4, ¢;(x) is p-strongly convex. Then we define a prox-function (i.e., Bregman distance)
associated with ¢+ (z) as in Censor and Lent (1981); Censor and Zenios (1992); Ghadimi et al. (2016), defined as

1
Di(w, ) = ¢1(x) = [$e(xe) + (Vr(ze), @ —24)] = 5 (2 = 2)" A — z0). (69)
The line 5 of Algorithms 1 is equivalent to the following generalized projection problem
~ . 1
Fyr1 = arg 5%1;(1 {(vt,x) + ;Dt(x,;r:t)}. (70)

As in Ghadimi et al. (2016), we define a generalized projected gradient G (¢, ve,y) = %(xt — Zy41). At the same time, we define a

gradient mapping Gx (¢, VF(x+),7) = = (¢ — x{11), where
* . 1
Tiyl :arg;rg}{(VF(mt),a:)—i— ;Dt(x,azz)}. (71

Since F(z;) = f(x¢,y"(2¢)) = minyey f(z¢,y), by Assumption 5, we have

IVF(ze) — ve|| = [[Vaf(ze,y" (1)) — ve]
= [|Vaf(ze,y"(2¢)) = Vaf(ze,y¢) + Vo f (e, yt) — ve|
<|Vaf(e,y™(2) = Vaf(@e, yo)ll + |Vaf(ze, ye) — ve|
< Lylly™(ze) — yell + ([ Ve f (e, ye) — vel|- (72)
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According to Proposition 1 in Ghadimi et al. (2016), we have ||Gx (@, VF(xt),7) — Gx (zt,ve,7)|| < %Hvt — VF(z)|. Let

M = Zlze = Feqall + 5 (Lelly™ (@) = yell + [V f (22, ye) — ve]), we have
ng(xt7VF(xt)7fY)|| S ||gX($i7'Ut7’Y)|| + ng(xh VF(LKt),’Y) - gX(xt/Uth)H (73)
< G ve )+ SIVF(@) — vl

IA

;let — Tl + — (Lflly (@) = yell + IV f (2o, 50) —ve]]) = Mo,

where the second inequality holds by the above inequality |V E (z¢) — ve|| < Ly|ly™(x¢) — yell + | Vo f (ze, ye) — ve]|

According to the above inequalities (73) and (68), we have

T

T 1/4
1 1 2v/3Gm 2vV3G
f ;Engé\f(iﬁt,VF(xt):’Y)H S T ;E[Mt] S T1/2 T1/4 . (74)
([

Theorem 6. (Restatement of Theorem 2) Assume that the sequence {x:,y:}i—, be generated from the Algorithm 1. When

X = RY, and given By = byl (13 > by > b > 0) foralt > 1, n 7<m+'z)1/2 for all t > 0, ary1 =
2
ey Biyr = come, m > max (K2, (c1k)?, (c2k)?), k > 0, % < a < %/2 752Lf < e < m;/z, 0 < v <
i 15v/22u%p m!/2p < i (A0LF2
mm(2\/4001:2)\2+24u2>\2+16875b2x21:§ 5 “aze”) and 0 < A _mm(&/soL?er ’6Lf)’we have
T 1T 2
1 T 21 El A 793G 23GY
TZ]E”VF(«’W)”S o T1/2 + T1/4 ) (73)
t=1
F(z1)—F* 9b1 L3 A3 mo
where G = £4 (,iﬂ)/ ) 1k/\fu L4 q,wz 2¢1ku In(m +T).

Proof. Since F(x:) = f(x+,y" (z¢)) = mingey f(x¢,y), we have

IVF(x:) = ve|l = IVaf (e, y" (20) — vell = [[Vaf (xe,y™ (20)) = Vaf (26, ye) + Vo f (e, ye) — vel]
SNV f (e, y™ () = Vaf(@e, ye) | + | Vaf (e, ye) — vel
< Lelly™(we) — yell + [V f (e, ye) — ve|- (76)

Then we have
1 5 1 .
My = ;th = Tl + ;(Lny (@) = yel| + Ve (e, ye) — ve]])
1 - 1
> *th — Zpa || + ;HVF(J%) — v
1
DA vl + fHVF(:I;t) — |

= |HA75H||At Ut\H*HVF(ﬂ%)—vtII

HA\
> Fz) —
> ol + SIVFG) = wl
Dl + [ VE() - vl
— ||V —_— T —
1A IV E @) =
> ——||VF(x a7

where the equality (¢) holds by Z;41 = x; — vA; "v; that can be easily obtained from the line 5 of Algorithm 1 when X = R%, and
the inequality (¢7) holds by ||A¢|| > p forall ¢ > 1 due to Assumption 4. Then we have

IVE(ze)[| < M| Al (78)
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By using Cauchy-Schwarz inequality, we have

T T T T
1 1 1 1
7 2 EIVF@)| < 7 D E[MillAd] < \| 5 D EIME] | 7 D Bl A2, (79)
t=1 t=1 t=1 t=1
According to the above inequality (66) and M; = %Hmt — T || + %(Lny* (x1) = el + | Vaf(ze,ye) — vel|), we have
T T 2
1 1 3L . 3 3=
= O EM] < 23T [y @) — well® + 5 11Vaf @e, ye) = vel® + S5 1Fers — )]
r= r="r P v
< %(erT)l/?. (80)
T
By combining the above inequalities (79) and (80), we have
1
7 2 EIVF(z)| < (81)
t=1
, 21)— F* 9by L2 A2 2 o2
Let G' = p>G = 2 ,x ) lmf# S+ 2+ 2 In(m + T), we have
T 1 T 2
1 VT 2= Bl r2v3GTm Y4 2v3E
T ;]EHVF(xt)H < P ( Tzt i ) (82)
O

A.2 Convergence Analysis of the VR-AdaGDA Algorithm
In the subsection, we study the convergence properties of the VR-AdaGDA algorithm for solving the minimax problem (1). We first

provide a useful lemma.
Lemma 8. Suppose the stochastic gradients vy and w; be generated from Algorithm 2, we have

202, 02
E|Vaf(zir1,yir1) —ves1 ) < (1 — e ))E| Vo f(@e, ye) — ve]|* + —H
4L2 2
= E(|Ee+1 = @el|® + [Fe1 — vell?), (83)
2 2 2ﬁ1:2+102
E[Vyf(ze41,ye41) — werrl]” < (1= Bes)EVy f(me, ye) — wel|” + ———
AL2n¢ B
2B (|1 — 2ell® + |G — ell). (84)
Proof. We first prove the inequality (83). According to the definition of v; in Algorithm 2, we have
Vegr — v = — a1 + (1= 1) (Ve f(@es1, Yes1; Bira) — Vaf (e, ye; Biga))
(85)

+ 41 Va f(Teg1, Yet1; Bet1).
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Then we have

E(| Vo f (@41, yer1) — vega |
= B[V f(@es1,ye41) — v = (ve1 — v0) || 86)
=E||Vaf(Tit1,yt+1) — ¢ + @410 — @41 Ve f (@eg1, Yeg1; Begr) — (1 — at+1)(vzf(xt+1,yt+1; Bii1)

- sz(wt,yt;BtH))HQ
=E[[(1 - ar+1)(Vaf(ze,ye) = ve) + (1 = ae1) (Vo f(@er1, yer1) = Vaf (20,90) = Vo f (@1, Yeer; Bera)

+ Vaf (@, ye; Bir1)) + a1 (Vo f (@1, ye1) — Vo f (@1, yeg1; Bey)) 12
= (1 — 1) E||Vaf(ze, y) — vil|* + 0t 1Bl Vaf @1, yer1) — Vaf (ert, yern; Bes)|)?

+ (1 = ars1)°E||Vaf (@1, yer1) — Vaf (@6, ye) — Vaf (@err, yer1; Ber1) + Vaf (e, ye; Beyr) ||

+ 2041 (1 — 1) (Vo f (@1, yer1) — Vaf (@, y) — Vo f (@er1, yer1; Bigr) + Vaf (2, ye; Bey),

sz($t+1, yt+1) - sz(wt+1, Yt41; Bt+1)>

< (1= ) ’E||Va f (e, ye) — vel|* + 205 1B Vi f (i1, yer1) — Vaf @ert, yern; Bev)|)?

+2(1 = 1) B Ve f (@41, Yer1) — Ve f (@6, ye) — Vaf (o1, Yorr; Ber1) + Vo f (e, ye; Beyr) ||
< (1= 1) ’E|Vaf (2, y:) — ve]|* + M
M B Vaf (o1, Yet1; Er1) — Vo f (e, ye; Eev1) |7,

=T

+

where the fourth equality follows by Es, [V f(zit1,ye41;Biy1)] = Vaf(Tey1,yer1) and Eg, | [Va f (Te41, Yer1; Bey1) —
Vaf(xt,yt; Bi+1)] = Vaf(@e41,ye41) — Vo f(x+, ye); the first inequality holds by Young’s inequality; the last inequality is due
to Lemma 4 and Assumption 1.

According to Assumption 6, we have

Ty = E||Vaf (@e11,yes15€41) — Vo f (22, yt;£t+1)H2
=E||Vaf (@1, yer15641) — Vo f (e, Yeg1; &41) + Vaf (@0, ye113 &11) — Vaf (2, yt;ftﬂ)H2
< QL?‘EHItJrl — x| + 2L§-Ellyt+1 — el
= 2L} B||Ze1 — xe||? + 20507 Bl|Ger — we]l*. 87

Plugging the above inequality (87) into (86), we obtain

2 2
20410

E|Vaf (@1, yer1) — vepr|* < (1= o1’ B[ Va f (e, ye) — vl + .

4(1 — 1)’ Lin? - .
b IR (| F e — @l + Gerr — well?)

202, 02
< (1= a1)E|Va fae, ye) — ve|)® + —FH—

4L2 2
+ =L E(l|Ze41 — zell® + Fesr — well®), (88)

where the last inequality holds by 0 < a1 < 1.

Similarly, we have

2 2 0_2
EIVyf @, pess) — wern|® < (1= Bes)EIVy £ (xer o) — wel® + %
4L2 2
+ IR (g — ) + e — well?). (89)

O

Theorem 7. (Restatement of Theorem 3) Suppose the sequence {xy, yt}thl be generated from Algorithm 2. When X C R%, and

; P k 2 ou? 2 T5LG
given By = bilg, (b > b >b>0), n = Trnise k. = ang, Biyr = cani, &1 > 505 + 4= and ¢ > 55 + — L,
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. 27ub . A 1/3
m > max (kg, (clk)g, (czk)3), 0 < A < min (%, %) and 0 < v < min (Lf\/32/))\2‘:»£0qn2527 mQLkp), we have

T
1 2V3Mm'Y®  2v3M
fZEIIQx(wt,VF(m),v)IIS T T T

(90)
t=1
F —_* 9L2%b 2 1/3 2k2 2+2 2
where M = LGOI 4 U A3y 2gmm b g 2ELG LRI In(m 4 T) and A% = ||ys — y” (21)]|%
1/3
Proof. Since 7; is decreasing and m > k3, we have n; < 19 = m’f/s <land~vy < 2Lpno = ";T/k” < Tlm for any ¢ > 0. Due to

0 <ne < landm > max ((c1k)?, (c2k)?), we have i = c1mi < eame < T;}% <land B = coni < come < ;?fs < 1. Then we
consider the upper bound of the following term:

1 1
—E|Vaf(@er1,ye41) — vepal|” — ——E[| Ve f (e, ye) — vel? on
e Nt—1

1—« 1 4L3n - ~ 202, 02
< (5 = ORIV f(anw) = oelP IR (e = @l G - wl?) + =0

Up Nt—1 ) qn

1 42y - - 262t o?
=(—- — cime)El|Vaf(ze,ye) — vell” + —L B (|Eee1 — 2el|® + [Gerr — vell”) +

e Me—1 ) q

where the second inequality is due to 0 < ;41 < 1. Similarly, we have

1 2 1 2
—E[Vy f(zir1, ye1) = winal]” = ——E[[Vy f(ze, y0) — wil 92)
Uiz Nt—1

1 1 4L2n; - - 262t o2
< (E T comn) B[V f (e, y0) — wel|* + TfE(Ha:tH — |+ [[Ges1 — wel?) + %

By n: = W, we have

1 1 1 1 1
— — =—((m+t)2 —(m+t—-1)3
e ma k(( )= ( )?)
1 92/3
T 3k(m+t =127 gp(2m 4+t — 1))*°
92/3 92/3 12 92/3 9

S SR+ 028 3K (ma )2 3 S g (93)

where the first inequality holds by the concavity of function f(z) = /3 ie., (z+ Y3 <23 4 305%/3 and the last inequality is
dueto 0 < m < 1.

2
Letc; > % + 9%, we have

%Euvxf(xt-‘rl:yt-i—l) — v |® - U%Ellvxf(:ct,yt) — vl 94)
< —Q“T%Envzf(xt,yn —ull* + %%E(Hm = + 1gen —well®) + %
Letco > % + %L?, we have
1 2 1 2
EEHVyf(%%layH-l) — wett]|” — E]EHvyf(xt,yt) — we| ©5)
<~ P19, e ) — il + B (s s — wl?) + 220

According to Lemma 5, we have

2yLine . 2 29m > PNy~ 2
F(2i41) — F(x) < THZJ () — yell” + T|\sz($t7yt) — v Zﬂxtﬂ — x| (96)
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According to Lemma 6, we have

* * )\ * 3 ~
lyess = v @) = llye = v @OI* < == llve =" @I = - les = well
2577t 2 25/{277,51% - 2
—_— - . 97
+ Gube IV f(@e, ye) — we| 6 Ze41 — el o7
Next, we define a Lyapunov function, for any ¢t > 1
9vL3b .

®; = E[F(x) + Z»\L e =y @)l” + W(ﬂ — Ve f (e, ye) — v + THV uf (@e,ye) — wel|*)]. (98)
Then we have
(bt+1 - (bt

9yL7b: v

* * 1
=E[F(zi11) — F(at)]+ (Ellyer1 — v (@esn) |I*—Ellye — y (mt)”Q)‘i’W (aE”vzf(mtJrhytH) — v |

PAR

1 1 1
E|Vaf(ze,ye) — vel|” + —E|Vyf(zis1, yes1) — wera||* — —E[|Vy f(ze,y¢) — we|?)
Nt—1 Nt Nt—1
2y L2 . 2 _
< IRy @) = yell® + LBV f (@, ye) — vell? — ELE|#er — e
p P ot
9’yL?bt ntu)\ 2577,5 2 255277tbt 2
Elly: — . IE - E 2R MOt g,y —
By lye — y* (zo)||? Ges1 — yel”+ IV f (e, ye) — wel| "+ ) |Ze41 — ¢l
9 4~ L3 5 5 2veZndo?
- ””tEnvxf(xt,ya —u® + L ”tw:(uxm P e — w?) + 2
4p pEq g
75L%y o, WL 2 2 2ycsnio”
- E|lVyf(zt,y:) —we||” + ——E(|Ze41 — x¢]|” + |41 — ¥ + =
S (IVy f (e, y:) — wel g ([ el + [|Ge+ +l1”) pEr
2 2 3 2 2.3 2
yLyn X 2 ’Y77t 2 | 2vcinio 2ycanyo
< ———E|ly () — v IE Vaof(xe,ye) — v
LBy (20) = il = BNV (o) — ol + D 2
27by L} 8vLF 2, p 8L} T5yLiR%b} 2
Y bt e R Elliipes — _ (£ EllZe: —
( Y puzq)m [Ft+1 — Yetr | (27 per TSI JE(|Zer1 — x|
2 2.3 2 2 3 2
YLENE L s 1vEnia?  2vddndo
<~ IRy (20) — el ~ ”’“Euv Pl ye) = vl = EBIFe — w4+ = T S (99)
4p pH2q pr2q

where the first inequality holds by the above inequalities (94), (95), (96) and (97); the last inequality is due to 0 < A < %“;"" < 27.‘3‘75”

and 0 < v < PANVE — < AL for all t > 1. Thus, we have
L\/32224150qk202 — Ljz4/32)24150qx2b7

L Nt
LLElly" (2e) — well® + TEIVaf @) — vl + ith||$t+1—$t||
P(@t—¢‘t+1) 2cinio”® | 2cnic” (100)
- ¥ K3q K2q
Taking average overt = 1,2,--- , T on both sides of (100), we have
1 L3n n P°n
t
7 2 (Bl @) = el + FEIVef @y — vl + LB # — )

T T
<3 PP = Prg1) 1 $ (20%771:302 n 20577?02)
- Ty T 13q uiq

t=1

Given z1 € X, y1 € YV and A = |jy1 — y*(x1)]|?, we have

of(x1,51) — vi|? vf(@1,m) —wi |

L2
®y = F(z1) + —2 2 |ly1 — y*(z0)))?
1= F(x1) By lyr — 4" (z1) |l

AT+ ; (101)
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where the last inequality holds by Assumption 1.

Since 7, is decreasing, i.e., n;l > forany 0 < ¢t < T, we have

2
ny (ze) — yel? *||V flae,ye) — vel| Syt \|$f+1—$f\| %)

Mﬂ ||M~]

PP — Pey1) Z 2C177r0 203775’02)
”TT =1 2

P UTT’Y K2q
P — D
_ p(P: T+1) + 2(c + c3)o an
nr1vy nrlap®

< p(F(z1) — F™) N 9L7b1 202 2(ci +c3)o? [Tk dt

- Ty T~ nrTapPne  nrTqp? |, m+t

< PF (1) — F7) 9L7b1 N 202 2k3(c? 4 3)o? n(m + T)

- Ty neTau™" " nrTauno nrTqu?

_ (p(F(x1) — F*)  9L3b A2 20°m*? 2k (3 + ¢3)o? 1 T (m+T)'/3 102

= Tk + T 1+ 2R e (m+1T) 7 (102)

* 2,2 2 2

where the second inequality holds by the above inequality (101). Let M = F(Q;;),;F + Ziuzl AT+ 1‘22211:23 + 2 (;;;:22)0 In(m+T),
we have

T 2 M

Z TEI @) =l + Tz VS y) = ol + fgldes —al’) < G m+ 1), (103)

According to Jensen’s inequality, we have

T
1 1.
TZ 3 flly (@) —well + pIIsz(wt,yt)*vtll +£th+1 — z¢]
3 « 1 1/2
< (F2ml @0~ + 1200~ + sl — a7
V3M \/ Mm!/%  \/3M
T1/2 T1/2 T1/3
where the last inequality is due to (a + b)'/% < a'/% + b'/®. Thus, we have
T
1, . 2V/3Mm!/%  2/3M
Z ny (w¢) — yell + *||V f(@e,ye) — vel| + §||13t+1 —z] < Ti/2 T (105)
According to the above inequalities (73) and (105), we can obtain
T 1/6
1 1 2v/3Mm 2vV3M
T;EHQX(M,VF(%),W)IIST;E[M@ < =it s (106)
O

Theorem 8. (Restatement of Theorem 4) Suppose the sequence {x:, yt}tT 1 be generated from Algorithm 2. When X = R™, and

. > 2 75L2
given By = bilg, (b > b >b>0), e = W aip1 = ani, Bigr = coni, e > S5 + %= and ¢y > o5 + — L,
3 3 3 : 27ub PAL/G ml/3
m > max (k s (c1k)”, (c2k) ) 0<A< mm( R 6L ) and 0 < 7 < min (Lf\/32)\2+150(1n2i)2’ 2Lkp)’ we have
T 1T 5
1 7 21 Bl Al® 72v/30m! /e 2v3M7
7 2 EIVF(z,)] < P izt s ) (107)
t=1
z1)—F* 9L b o2ml/3 2(62402)52
where M' = p(F(le)k )y k)\ulA 2k2qu2 + 2k (;:2 2) In(m + T).
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Proof. According to the above inequality (79), we have

;imlw(wt I < = i E[Mil|Ad] < ;iE[M?] ;éEHAtHQ. (108)
By using the above inequality (103) and M = —||xt — T+ 2 (Lny (z¢) — yil| + | Vaf(@e, ys) — 'Ut”) we have
,i <7 Z fny (w0 = ll? + I F o) = vel® + 25 [Feir — el
T p - T p? ) 72
< %(m—i—T)l/S. (109)

According to the above inequalities (108) and (109), we have

T T
1 1 2vV3M
f;EHVF(m)H < f;EllAtH?iTl/z (m +T)"/°. (110)

T 9L b o2m1/3 k2(c24¢62)02
Let M' = p? M*’JF( 1) )y MIA1+2,€QZLQ + 2 (;:22> In(m + T'), we have

[1 T
= g _ ]E||1475||2 7oy 1/6 7
)l < T Zait=1 (2\/3Mm 2V 3M ) a1

T
1
fZEHVF(It T1/2 + T1/3

— P
O
Corollary 2. (Re statement of Comllary 1) Under the same conditions of Theorems 3 and 4, given mini-batch size ¢ = O(k") forv > 0
and 27”bq < 6Lf, ie,q=r"< 81Lf;u our VR-AdaGDA algorithm has a lower gradient complexity ofO(n(4‘5_%)e_3) for finding

an e- statlonary point.

Proof. Under the same conditions of Theorems 3 and 4, without loss of generality, let k = O(1), b = O(1), b = O(1)
and PANG < m s we have m > (K, (c1k)?, (c2k)® S(LkAw)®q*/2 ). Lety = S, VIV, E——

L /322241509252 2Lk > " L (32A2+150gk2b2)3/2 L /322241509252
PAVG . 27pubg b
1/ 32224150k 2b2 and A = min ( 32 7 6Ly )
Given ¢ = O(x”) for v > 0 and 27‘”"1 < GLf, ie., k¥ < 81L e it is easily verified that A = O(qpu), fy =0(%),c1 = O(1) and
c2 = O(L3). Dueto L = L¢(1+ k) and ¢ < 55—, we have m = O(L$). Then we have M = o(%- +T+ 2 1n(m+T))

. 32 1)
O(’%;) = O(k®~¥)). Thus, our VR-AdaGDA algorlthm has a convergence rate ofO(W) Let Tli/; <eie,E[M] <e

or E[|VF(z¢)|| < € we choose T > k(®/ 258, Thus, our VR-AdaGDA algorithm reaches a lower gradient complexity of

4q-T = O(ky (4.8 ~?) for finding an e-stationary point. O



