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Abstract

A deep equilibrium model (DEQ) is implic-
itly defined through an equilibrium point of an
infinite-depth weight-tied model with an input-
injection. Instead of infinite computations, it
solves an equilibrium point directly with root-
finding and computes gradients with implicit dif-
ferentiation. In this paper, the training dynam-
ics of over-parameterized DEQs are investigated,
and we propose a novel probabilistic frame-
work to overcome the challenge arising from
the weight-sharing and the infinite depth. By
supposing a condition on the initial equilibrium
point, we prove that the gradient descent con-
verges to a globally optimal solution at a lin-
ear convergence rate for the quadratic loss func-
tion. We further perform a fine-grained non-
asymptotic analysis about random DEQs and the
corresponding weight-untied models, and show
that the required initial condition is satisfied via
mild over-parameterization. Moreover, we show
that the unique equilibrium point always exists
during the training.

1 INTRODUCTION

Deep equilibrium models (DEQs) (Bai et al., 2019) have re-
cently emerged as a new neural network design paradigm.
A DEQ is equivalent to an infinite-depth weight-tied model
with input-injection. Different from conventional (explicit)
neural networks, DEQs generate features by directly solv-
ing equilibrium points of implicit equations. DEQs also
have the remarkable advantage that the gradients can be
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computed analytically by backpropagation only through
the equilibrium point with implicit differentiation. There-
fore, training a DEQ only requires constant memory.

DEQs have achieved impressive performance in various ap-
plications such as computer vision (Bai et al., 2020; Xie
et al., 2022), natural language processing (Bai et al., 2019),
and inverse problems (Gilton et al., 2021). Although the
empirical success of DEQs has been observed in many re-
cent studies, theoretical understandings of DEQs are still
limited compared to conventional models. In this paper,
we aim to establish the global convergence of the gradient
descent (GD) associated with an over-parameterized DEQ,
as a step towards understanding general DEQs.

A large body of work (Arora et al., 2019; Du et al.,
2019; Li and Liang, 2018) has validated the effectiveness
of over-parameterization in optimizing feedforward neural
networks. The main idea is to investigate the property at
initialization and bound the traveling distance of GD from
the initialization (Nguyen, 2021). However, it remains un-
clear whether these results can be directly applied to DEQs.
The implicit weight-sharing is the key challenge. Most
standard concentration tools used in previous studies fail
in DEQs. This is because these analyses rely on the inde-
pendence of initial random weights and features, which is
no longer the case in DEQs. Moreover, it remains unknown
whether over-parameterization is sufficient to guarantee the
well-posedness (Winston and Kolter, 2020; Revay et al.,
2020) of the implicit mapping of a DEQ, which is crucial to
the stability of the training process, e.g. (Kawaguchi, 2020)
uses an extra softmax layer to resolve the well-posedness
issue and achieves a global linear convergent rate. How-
ever, this result holds only for linear DEQs and it is difficult
to be extended to nonlinear activations.

We start with the gradient analysis. We observe that, in the
case of DEQs, the least singular value of the equilibrium
points plays a key role in the gradient dynamic. Specifi-
cally, if the least singular values of the equilibrium points
at all iterations can be lower bounded by a positive con-
stant, then one can establish a corresponding version of
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the Polyak-Lojasiewicz inequality for DEQs, and thus the
global convergence of GD can be obtained.

Our main results are based on the following observations.
Firstly, we prove the global convergence of GD by sup-
posing an initial condition on the lower bound of the least
singular value of the initial equilibrium points. The pertur-
bation of the weight matrices is small enough to ensure that
the Lipschitz constant of the implicit layer transformation
is smaller than 1. This means that, the unique equilibrium
point always exists throughout the training. Our second
observation is that, the required initial condition holds with
a high probability for general Gaussian initialization. Note
that the weight of a DEQ is implicitly re-used across layers.
Thus, standard concentration inequalities, which are based
on the independence of weight matrices and features, can-
not be employed directly in this scenario of random DEQs
analysis. In order to to overcome the technical difficulty,
we propose a novel probabilistic framework to approximate
the empirical Gram matrix of the equilibrium point with a
population Gram matrix induced from a weight-untied ran-
dom network with infinite depth.

1.1 Related Work

Finite-depth Over-parameterized Feedforward Net-
works. Recently, over-parameterization has attracted
much attention due to its effectiveness in optimizing finite-
depth neural networks. Jacot et al. (2018) show that, for
smooth activation and infinite wide neural networks, the
trajectory of the gradient descent (GD) method could be
well-captured by a kernel called the neural tangent ker-
nel (NTK). For a finite-width feed-forward neural net-
work with smooth activation, Arora et al. (2019); Du et al.
(2019); Li and Liang (2018) prove that the neural networks’
dynamics are strongly related to a Gram matrix. For a
finite-width feed-forward neural network with ReLU acti-
vation, Allen-Zhu et al. (2019a); Zou and Gu (2019); Zou
et al. (2020); Oymak and Soltanolkotabi (2020); Nguyen
and Mondelli (2020) estimate the changes of the activation
patterns, and show that GD can converge to a global min-
imum despite the non-smoothness of activation and non-
convexity of the objective function. The only condition that
needs to satisfy is that the width of each layer is a polyno-
mial of the number of training samples and the number of
layers. In particular, Nguyen (2021) provides an alterna-
tive framework that only requires tracking the evolution of
the last hidden layer rather than the activation pattern. In
all previous works, a non-asymptotic analysis at initializa-
tion plays a fundamental role. Their analysis on the random
initialization relies on the independence between the initial
random weights and features. However, the weight matrix
is implicitly shared in a DEQ. Thus, previous results do not
directly apply to DEQs.

Finite-depth Over-parameterized Weight-tied Neural
Networks. For over-parameterized weight-tied models,
Yang (2019, 2020a,b) investigate NTKs of the recurrent
neural networks (RNNs) with infinite width by leveraging
the “Gaussian conditioning trick” (Bolthausen, 2014; Bay-
ati and Montanari, 2011). The similar technique is also
used in the study on infinitely wide weight-tied autoen-
coders (Li and Nguyen, 2018). These works reveal that
infinitely wide Gaussian weight-tied neural networks are
essentially Gaussian processes. However, their results do
not apply to the regime of finite width. Allen-Zhu et al.
(2019b); Wang et al. (2021) show that, for a RNN with fi-
nite width, GD can converge to a global minimum if the
width of each layer is a polynomial of the number of train-
ing samples and the number of layers. However, their re-
sults do not apply to DEQs. This is because most upper
bounds for the norm of the hidden units fail as the depth
approaches infinity. Thus, a new analysis framework for
the convergence of the implicit models is urgently needed.

Over-parameterized DEQs. The investigation of over-
parameterized DEQs is still in the initial stage. Feng
and Kolter (2020) consider the NTK of DEQs with in-
finite width. This study claims that the NTK of DEQs
is equivalent to the corresponding weight-untied models
in the regime of infinite width. This study also shows
that DEQs have non-degenerate NTKs even in the infinite
depth. This observation is similar with ours. However,
the analysis on finite-width DEQs is not studied by Feng
and Kolter (2020). To conduct non-asymptotic analysis on
finite-width DEQs, one of the key challenges is to estimate
the least singular value of the equilibrium points. To the
best of our knowledge, this problem has not been addressed
in general settings. Two very recent works (Gao et al.,
2022) and (Gao and Gao, 2022) consider simple cases in
which the problem can be transferred into the estimation of
the least singular value of features obtained from a single
layer explicit network. Their results hold for specific pre-
dictions or special initialization. In contrast, we propose a
novel probabilistic framework to estimate the least singular
value of the equilibrium points in general settings. Please
see detailed comparisons in the discussion of Section 4.

1.2 Contributions

Our contributions are summarized as follows.

(1) We propose a novel probabilistic framework to ana-
lyze DEQs. Our framework addresses the technical
challenges arising from the weight-sharing and the in-
finite depth. To the best of our knowledge, this is the
first time a fine-grained non-asymptotic analysis on
DEQs has been performed in a general setting.

(2) We analyze the gradient dynamics of DEQs with the
quadratic loss function. Under an initial condition
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on the least singular value of the initial equilibrium
points, we prove that the gradient descent converges to
a global optimum at a linear rate. Based on our initial
analysis, we show that the required initial condition is
satisfied via mild over-parameterization.

(3) We show that the unique equilibrium point of an
over-parameterized DEQ always exists throughout the
training process, even without using any normaliza-
tion or re-parameterization method.

2 PRELIMINARIES

Notations. We use N (0, I) to denote the standard Gaus-
sian distribution. We let [n] ≜ [1, · · · , n]. For a vector
v, ∥v∥2 is the Euclidean norm of v. For a matrix A, we
use Aij denote its (i, j)-th entry. We use ∥A∥F to de-
note the Frobenius norm and ∥A∥2 to denote the operator
norm. If a matrix is positive semi-definite, we use λmin(A)
and σmin(A) to denote its least eigenvalue and singular
value, respectively. We let O(·), Θ(·) and Ω(·) denote stan-
dard Big-O, Big-Theta, and Big-Omega notations, respec-
tively. We use ϕ(·) to denote the ReLU function, namely
ϕ(x) = max(x, 0).

2.1 Problem Setup

We define a vanilla deep equilibrium model (DEQ) with the
transform at the l-th layer as

Z(l) = ϕ(WZ(l−1) +UX), (1)

where X = [x1, · · · ,xn] ∈ Rd×n denotes the training
inputs, U ∈ Rm×d and W ∈ Rm×m are trainable weight
matrices, and Z(l) ∈ Rm×n is the output feature at the l-th
hidden layer. The output of the last hidden layer is defined
by Z∗ ≜ liml→∞ Z(l). Therefore, instead of running the
infinitely deep layer-by-layer forward propagation, Z∗ can
be calculated by directly solving the equilibrium point of
the following equation

Z∗ = ϕ(WZ∗ +UX). (2)

Let y = [y1, · · · , yn] ∈ Rn denote the labels, and ŷ(θ) =
a⊤Z∗ be the prediction function with a ∈ Rm being a
trainable vector and θ = vec (W ,U ,a). The object of our
interest is the empirical risk minimization problem with the
quadratic loss function

Φ(θ) =
1

2
∥ŷ(θ)− y∥22 .

To do so, we consider the gradient descent (GD) update
θτ+1 = θτ − η∇Φ (θτ ), where η is the learning rate and
θτ = vec (W (τ),U(τ),a(τ)) is the parameter we opti-
mize over at step τ . For notational simplicity, we omit the
superscribe and denote Z to be the equilibrium Z∗ when it

is clear from the context. Moreover, the Gram matrix of the
equilibrium point is defined by G(τ) ≜ Z(τ)⊤Z(τ) and
we denote its least eigenvalue as λτ = λmin (G(τ)).

In this paper, we make the following assumptions on the
random initialization and the input data.

Assumption 1 (Random initialization). Take σ2
w < 1/8.

We assume that W is initialized with an m × m matrix
with i.i.d. entries Wij ∼ N (0, 2σ2

w/m), U is initialized
with an m × d matrix with i.i.d. entries Uij ∼ N (0, 2/d),
a is initialized with a random vector with i.i.d. entries a ∼
N (0, 1/m).

Assumption 2 (Input data). We assume that (i) ∥xi∥2 =√
d, for all i ∈ [n], and xi ∦ xj , for each pair i ̸= j ∈ [n],

(ii) the labels satisfy |yi| = O(1) for all i ∈ [n].

2.2 Well-Posedness and Gradients

Well-Posedness. For the stability of the training of the
DEQs, it is crucial to guarantee the existence and unique-
ness of the equilibrium points (Winston and Kolter, 2020;
El Ghaoui et al., 2021). It is equivalent to guarantee the
well-posedness of the transformation defined in Eq. (1).
In order to ensure the well-posedness, it suffices to take
∥W (τ)∥2 < 1, for all τ ≥ 0, with which Eq. (1) be-
comes a contractive mapping. From Lemma 1, we know
that ∥W (0)∥2 < 1 holds with a high probability under As-
sumption 1. Lemma 1 is a consequence of standard bounds
concerning the singular values of Gaussian random matri-
ces (Vershynin, 2018).

Lemma 1. Let W be an m×m random matrix with i.i.d.
entries Wij ∼ N (0,

2σ2
w

m ). With probability at least 1 −
exp{−Ω(m)}, it holds that ∥W ∥2 ≤ 2

√
2σw.

In Section 3, we show that the condition of ∥W (τ)∥2 < 1
always holds for τ ≥ 0. It is worth mentioning that the
constraint on the spectral norm of W (τ) can be lightened
by that on the spectral radius of W (τ) through special re-
parameterization methods (Winston and Kolter, 2020; Re-
vay et al., 2020). However, in this paper, we do not make
extra assumptions on specific structures of weight matrices,
and thus our constraint on the spectral norm of W (τ) is in
general mild.

Gradients. The gradients of conventional neural net-
works are usually computed via backpropagation through
all the intermediate layers. On the contrary, the gradients
w.r.t. parameters of a DEQ are computed analytically via
backpropagation only through the equilibrium point Z by
applying the implicit function theorem. Specifically, note
that the equilibrium point of Eq. (2) is the root of the func-
tion

F (τ) ≜ Z(τ)− ϕ(W (τ)Z(τ) +U(τ)X(τ)).
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Let J(τ) ≜ ∂vec(F (τ))/∂vec(Z(τ)) denote the Jacobian
matrix. One can derive that

J(τ) = Imn −D(τ) (In ⊗W (τ)) ,

where D(τ) ≜ diag[vec(ϕ′(W (τ)Z(τ)+U(τ)X(τ)))]1.
Using the Lipschitz property of ReLU, it is easy to check
that J(τ) is invertible if ∥W (τ)∥2 < 1. The gradient of
each trainable parameter is given by the following lemma2.

Lemma 2. If J(τ) is invertible, the gradient of the objec-
tive function Φ(τ) w.r.t. each trainable parameters is given
by vec (∇WΦ(τ)) = (Z(τ)⊗ Im)R(τ)⊤ (ŷ(τ)− y)

vec (∇UΦ(τ)) = (X(τ)⊗ Im)R(τ)⊤ (ŷ(τ)− y)
∇aΦ(τ) = Z(τ) (ŷ(τ)− y)

,

(3)
where R(τ) = (a(τ)⊗ In)J(τ)

−1D(τ).

2.3 Polyak-Lojasiewicz Inequalities

Polyak-Lojasiewicz (PL) inequality (Polyak, 1963) is a
commonly used recipe to prove linear convergence of GD
algorithms (Nguyen and Mondelli, 2020; Nguyen, 2021).
In order to obtain a corresponding version of PL inequali-
ties for DEQs, our starting observation is that

∥∇θΦ(τ)∥22 ≥ 2λmin (H(τ)) Φ(τ), (4)

where H(τ) = H1(τ)+H2(τ)+H3(τ) is a sum of three
positive semi-definite matrices defined as

H1(τ) = G(τ)
H2(τ) = R(τ) (G(τ)⊗ Im)R(τ)⊤

H3(τ) = R(τ)
(
X⊤X ⊗ Im

)
R(τ)⊤

,

Eq. (4) is a direct application of Lemma 2. It suggests that if
λmin (H(τ)) can be lower bounded away from zero, both
at initialization and throughout the training, then one can
establish a PL inequality that holds for the loss function,
and thus GD converges to a global minimum. However, it
is technically difficult to directly estimate the lower bound
of λmin (H(τ)) because (1) for τ = 0, H(0) involves
both the sum and multiplication of random matrices with
complex structures, and (2) for τ > 0, H(τ) involves the
derivatives of ReLU at activation neurons which requires
the estimation related to the changes of the activation pat-
terns (Du et al., 2018; Zou and Gu, 2019).

To make the problem tractable, we further observe that
λmin (H(τ)) ≥ λτ , i.e. the least eigenvalue of the Gram
matrix of the equilibrium point. Applying this observation
to Eq. (4), one obtains

∥∇θΦ(τ)∥22 ≥ 2λτΦ(τ). (5)

1We use I{x ≥ 0} as the (sub)-gradient of ReLU.
2To simplify the notation, we omit the parameter θ and write

just Φ(τ) and ŷ(τ).

This means that, in order to obtain a PL-like inequality for
DEQs, it suffices to bound the changes of G(τ) through-
out the training if λ0 is bounded away from zero at initial-
ization. In Section 3, we show that it holds λτ ≥ 1

2λ0

for every τ > 0, and we have a PL inequality for DEQs:
∥∇θΦ(τ)∥22 ≥ λ0Φ(τ). Based on this, we prove that GD
converges to a global optimum at a linear rate. The result
of Section 3 is built upon an initial condition on λ0, and
we further demonstrate that such an initial condition can be
satisfied with mild over-parameterization.

2.4 Challenges in initial analysis

The initial condition on the lower bound of λ0 plays a fun-
damental role in our convergence result. It is hard to esti-
mate λ0 directly. A common way is to build a concentration
inequality between the initial empirical Gram matrix G and
the corresponding population Gram matrix with easily es-
timated least eigenvalue. In the case of DEQs, we consider
a population Gram matrix K defined as follows.

Definition 1. We define the population Gram matrices
K(l) of each layer recursively as

K(0) = 0

Λ
(l)
ij =

[
σ2
wK

(l−1)
ii + 1 σ2

wK
(l−1)
ij + 1

dx
⊤
i xj

σ2
wK

(l−1)
ji + 1

dx
⊤
j xi σ2

wK
(l−1)
jj + 1

]
,

K
(l)
ij = 2E

(u,v)⊤∼N (0,Λ
(l)
ij )

[ϕ(u)ϕ(v)]
(6)

for l ≥ 1 and (i, j) ∈ [n] × [n]. Letting l → ∞, we define
K ≜ K(∞) and λ∗ ≜ λmin(K).

The population Gram matrix K is induced from an infinite-
depth weight-untied model. The convergence of K(l) for
l → ∞ and the positive definiteness of K are deferred to
Section 4.1. The least eigenvalue of K is the fundamental
quantity that determines the lower bound of λ0.

Non-asymptotic analysis on DEQs is more difficult than
explicit models. The weight-sharing is the key technical
challenge, and one cannot resort to standard concentration
tools. Specifically, note that initial Gij is implicitly defined
as z⊤

i zj = ϕ([W ,U ][z⊤
i ,x⊤

i ]
⊤)ϕ([W ,U ][z⊤

j ,x⊤
j ])

3.
On one hand, one cannot directly apply the standard in-
equality like previous works. This is because they rely
on the independence between initial weight matrices and
features, which is no longer the case in DEQs. On the
other hand, one cannot directly use the standard ε-net ar-
gument (Vershynin, 2018). Note that [W ,U ] is a short
matrix, i.e. [W ,U ] ∈ Rm×(m+d), and the size of ε-
net for [z⊤

i ,x⊤
i ] is too large for us to derive a mild over-

parameterization condition. In order to overcome the tech-
nical challenge, we propose a novel probabilistic frame-

3For notational simplicity, we denote W (0), U(0) and G(0)
by W , U and G, respectively.
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work in Section 4 by introducing the “new fresh random-
ness” (Allen-Zhu et al., 2019b) and perform a fine-grained
non-asymptotic analysis on random DEQs.

3 MAIN RESULTS

3.1 Global Convergence under an Initial Condition

Let δ be any positive constant such that ∥W (0)∥2+ δ < 1.
We define the following quantities:

ρ̄w = ∥W (0)∥2+δ, ρ̄u = ∥U(0)∥2+δ, ρ̄a = ∥a(0)∥2+δ.

We first present the global convergence of GD by suppos-
ing the following condition on the least eigenvalue λ0 of
the initial Gram matrix G(0).

Condition 1. At initialization, it holds that

λ0 ≥ 4

δ
max (cw, cu, ca) ∥X∥F ∥ŷ(0)− y∥2, (7)

λ
3
2
0 ≥ 4(2 +

√
2)ρ̄−1

a

(
c2w + c2u

)
∥X∥2F ∥ŷ(0)− y∥2, (8)

λ0 ≥ 4
(
c2w + c2u

)
∥X∥2F , (9)

where cw = ρ̄uρ̄a

(1−ρ̄w)2 , cu = ρ̄a

1−ρ̄w
, ca = ρ̄u

1−ρ̄w
.

The convergence result under Condition 1 is presented as
follows.

Theorem 1. Consider a DEQ defined in Eq. (2). Suppose
that Condition 1 holds at initialization. If the learning rate
satisfies

η < min

(
2

λ0
,

2(c2w + c2u)

(c2w + c2u + c2a)
2 ∥X∥2F

)
, (10)

for every τ ≥ 0, the following holds

(i) ∥W (τ)∥2 < 1, i.e. the equilibrium points always ex-
ist,

(ii) λτ > 1
2λ0, and thus the PL condition holds as

∥∇θΦ(τ)∥22 ≥ λ0Φ(τ),

(iii) the loss converges to a global minimum as

Φ(τ) ≤
(
1− η

λ0

2

)τ

Φ(0).

Theorem 1 shows that the unique equilibrium point always
exists during the training, and GD converges to a global
optimum under Condition 1. The proof of this part is in-
spired by the framework proposed in Nguyen (2021, Theo-
rem 2.2). The complete proof is deferred to the supplemen-
tary material. Next, we discuss how these initial conditions
can be fulfilled via over-parameterization.

3.2 Initial Condition

In this section, we aim to show that, Condition 1 holds un-
der Assumptions 1 and 2 via over-parameterization. To do
so, it suffices to derive a lower bound on λ0, and upper
bounds on max (cw, cu, ca), ρ̄−1

a and the initial loss Φ(0),
and put these bounds into Eq. (7)-Eq. (9) to obtain a spe-
cific condition on width m.

Firstly, we present the lower bound of λ0 as follows.

Theorem 2. If m = Ω
(

n2

λ2
∗

(
log n

λ∗t

))
, with probability

at least 1− t, it holds that

λ0 ≥ m

2
λ∗.

The proof of Theorem 2 is based on a concentration in-
equality between the empirical Gram matrix G and the
population Gram matrix K. Since that the weight matri-
ces are implicitly reused in DEQs for infinite times (see
Eq. (1)), standard concentration tools are not applicable. In
order to overcome the challenge arising from the weight-
sharing and the infinite depth. We present a novel proba-
bilistic framework. It is one of our core contributions. De-
tailed analysis is presented in Section 4.

Secondly, by standard bounds on the operator norm of
Gaussian matrices (Vershynin, 2018), we have w.p. ≥
1 − exp{−Ω(m)} that, ∥W (0)∥2 = O(1), ∥U(0)∥2 =

O
(√

m/d
)

under Assumption 1. Thus, w.p. ≥ 1 −
exp{−Ω(m)}, it holds that

ρ̄w = O(1), ρ̄u = O
(√

m

d

)
which implies that

max(cw, cu, ca) = O
(√

m

d

)
.

By standard bounds on the norm of Gaussian vector (Ver-
shynin, 2018), we have w.p. ≥ 1 − exp{−Ω(m)} that,
ρ̄−1
a = O(1).

Thirdly, by using the property of the contractive map-
ping Eq. (1) and using the standard concentration argu-
ment, it is easy to show that w.p. ≥ 1− t, it holds that

Φ(0) = O(n).

Putting all these bounds into Eq. (7)-Eq. (9), one can show
that w.p. ≥ 1 − t, Condition 1 is satisfied for m =

Ω
(

n3

λ2
∗

(
log n

λ∗t

))
.

4 ANALYSIS AT INITIALIZATION

For notational simplicity, we denote W (0) and U(0) by
W and U in this section. The Gram matrices of the equi-
librium point Z(l) of the l-th layer are defined as G(l) ≜
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(
Z(l)

)⊤
Z(l), for l ≥ 1. Without loss of generality, we

assume that Z(0) = 0.

Our main idea is to establish the concentration inequality
between the empirical Gram matrix G and the population
Gram matrix K. A simple case is to initialize DEQs as
single-layer explicit models. Specifically, take σ2

w = 0 and
Z = ϕ(UX). Using the standard Bernstein inequality,
one can show that w.p.≥ 1 − t, λ0 ≥ mλ̃/2, as long as
m = Ω

(
λ̃−2n2 log(n/t)

)
where λ̃ = λmin

(
K(1)

)
. This

case has been studied in many previous works (Nguyen
and Mondelli, 2020; Oymak and Soltanolkotabi, 2020).

However, when σ2
w > 0, previous random analyses on ex-

plicit networks cannot be directly applied to DEQs. This
is due to the fact that these analyses rely on the indepen-
dence of initial random weights and features, which is no
longer the case in DEQs. In order to overcome these tech-
nical difficulties, we propose a novel probabilistic frame-
work based on the following observations: K

(l)
ij , 1

mG
(l)
ij ,

and G
(l)
ij converge to Kij , K(l)

ij , and Gij at an exponential
rate, respectively. Moreover, K is strictly positive definite.
These observations imply that it suffices to take sufficiently
large l and m to ensure that ∥ 1

mG −K∥F is smaller than
λ∗. Thus, one can lower bound λ0 by invoking Weyl’s in-
equality. Detailed analysis is given as follows.

4.1 Bound between infinite-depth and finite-depth
weight-untied models

In the case of ϕ = ReLU, given any positive definite matrix

A =

[
1 x
x 1

]
with |x| ≤ 1 , and two random variables

(u, v)⊤ ∼ N (0,A), as shown in (Daniely et al., 2016), it
holds that

E [ϕ(u)ϕ(v)] =
1

2
Q(x), (11)

where Q(x) ≜
√
1−x2+(π−arccos x)x

π .

Combining Eq. (11) with the homogeneity of ReLU, we
can have more precise expressions of K(l)

ij as follows.

Lemma 3. Let cos θ(l)ij =
σ2
wK

(l−1)
ij +d−1x⊤

i xj

σ2
wK

(l−1)
ij +1

, and ρ(l) =

K
(l)
ii . For l ≥ 1 and (i, j) ∈ [n] × [n], K(l)

ij defined in
Definition 1 can be written as

K
(l)
ij = ρ(l)Q

(
cos θ

(l)
ij

)
, (12)

with ρ(l) =
1−σ2l

w

1−σ2
w

and

cos θ
(l)
ij =

(
1− 1

ρ(l−1)

)
Q
(
cos θ

(l−1)
ij

)
+

1

ρ(l−1)

x⊤
i xj

d
.

(13)

Theorem 3. Under Assumptions 1 and 2, it holds that

(i)
∥∥K −K(l)

∥∥
F

= O
(
nlσ2l

w

)
, which implies that, for

l → ∞, K(l) converges to K with each entry

Kij =
1

1− σ2
w

Q(cos θij), (14)

where cos θij = σ2
wQ(cos θij) + (1− σ2

w)
xixj

d .

(ii) K is strictly positive definite, i.e. λ∗ > 0.

Sketch of Proof. (i) By Eq. (6) and Eq. (12), one can
show that

∣∣∣K(l+1)
ij −K

(l)
ij

∣∣∣ ≤ σ2
w

∣∣∣K(l)
ij −K

(l−1)
ij

∣∣∣+2σ2l
w ,

which implies that
∣∣∣Kij −K

(l)
ij

∣∣∣ = O
(
lσ2l

w

)
.

Note that σw < 1. Thus K(l) converges to a deterministic
Gram matrix K, and one can easily obtain Eq. (14) from
Eq. (13) by letting l → ∞.

(ii) The proof of this part is similar with (Oymak and
Soltanolkotabi, 2020; Nguyen and Mondelli, 2020). By
performing the Hermite analysis on Eq. (14), one can show
that K is strictly positive definite if | cos θij | < 1 for all
i ̸= j. Using the fact that |Q(x)| ≤ 1, Eq. (14) implies that
| cos θij | < 1 under Assumption 2. Please see the complete
proof in the supplementary material.

4.2 Bound between infinite-depth and finite-depth
weight-tied models

By leveraging the contractility of the transformation de-
fined in Eq. (1) and by invoking the standard Bernstein in-
equality, we establish a concentration inequality between
the Gram matrix of the l-th layer’s output and that of the
initial equilibrium point as follows.

Theorem 4. Under Assumptions 1 and 2, with probability
at least 1− n2 exp{−Ω (m)}, it holds

1

m

∥∥∥G−G(l)
∥∥∥
F
= O

(
n
(
2
√
2σw

)l)
.

Sketch of Poof. Using the contractility of the implicit layer,
it is easy to have w.p. ≥ 1 − exp{−Ω(m)}, ∥z(l)

i ∥2 =

O
(
∥z(1)

i ∥2
)

, and ∥zi − z
(l)
i ∥2 = O

(
(2
√
2σw)

l∥z(1)
i ∥2

)
.

Moreover, using Bernstein inequality, we have w.p. ≥ 1 −
exp
{
−Ω

(
mt2

)}
,
∣∣ 1
m (z

(1)
i )⊤z

(1)
i − 1

∣∣ ≤ t. Let t be an
absolute positive constant. Theorem 4 can be proved by
applying the simple union bound. Please see the complete
proof in the supplementary material.

4.3 Bound between weight-tied and weight-untied
models with finite-depth

Due to the implicit weight-tied structure of DEQs, standard
concentration inequalities built upon the independence can-
not be directly applied. In order to overcome technical dif-
ficulties, we build necessary probabilistic tools for DEQs.
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We first introduce Lemma 4 which provides the “fresh new
randomness” for our analysis. The construction method in
Lemma 4 is inspired by the previous work (Allen-Zhu et al.,
2019b) on RNNs.

Lemma 4. For l ≥ 1, G
(l+1)
ij can be reconstructed as

G
(l+1)
ij = ϕ(Mh)⊤ϕ(Mh′) such that

(i) h⊤h′ =
σ2
w

m G
(l)
ij + 1

dx
⊤
i xj ,

(ii) M ∈ Rm×(2l+d+2) is a rectangle matrix, and the en-
tries of M are i.i.d. from N (0, 2) conditioning on previous
layers.

Proof. (i) Let Vl ∈ Rm×2l denote a column orthonormal
matrix using Gram-Schmidt as

Vl = GS
(
z
(1)
i , · · · , z(l)

i , z
(1)
j , · · · , z(l)

j

)
.

For each i, j, we define p ≜ (I − Vl−1V
⊤
l−1)z

(l)
i and q ≜

(I−Vl−1V
⊤
l−1)z

(l)
j . We split q into two parts q = q∥+q⊥,

where q∥ is parallel to p and q⊥ is orthogonal to p as

q∥ =
p⊤q

∥p∥22
p, q⊥ =

(
I − pp⊤

∥p∥22

)
q.

First, we construct M as M = [M1,M2,M3,M4] with

M1 = σ−1
w

√
mWVl−1, M2 = σ−1

w

√
mW p

∥p∥2
,

M3 = σ−1
w

√
mW q⊥

∥q⊥∥2
, M4 =

√
dU .

Then, we construct h = [h⊤
1 ,h

⊤
2 ,h

⊤
3 ,h

⊤
4 ]

⊤ with

h1 = σw√
m
V ⊤
l−1z

(l)
i , h2 = σw√

m
∥p∥2,

h3 = 0, h4 = 1√
d
xi,

and h′ = [h
′⊤
1 ,h

′⊤
2 ,h

′⊤
3 ,h

′⊤
4 ]⊤ with

h′
1 = σw√

m
V ⊤
l−1z

(l)
j , h′

2 = σwp⊤q√
m∥p∥2

,

h′
3 = σw√

m
∥q⊥∥2, h′

4 = 1√
d
xj .

It is easy to check that G(l+1)
ij = ϕ(Mh)⊤ϕ(Mh′) with

h⊤h′ =
σ2
w

m G
(l)
ij + 1

dx
⊤
i xj .

(ii) Let Vl−1 ≜
[
v1, · · · ,v2(l−1)

]
. Note that vj only

depends on the randomness of U and W [v1, · · · ,vj−1].
This means that, conditioning on U and W [v1, · · · ,vj−1],
Wvj is still an independent Gaussian vector. Similarly,
we have Wp and Wq are also independent Gaussian vec-
tors. Consequently, we prove that the entries of M are i.i.d.
from N (0, 2).

We stress that although M constructed in Lemma 4 has
i.i.d. entries, it still depends on h and h′. Thus,
the standard Bernstein inequality cannot be directly ap-
plied. To address this issue, we perform the standard

ε-argument (Vershynin, 2018) and leverage the “fresh
new randomness” (Allen-Zhu et al., 2019b) provided in
Lemma 4. The concentration inequality between 1

mG(l)

and K(l) is established as follows.

Theorem 5. Under Assumptions 1 and 2, with probability
at least 1− n2 exp

{
−Ω

(
m8lσ2l

w

)
+O

(
l2
)}

, it holds that∥∥∥∥ 1

m
G(l) −K(l)

∥∥∥∥
F

≤ n
(
2
√
2σw

)l
.

Sketch of Proof. We give the main ideas of the proof.

It holds that
∣∣ 1
mG

(l)
ij − K

(l)
ij

∣∣ ≤ ∣∣ 1
mG

(l)
ij − E

[
1
mG

(l)
ij

]∣∣ +∣∣E[ 1
mG

(l)
ij

]
− K

(l)
ij

∣∣ by the triangle inequality. Following

Lemma 4, we reconstruct G(l)
ij = ϕ(Mh)⊤ϕ(Mh′).

(i) For fixed h and h′, using the Bernstein inequality, and
on can show that w.p. ≥ 1−exp

{
−Ω(mε2)

}
, it holds

that ∣∣∣∣ 1mG
(l)
ij − E[

1

m
G

(l)
ij ]

∣∣∣∣ ≤ ε.

(ii) For all h and h′, we apply the standard ε-net ar-
gument. Note that the size of ε-net for h,h′ is at
most exp

{
O
(
l log 1

ε

)}
. Thus, one can derive that w.p.

≥ 1− exp
{
−Ω(mε2) +O

(
l log 1

ε

)}
, it holds that∣∣∣∣ 1mG

(l)
ij − E

[ 1
m
G

(l)
ij

]∣∣∣∣ ≤ ε.

(iii) Substitute the choice of h and h′ such that h⊤h′ =
σ2
w

m G
(l−1)
ij + 1

dx
⊤
i xj . Using the fact that E

[
1
mG

(l)
ij

]
is

determined by h⊤h′, one can further derive that w.p.
≥ 1− l exp

{
−Ω

(
mε2

)
+O

(
l log 1

ε

)}
,∣∣∣∣E[ 1mG

(l)
ij

]
−K

(l)
ij

∣∣∣∣ ≤ σ2
w

∣∣∣∣ 1mG
(l−1)
ij −K

(l−1)
ij

∣∣∣∣+ ε,

which implies that∣∣∣∣ 1mG
(l)
ij −K

(l)
ij

∣∣∣∣ ≤ σ2
w

∣∣∣∣ 1mG
(l−1)
ij −K

(l−1)
ij

∣∣∣∣+ 2ε.

Note that σ2
w < 1/8, and thus a simple induction ar-

gument works here.

Lastly, let ε = (2
√
2σw)

l, and Theorem 5 can be proved
by using the simple union bound. Please see the complete
proof in the supplementary material.
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Figure 1: Results of different widths on (a) Synthetic data; (b) MNIST; (c) CIFAR10.

4.4 Proof of Theorem 2

Firstly, combining Theorems 3, 4 and 5, one can show that
w.p. ≥ 1− n2 exp

{
−Ω

(
m8lσ2l

w

)
+O

(
l2
)}

, it holds

∥∥ 1

m
G−K

∥∥
F

≤ 1

m

∥∥G−G(l)
∥∥
F
+
∥∥ 1

m
G(l) −K(l)

∥∥
F
+
∥∥K −K(l)

∥∥
F

=O
(
n
(
2
√
2σw

)l)
+O

(
n
(
2
√
2σw

)l)
+O

(
nlσ2l

w

)
=O

(
n
(
2
√
2σw

)l)
,

where the last equality comes from the fact that lσl
w ≤

(2
√
2)l, for l ≥ 1.

Next, we fix l to omit the explicit dependence in l.
Specifically, we take l = Θ

(
log
(
λ−1
∗ n

)
/ log

(√
2/4σw

))
.

The lower bound of l is large enough to ensure that∥∥ 1
mG−K

∥∥
F

≤ λ∗
2 . Therefore, by Weyl’s inequality, it

holds that λ0 > m
2 λ∗. Meanwhile, the upper bound of

l guarantees that the probability does not decrease expo-
nentially. Thus, one can use a mild over-parameterization
condition on m to ensure the high probability.

Consequently, one can show that, it holds w.p. ≥ 1 − t,
λ0 ≥ m

2 λ∗, as long as m = Ω
(

n2

λ2
∗

(
log n

λ∗t

))
.

Discussion on comparisons with Gao et al. (2022)
and Gao and Gao (2022). In Gao et al. (2022), the pre-

diction of an implicit network is formulated as a weighted
summation of equilibrium points and explicit features i.e.
ŷ = a⊤Z + b⊤ϕ(UX). Therefore, it is hard to mea-
sure the contribution of the equilibrium point to the capac-
ity of implicit models in their case. In contrast, we only use
equilibrium points for predictions, and our result illustrates
that arbitrary training label can be fitted only using equilib-
rium points. In a concurrent work (Gao and Gao, 2022) on
ReLU implicit networks, they consider “a subset of initial-
ization” which requires entries of W to be non-negative.
In their case, one can show that Z = (I −W )−1ϕ(UX)
at initialization. This implies that the initial equilibrium
point is essentially a linear transformation of the explicit
feature ϕ(UX). In contrast, we consider general Gaus-
sian initialization which is commonly used in practice. The
results of Gao et al. (2022) and Gao and Gao (2022) can
be built upon the lower bound of the least singular value
of ϕ(UX), which is given by previous works on explicit
models. However, previous analyzes do not applied in our
case. In order to address the technical problem, we pro-
pose a novel probabilistic framework. Therefore, our stud-
ies have distinct differences.

5 NUMERICAL EXPERIMENTS

In this section, we implement several numerical experi-
ments to verify our main theoretical conclusions. We first
evaluate our method on various datasets including synthetic
data, MNIST, and CIFAR10. For constructing synthetic
data, we uniformly generate n = 1000 data points from a
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d = 1000 dimensional sphere with radius
√
d, and labels

are generated from a one-dimensional standard Gaussian
distribution. For each dataset of MNIST and CIFAR10,
we randomly sample 500 images from each of class 0 and
class 1 to generate the training dataset with n = 1000 sam-
ples. We use Gaussian initialization as suggested in As-
sumption 1 and σ2

w is set as 0.08. We normalize each data
point as suggested in Assumption 2.

In the first experiment, we test how the width affects the
convergence rate. As shown in Figure 1, the convergence
speed becomes faster as m increases, and the final train-
ing loss becomes smaller. We believe that the reason is
as m increases, Gram matrices become more stable. The
second experiment verifies that ∥W (τ)∥2 is smaller than
1 throughout the training, which implies that the unique
equilibrium point always exists.

6 CONCLUSION

In this paper, we analyze the gradient dynamics of DEQs
with the quadratic loss function. Under a specific initial
condition, we prove that the GD converges to a global opti-
mum at a linear rate. By performing a fine-grained analysis
on Gaussian initialized DEQs, we further show that the ini-
tial conditions are satisfied via mild over-parameterization.
Specifically, we present a new probabilistic framework to
address the challenge arising from the weight-sharing and
the infinite depth. To the best of our knowledge, it is
the first time to analyze the equilibrium point of a ran-
dom DEQ. Moreover, we show that the unique equilibrium
points always exist during the training process. Our analy-
sis is specific to ReLU DEQs. For future research, it would
be interesting to generalize the result to other nonlinear ac-
tivations. Moreover, it would be interesting to explore the
generalization performance of over-parameterized DEQs
based on our analysis at initialization.
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A USEFUL TECHNICAL LEMMAS

Lemma 5 (Weyl’s inequality). Let A,B ∈ Rm×n with σ1(A) ≥ · · · ≥ σr(A) and σ1(B) ≥ · · · ≥ σr(B), where
r = min(m,n). Then,

max
i∈[r]

|σi(A)− σi(A)| ≤ ∥A−B∥2 .

Lemma 6. Let us define ⊙ as the Hadamard product. Given two positive semi-definite (PSD) matrices A and B, it holds
that

λmin(A⊙B) ≥
(
min
i

Bii

)
λmin(A).

Lemma 7 (Daniely et al. (2016)). Let hr(x) =
1√
r!
(−1)rex

2/2 dr

dxr e
−x2/2 be normalized probabilist’s hermite polynomi-

als. Let ϕ(·) denote ReLU , we define µr(ϕ) =
∫∞
−∞ ϕ(x)hr(x)

e−x2/2
√
π

dx. It holds that

Q(x) =
∞∑
r=0

µ2
r(ϕ)x

r =

√
1− x2 + (π − arccosx)x

π
.

Moreover, it holds that sup{r : µ2
r(ϕ) > 0} = ∞.

B PROOF FOR SECTION 3.1

We first present several useful inequalities. The proof mainly relies on basic norm inequalities and the Lipschitz property
of ReLU.

Lemma 8. For each s ∈ [0, τ ], suppose that ∥W (s)∥2 ≤ ρ̄w, ∥U(s)∥2 ≤ ρ̄u, and ∥a(s)∥2 ≤ ρ̄a. It holds that

∥Z(s)∥F ≤ ca ∥X∥F , (15)

and  ∥∇WΦ(s)∥F ≤ cw ∥X∥F ∥ŷ(τ)− y∥2
∥∇UΦ(s)∥F ≤ cu ∥X∥F ∥ŷ(τ)− y∥2
∥∇aΦ(s)∥2 ≤ ca ∥X∥F ∥ŷ(τ)− y∥2 .

(16)

Furthermore, for each k, s ∈ [0, τ ], it holds that

∥Z(k)−Z(s)∥F ≤ ρ̄−1
a (cw ∥W (k)−W (s)∥2 + cu ∥U(k)−U(s)∥2) ∥X∥F , (17)

and

∥ŷ(k)− ŷ(s)∥2
≤ (cw ∥W (k)−W (s)∥2 + cu ∥U(k)−U(s)∥2 + ca∥a(k)− a(s)∥2) ∥X∥F .

(18)

Proof. (1) Proof of Eq. (15): Note that Z(s) = ϕ(W (s)Z(s) +U(s)X). Using the fact that |ϕ(x)| ≤ |x|, we have

∥Z(s)∥F ≤ (∥W (s)∥2 ∥Z(s)∥F + ∥U(s)∥2 ∥X∥F ) ≤ ρ̄w ∥Z(s)∥F + ρ̄u ∥X∥F .

Note that ∥W (s)∥2 ≤ ρ̄w < 1, for each s ∈ [0, τ ], and thus it holds

∥Z(s)∥F ≤ ρ̄u
1− ρ̄w

∥X∥F = ca ∥X∥F .

(2) Proof of Eq. (16): First, we have

∥J(τ)−1∥2 ≤ 1

1− ρ̄w
,
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and thus it holds that
∥R(τ)∥2 ≤ ∥∥a(τ)∥2∥J(τ)−1∥2∥D(τ)∥2 ≤ ρ̄a

1− ρ̄w
.

Then, we have

∥∇WΦ(τ)∥F = ∥ vec(∇WΦ(τ))∥2
=
∥∥(Z(τ)⊗ Im)R(τ)⊤ (ŷ(τ)− y)

∥∥
2

≤ ∥Z(τ)∥2 ∥R(τ)∥2 ∥ŷ(τ)− y∥2
≤ ρ̄uρ̄a

(1− ρ̄w)2
∥X∥F ∥ŷ(τ)− y∥2 ,

∥∇UΦ(τ)∥F = ∥vec (∇UΦ(τ))∥2
=
∥∥(X(τ)⊗ Im)R(τ)⊤ (ŷ(τ)− y)

∥∥
2

≤ ρ̄a
1− ρ̄w

∥X∥F ∥ŷ(τ)− y∥2 ,

∥∇aΦ(τ)∥2 = ∥Z(ŷ(τ)− y)∥2 ≤ ρ̄u
1− ρ̄w

∥X∥F ∥ŷ(τ)− y∥2 .

(3) Proof of Eq. (17):

∥Z(k)−Z(s)∥F
= ∥ϕ(W (k)Z(k) +U(k)X)− ϕ(W (s)Z(s) +U(s)X)∥F
≤∥W (k)Z(k) +U(k)X −W (s)Z(s)−U(s)X∥F
≤ (∥W (k)Z(k)−W (k)Z(s)∥F + ∥W (k)Z(s)−W (s)Z(s)∥F + ∥U(k)X −U(s)X∥F )
≤∥W (k)∥2∥Z(k)−Z(s)∥F + (∥W (k)−W (s)∥2 ∥Z(s)∥F + ∥U(k)−U(s)∥2 ∥X∥F )

≤ρ̄w∥Z(k)−Z(s)∥F +

(
ρ̄u

1− ρ̄w
∥W (k)−W (s)∥2 ∥X∥F + ∥U(k)−U(s)∥2 ∥X∥F

)

Consequently, we have

∥Z(k)−Z(s)∥F ≤ ρ̄−1
a (cw ∥W (k)−W (s)∥2 + cu ∥U(k)−U(s)∥2) ∥X∥F

(4) Proof of Eq. (18):

∥ŷ(k)− ŷ(s)∥2
= ∥a(k)Z(k)− a(s)Z(s)∥F
≤∥a(k)Z(k)− a(k)Z(s)∥F + ∥a(k)Z(s)− a(s)Z(s)∥F
≤∥a(k)∥2∥Z(k)−Z(s)∥F + ∥a(k)− a(s)∥2∥Z∥F
≤ (cw ∥W (k)−W (s)∥2 + cu ∥U(k)−U(s)∥2 + ca∥a(k)− a(s)∥2) ∥X∥F ,

where the last inequality follows from Eq. (17).

B.1 Proof of Theorem 1

Proof. We show by induction for every τ > 0,
∥W (s)∥2 ≤ ρ̄w, ∥U(s)∥2 ≤ ρ̄u, ∥a(s)∥2 ≤ ρ̄a, s ∈ [0, τ ]

λs ≥ λ0

2 , s ∈ [0, τ ]

Φ(s+ 1) ≤
(
1− η λ0

2

)s
Φ(0), s ∈ [0, τ ]

(19)
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For τ = 0, it is clear that Eq. (19) holds. Assume that Eq. (19) holds up to τ iterations.

(1) With the triangle inequality,

∥W (τ + 1)−W (0)∥F ≤
τ∑

s=0

∥W (s+ 1)−W (s)∥F

=

τ∑
s=0

η ∥∇WΦ(s)∥F

≤ηcw ∥X∥F
τ∑

s=0

∥ŷ(s)− y∥2

≤ηcw ∥X∥F
τ∑

s=0

(
1− η

λ0

2

)s/2

∥ŷ(0)− y∥2,

where the second inequality follows from Eq. (16), and the last one follows from induction assumption. Let u ≜√
1− ηλ0/2. Then ∥W (τ + 1)−W (0)∥F can be bounded with

2

λ0
(1− u2)

1− uτ+1

1− u
cw ∥X∥F ∥ŷ(0)− y∥2 ≤ 4

λ0
cw ∥X∥F ∥ŷ(0)− y∥2 ≤ δ, by Eq. (7).

With Weyl’s inequality, it is easy to have ∥W (τ + 1)∥2 ≤ ρ̄w < 1.

Using the similar technique, one can show that

∥U(τ + 1)−U(0)∥F ≤
τ∑

s=0

∥U(s+ 1)−U(s)∥F

=

τ∑
s=0

η ∥∇UΦ(s)∥F ≤ cu ∥X∥F
τ∑

s=0

∥ŷ(s)− y∥2

≤ ηcw ∥X∥F
τ∑

s=0

(
1− η

λ0

2

)s/2

∥ŷ(0)− y∥2

≤ 4

λ0
cu ∥X∥F ∥ŷ(0)− y∥2 ≤ δ, by Eq. (8),

∥a(τ + 1)− a(0)∥F ≤
τ∑

s=0

∥a(s+ 1)− a(s)∥F

=
τ∑

s=0

η ∥∇aΦ(s)∥F ≤ ca ∥X∥F
τ∑

s=0

∥ŷ(s)− y∥2

≤ ηcw ∥X∥F
τ∑

s=0

(
1− η

λ0

2

)s/2

∥ŷ(0)− y∥2

≤ 4

λ0
ca ∥X∥F ∥ŷ(0)− y∥2 ≤ δ, by Eq. (9).

By Weyl’s inequality, it holds that ∥U(τ + 1)∥2 ≤ ρ̄u, and ∥a(τ + 1)∥2 ≤ ρ̄a.

(2) Next, using Eq. (17), we have

∥Z(τ + 1)−Z(0)∥F
≤ρ̄−1

a (cw ∥W (τ + 1)−W (0)∥2 + cu ∥U(τ + 1)−U(0)∥2) ∥X∥F

≤ 4

λ0
ρ̄−1
a

(
c2w + c2u

)
∥X∥2F ∥ŷ(0)− y∥2

≤2−
√
2

2

√
λ0, by Eq. (8)
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By Wely’s inequality, it implies that σmin (Z(τ + 1)) ≥
√

λ0

2 . Thus, it holds λτ+1 ≥ λ0

2 .

(3) Furthermore, we define g ≜ a(τ + 1)⊤Z(τ) and note that

Φ(τ + 1)− Φ(τ)

=
1

2
∥ŷ(τ + 1)− ŷ(τ)∥22 + (ŷ(τ + 1)− g)

⊤
(ŷ(τ)− y) + (g − ŷ(τ)))

⊤
(ŷ(τ)− y).

We bound each term of the RHS of this equation individually. Firstly, using Eq. (18), we have

∥ŷ(τ + 1)− ŷ(τ)∥2
≤ (cw ∥W (τ + 1)−W (τ)∥2 + cu ∥U(τ + 1)−U(τ)∥2 + ca∥a(τ + 1)− a(τ)∥2) ∥X∥F
≤η · C1 ∥ŷ(τ)− y∥2 ,

where C1 ≜
(
c2w + c2u + c2a

)
∥X∥2F .

Secondly, by Eq. (17), we have

(ŷ(τ + 1)− g)
⊤
(ŷ(τ)− y)

≤∥a(τ + 1)∥2 ∥Z(τ + 1)−Z(τ)∥F ∥ŷ(τ)− y∥2
≤ (cw ∥W (τ + 1)−W (τ)∥2 + cu ∥U(τ + 1)−U(τ)∥2) ∥X∥F ∥ŷ(τ)− y∥2
≤η
(
c2w + c2u

)
∥X∥2F ∥ŷ(τ)− y∥22

≤η · C2 ∥ŷ(τ)− y∥22 ,

where C2 ≜
(
c2w + c2u

)
∥X∥2F .

Lastly, using the fact (a(τ + 1)− a(τ))
⊤
= −η∇aΦ(τ), we have

(g − ŷ(τ))
⊤
(ŷ(τ)− y))

=− η (∇aΦ(τ)Z(τ))
⊤
(ŷ(τ)− y)

=− η(ŷ(τ)− y)⊤Z(τ)⊤Z(τ)(ŷ(τ)− y)

≤− η
λ0

2
∥ŷ(τ)− y∥22,

where we use the induce assumption λτ > λ0

2 .

Putting all bounds together, we have

Φ(τ + 1) =
(
1− η(λ0 − ηC2

1 − 2C2)
)
Φ(τ)

≤ (1− η(λ0 − 4C2)) Φ(τ), by the condition on η

≤
(
1− η

λ0

2

)
Φ(τ), by Eq. (9).

C PROOF FOR SECTION 4.1

C.1 Proof of Lemma 3

Proof of Lemma 3. By Eq. (6), it is easy to show that for all i, j ∈ [n] and l ≥ 1,

K
(l)
ii = K

(l)
jj , K

(l)
ij = K

(l)
ji .
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Recall that we define cos θ
(l)
ij =

σ2
wK

(l−1)
ij +d−1x⊤

i xj

σ2
wK

(l−1)
ij +1

and it holds that

Λ
(l)
ij =

[
σ2
wK

(l−1)
ii + 1 σ2

wK
(l−1)
ij + 1

dx
⊤
i xj

σ2
wK

(l−1)
ji + 1

dx
⊤
j xi σ2

wK
(l−1)
ii + 1

]

=
(
σ2
wK

(l−1)
ii + 1

)[ 1 cos θ
(l)
ij

cos θ
(l)
ij 1

]

=ρ(l)

[
1 cos θ

(l)
ij

cos θ
(l)
ij 1

]
.

For i = j, Λ(l)
ij =

(
σ2
wK

(l−1)
ii + 1

)[
1 1
1 1

]
. By the homogeneity of ReLU, we have

K
(l)
ii = 2E

(u,v)⊤∼N (0,Λ
(l)
ii )

[ϕ(u)ϕ(v)]

= 2
(
σ2
wK

(l−1)
ii + 1

)
E
(u′,v′)⊤∼N

0,

 1 1
1 1

 [ϕ(u′)ϕ(v′)]

=
(
σ2
wK

(l−1)
ii + 1

)
·Q(1)

= σ2
wK

(l−1)
ii + 1,

Note that K(0)
ii = 0, and it is easy to show that for all i ∈ [n] and l ≥ 1, it holds

ρ(l) = K
(l)
ii =

1− σ2l
w

1− σ2
w

.

For all (i, j) ∈ [n]× [n], we have

K
(l)
ij = 2E

(u,v)⊤∼N (0,Λ
(l)
ii )

[ϕ(u)ϕ(v)]

= 2
(
σ2
wK

(l−1)
ii + 1

)
E
(u′,v′)⊤∼N

0,

 1 cos θ
(l)
ij

cos θ
(l)
ij 1



[ϕ(u′)ϕ(v′)]

=
(
σ2
wK

(l−1)
ii + 1

)
·Q
(
cos θ

(l)
ij

)
= ρ(l)Q

(
cos θ

(l)
ij

)
.

Consequently, we prove Eq. (12).

By substituting Eq. (12) into the definition of cos θ(l)ij , one can show that

cos θ
(l)
ij =

σ2
wK

(l−1)
ij + 1

dx
⊤
i xj

σ2
wK

(l−1)
ij + 1

=

(
K

(l−1)
ij − 1

)
Q
(
cos θ

(l−1)
ij

)
+ 1

dx
⊤
i xj

K
(l−1)
ij

.

Therefore, we have

cos θ
(l)
ij =

(
ρ(l) − 1

)
Q
(
cos θ

(l−1)
ij

)
+ 1

dx
⊤
i xj

ρ(l)
.

Letting l → ∞, Eq. (14) is proved.

C.2 Proof of Theorem 3

Proof of Theorem 3. (i) About
∥∥K −K(l)

∥∥
F

.
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By the triangle inequality, we have∣∣∣K(l+1)
ij −K

(l)
ij

∣∣∣
=
∣∣∣ρ(l+1)Q

(
cos θ

(l+1)
ij

)
− ρ(l)Q

(
cos θ

(l)
ij

)∣∣∣
≤
∣∣∣ρ(l+1)Q

(
cos θ

(l+1)
ij

)
− ρ(l+1)Q

(
cos θ

(l)
ij

)∣∣∣+ ∣∣∣ρ(l+1)Q
(
cos θ

(l)
ij

)
− ρ(l)Q

(
cos θ

(l)
ij

)∣∣∣ .
We bound each term individually.

Firstly, using the fact that |Q′(x)| ≤ 1, we have∣∣∣ρ(l+1)Q
(
cos θ

(l+1)
ij

)
− ρ(l+1)Q

(
cos θ

(l)
ij

)∣∣∣
≤
∣∣∣ρ(l+1) cos θ

(l+1)
ij − ρ(l+1) cos θ

(l)
ij

∣∣∣
≤
∣∣∣ρ(l+1) cos θ

(l+1)
ij − ρ(l) cos θ

(l)
ij

∣∣∣+ ∣∣∣ρ(l) cos θ(l)ij − ρ(l+1) cos θ
(l)
ij

∣∣∣
≤
∣∣∣ρ(l+1) cos θ

(l+1)
ij − ρ(l) cos θ

(l)
ij

∣∣∣+ ∣∣∣ρ(l) − ρ(l+1)
∣∣∣

=

∣∣∣∣σ2
wK

(l)
ij +

1

d
x⊤
i xj −

(
σ2
wK

(l−1)
ij +

1

d
x⊤
i xj

)∣∣∣∣+
∣∣∣∣∣1− σ2l

w

1− σ2
w

− 1− σ
2(l+1)
w

1− σ2
w

∣∣∣∣∣
=σ2

w

∣∣∣K(l)
ij −K

(l−1)
ij

∣∣∣+ σ2l
w ,

where the first equality follows from the fact that ρ(l+1) = σ2
wK

(l)
ii + 1, and cos θ

(l+1)
ij =

σ2
wK

(l)
ij +d−1x⊤

i xj

σ2
wK

(l)
ii +1

.

Secondly, using the fact that |Q(x)| ≤ 1, we have∣∣∣ρ(l+1)Q
(
cos θ

(l)
ij

)
− ρ(l)Q

(
cos θ

(l)
ij

)∣∣∣ ≤ ∣∣∣ρ(l+1) − ρ(l)
∣∣∣ = σ2l

w .

Consequently, for l ≥ 1, it holds that∣∣∣K(l+1)
ij −K

(l)
ij

∣∣∣ ≤ σ2
w

∣∣∣K(l)
ij −K

(l−1)
ij

∣∣∣+ 2σ2l
w .

This implies that, for l ≥ 1, we have ∣∣∣Kl
ij −K

(l−1)
ij

∣∣∣ ≤ (2l − 1)σ2(l−1)
w .

Therefore, it holds that ∣∣∣Kij −K
(l)
ij

∣∣∣ = O
(
lσ2l

w

)
,

which implies that ∥∥∥K −K(l)
∥∥∥
F
= O

(
nσ2l

w l
)
.

(ii) About the positive definiteness of K.

The proof of this part is similar with those of Oymak and Soltanolkotabi (2020); Nguyen and Mondelli (2020) which are
based on Hermite polynomials. We refer the reader to Daniely et al. (2016) for a detailed introduction about Hermite
polynomials.

Following from Lemma 7, for (i, j) ∈ [n]× [n], it holds that

Kij =
1

1− σ2
w

Q(cos θij) =
1

1− σ2
w

∞∑
r=0

µ2
r(ϕ)(cos θij)

r.
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Let H = [h1, · · · ,hn] where h1, · · · ,hn be unit vectors such that cos θij = h⊤
i hj for all (i, j) ∈ [n]× [n]. It is easy to

check that [(H⊤H)(⊙r)]ij = (h⊤
i hj)

r holds for all (i, j) ∈ [n]× [n]. Then, K can be rewritten as

K =
1

1− σ2
w

∞∑
r=0

µ2
r(ϕ)(H

⊤H)(⊙r). (20)

Following from Lemma 6, we show that K is a sum of a series of PSD matrices. Thus, it suffices to show that K is strictly
positive definite if there exists a r such that µ2

r(ϕ) ̸= 0 and (H⊤H)(⊙r) is strictly positive definite.

For any unit vector v = [v1, · · · , vn]⊤ ∈ Rn, it holds that

v⊤(H⊤H)(⊙r)v =
∑
i,j

vivj(h
⊤
i hj)

r

=
∑
i,j

vivj(cos θij)
r

=
∑
i

v2i +
∑
i̸=j

vivj(cos θij)
r

=1 +
∑
i̸=j

vivj(cos θij)
r

Let us define β = maxi ̸=j | cos θij |. By Eq. (14), it holds that

|cos θij | =
∣∣∣∣σ2

wQ(cos θij) + (1− σ2
w)

1

d
x⊤
i xj

∣∣∣∣
=
∣∣σ2

wQ(cos θij)
∣∣+ ∣∣∣∣(1− σ2

w)
1

d
x⊤
i xj

∣∣∣∣
<σ2

w + 1− σ2
w = 1.

for all (i, j) ∈ [n]×[n]. The last inequality follows from that facts that |Q(x)| ≤ 1 for |x| ≤ 1 and maxi ̸=j

(∣∣ 1
dx

⊤
i xj

∣∣) < 1
(by Assumption 2). Therefore, it holds that

β < 1.

Taking r > − log(n)
log(β) , we have∣∣∣∣∣∣

∑
i ̸=j

vivj(cos θij)
r

∣∣∣∣∣∣ ≤
∑
i ̸=j

|vi||vj |βr ≤

(∑
i

|vi|

)2

βr ≤ nβr < 1.

By Weyl’s inequality, it holds that v⊤(H⊤H)(⊙r)v > 0, i.e. (H⊤H)(⊙r) is positive definite. Following from Lemma 7,
it holds that µ2

r(ϕ) > 0. Therefore, the positive definiteness of K is proved.

D PROOF FOR SECTION 4.2

D.1 Proof of Theorem 4

Proof. Using standard bounds on the operator norm of Gaussian matrices, it holds w.p. ≥ 1− exp (−m),∥∥∥z(l+1)
i − z

(l)
i

∥∥∥
2
≤ 2

√
2σw

∥∥∥z(l)
i − z

(l−1)
i

∥∥∥
2
,

Therefore, it holds that ∥∥∥z(l)
i − z

(l−1)
i

∥∥∥
2
= O

(∥∥∥z(1)
i

∥∥∥
2

)
,
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and ∥∥∥zi − z
(l)
i

∥∥∥
2
= O

((
2
√
2σw

)l ∥∥∥z(1)
i

∥∥∥
2

)
.

For z(1)
i , we have

E
[
1

m

(
z
(1)
i

)⊤
z
(1)
i

]
= E

[
1

m
ϕ(Uxi)

⊤ϕ(Uxi)

]
= 1.

Using Bernstein inequality, it holds w.p. ≥ 1− exp
{
−Ω

(
mt2

)}
∣∣∣∣ 1m (

z
(1)
i

)⊤
z
(1)
i − 1

∣∣∣∣ ≤ t.

Consequently, we have ∣∣∣Gij −G
(l)
ij

∣∣∣ = ∣∣∣∣z⊤
i zj −

(
z
(l)
i

)⊤ (
z
(l)
j

)∣∣∣∣
≤
∣∣∣z⊤

i zj − z⊤
i z

(l)
j

∣∣∣+ ∣∣∣∣z⊤
i z

(l)
j −

(
z
(l)
i

)⊤ (
z
(l)
j

)∣∣∣∣
≤∥zi∥2

∥∥∥zj − z
(l)
j

∥∥∥
2
+
∥∥∥z(l)

i

∥∥∥
2

∥∥∥zi − z
(l)
i

∥∥∥
2

≤C
(
2
√
2σw

)L
m
(
1 +

√
t
)
.

where C is an absolute positive constant. Lastly, letting t be an absolute positive constant, we prove Theorem 4 by applying
the simple union bound.

E PROOF FOR SECTION 4.3

In this section, we define Ĝ
(l)
ij = Ew∼N (0,I)[ϕ(w

⊤h)ϕ(w⊤h′)]. Combining Lemma 7 and the homogeneity of ReLU,

we write Ĝ
(l)
ij as

Â
(l)
ij = h⊤h′

cos θ̂
(l)
ij =

Â
(l)
ij√

Â
(l)
ii Â

(l)
jj

Ĝ
(l)
ij =

√
Â

(l)
ii Â

(l)
jj Q(cos θ̂

(l)
ij )

By the triangle inequality, we have∣∣∣∣ 1mG
(l)
ij −K

(l)
ij

∣∣∣∣ ≤ ∣∣∣∣ 1mG
(l)
ij − Ĝ

(l)
ij

∣∣∣∣+ ∣∣∣Ĝ(l)
ij −K

(l)
ij

∣∣∣ . (21)

E.1 Proof of Theorem 5

Lemma 9. For i = j, with probability at least 1− l exp
{
−Ω(mε2) +O

(
1
ε

)}
, it holds that∣∣∣∣ 1mG

(l)
ii −K

(l)
ii

∣∣∣∣ ≤ ε, (22)

or equivalently,
∣∣∣ 1mG

(l)
ii − ρ(l)

∣∣∣ ≤ ε.
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Proof. Following Lemma 4, we reconstruct G(l+1)
ii as

G
(l+1)
ii = ϕ (Mh)

⊤
ϕ (Mh) ,

where ∥h∥22 = h⊤h =
σ2
w

m G
(l)
ii + 1.

(1) For fixed h, by the standard Bernstein inequality, it holds w.p. ≥ 1− exp
{
−Ω

(
mε2

)}
,∣∣∣∣ 1mG

(l+1)
ii − Ĝ

(l+1)
ii

∣∣∣∣ ≤ ε.

(2) For all h, note that the ε-net size is at most exp
{
O
(
l log 1

ε

)}
. Therefore, it holds w.p. ≥ 1 −

exp
{
−Ω(mε2) +O

(
l log 1

ε

)}
, ∣∣∣∣ 1mG

(l+1)
ii − Ĝ

(l+1)
ii

∣∣∣∣ ≤ ε.

(3) Substitute the choice of h such that h⊤h =
σ2
w

m G
(l)
ii + 1. We have∣∣∣Ĝ(l+1)

ii −K
(l+1)
ii

∣∣∣ = σ2
w

∣∣∣∣ 1mG
(l)
ii −K

(l)
ii

∣∣∣∣ .
And we have, w.p. ≥ 1− exp

{
−Ω(mε2) +O

(
l log 1

ε

)}
,∣∣∣∣ 1mG

(l+1)
ii −K

(l+1)
ii

∣∣∣∣ ≤ ∣∣∣∣ 1mG
(l+1)
ii − Ĝ

(l+1)
ii

∣∣∣∣+ ∣∣∣Ĝ(l+1)
ii −K

(l+1)
ii

∣∣∣ ≤ σ2
w

∣∣∣∣ 1mG
(l)
ii −K

(l)
ii

∣∣∣∣+ ε

which implies that with probability at least 1− l exp
{
−Ω(mε2) +O

(
l log 1

ε

)}
, we have∣∣∣G(l)

ii −K
(l)
ii

∣∣∣ ≤ 1− σ2l
w

1− σ2
w

ε. (23)

Lemma 10. For i ̸= j, with probability at least 1− l2 exp
{
−Ω(mε2) +O

(
l log 1

ε

)}
, it holds that∣∣∣∣ 1mG

(l)
ij −K

(l)
ij

∣∣∣∣ ≤ ε.

Proof. Following Lemma 4, we reconstruct G(l+1)
ij as

G
(l+1)
ij = ϕ (Mh)

⊤
ϕ (Mh′) ,

where h⊤h′ =
σ2
w

m G
(l)
ij + 1

dx
⊤
i xj .

(1) For fixed h and h′, by the standard Bernstein inequality, we have w.p. ≥ 1− exp
{
−Ω(mε2)

}
∣∣∣∣ 1mG

(l+1)
ij − Ĝ

(l+1)
ij

∣∣∣∣ ≤ ε.

(2) For all h,h′, note that the ε-net size is at most exp
{
O
(
l log 1

ε

)}
. Therefore, w.p. ≥ 1−exp

{
−Ω(mε2) +O

(
l log 1

ε

)}
,

it holds that ∣∣∣∣ 1mG
(l+1)
ij − Ĝ

(l+1)
ij

∣∣∣∣ ≤ ε.
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(3) Substituting the choice of h and h′ such that h⊤h′ =
σ2
w

m G
(l)
ij + 1

dx
⊤
i xj . We have∣∣∣Ĝ(l+1)

ij −K
(l+1)
ij

∣∣∣
=

∣∣∣∣√Â
(l+1)
ii Â

(l+1)
jj Q(cos θ̂

(l+1)
ij )− ρ(l+1)Q(cos θ

(l+1)
ij )

∣∣∣∣
≤
∣∣∣∣(√Â

(l+1)
ii Â

(l+1)
jj − ρ(l+1)

)
Q(cos θ̂

(l+1)
ij )

∣∣∣∣+ ∣∣∣ρ(l+1)
(
Q(cos θ̂

(l+1)
ij )−Q(cos θ

(l+1)
ij )

)∣∣∣
≤
∣∣∣∣√Â

(l+1)
ii Â

(l+1)
jj − ρ(l+1)

∣∣∣∣+ ρ(l+1)
∣∣∣cos θ̂(l+1)

ij − cos θ
(l+1)
ij

∣∣∣ , |Q(·)| < 1 and Q(·) is 1-Lipschitz

≤
∣∣∣∣√Â

(l+1)
ii Â

(l+1)
jj − ρ(l+1)

∣∣∣∣+ ∣∣∣∣(√Â
(l+1)
ii Â

(l+1)
jj + ρ(l+1) −

√
Â

(l+1)
ii Â

(l+1)
jj

)
cos θ̂

(l+1)

ij − ρ(l+1)cos θ
(l+1)
ij

∣∣∣∣
≤2

∣∣∣∣√Â
(l+1)
ii Â

(l+1)
jj − ρ(l+1)

∣∣∣∣+ ∣∣∣∣√Â
(l+1)
ii Â

(l+1)
jj cos θ̂

(l+1)
ij − ρ(l+1)cos θ

(l+1)
ij

∣∣∣∣ .

From the definition of Ĝ(l), it holds that Â
(l+1)
ii =

σ2
w

m G
(l)
ii + 1. Applying Lemma 9, it holds w.p. ≥ 1 −

l exp
{
−Ω

(
mε2

)
+O

(
l log 1

ε

)}
,

∣∣∣∣√Â
(l+1)
ii Â

(l+1)
jj − ρ(l+1)

∣∣∣∣ =
∣∣∣∣∣
√(

σ2
w

m
G

(l)
ii + 1

)(
σ2
w

m
G

(l)
jj + 1

)
−
(
σ2
wK

(l)
ii + 1

)∣∣∣∣∣ ≤ ε.

Moreover, note that
√
Â

(l+1)
ii Â

(l+1)
jj cos θ̂

(l+1)
ij = Â

(l+1)
ij =

σ2
w

m G
(l)
ij + 1

dx
⊤
i xj and ρ(l+1)cos θ

(l+1)
ij = σ2

wK
(l)
ij + 1

dx
⊤
i xj .

Thus, it holds that ∣∣∣∣√Â
(l+1)
ii Â

(l+1)
jj cos θ̂

(l+1)
ij − ρ(l+1)cos θ

(l+1)
ij

∣∣∣∣ = σ2
w

∣∣∣∣ 1mG
(l)
ij −K

∣∣∣∣ .
Thus, w.p. ≥ 1− l exp

{
−Ω

(
mε2

)
+O

(
l log 1

ε

)}
, it holds that∣∣∣Ĝ(l+1)

ij −K
(l+1)
ij

∣∣∣ ≤ σ2
w

∣∣∣∣ 1mG
(l)
ij −K

(l)
ij

∣∣∣∣+ ε.

Consequently, w.p. ≥ 1− l exp
{
−Ω(mε2) +O

(
l log 1

ε

)}
, we have∣∣∣∣ 1mG

(l+1)
ij −K

(l+1)
ij

∣∣∣∣ ≤ ∣∣∣∣ 1mG
(l+1)
ij − Ĝ

(l+1)
ij

∣∣∣∣+ ∣∣∣Ĝ(l+1)
ij −K

(l+)
ij

∣∣∣ ≤ ε+ σ2
w

∣∣∣∣ 1mG
(l)
ij −K

(l)
ij

∣∣∣∣ .
By applying the induction argument, one can show that for l ≥ 1, it holds w.p. ≥ 1− l2 exp

{
−Ω(mε2) +O

(
l log 1

ε

)}
,∣∣∣∣ 1mG

(l)
ij −K

(l)
ij

∣∣∣∣ ≤ ε.

Now we are ready to prove Theorem 5.

Proof of Theorem 5. Combing Lemmas 9 and 10 with the standard union bound, we have w.p. ≥ 1 −
n2l2 exp

{
−Ω(mε2) +O

(
l log 1

ε

)}
∥∥∥∥ 1

m
G(l) −K(l)

∥∥∥∥
F

≤ nε.
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Take ε =
(
2
√
2σw

)l
and notice that σ2

w < 1
8 . It holds w.p. ≥ 1 − n2l2 exp

{
−Ω(8lσ2l

wm) +O
(
l2
)}

≥ 1 −
n2 exp

{
−Ω(8lσ2l

wm) +O
(
l2
)}

, ∥∥∥∥ 1

m
G(l) −K(l)

∥∥∥∥
F

= O
(
n
(
2
√
2σw

)l)
.
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