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Abstract

Federated learning (FL) has received increasing
interests during the past years, However, most
of the existing works focus on supervised learn-
ing, and federated learning for sequential deci-
sion making has not been fully explored. Part
of the reason is that learning a policy for se-
quential decision making typically requires re-
peated interaction with the environments, which
is costly in many FL applications. To overcome
this issue, this work proposes a federated offline
policy optimization method abbreviated as Fe-
dOPO that allows clients to jointly learn the opti-
mal policy without interacting with environments
during training. Albeit the nonconcave-convex-
strongly concave nature of the resultant max-min-
max problem, we establish both the local and
global convergence of our FedOPO algorithm.
Experiments on the OpenAl gym demonstrate that
our algorithm is able to find a near-optimal pol-
icy while enjoying various merits brought by FL,
including training speedup and improved asymp-
totic performance.

1 Introduction

Federated Learning (FL) is a machine learning setting where
clients collaboratively train a model under the coordination
of a central server while keeping their data private (McMa4
han et al., 2017). FL was motivated by the growing need
of training with the massive amount of data generated at
different local devices, while mitigating the privacy risks
and costs resulting from centralized training.

In recent years, FL has achieved tremendous success in nu-
merous applications such as healthcare (Chen et al.,[2020),
finance (Liu et al.} 2020b)), IoT (Zhang et al., 2021b), prod-
uct personalization (Hard et al.| [2019). Although FL has
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proved to be an effective paradigm for a wide range of real-
world tasks, existing works have been largely focusing on
supervised learning settings, while applying other machine
learning techniques in FL paradigm, such as reinforcement
learning (RL), has not been widely studied (et al., 2021]).
Part of the reason is that learning a policy in RL typically
requires frequent deployment of new policies in the envi-
ronment to acquire online experiences. However, in many
potential applications of federated RL such as healthcare
(Murphy et al.;[2001), finance (Liu et al., 2020b) and energy
management (Li et al., [2021)), deployment of new policy is
costly or even impossible (Matsushima et al., |2020). For
example, in healthcare, an unreliable treatment policy may
have side-effects on patients. Or in power systems, a sub-
optimal energy management policy may result in severe
economic loss, and is not favored by end users.

To overcome this challenge, we propose an offline feder-
ated policy optimization method named FedOPO, which
allows multiple clients to jointly train a policy with data sets
distributed over local clients. The data set of each client is
collected by unknown client-customized behavior polices
prior to the training phase, and no data collection is needed
during training. Therefore, FedOPO requires no online
sampling and thus mitigates the costs of online policy de-
ployment. Moreover, we show that compared to the case
where each client trains a policy locally, FL brings sev-
eral theoretical merits including training speedup, improved
asymptotic performance and better data coverage.

1.1 Related works

To put our work in context, we review prior art that we
group in the following categories.

Federated learning. Ever since the introduction of FL
in (Konecny et al.| [2016; [McMahan et al.l [2017), it has
been extensively studied in semi-supervised learning setting
(Papernot et al., 2017} 2018)); hierarchical setting (Liu et al.,
2020a; [Briggs et al.l 2020); non-iid data setting (Zhao et al.,
2018} |[Hsieh et al.| [2020); continual learning(Yoon et al.}
2021); multi-task setting (Smith et al., 2018). The major
concerns in FL include the communication efficiency (Seide
et al.}2014; |Stich et al., [2018} |Chen et al.,2018; Wang and
Joshi, 2018} [Yu et al.,|2019) and data privacy (Huang et al.,
20215 Jin et al., 2021). For a complete survey of FL, see e.g.,
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(et al., [2021)). Though most of the works on FL focus on
the supervised learning settings, there are a few works that
study a restrictive class of RL problems (see e.g., (Liu et al.,
2019a; |Lee and Choil 2020)). However, they are restricted
on specific tasks that allow online sampling. Recently, Jin
et al.| (2022)) studied a general federated RL method in an
online setting. A provably-convergent offline federated RL
method that can be applied to a wider range of tasks is,
however, missing in the literature.

Model-based offline RL. Offline RL has gained growing in-
terests recently thanks to its importance in safety-critical ap-
plications. Offline RL can be tackled either through model-
based or model-free approaches. The model-based methods
leverage the techniques from supervised learning and un-
certainty quantification to learn a reliable Markov decision
process (MDP) model, and then utilize the planning algo-
rithms to solve the problem. MOPO regularizes the learnt
MDP by penalizing the reward function with an uncertainty
term (Tu et al.,|2020). MOReL strictly discourages the tar-
get policy from visiting the uncertain domains via reward
shaping (Kidambi et al.| 2020). While COMBO, inspired
by (Kumar et al.}|2020), takes another approach by conser-
vatively updating the Q function in out-of-support domain
without needing uncertainty quantification (Yu et al., 2021).
Recently, representation learning-based approaches have
also been developed in (Lee et al.,[2021).

Model-free offline RL. A closer line of research to our work
is the model-free offline RL methods that use conservative
policy updates either via incorporating implicit regulariza-
tion into objective function or imposing explicit constraints
on the problem. Such methods include the conservative Q-
learning (Kumar et al.,2020); Q-learning with uncertainty
quantification (Kumar et al.| 2019 Siegel et al., [2020; [Wu
et al., 2019) or explicit constraints on the state-action do-
main (Liu et al.l [2020c); the importance weighted offline
policy gradient (PG) methods (Nachum et al.| 2019bj; |Liu
et al.,[2019b; Imani et al.l 2018). Many offline PG methods
originate from the logged actor-critic (Off-PAC) algorithm
(Degris et al., 2012). The policy gradient in off-PAC is
computed with logged samples, which renders Off-PAC not
provably convergent to the optimal policy. To resolve this
issue, a popular approach is to reweight the logged update
with correction ratios, see e.g., (Imani et al., 2018 (Gelada
and Bellemarel 2019} [Zhang et al.l 2019b; [Liu et al.,[2019b)
2018). However, these works all require the information on
the behavior policy, which is often unknown in practice.

In another line of work, (Nachum et al.|[2019a}; Zhang et al.,
2020) considered the offline behavior-agnostic setting and
proposed offline policy evaluation methods, which were
unified as the DICE family (Yang et al.,2020). With similar
techniques, [Nachum et al.| (2019b) proposed the first offline
behavior-agnostic policy optimization termed AlgaeDICE.
AlgaeDICE improves over previous works by solving the
distribution mismatch issue in behavior-agnostic setting.

1.2 Main contributions

In this context, we propose an offline federated policy opti-
mization method that we term FedOPO. Our contributions
can be summarized as follows.

C1) A new federated learning framework. We broaden
the application of FL from supervised learning to sequential
decision making, where the goal is to learn a policy that
repeatedly takes actions based on states. We are interested
in settings where online sampling is prohibited, and mul-
tiple clients aim to learn the optimal policy with locally
distributed logged data generated by behavior polices dif-
ferent from the updating policy. Our algorithm corrects the
offline policy update with the so-called density ratio, which
is learnt by optimizing a max-min-max objective function
with clients’ data. Due to the offline nature of our method,
it can be applied to a general class of federated RL tasks,
including those that require little to none online policy de-
ployment.

C2) Quantifiable benefits of FedOPO. We show both
theoretically and empirically that the marriage of FL and
offline PG brings two major benefits: 1) Run-time speedup.
The synchronized parallel computing architecture inherent
to FL speeds up the optimization process, which is in dire
need as the max-min-max objective is particularly hard to
optimize in practice. Our analysis shows that linear speedup
is achieved, i.e. the convergence rate increases at a rate
of O(N), where N is the number of clients. 2) Better
asymptotic performance. FL is able to utilize the combined
information provided by all clients while protecting data
privacy. The shared data collection reduces the statistical
error at a rate of ©(1/N), thus improves the asymptotic
performance. Numerical experiments are provided to verify
our theoretical results.

C3) Improved analysis of offline PG. By setting N =1, our
analysis reduces to the offline PG method. In this case, our
work improves over the analysis of offline PG with density-
ratio correction in (Huang and Jiang| |2021) in the following
aspects: 1) The algorithm in (Huang and Jiang| 2021)) runs a
double-loop manner where the inner-loop performs density
ratio estimation and the outer loop performs the PG update.
While our analysis allows a practical single-loop structure
where the PG update and density ratio update are performed
simultaneously. Albeit the single-loop structure is more dif-
ficult to analyze and often has slower convergence rate, we
give an improved analysis that achieves the state-of-art rate
of O( \/;,7) ii) The Assumption C in (Huang and Jiang|
2021) is stronger than Assumption [I]in this work. Specif-
ically, we show that the second bounded ratio assumption
adopted in (Huang and Jiang} 2021) is not needed, relaxing
the requirement on the batch data.
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2 Preliminaries

In this section, we will define basic notations regarding the
Markov decision process and then give a general formula-
tion of the RL problem.

RL problems are often modeled as an MDP described by
M ={S, A, P,r ~}, where S is the state space, A is the
action space, P(s’|s, a) is the probability of transitioning
to s’ € S given current state s € S and action a € A, and
(s, a) is the reward associated with the state-action pair
(s,a), and v € [0,1) is a discount factor. Without loss of
generality, we assume the reward r(s,a) € [0,1] for any
(s,a) € SxA. Apolicy 7 : S — A(A) is defined as a map-
ping from the state space S to the probability distribution
over the action space A.

Considering discrete time ¢ in an infinite horizon, a policy 7
generates a trajectory (sg, ag, $1, a1, - ..) with a; ~ 7(-|s¢)
and s;y1 ~ P(:|st,ar). Given a policy m, we define the
state and state-action value functions as

o0
> ytr(sear) | so 8] ;
t=0

o0
> (s ar) | so

t=0

Vi(s) =E

Qr(s,a) =E

s,ag = a] (1)

where E is taken over the trajectory (so, ag, 51, a1, . ..) gen-
erated under policy 7. With the above definitions, the ad-
vantage function is A, (s,a) := Qx(s,a) — Vi (s). With
p denoting the initial state distribution, the discounted
state visitation measure induced by policy 7 is defined as
da(s) = (1= 7) 201 Blse = s | 50 ~ ). We
overload the notation and define the discounted state action
visitation measure as d(s,a) = (1 —7) > o V' P(s; =
s | so ~ p,m)m(als). In the case where 7 is parametrized
by 0, we use dy as shorthand notations for d,.

The goal of RL is to find an optimal policy 7* defined
as m° € argmax, J(m) = (1 — 7)Esu,p[Vr(s)]. We de-
fine the optimal return as J* := max, J(w). When the
state and action spaces are large, finding the optimal policy
m becomes computationally intractable. To overcome the
inherent difficulty of learning a function, the policy gradi-
ent methods search the best performing policy over a class
of parametrized policies. We parametrize the policy with
6 € R?, and solve the following problem

ené%)gJ(Q) = (1=7)Esnp[Vry ()] =Esand,, [r(s,a)]. (2)

To penalize degenerate policies or utilize prior knowledge,
it is common to augment the objective function with a regu-
larization, given by

Jr(0) == J(0) + 7 Esnn, [ - DKL(W,,(~\5)\7T9(~|S))] 3)

R(0):=

where 7 > 0 is a regularization constant, 7,, is a prior state
distribution, and 7, is a prior policy. The regularization
R(#) encourages my to imitate 7, within the support of
7)p, incorporating prior knowledge into training. When 7,
and 7, are set as uniform distributions, the regularization
term is reduced to the relative-entropy regularization widely
analyzed in the literature (Agarwal et al., 2020; Bhandari
and Russo, [2019; Zhang et al., 2021a). Moreover, the reg-
ularization prevents degenerate solutions that can lead to
the pitfall of certain policy parametrization (Bhandari and
Russo, [2019).

3 FedOPO: A Federated Offline Policy
Optimization Algorithm

In this section, we will first derive a tractable objective
function for federated offline PG, and then introduce our
algorithm FedOPO.

3.1 Federated offline policy optimization

In an offline federated RL setting, we have N clients aim-
ing to learn the optimal policy of the same MDP. In data
collection phase prior to training process, each client n
uses a possibly unknown behavior policy 7 to collect
batch data. Following the convention in offline RL liter-
ature, we abbreviate the behavior visitation distribution
drn(s,a) as d(s,a), and define the averaged distribution

as dp(s,a) = & SN dp(s,a).

To find the optimal policy that maximizes J(6), € is updated
using the policy gradient given by (Sutton et al., [ 2000)

VJ(Q) - ES,GNdwe [Qﬂ'e (57 0)7/)0(57 a)] ) “4)

where the score function is defined as (s, a) =
Vlogmg(als). For a given target policy 7y, running the
policy gradient (@) is challenging in the offline RL setting,
because samples from the distribution d, in @) cannot be
obtained without interacting with the environment via my.
A natural thought is to encourage d,, to stay close to the
more accessible distribution d, which can be estimated by
the batch data collected by clients. To this end, we augment
J-(6) with a regularizer D x2 (dr,||dp), that is

max F(0) :=J7(6) = ADy: (dr,lldp), (5)
where D y2 is the X?— divergence and A > 0 is a regu-
larization constant. It is worth noting that the regularizer
in (9) serves different purpose than that in (3). The regu-
larizer in (3] prevents degenerate solutions or incorporates
prior knowledge, while the one in () encourages the on-
policy visitation distribution d, to stay close to the aver-
aged logged visitation distribution % ZTJLI d?}, and thus
encourages conservative policy updates. The relative tem-
perature between the two regularizers is controlled by 7, \.
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To ensure the tractability of our problem, we make the
following assumption which is common in previous works
on offline RL (Zhang et al., 2020; Nachum et al., [2019a)).

Assumption 1 (exploratory federated RL data). For all
eligible 0, if dn,(s,a) > 0, there exists a client n whose
d’L (s, a) > O for this particular pair (s, a). There exists a
constant Cg such that || % loo < Cla.

As we show in the remark below, our assumption is weaker
than those in (Nachum et al.; 2019b;|Huang and Jiang| [2021}
Zhang et al.,|2020; Nachum et al.|[2019a).

Remark 1. Suppose mj is chosen randomly with at least

probability p > 0 such that || T —2|| < oo, then it is im-
mediate that Assumption[I| holds wzth probability at least
1—(1—p)N. Then for a federated system with large enough
number of workers N, Assumption[I| holds with a proba-
bility sufficiently close to 1. Moreover, by definition of d7},,
we have di(s,a) > (1 —v)p(s)mj(als). If p(s) > 0, and
we select T within the subset of stochastic policies, i.e.
w5 (als) > 0 for any (s,a), then we have d, > 0 with
probability p=1. In this case, Assumption[l)is guaranteed
to hold. In addition, it is worth noting that our assump-
tion is weaker than that of\[Huang and Jiang| (2021) when
N =1, as we do not need the second inequality assumption
in (Huang and Jiang, 2021, Assumption C).

3.2 Federated max-min-max reformulations

Accessing dr, in (3) requires sampling via 7y, which is
changing during learning process. Hence, the objective
function F) () is still hard to optimize in the federated RL
setting. Inspired by the change of variable trick and the
fenchel duality trick in (Nachum et al., 2019bla), we will
consider an equivalent form of (3)) in the following lemma.

Lemma 1. Under Assumption[I] the problem defined in ()
is equivalent to

max min max FA(Q NN
GGRd'UGRSX'AMGRSX

with FY(0,v, u) =

NZFA (6,0, 1) (6)

n=1

(1 =7)E so~p [v(s0,a0)]

+Es anap (Bﬂev—v) (s,a)u(s,a)— %u(s, a)ﬂ +7R(0)

where the Bellman operator is defined as Br,v(s,a) =
T(Sa a) + VES’NP(‘|s,a),a’~‘n’9(»|s’) [U(S/a a/)]'

We term F)\ (0, v, u) as the population-level offline feder-
ated RL objective function. By introducing v and y in (6),
our new objective function no longer depends on the inacces-
sible distribution d.,, instead it depends on {d?,})_; and
p which can be estimated by clients’ logged data. Given 6,
define (v}, ;) = argmin, max, F)(6,v, 1). Using the

Server 0.7.1

o\ // - o)
-8 < -8
O Ja“,L;yr

Figure 1: The framework of FedOPO.

optimality condition of F) (6, v, i) with respect to (s, a),
we have
dry(8,0a)
N o :
% Zn:l d[L)(s’ a‘)
_ (7
Given dp, we can use the so-called density ratio 1, to obtain

the distribution d,. Recalling the definition of B,,, we can
solve (7) with respect to v; and obtain

(871-97}9 v;) (s,a) =

pg (s, a) =

>/M—‘

vg(s,a) = (®)
ﬂe[ZV ( St at) Af{; (st,at)>

The definition of vj is akin to the Q-function of a vir-
tual MDP M = {8, A, P,7,~} with reward function
7(s,a) = (r — )\%‘j)(s,a). Hence, solving v and p in
(6) can be viewed as the critic problem for estimating the
actor gradient. We formalize this intuition next.

5057CL0(1:|.

Lemma 2. Suppose the critic variables are optimized, i.e.
v = vy and |1 = g, then it holds that

VoF(0,v5, 1g) =Ea,, [v5(s,a)1be(s,a)|+TVR().
=Eq,, [(11g - va)(s,a)e(s,a)|+7VR(0) )

Compared with the policy gradient in (), (9) is the regular-
ized policy gradient corresponding to the virtual MDP M.
The virtual reward function 7(s, a) penalizes 7y when it
visits the less supported state-action space, thus encourages
conservative policy updates. Moreover, when )\ is cho-
sen properly small, we have that v; ~ Q,,, and therefore
VoFx(0,v}, 1) ~ VJ:(0). In this sense, Vo F)\(6,v, 1)
is an estimate of the regularized policy gradient given by
the critic variable v, p.

3.3 Algorithm development

To optimize Fy(0,v,u), one needs to sample from
{d’})_; and p. This sampling process can be approx-
1mated by sampling from local data sets D" and D,
where D" contains transition tuples {(s;, a;, s5)}M, with
each tuple drawn from d}, ® P, e.g., (s;,a;) ~ d} and
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Algorithm 1 Federated Offline Policy Optimization

1: global initialize: Step sizes o and 8. Communication
interval I.

2: client initialize: Initial policy mpp. Initial vy and 7.
parametrized by wy; - and wy; ,

3: fork=1,2,...,K,do:

4: eachclientn € {1,2,..., N} do:

5: Obtain samples following and (13).

6:  Update the local model via and (T3).

7. ifk mod I:

8: Clients upload local parameters.

9: Server averages local parameters via (I6).
10: Broadcast averaged parameters to clients.
11:  endif
12: end for

s~ P( |si,a;), and DY contains initial state samples
{80 ~ p. For simplicity of notations, we assume the
data set of every client contains M samples. Denote the
empirical distribution of initial state samples in Df as p™,
and the empirical distribution of state-action pairs in data
set D™ as J%. Then we can define the empirical version of
F A (97 v, :U’) as

Mz

F\(0,0, ) (6, v, w1 (10)
n:l
with F}(6, v, p):=(1—7)E so~p" +[v(s0,a0)] +7R(0)+
A
Es,a,slr\dg [(T(S’ a)+71}(5/7 a/)*’U(S, a))M(S, CL)* 5:“‘(53 a)2] .

a//\«'ﬂ'g

Due to privacy concerns in FL, clients cannot access each
other’s data, and thus cannot directly optimize the global
objective function Fy. We introduce FedOPO in Algorihtm
[T} and summarize it next.

Local offline critic update. Consider the setting where
each client n stores local models 6™, v™ and p", with v™
and 4" being parametrized by w,; and wj; respectively. At

each iteration k, client n first uniformly samples transitions
from D™ and initial states from D(}. This sampling process
can be written as

s0 ~ p"y a0 ~ mor (+s0); (s,a,s") ~dp,a’ ~ We;}('|5/) (11)
where gy is its local policy model, and the subscription
k,n on samples are omitted for notation simplicity.

With the samples, the client can compute the stochastic gra-
dient of local objective function F' (0}, vy, uj) W.r.t. wy
and w;; ;.. We denote the gradients as Vo FY' (0}, v, p)
and Vo FY' (6, vy, p), then given step size 3, the update
of v™ and p™ can be written as

vk+1_ BV wy )7\1(927”]7@171“2)7

Wiy g1 = W R, ). (12)

Local offline actor update. Before the policy update, we
first do the actor sampling via

(8,a@) ~ dp; sp ~ 1p, ap ~ mp(+[sp). (13)
To update policy, a natural thought is to do gradient ascent
with an unbiased estimator of Von FX (0}, vy 1, f1 41 ). In-

stead of this natural choice of gradient, we use an estimator
based on Lemma 2}

D=y 41(5,@)vp4q (3, @)ben (3, @) +Tep (sp,ap) (14)
The actor gradient defined in (I4) can be viewed as a lo-
cal estimation of VyF) defined in (9). By Lemmalz], the
expected global average of the two candidates Vgr ', py;
behave similarly when the critic is close to the optimal
regime. Compared to Vgr I3 V', Dp requires less sampling
and computation is thus preferred. After the client obtains
Dy, it then updates its local policy model with step size «:

O 1 =0y +apy. (15)

Periodic global average. For every [ iterations, the server
averages clients’ model parameters via

N
_ 1
@y k1 = g, (N > Wﬁ,kﬂ) (16)
n=1
1 & _ 1
G i1 =g, (N Zwﬁ,k+1)7 Okt =5 D Ok
n=1 n=1

where IIr projects a vector to a Lo ball with radius R. The
projection guarantees the stability of our algorithm and has
also been adopted in (Nachum et al., [2019aj; [Huang and
Jiang| 2021). The averaging operation intrinsically allows
knowledge sharing among clients, making it possible to
optimize Ey.

4 Theoretical Results

In this section, we will first establish the local convergence
of FedOPO with the general policy parametrization and its
global convergence with the softmax policy parametrization.

4.1 General local convergence result

Due to space limitation, we will provide an error decompo-
sition then present the theoretical results. We defer presen-
tation of the full proof in the supplementary document.

Matrix-vector reformulation. Denote ¢(-) : S x A — R4
as the feature vector. Suppose v and p are parametrized
linearly, e.g., v(s,a) = ¢(s,a)'w, and u(s,a) =
#(s,a) T w,, and define

A5 =By oty ns (06061, 0) = 0(5,0))(s,0) ],
by = (1 = 7)Esonpm,agnmy [#(S05 a0)],

C"=E, , g [$(s,a)d(s,0) ],

h" = Es,aNdTg [r(s,a)p(s,a)]. 17
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Let Ag = SN Ar by = 5N O =
+ 25:1 C"and h == % 25:1 h™. Then the empirical
objective defined in (I0) can be written as

- A
Fi(0,wy,w,)= b;rwv—i—wIAgwu—i—w;h—gw;Cwu. (18)

We also denote the stationary point of £ (6, w,,w,,) with
respect to w, and wy, as w; (¢) and wy,(0). By the first-order
optimality condition, we have

Agir?(0)+bg=0,—ACW}(0)+Ag @} (0)+h=0. (19)

To present our convergence result, we first make the follow-
ing standard assumptions:

Assumption 2. For any (s,a) € S x A, the feature vector
llo(s,a)ll2 < 1. For any eligible 0, the smallest singular
value of the matrix Ag is lower bounded by oy > 0. Matrix
C is positive-definite and its smallest eigenvalue is lower
bounded by n > 0.

This assumption is standard in the literature (Nachum et al.|
2019a; Huang and Jiang} 2021). Under Assumption @
we know from (I9) that &;;(¢) and &7 (6) are unique and
there exist constants R,,, R, such that ||} (6)||2 < R, and
[, (@) ll2 < Ry, which also justifies the projection chosen
in Algorithm [I]

Assumption 3. For any 0,0’ € RY, there exist constants C.,
Ly and Ly such that: i) || (s,a)|l2 < Cy, ii) ||¢e(s, a) —
Yo (s,a)lla < Lyll0 — 0'l[2; iii) |mo(als) — mor (als)| <
L[| = 0"]2.

Assumption [3]is common in analyzing policy gradient-type
algorithms, which has also been made by e.g., (Zhang et al.}
2019a; [Agarwal et al.l 2020). This assumption holds for
many popular policy parametrization methods such as soft-
max policy (Agarwal et al.,[2020), Gaussian policy (Doyal,
2000) and Boltzmann policy (Konda and Borkar, [1999).

Error decomposition. To gain more insights into the con-
vergence of FedOPO, we provide the error decomposition
of the actor gradient below. With the short-hand notation

ﬁ’g = p(e]:zl? U]?_;,_l, NZ+1), we have

J5 3 e

— VL ( ok)H

POk Vt1, fikt1) H

+ H% XN: Elp(0r, v, » 15,)] — VJT(ék)H (20)
n=1

1 N
N ]EHP ekavk-s-h/ik-s-l)

1 o — — n * *
+ N z:lEHp(ekavk-‘rlnuk'i‘l) _p(elwvéknu’@k)

where vy, and [i, are the averaged critic models parametrized
by W, 1 and W, ; respectively, and the expectation is taken
over the actor samples at iteration k. The first term in (20))
is due to the difference between local models and the global
model, which can be controlled by communication interval
I. The last term is due to the difference between: 1) d p and
dp (statistical error); and, ii) vgk and Qﬂgk (regularization
error). The second term is the critic error of v and ji. Using
the critic error of vy, as an example, we have

— g, Il < 0k41 — 05, || + (107,

1511 —op |l @D

Given 0y, ﬁék is the optimal solution of the empirical objec-

tive Fy defined in (T8). The first term in ZI)) is the critic
optimization error. Different from usual convergence analy-
sis where the optimal solution is stationary, in our case the
optimal solution 7 is drifting with the change of {op 3N

at every iteration k. However, by exploiting the smoothness
of 95, we are able to show the relative stationery of 11
and prove the convergence of . The second term in @I) is
introduced by the difference between (I8) and (6), which
results in both statistical and function approximation errors.

With the insights provided by the error decomposition above,
we are ready to give our local convergence result.
Theorem 1. Consider Algorithm|l|with linear parametriza-
tion of v™ and p"*. Suppose Assumptions I3 hold. Choose

N/K, and 3 = ©(a). Assume [*N3 = O(K),
then for large enough K, it holds with probability at least
1 — 0 that

1 & _
= D E[VI @), 22)
k=1

log 2
o)+ Olean) +0(63)

:O(ﬁ) +(7)<

2
CyCa\” . o
where €y = ()\ fif) is the regularization error and €,y

is the function approximation error of v™ and p".

The first term in the right hand side of 22) is the error
of optimizing the empirical problem (T0); the second term
corresponds to the statistical error induced by the finite
number of samples in the empirical problem (22); the third
term €, is the function approximation error introduced
by the limited expressive power of the parametrization of
v™ and p™; and the last term is the error introduced by the
regularization term in (). We can achieve €,p, = 0 if the
optimal solution {v}, w5} falls in the span of the features.

In Theorem|[I] we consider the optimality of J(6) instead
of F\(0, v, u) since F(0, v, 1) is essentially formulated to
facilitate maximizing J-(6) in an offline setting. In addition,
observe that F,\(G, Wy, wy,) is generally non-concave with
respect to 6, and is convex-strongly concave with respect
to w, and w,,. To our best knowledge, the convergence of
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such an objective has not been established in the literature.
Therefore, our optimization result is of independent interest.

Remark 2 (linear speedup & reduced statistical error). The-
oremimplies a convergence rate of O( \/]1,7) As number
of clients N increases, the convergence rate grows at a
rate of ©(N), implying the speedup grows linearly w.rt.
N. Moreover, the statistical error decreases at a rate of
O(N— M2 ), indicating that federated learning also im-
proves asymptotic performance.

4.2 Global convergence result

Since J(6) is a generally non-concave w.r.t. 6, the gradient
ascent type algorithm FedOPO can only guarantee local
convergence. However, inspired by recent advances on the
global convergence of PG (Agarwal et al.| 2020; Bhandari
and Russo, [2019; Zhang et al.l |2019a; Mei et al., [2020),
under special policy parametrizations, we are able to show
the global convergence of FedOPO along with the benefits
like speedup and improved asymptotic performance.

Specifically, we consider the class of MDP which has fi-
nite state space and action space. Suppose the policy is
parametrized by the a natural softmax policy mg(als) =
(s, a) pair of the parameter vector § € RISIAI Tt is known
that the softmax policy class cannot represent deterministic
policies with finite 6. To avoid driving 6 to infinity, it is
crucial to penalize the deterministic policies with the regu-
larization term R(#). To do so, we set 7 > 0, and choose the
priors 7, and 7, as uniform distribution on the state-action
space, i.e. 1), = g7 and T, = 1.

, where 6 ,, is the element corresponding to

Define the feature matrix ® € RISIIAIxd1.

D = [p(s',a'), ¢(s,a?), ..., (s, a AN T (23)

In the following assumption, we view the optimal solutions
iy and vj as vectors in RISIAl gpace.

Assumption 4 (Linear realizable case). For any eligible 0,
there exist w,, € R4 and & € R such that D@ (0) = pp
and w7 (0) = v}.

AssumptionE]ensures the optimal solutions of F)\(6, v, )
w.r.t. v, ;1 can be accurately approximated by linear func-
tions. For the assumption to hold, it suffices to select a
squared full-rank feature matrix ®. It is worth noting that
when this assumption does not hold, our result in Theo-
rem 2 holds with an extra error term, which is the function
approximation €rror €,y.

Theorem 2. Consider Algorithm[I|with linear parametriza-
tion of v", u™ and natural softmax parametrization of poli-
cies mgn. Suppose Assumptions[I| 2] and [l hold. Choose
a = /N/K, and B = O(a). Assume I*N?® = O(K),
then for large enough K, it holds with probability greater

than 1 — ¢ that

=

K 3
« 1 - 1 ~ log =
7 LS B [@)] = O(W)—HD( NA;)W(ET)
k=1 v
(24)
2
where €, = %J’*T‘ dax ‘ is the regularization error.

p

The first term in (24)) corresponds to the optimization error
which diminishes at a rate of O( \/1177) This implies linear
speedup as discussed in Remark When N = 1, the
decay rate of optimization error matches the best-known
rate (5(\/%) for stochastic PG (Zhang et al., 2021a)). The
second term in @]) is the statistical error, which can be
reduced by introducing more clients or using larger data

sets. The last term is the regularization error.

5 Numerical Experiments

In this section, we provide numerical tests of FedOPO in
the OpenAl Gym environments. We empirically demon-
strate the advantage of training collaboratively over training
locally, and also showcase the training speedup brought by
FedOPO. All test results are generated by 5 Monte-carlo
runs. The hyperparameters are decided by a grid search.

Generating logged RL data. In all the following tests, the
data of client n is generated by its behavior policy: 75 =
EnTuniform+(1—&p ) Texpert, Where &, € [0, 1] is the mixing
factor and Texpert 18 @ greedy policy given by the online
actor-critic algorithm (Mnih et al., 2016).

We first test the performance of FedOPO and compare
it with the performance of its local version and a base-
line optimal policy. The optimal policy is given by the
online actor-critic algorithm. In these tests, client n’s be-
havior policy is generated with a random mixing constant
&, ~U(0.1,0.7) (navigation); &, ~ U (0.3, 0.6) (cartpole);
&, ~U(0,0.2) (frozenlake) respectively. Observing from
Figure[2] FedOPO is able to achieve near-optimal perfor-
mance. Furthermore, training in a federated system has a
clear advantage over training locally due to two reasons:
1) Federated learning intrinsically shares the information
of each local data set, and therefore can better capture the
dynamic of the MDP. This corresponds to the reduced sta-
tistical error in our theoretical analysis. 2) As argued in
the discussion of Assumption|[I] federated learning enables
the usage of a collection of diverse behavior polices, and is
therefore more likely to have better data coverage.

Then we test the training speedup of FedOPO with differ-
ent numbers of clients. In these tests, a data set is generated
with mixing factor £ and is then equally distributed to each
client. The mixing factor £ =0.4,0.45, 0.2 for navigation,
cartpole and frozenlake respectively. Observing from Fig-
ure |3} federated learning effectively speeds up the training
process with a larger number of clients. The key enabler
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Figure 2: FedOPO compared with local optimization. The baseline optimal policy is given by the soft actor-critic method.
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Figure 3: Training speedup test. The speedup plot is given by the iterations to reach a certain reward. The baseline optimal

policy is given by the soft actor-critic method.
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Figure 4: Tests on the communication interval [.

is that more clients result in enlarged effective batch size
growing linearly with N, and thus we can safely choose
more aggressive step size or gradient clipping bounds.

We also conduct tests on the communication efficiency of
our method. Due to space limitation, we defer the results in
the supplementary material.

5.1 Tests on communication efficiency

In this section, we provide an additional test on the com-
munication efficiency of our algorithm. We change the
communication interval I and observe how our algorithm
performs under different I. As shown in Figure ] an ap-
propriately chosen communication interval can decrease
the total number of communication rounds needed to reach
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certain reward, while a too greedy choice will hinder the
convergence too much, which results in additional commu-
nication rounds instead.

6 Conclusions

This paper considers the offline policy optimization in RL
from behavior-agnostic batch data that are distributed over a
set of clients. Leveraging recent advances on offline policy
evaluation, we formulate the problem as a distributed max-
min-max problem and propose a federated offline policy op-
timization algorithm that we term FedOPQ. The proposed
algorithm allows clients to jointly learn the optimal policy
without sharing logged RL data. Albeit the nonconcave-
strong convex-concave nature of the problem, we quantify
the convergence rate of FedOPO, and establish its global
convergence for a class of offline RL problems. We conduct
numerical experiments on the OpenAl gym environment to
verify its effectiveness.
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Supplementary Material for
“Distributed Offline Policy Optimization Over Logged Data"

A Preliminary

A.1 Proof of Lemmal[ll

Proof. With Assumptlon we can use the variational form of D y- ( o lld D) (Nguyen et al.,[2010) by introducing a dual
variable z € RS*4 and rewrite (3) as

max min Fy(0, ) = Es and,, (s, a)] + TR(0)

OcRd xRS ¥ A

A
+ 5B andp [2(5,@)] = ABs ama,, [2(5, )] (25)

where given my, the optimal solution for z is given by (s, a) == dy,(s,a)/dp(s,a).

By defining the Bellman operator B, v(s, a) = 7(s,a) +YEy «p(.|s,a),a~mo (|s) [V(8', @")], we can use a change of variable
2(s,a) = 5 (Bxr,v — v)(s,a) to rewrite (23) as
s 200 FA(0.0) = (1= 2)Baqprs (50,0
A

+ §E57GN5D [((Bryv —v)(s, a)/)\)Q] + 7R(0). (26)

However, F)\ (6, v) still is not easy to optimize due to the expectation inside the quadratic function, which will cause the
so-called double sampling problem when trying to obtain the unbiased gradient of F (6, v).

To tackle this problem, we can use the convex conjugate technique: Any convex function f(x) can be written as f(z) =

max,, f1x + f* (1) where f* is the convex conjugate of f. With the fact that the conjugate of f(x) = 122 is itself, we can

2
rewrite the quadratic term in (26) and obtain an equivalent objective

N
max min max F)\(0,v,p) Z (0,0, ) 27)

QERd ’UERSX‘A ,LLGRSXA

with FY(0,v, 1) == (1 — )E so~p [U(so,ao)]

apg~Te

+Buy (Bt 1) ()5, - G0 + 7R0)

2

Using the optimality condition of F) (6, v, 1) with respect to p(s, a), we have

1 dﬂ' (57 a’)
uy(s,a) = f(BMvz)‘ — v;)(s,a) = X ) (28)
)\ % Zn:l dTEL)(S’ a)
z}(s,a)
Solving with respect to vj gives
- t dﬂ'e
vg(s,a) Zv ( Sty Q) — A== (st,at)ﬂso:s,aoza . (29)
t=0 dp
This completes the proof. O

A.2 Proof of Lemma[2l

To prove Lemma 2] we first give a useful lemma on the fixed point equation of the visitation distribution as follows.

Lemma 3. Given policy 7, suppose d. is its visitation distribution under initial distribution p and transition kernel P. For
any Z : S x A — R s.t. | Z| < oo, we have

Es,arvd,r |:Z(Sv a)} = (]- - V)ES(JNp,a()Nﬂ'("S()) {2(507 aO):| + PyES,aNdﬂ-,S/NP("S,a),a/’\/ﬂ'("s/) [Z(Sla a/):| . (30)
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Proof. Expanding the expectation in the second term in RHS of (30) gives

PyEs,aNdﬂ-,S/NP("S,(l),a/NT(("S/) {Z(dsla da,)]

=(1- ’y)/ / Z*yHlIF’(st =ds,a; = da)/ / P(ds'|ds,da)r(da’|ds")Z(ds', da")
s€eSJacA 1 s'eSJa'eA

=(1- ’Y)/ / Z’Ytﬂ/ / P(siy1 = ds' a1 = da’, 5; = ds, a; = da)Z(ds', da)
s'eS Ja'€A 1 seS JaeA

=(1- 7)/ / th]‘?(st =ds',a; = da')Z(ds',da’), (3D
s’eS Ja'eA t=1

where the first equality is due to the definition of d,, and the second equality is due to the interchangeability of integral.

Expanding the expectation in the first term in RHS of (30) gives

(1 = 7)Esy~p,ao~m(-|s0) {Z(so7 ao)} =(1-7) /5 /A'yO]P(so =ds,ag = da)Z(ds, da). (32)

Adding (3T)) and (32) together gives
(1 - ,Y)ESONp,aON‘IT(~|So) |:Z(307 aO):| + VEs,aNd,r,s’~P(-|s,a),a’~7r(~|s’) |:Z<5/7 a/):|
= / / (1-7) th]}”(st =ds,a; = da)Z(ds,da) = Eg 4q, [Z(s,a)] (33)
SJA t=0
which completes the proof. O

Now we are ready to give the proof of Lemma[2}

Proof. By reversing the derivation of (27) to (26), we have F\ (6, v;,(;) = Fx(0,v}). Then we have

VoFx\(0,v5,C5) = VoI (0,v5)

= (1 - 7)v9E30~p’ao~m [U;(‘SOv aO)]
1
VOB, iy [ (Br, — v3) (5. ) V0B, (s, )] + TVoR(6)

= (1 = 7)VoEsymp,agms [V6 (50, a0)] + Es andn, (VoBz,vi(s,a)] + 7VoR(0)
— (1 — ’y)]ESONp_’aowﬂ—g [’U;(So, ao)’lpg (80, (l())} —+ Es,awd,re,s’w']?,a’wﬂ'g [U; (3/’ a/)w6(3/7 a/)] + TVQR(H)

(34)
where the third equality follows from (28)), and the last equality is obtained by using the so-called log-trick:
Vomo(als) = mo(als)e(s, a). (35)
Applying Lemma[3]to (34) gives
VoFx(0,5,¢5) = Es amd,, [V5(s,a)0(s,a)] + TV R(0) (36)
which completes the proof. O
A.3 Definitions
With the definition in (T7), F/{L(Q, v, ) with linear parametrization of v and 4 can be written as
F0, wy,w,,) = biw, +w, Ajw,, + w;rh" - %wlC"wu —TR(6). 37)
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We then define Gj which will later be used in proof of Theorem [}

, 0 By
Gy = . 38
A ENE T IO Yol 8

We also define dp = ~ EnN 1 cf and p = Zf:[ 1 p". The distribution dp and p can be respectively viewed as the

empirical distribution of samples in {D"})_, and {Dp})_,, which aggregate the data from all clients. Then we have the
empirical surrogation of the global objective function F) (6, v, 1) can be written as

Ex(8,wy,w,) = bpwy, + w, Agw,, + wTh - fwTCwu —TR(6), (39)

where Ay, by, C and h are respectively the average of Ay, bjj, C™ and A" forn € {1,2,...,N}:

=% iAZ =E, sy aremy [(0(50) = 6(5,0))0(s,0) ] (40a)
by 3B = (1= 1) By o050, 00) (400)
— fle" =, o005, 0)6(5,0) ] (@0c)
:% f: B =E,, g [r(s,a)8(s,0)) (40d)

Then we can also define the averaged matrix Gy

R 0 JPA
Gy .an;lc;g{_\/@(/mT 'AC | (41)

We define the linear function classes F, = {¢(-) wylw, € R% ||wUH2 < R,} and F, = {¢() wulw, €

d ||Wu||2 < R,}. Given o, define ve,,u = argmin,cr, max,cr, F,\(H v, ). Under linear parametrization,
05(s,a) = ¢(s,a) 0 (0) and fi5(s,a) = ¢(s,a)T % (). We also define ¥}, jij} € argmin,ez, max,cr, Fi(0,v, ).
0 o 01 Ho s HEF,

Under linear parametrization, f);(s, a) = ¢(s,a) T @05(0) and (s, a) = ¢(s,a) @7 (0).
Lastly, we define the concatenated critic variable flS w = [wy, ﬁwu]T € R?4 and 0*(0) = [w(6), \f #(9)]T is
the optimal w of the empirical objective function F) (6, v, it). Similarly, define @ = [@, %@ |7 as the concatenated

client-averaged critic variable.

B Proof of Theorem 1]

B.1 Main proof

We first give a proposition regarding the L.-Lipschitz of the policy gradient under Assumption 3] which has been shown by
(Agarwal et al.| 2020; Zhang et al.,[2019a)).

Proposition 1. Suppose Assumptionholds. Forany 0,0 € RY, we have |V J,(0) — VJ(6')|l2 < L.||0 — 0'||2, where
L is a positive constant.
Now we begin to consider Algorithm[I] Recall the policy update takes the following form

O = OF + apy, (42)

Recall the policy gradient estimation p;’ is defined as

Pr = pi41(8,@)vi (8, @)ep (3, @) + m4op (sp, ap), (43)
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where (3,a) ~ d, s, ~ 1, and a, ~ 7,(-|s,). Note that the random samples in (@3) is obtained by client . at iteration k,
but we omit the subscriptions k, n on samples for ease of notation.

Define the client-averaged expected gradient as py, = E [% ZnNzl Dr } where Fj, = {uf,,, v, 1,00}, Thenitis

easy to verify that ||p}||s < C) = C,C,Cy, + 7Cy and ||pi||2 < Cyp, where C,,, C,, are respectively the upper bound of
llwyt . |l2 and [[wf? ;|| as shown in Lemma [7]

Now we are ready to give the convergence proof.
Proof. By Proposition[I] we have
— — — — — LT — — 2
e (Okt1) = J-(0k) + (VI (0k), 01 — Or) — ?Hokﬂ — Ok |5 (44)

The second term can be bounded as

E[(V.J, (1), O i1 — O1)] —aE<VJ (@), Z >—aE (V- (0k), i)

= CE[|V 102+ [oell2 — [97-60) — o] 5)

where the second equality is due to the towering property of expectation. Taking expectation on both sides of (@4)) and
substituting the above bound into it yield

E[Jr(Bi1)) > EL-(B0)] + SE|[ VI, 00)]; + SE]|pe;

I3 = SEIV @) — il

. _
= S E0s =0 (40

Define a Lyapunov function Ly, = —J(6x) + || — @ 2, where &F is the shorthand notation for &* (6 ). Then we have

E[Li1 — Li] = —E[J(Or1) — 7 (00)] + E|[ @1 — G |2 — El|or — @

2
kll2

< SB[V ~ FEpsll; + SEIVI-(B) — pll;
+ s = Ol + ElJors s — [} — Ell@ — o1 (47)
where the last inequality follows from (#6).
Applying Theorem ] and Lemma ] to the last inequality gives
E[Lr41 — Li] < ——EHVJ @) — E;ypkHj + (1+ (AL2 + CLC2 , + D) [|l@pr — Dkl —
CiL2
+ %EH@M Ol + (C1 + PTW)(I —1)% + %(1 —1)%aB* + ae
L, +2L?
< —SEVL @05 - (§ - 2520 )Bllplly + (1+ (L2 + C3C2,, + 1)a) Jarss — &3
o L,+ L2
—E|j@x — @[3+ (% + C”2“’2)(I —1)%a” + %(I —-1)%ap? + %oﬂ +ac  (48)

where € = @( I;g < > +0 (Eapp) +0 (6)\) is an error term. The last inequality follows from

L i 2
_QQ(EHNZ@ ~latl7]) [+ 2l
n=1

_ _ 1 X
|01 — k] = aZEHN >k

(52

)z + Bl
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Sa(N

+Ee]3). (49)
where the second equality follows from the basic equation E|| Z||? = E||Z — E[Z]||? + ||E[Z]]|?, and the third equality is
due to the fact that p} — E [ﬁg |.7-'k] has zero mean and is conditionally independent across n € {1,2,..., N} given Fy.

In the following proof, we will hide some unimportant constants with O(-) for brevity. We assume K is large enough such

that v < 1. Then applying (87b) in Theorem @]to [@8) gives

E[Li+1 — L]
a L,+2L2
< —SEVL O, - (5 - T5—20?)E|pl;

+ (14 (L2 + G362, + 1)a) (1 - CAB + Cg%) — 1)E|j@

+0((1=17%a%) + 0((1 - 1*ap?) + 0((1 - 1)28°) + O

a2+62

) + ae. (50)

2(4L2+CL+C ,+1)

Choose o = |/ %, and 8 = o Then for K > max{4(L, +2L2)? 16(4L2 + C2+C? , +1)?/C3}N,

Ci
we have that
a Lp+2L? ,
= _ w2 > 1
1 5 =0, (5D
(1+(4L2 + C3C2 , + 1)a) (1 - CAB+ C4p?) < 1 (52)
Then dropping the negative term in RHS of (30) and rearranging give
—IEHVJ @02 <EILk — L] + o(( —1)2%) + (’)((I - 1)2aﬁ2) n (’)((I —1)28%)
2
—|—(’)<a ;\—fﬂ )+ae. (53)
Assume I*N3 = O(K), then by the choice of step sizes, the last inequality implies
K 3
1 ~ 2 1 = log 5
?;EHVJT(GIC)‘B :O<W> +O( NM +O(€app) +O(€)\> (54)
which completes the proof. O

B.2 Bounding the gradient bias

Let v, and fij, be parametrized by the averaged parameters i, , and @,, ;, respectively. We first give the theorem regarding
the convergence of v and 1, which will help us prove Lemma 4]

Theorem 3. Consider Algorithm|l| Suppose v™ and p™ are parametrized linearly, i.e. v"(s,a) = ¢(s,a) w! and
p"(s,a) = ¢(s,a) wi. Suppose Assumptionhold, then with probability greater than 1 — § we have
. _ 2
E [fix-1(5, @) (s, )y, (5, 0)] — B[, (5, 0)75, (5, @), (5,0)] |
22 |- A5 (A2 1 log 3
< 20503 @ner =@ 005+ O\ 557 ) + O (€app(Fo, Fu)): (55a)
and
. . 2 ~( [log2
E[(vék (s,a) — ve—k(s,a)) |=0 N + O(€app(Fo)) + O(€app(Fu)), (55b)

where €app(Fy), €app(Fpu) and eapp(Fy, F,) are function approximation errors.
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Given Theorem 3] we are ready to bound the gradient bias.

Lemma 4 (Estimation error of policy gradient). Consider Algorithm[l} Under the same conditions of Theoreml[l} it holds
with probability at least 1 — ¢ that

E||VJ;(6k) — pk||§ < 20507 k1 — @ (Ok)[13 + C1(1 — 1)%a” + Co(I — 1)* 82

~ log%
+(’)< NM) + O(€app) + O(er), (56)

where C,, ,,, C, Cy are some positive constants.

Proof. We first define the virtual stochastic gradient with averaged parameters as
D= Pi41(8,@)Uk41(8, @)Y (8, @) + T0r(sp, ap), (57)

where and vy, is the shorthand notations for 1), . Note that random samples in (&7) is the same as that in p}'. We slightly
abuse the notation and omit the subscriptions k, n on samples.

We then define the client averaged expectation of P}

N
Pr = E{% ;ﬁﬁ Fk}
=E, ood, [ik+1(5, )Tk 41(s, @)1y (s, @) | +TVR(0y). (58)
We also define the optimal py, as
Pi = E, oy (12 (5, a)vi (s, )e(s, )] +7V R(Gy), (59)

where v} and i} are the shorthand notations for v;k and u(’gk respectively. Recall v} is defined in (8) and pfy = d, / dp.

We can decompose the policy gradient error as

_ 2 _
INEACS —pkHz <3 Hpk —ﬁkHz +3 || — pi, 2-5-3 V.- (0x) — pi. ; (60)
S—— 7 T
[1 2 3
Consider I; first. By definition of py,
1 & 2 1 O 2
L= |E[5 Yok -nl A |, < 5 SE[ler - w15 61)
n=1 n=1

Consider the term | Dr — P Hz in the last inequality. By definition we have

R _ 2
p;cl _p2H2
_ 2 N 2
< 41 (5, @) (0141 (5, @) = B (5,0)) (s, )| + 4| (5, @)1 (5, 0) (Vo (5,0) = (s, 0)) |
2 2
4| (11 (3.0) = (5, 0)) B (s, )5, )|+ 4|7, (5 ) = 70 (590 ) |
n — T 2 n n 2 n — 2
< 4012tci||ww,k+1 — Wy k41 H2 + 4(030’3 + T2)||0k - 0k||2 + 403012#”“%’6-&-1 — Wik+1 ||2’ (62)
Substituting (62) into (1)) gives

I S ACHOR s — B2+ ACICE + P[0 B3 + 10203 | — B
< Cl(I — 1)2(12 + CQ(I — 1)2ﬂ2, (63)

where the last inequality follows from Lemma C1 =8(CrC2 +72)CF, and Cy = 8(C + C1)CLCY.
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Term I5 can be further decomposed as

2

— % (|2 o - — =[x A%
I = 52l < 2B mesa(s. 00 6,0 ~ B a0
- 2
B 2
2 B[ )~ ) (a0
2
. - 2
< 2 (5,000 5,0 (5,0)] - B[ o, 5.0 (5.0
- 2
+2C5CE| (57 - vi) (5,0) (64)
where we use E and E as shorthand notations for E sa~dp ANd Eg o g respectively.
Applying Theorem 3] yield
2 2 ||~ AE (N2 L A 1og%
B[ls] = 2C3C2 Jons1 — &7 (0)]3 + O 1/ 12 ) + Olears) (65)
which holds with probability greater than 1 — ¢, and function approximation error €,pp, = €app(Fu) + €app(Fp) +
€app(Fos Fp)-
Now we consider I4. By the definition of 115, we have
p;:: = ES,U«Ndwk [/U;:(Sa a)wk(& a’)] + TVR(ék)7 (66)
then we have
) *[|2 * 2
V700 = pill5 = [Eccamas, [(vF = @) (s @)iin(s,0)] |
00 d 2
[ [E[ S8 o = it
2
<ey= <)\0de> . (67)
L—n

Taking expected running average of both sides of (60), then substituting the upper bounds in (63)), (65) and (67) into
gives

E(|VJ-(8k) — pil3 = 2C3C2 [@rs1 — @*(00)|3 + C1(I — 1)%a® + Co(I — 1)24°

~ log %
+O0(\ Nir + O(€app) + O(er) (68)
which holds with probability greater than 1 — §. This completes the proof. O

B.3 Bounding the consensus error

The following lemma bounds the difference between local sequences and their average.

Lemma 5. Under linear parametrization of v"* and pi", consider Algorithm([Il|under Assumption[2] For any iteration k, it
holds that

167 — Oxll3 < 2(I —1)°C2a® (692)

lwp , — @ kll3 < 2(I —1)*C2B2 (69b)
[wit s — @pkllz < 2(I —1)*CZB% (69¢)
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Proof. Atany iteration k, the server update in Algorithm guarantees that there exists a iteration number kg € [k — I +1, k]
such that ¢}, = 0y,. Then we have

k—1 N k-1
o -l =g, + etk 3 S ot
i=ko n=11i=kg

k—1 1 N
Z 04(13? N Zﬁ?) ,
i=ko =

k— N 2
(k — ko) Z (z N ﬁ’) ,
=ko
k—
< (k — ko) 2a202 <2(I -1)°Cia” (70)
i=ko

where the last inequality follows from kg € [k — I + 1,¢t]. Similarly, it can be proven that

wp s, — @oill3 < 2(1 —1)2C25%,

leopsre = @pill3 < 2(7 = 1)*CF6%, (71)
where Cy := max{2C,, + 1, A\C}, + 2C, + rmax}. O
C Analysis of critic
C.1 Proof of Theorem 3]
In the proof, we write © ; gk and vgk in short as 95, v; and v}, respectively (and likewise for p1).

Proof. First we begin to prove (55a). We decompose the error as

' B[4 (5. @)1 (5, ) (s, )] — E[uf (s, @) 07 (5. a) (5, 0)]
<4 HE[W(&a)vk+1<s7a>wk<s,a>J — B[ (s, )3} (s, apn (s, a)]
I
+ 4| B[4 (5, 0)i7 (s, a)e (s, )] — E[jif (s, a)07 (5. a) (5. 0)]
Iy
+ 4|45 (5, )i (s, )u(s, )] — E[jii (s, a)o7 (s, a) (s, 0)]
I3
+ 4|7 (5, 0)i7 (s, )oe(s, )] — E[uf (s, )07 (5. @) (5. 0)] 72)
Iy

We will bound the terms one by one. The first term I; can be bounded as

Iy < B (5,0)001 (5, 0 (5,0) — i (5,0)05 (5, )b s, )|

< 28| (s — 1) (5, )ona (5,00 (s, )|+ 285, 0) @11 — 57) (s, (s, )|

<202C2E [(gkﬂ(s, a) — i (s, a))"’} + QRiciE[(@kH(s’, a) — (s, a'))ﬂ
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1, _ N _ kA N2
< 203Ci¢;||w#vk+1 = & (O0)[|; + 2RECE [ @ok — @3 (00) |,
< 20505 ll@kr — & (0)13, (73)
where C, ,, '= max{C, /¢, R, }, and the last inequality uses the fact that

~ Ak 1 — Ak — A K
o — @™ ()11 = ;Ilwv =@y (0)3 + Il — @ (O)I5. (74)

The term I is introduced by the difference between dp and dp, which is essentially caused by finite data set. By Lemma
with probability greater than 1 — 6/3 we have

~ log%
IQ—O(NM>. (75)
Now we consider /3. First we have
2
I3 = ‘E[ﬂ]t(‘ga a)ﬁZ(Sa a)wk(sa CL)] - ]E[ﬂ::(‘g? a’)ﬁZ(Sa a)wk(s’ CL)]
2
< RC3R [ (i (s, a) — ik (s, @))*] < R2C3[|25(00) — 5200 (76)

*
o

concavity of F (6, v, ;1) with respect to wy, and the optimality condition of &’} (¢), we have for any 6 € R¢

We see that I3 is introduced by the difference between @), and w;;, which is again due to finite data set. By the strong-

~ 2/ Ak Ak - Ak o~k
23.0) = O3 <+ (B0, 5) — F (0. 5. 713))

2/. .
< 2 (Bn(0, 55, 13) — min (6,0, 7i5) )
_77( A (0,05, fig) min A0, v, fig)

2/x Ak Ak . - ~ % ~% o~ . ~ %
< E(Fx(ﬁvvmw) — min Fx(0,v, fig) + Fx(0, 05, fip) — min FA(9,v,ue)), (77)

where 7) is the smallest eigenvalue of matrix C'.

With v() € arg minye 7, FA(0, v, i) and v(y € arg minyex, F (0, v, i), from (77), we have

Ak ~ % 2 2/ Ak Ak Ak ~k o~k - ~ %
Wu(e) - wu(9>H2 < 5(F/\(97“0aﬂe) - FA(97U(1)7M9) + Fx(0, 0g, fig) — F,\(9,U(2),u9))

2/ ~ ~ ~ % - ~ %
< - (F,\(97U(1),Me) — Fx\(0,v(1), fig) + Fx(0,v(2), fig) — Fx(0,v(2), Ma))

n
<4 ‘F (0,0, 1) — Ex(0 )‘ (9( 1°g§> (78)
= — sup A0, 0, 1) — LX\V,V0, 1) = )

1N 0eRd weF,y,uEF, NM

where the last inequality follows from Lemma|[I2] Substituting the last inequality into gives

3
Iy = O( log 5) (79)

NM

which holds with probability greater than 1 — §/3.

Next we bound I, as

2

I = HE[/]Z(S,a)ﬁi(S,a)¢k(s,a)] — E[ui(s,a)0%(s, )i (s, a)]

2

2

< ||t (s, @) (s, @) (s, @) — (s, @) (s, a)(s, a)

2
o o
< R2C3E[ (i (5, ) — i (5, @) "] < R2Ceapp(For F), (80)



Han Shen*, Songtao Luf, Xiaodong Cuif, Tianyi Chen*

where €app (Fo, Fu) = SuPgega Enr, {(ﬂg (s,a) — pp(s, a))Q] is the function approximation error. Substituting the upper

bounds in (73)), [73), (79) and into (72) gives the convergence result of

B (i1 (5, )01 (5, ) (5, 0)] — B[ s, )i s, )5, |

log %

= 205057/1”@]“4‘1 - d}*(e_k)”g + @( + Eapp(ﬁu ‘Et))a (81)

=
=

This completes the proof of (33a).

Finally, we begin to prove (53b). By the towering property of the expectation, we have

E[(21(5,0) = vi(5,))"] = B[y oy, [(91(5,0) = vi(5,))”]]

D) _ _
< XE[F)\(Qk,’OZ) —F)\(Qk,’l}Z)} (82)

where the last inequality follows from the strong-convexity of F\ (6, v) with respect to v and the optimality condition of v;.
Term F)\ (0, 0}) — Fx(0k, v}) is introduced by the difference between o} and v}, which is further introduced by statistical
error and function approximation error. In fact, Fy (6, 9;) — Fx (0, v}) can be bounded by following the bounding of
J(9*) — J(v*) in section D.1 of (Nachum et al., 2019a). Without repeating the proof, the following inequality holds with
probability greater than 1 — §/3

og 3
E[(O};(s,a) - UZ(S’G))Q] = (7)( INL‘]\; + €app(Fv) + ‘Eapp(}_u)>- (83)

The €app (Fo) and eapp (F,,) are respectively the function approximation error of v™ and ™

Capp(Fo) = sup inf [Eg | (Br,vk g — v ) (5.0) = (Bryvj = v3) (s,0)|

O€Rd VF 0
+ Esompraomma |UF.0 (50, a0) — v5(s0, ao)” (84a)
€app (Fiu) = sup B, 1w g(s,a) — 5, (s, a)| (84b)
S

where v} , € argmin,ex, FA(0,v), px o € argmax,er, Fa(0,95, 1) and p, = argmax,cgsxa Fx(0, 05, 1). This
completes the proof. O

C.2 Convergence of critic

Given constant ¢, with the concatenated variable w = [w,, ﬁwu]T

noy 10 0 VPAL Bz]
=0 L] | stapr Yaet]+ [ h] )

, we can define the concatenated local gradient as

in which A7 ,, b7, C7 and hy are respectively the unbiased stochastic estimation of Afjn, bgn, C™ and 2™ with the samples
at iteration k.

Then the local update in Algorithm [T]can be written as:

. 1 0
Wiy = wy — Bgy (wy), with B = [0 \}] B. (86)
©

Recall &*(6) = [ (0) ﬁdz;(ﬁ)ﬁ is the optimal w, and @y, = [W, ﬁazmk]T is the concatenated client-averaged
variable.

In the following proof, We write &* (6;,) as w;, for notation simplicity. Now we are ready to give the convergence proof.
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Theorem 4. Consider Algorithm[I|with linear function parametrization of v"* and p™. Under Assumption 23} it holds that

_ C L2
El@rs1 — @ (Brgn)||; < (1+ (AL2 + 1)a)El|on1 — & (0) ||2+ e R
+ L2 |10k 11 — Okl (87a)
and
EHWkJrl - 919 H2 1 - C)\ﬁ + CGﬂQ ]EHwk — k)Hi I - 1)204/1ﬂ3
4C
+ (I -1)2CLa®B + QT“’BQ (87b)
where C}, Ct, Cg, C, and C are some positive constants.
Proof. First we have
_ R _ e e . 2
ki il = e - 54 + 6 - a2
= ll@nsr = @l + 107 = @ 15 + 2@ — G, GF — Gig). (88)

By the non-expansiveness of the projection operator, we have

B I I I
EH‘DkJrl_wkHz < Wk_NZng(Wk)_wk

n=1

2

A~k B ad n/ n
<E|‘wk*wk||2+2CWﬂQ]EHNng wp) 72IE< —h T Do gR)) (89)

n=1 n=1

where C, == (1 + é) is the upper bound of || B||. By Lemma for some positive constants Cy, C, Cy, Cy Cy, C5 and

Cs, we can bound the second and third term respectively as

1 n n 2C ~ _
EHN;IQ’C(“U < 30 = 1B + C3a®) + CoE|lw (90)
and
N

5 ~yk B n n
7]E<wk w’ﬂNZlgk(wk)>
< B = 1)(Ca + C50)E o — b, — CAPE[@x — &

(I-1)*ci (I —1)%C? C -
< 5( G 152 4 oA 502 4 /\]E||wk — @il ) — C\BE||@y, 7%”%

C . I—1 202 _ C
S_fﬂE”@k—wkll%( C) 453+( C) 5028 o1

A A

where the second inequality follows from Young’s inequality. Substituting and (1) into (89), and using 5 < Cjs to
simplify the inequality give

El|@rs1 — @5 < (1 OB + CEB2)E||ar — |2 + (I - 1)2C48° + (I - 1)2Cha?B. (92)

2C; A 2C2 ~
where C:l = ij + 601/,0205 and Cg = 07; + 60¢O5205.
The third term in (88) can be bounded as
E(@pt1 — @f, O — @hyr)

= E<a)k+1 - (ZJZ,LZJZ - "DZ—H - <v®*(§k),§k+1 — §k>>
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+ E<(Dk+1 - (I)Z, <V(Z)* (ék)7 ék;Jrl - §k>>
< B[ [@r1 — Gl 0k — @ — (V8" (00). Bera — )]

+ E<(Dk+1 — (:JZ, (Vo&* (ék),E[O_kH . §k|~7:k]>>

Lw — Ak n n — Ak
< Z22B [|onss — 07,1001 = 0cll3] + Loak |||onss — 7], Ipel ] 93)

where the first inequality follows from the towering property of expectation, and last inequality follows from the L,-Lipschitz
and L, 2-smoothness of &*(6) shown in Lemma@ Continuing from the last inequality, we have

E{@k+1 — Wf, @ — Wip1)
Lw,ZCP%OCQ]E
2
a72
_CiL

2 Qo N « _ N
< 2220 4 TE|Gn - 0713 + SEpel + 2L 0Ellon 1 — b3

IN

(e = @xll,] + LooB[@rrs - o, llowl]

1 _ w2 Q CiL?
= (213 + 3 ) oB|@rer — Gill; + SEIpel3 + —27=2a’. ©4)
Lastly, the second term in (88)) can be bounded as
ok — &g ll3 < LENOk1 — Okl 95)

Substituting the last inequality along with (92) into (88) gives

E||@ps1 — &l < (1+ (L2 + 1)Q)E|| @1 — &

4712
2« 2 Cpr,2 3
2 + Z]E||p7€||2 + 92 o
+ L2041 — 0113 (96)

This completes the proof. O

C.3 Supporting lemmas

In this section, we give several supporting lemmas used to prove our main theorems.

C.3.1 Lipschitz continuity and smoothness of optimal solution

The following lemma proves the L-smoothness of &* (6) w.r.t. 6, which is then used to prove Theorem The idea is inspired
by (Chen et al.,[2021).

Lemma 6. Suppose Assumption@and@hold, then there exist positive constants L., and L, o such that

@ (01) — @ (62)]|, < Lus||0r — b2]],, (97a)
and

[V@&*(61) — V@* (62) ||, < Lu,2||61 — 62 ,- (97b)

Proof. Under Assumption |2} the optimal solution of Fy (0,wy,w,,) takes the following form

Wh(0) = —A; bg, @E(0) = —(Ag ) H(ANCA, by + h). (98)

“w v

We write A1, Az and by, b as shorthand notations for Ag,, Ag, and by, , by, respectively. By definition of by, we have

bl - b2 - ]ESONﬁ,aor\ﬂn |:¢(507 (Lo)] - ]Esowf),aor\«ﬂ'z [QS(SOv aO)}

<2 sup ||¢(s0,a0)||drv(p® T, p @ m2)
S0ES,ap€EA

=2drv (p @ T, p @ Ta), 99)
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in which

drv(p @ 1, p @ m2) Z% Z /4’[3(80)771(05&0|50) — p(s0)ma(dag|so)|

s0€Dy

1
< 2LalAlo 6], (100)
where the last inequality follow from the L .-lipschitz continuity of my. Thus we have
by — by < Lr|All|61 — 02, (101)

Similarly, we can prove that

Ay — Ay < 2L A|||61 — 62, (102)
By definition of wy;(9), we have
@ (01) — @ (62)]|, = || = AT'br + Ay bo|, = || — AT (A2 — A1) A by + AT (b — b)),
1 1
< ——[lA1 = Azl + —[[br — b2 |
Oing Oinf
< Ly |61 — 62]], (103)
where the last inequality follows from (T0T)) and (102), and L, := (0% + = ) Lr|A|.
inf in
Observing that w;;(6) is in a similar form as wy;(9), it can be proven that similar result holds for w; ()
[ (61) = @3 (02) [, < La|6r — 62, (104)

2(rmax+ 72—
where Ly == (%LHAI + A)

inf Tinf

Given (T03) and (T04), we have
a0 =" @), =

@5 (01) — @3(602)][; < L |61 - 2],

A A 1
wx(6y) —w:(%)”;-ﬁ-;‘

where L, = /L? + éL%. Now we begin to prove (97b). Let V; be a shorthand notation for Vg, where 0; is the ith
element of 6. Then we have

Vi (0) = —Ag ' Vibg + Ay ' Vi Ag Ay by. (105)

In order for V¢@Z(91) to be lipschitz continuous, it suffices to show A;l, by, V;Ap and V;by are bounded and lipschitz

continuous. By previous derivations (TOI)-(T03), A, and b are indeed bounded lipschitz continuous. Thus it suffices to
check V;Ap and V;by.

Viba = (1=1) [ p(dso) [ Fira(daoldso)o(aso. dao). (106)
S A
It is easy to check ||V;bg|| < Cy. It also holds that
Vibo, — Viba, || < (1 —7) / A(dso) / Vi, (daoldso) — Vi, (dao|dso)|
S A
< JA[(LxCy + Ly) |01 — 62| (107)

where the last inequality follows from

1976, (al3) — Vo, (al3)]] = |[mo, (als) o (5. @) — 0, (al)m (5, )|
< (LaCy + Ly)||01 — 02]|. (108)
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Thus we know V;by is bounded lipschitz continuous. Using similar technique, we can check that V; Ay is also bounded
lipschitz:

ViAo, — Vida || < 20AI(LaCy + Ly) 61— Ball, [Vidol] < 2C,. (109)
This makes V,;w? (6) lipschitz continuous, which implies
V@ (0) = Vo (0)] < Lal|0r — 02 (110)

for some positive constant L3. Similarly, we have for some positive constant L,

V@ (0) = Vi (0)|| < Lal|6r — b2 (111)
The last two inequality implies (97b) with L, » = /L% + L7. O

C.3.2 Bounding the critic bias and variance

Before we start to bound the critic bias and variance, we first give a lemma on the boundedness of critic variables under
projection.

Lemma 7. Consider running Algorithm[I|with linear function approximation of v™ and p™. Under the same assumptions
as those of Theorem there exist positive constants C,, and C,, such that ||w;' ||z < C,, and Hka 2 < C,.

Proof. To bound [|w} , || and [[w?? . |, it suffices to bound the norm of the concatenated variable wjl = [w!" , ﬁwﬁ, o . By
the critic update in (86)), we have

Wil = llwg = Bgg (wi)ll2 < llwille + [[Bgg (wi) 2

1
< lflla+ 81+ S VEoT PR el o+ VT H L (112)
1Bgr @) <ﬁH [1 } A
w ~ ~
Itz = P o ol L=vBAN T pACy

o
_hz
1 N
< Bloralayf1+ 226l A} + 23

1
gﬁ,/1+;\/8<p+<p2x2||w2\|2+\/(1—7)2+1. (113)

where the last inequality follows from

s U]

Sl= o

2

I [

Because of the projection in Algorithm , for any ko —1 which are multiples of I, we have [|w [l2 < /RZ + iRl%. Then
by (T12), it follows from induction that Lemma[7] holds for any k. O

Now we are ready to give the Lemma that bounds the bias and variance of critic sequence, which is used in the proof of
Theorem (4]

Lemma 8. We choose ¢ = 8(}; 12)2. Under the same conditions in Theorem we have
N
— Ak 1 n n — Ak
]E<wk — wy, BE [N ng (wk)’}"k}> > —B(I = 1)(CuB + C50)E||@p — wkHz
n=1
+ CxBE||@ (114)
and
20 2 202)
EHN ng (wi) < N ¢ +3(I-1)*(C38°+C (115)

where Cy, Cs, Cy, Cy, C5 and Cg are some positive constants.
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Proof. We first prove (T14). We denote its LHS as I;. I can be decomposed as

e [ N E ESSF TR £ ST [

M
N
1 ~ 1 n(— ~ ~ ~ K ~
— (1 + ﬁ)ﬂﬂ‘l {Hwk — k||, HE{N ng (wk)f}"k} - gk(wk)HJ + E<wk — wk,ng(wk)> (116)
n=1
pa n
where gy (w) is defined as
N

IR S 0 JPAL {b” ]

W) =77 n nk w + kn

G P | S L
1 0 0 \/@Agk] [be ]
= w + LA
[0 wla] [—W(Aok)T PAC —h
Ga,
With ¥ : 0 LI I,/ can be bounded as
\/@
(1) _
L= *Z g7 (@) = gkt (@n)l, = Z 2G5 (wit = @),
n=1

| XN

<G GN Z okt — @xl,

n=1
< Cu(I -1)B, (117)

where the last inequality follows from Lemma Cg = (1 + ﬁ) V8¢ 4+ A2¢? is the upper bound of ||[£G} |2, and
Ci=2(1+1)CaCy.

I §2) can be bounded as

0 o(Af, — A7 )|
(A, — A2 )T v oo e
916

by — b |
* [ 0 k] ‘2
1 1 . . .
SN Z (\/EC“HA%‘ — A ||, + |05, — béknz)v (118)

where the last inequality is due to the fact that [|@y[l2 < & S0 [|wpll2 and [Jwf |2 < Cu = ,/C2 + éCﬁ. It can be
easily verified by following the derivation of (TOT)) that

145, — 45 [l < 2Ll A6 = Ocllo. [[bF, — 05, [l < Lal All16F = O ]l2- (119)
Substituting the last inequality into (TT8) gives

2L | A Lo ion _ 4 n_g
10 < A (i el e+ -l

< Cs5(I =1, (120)

where the last inequality follows from Lemmaand Cs = 4L, | A (1 +4/1+ éCw) Cp.
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To bound I {3), we need to first bound the eigenvalues of Gy. Let ¢ = 8(1% 12)2

—1 4T
8Amax E\Ae(?/\ccz) A5) for any 6 € R?, where A\pin(+); Amax () denotes the minimum and maximum eigenvalue. Then by the

analysis in section A.1 and A.3 of (Du et al.l 2017), we have Ay (Go) > %/\min(Ag()\C’)_lAg). Under Assumption we

can also show that /\min(Ag()\C)*lAJ) > % This leads to Apmin (Go) > Aint == %U;\“f.

, then it is easy to verify that ¢ >

By the optimality condition of &}, we have
19 = (@ — &5, Bge(@r) — 9u(@) ) = Bk - &5, X2Gg, (@ — 37) )
. 1 _ .
> Bmln{l,;})\inf“wk —&il]- (121)

Substituting the lower bounds in (T17), (120) and (121} into (IT6) gives

I > —B(I = 1)(Caf + Cs0)E|@x, — @i, + CrBE||wx — a3 (122)

where C := min{1, é})\inf, Cy = (1 + ﬁ)@; and C := (1 + ﬁ)é& This completes the proof of (T14).

Now we prove (T13).

]EHN ;gk (Wk) ) = WEH ; (Qk (Wk) - E[gk (Wk)\fk])‘L +EHN ;E[Qk (Wk)|]:k] HQ
— 5 2 E|lgi i) — Blgp )l A + B[ D2 Elor i)l |
n=1 n=1
202 1 al n n 2
< 3+ By LA, (123)

where the second equality is due to the zero mean of g} (w}) — E[gy (w})|F%] and its conditional independence across
clients n € {1,2, ..., N}, and the last inequality is due to ||g}} (w})||2 < Cy = CcCy + /720 + 1.

We now consider the second term in (123).

2

H% XN:E[g;?(w/Z)Ifk] Hz <312 43122 4 3Hgk(@k)H2 (124)
n=1

where the first and second term are bounded in (TT7) and (I20). It suffices to just consider the last term, which can be
bounded as

o (125)

2 1 -
‘2 < (1 + ;)Cé”wk - &

Jos @) = [Jor@e) — an(@i)

Thus we have

N
Hi S E[g (w]) 1] H2 < B(T - 12(C36 + C3a®) +3(1 + )3l - ol (126)
N~ 2~ > @ 2
Substituting (126) into (I123)) completes the proof of (T13). O

C.3.3 Bounding the statistical errors

We first give a useful inequality which will be used to bound the statistical errors.

Lemma 9 (Pollard’s tail inequality (Pollard, [1984)). Let F : Z — [—R, R| be a permissible class of functions. Let
{2}, € Z be i.i.d samples from a distribution. For any € > 0, we have

1 & € M —Me?
P( sup | 7 Z f(zi) —E[f(z)] D < 8M (§7-7:7 {Zi}z’:l) exp (m) (127)
1=1

fer ;

where N1 (+) is the covering number.
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The covering number can be bounded by the following inequality.

Lemma 10 (Haussler’s inequality (Haussler, |1995)). For any set Z, any points {2}, € Z, any function class F on Z
taking values in [— R, R] with pseudo-dimension Dy < oo, we have

2eRt )Df. (128)

N (e,}', (2 gl) <e(Dr + ”(T

Now we can give the bound on statistical errors.
Lemma 11. Under the same conditions as that of Theorem for any 0 € R?, with at least probability 1 — & we have

2 _ O(log(N]\fv)]\}r log(g)).

50055, (5, )] — B 155,055 ) o)

2

Proof. Define y(s,a) = pu(s, a)v(s,a)y(s,a)] € F,, where v € F, and 1 € F,,. For any 6 € R?, we have

2

2
< sw |[E, 4 [4(5,0,5)] = Eq iy [4(s,a,8)] |5 (129)

where the last inequality is due to 9} € F, and fij; € F,,. With 1; € R? defined as the vector whose ith element is 1 and the
the rest elements are 0, we have
2
sup HEs,awiD [y(s, a)] - By andp [y(s,a)] HQ
yEFy
d

€3 s (B (1 406,00] By gy 17005, 0)) (130
i=1 Yy Y

For any i € {1,2, ...,d}, we have |1 y(s,a,s')| < Ry == R,R,Cy. Denote F,, as the function class of 1, y(s, a, s’). By
Pollard’s tail inequality in Lemma[9] we have

IP’( sup ]EJD [ljy(s,a)] -Eg, [ljy(s,a)]‘ > e>
YyEFy
€ —~NMe?
< 8E — Fy., {D"}V —_—
< 85[0 (5,73 100 )| exw (o)
N
< 8C"(4) () . (131)
€
where the last inequality follows from Haussler’s inequality in Lemma Constant R'(i) = e(D(i) +
1)2(2¢R1)P® and D(i) is pseudo-dimension of F,,. Let ¢ = \/R(i)(log(jvvﬂl\j)ﬂog D) Where R(i) =
max ((8R'(4)) E0) ,512NM D(i),512N M, 1), with at least probability 1 — 6/d we have
sup |E;, 1] y(s,a)] —Eg, [1] y(s,a)] ‘ <. (132)
YyEFy
Let e = %ﬂ/)ﬁbg%) with R = max; R(i). Then, substituting (132) into (I30) gives
2
sup [[E, .4, [¥(s,0)] =By oy [u(s,0)] ||, < dé? (133)
yEFy
with probability at least 1 — §. This along with (T29) completes the proof. O

Lemma 12. Under the same conditions of that in Theorem[3] with probability at least 1 — § we have

1
sup |Fa(0,0,m) = Fr(0,0,)| = O(\/log(m?]; 10g(6)> (134)

0eR? veF, ,uE€F,
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Proof. Define function {(X) = Eqrry(-[s0) [V (50, @0)] + (r(5, @) +VEarmmy (151 [0(s', @) = v(s,a)) (s, @) — S (s, a)? €
Fi, where X := (sg,s,a,s") and v € F,, u € F,,. We have

sup ‘FA(eaUaM)_F/\(H,%M)‘

0eRY vEF, ,ueF,

= lseu]l:) E50N9157Q7SINJD [I(X)] - Esowﬁ,s,a,s’wdp [Z(X)] ’ (135)
1

By Pollard’s tail inequality in Lemma[9]

IP( sup |E, 4, [U(X)] ~E, 4, [l(X)]‘ > e) <8E [Nl (gﬁ {D"}), U {Dg}ff—lﬂ exp (_5];]21\2252)

leF;
0\
<8R3 () (136)
€

where the last inequality follows from Haussler’s inequality in Lemma Constant R3 = e(D; + 1)2(2eR3)P* and D,

1
is pseudo-dimension of F;. Let ¢ = \/R“(logujv\,]\]{/[)ﬂog ) where Ry = max ((8R3)D%,512NMD1, 512N M, 1), with
probability at least 1 — &, we have

sup
leF;

Ey.a, [1(X)] — B, 4, 1(X)]| < e
which along with (I33) completes the proof. O

D Proof of Theorem 2]

Before we proceed with the proof, we first introduce a gradient dominance type property of F'(6):

Proposition 2 ((Agarwal et al., 2020, Theorem 5.3)). Under softmax policy parametrization and uniform priors, if
* T d'rr*
IV IO < gsiray then J* — J(0) < ==

oo”

Now we are ready to prove Theorem 2]

Proof. It is known that the softmax policy satisfies Assumption [3 thus we immediately know that Theorem [T] holds.
Furthermore, by assumption @, we have the optimal solution v and pj falls in the linear function class with respect to the
feature, thus we know the function approximation error €, disappears. By Theorem B the following inequality holds with
probability at least 1 — ¢

S sfwa @l o) + 01 5a2) o e ) -

where we have used the fact Cyy, = 1 for softmax policy, and A = 72. We define an event E}, as ||V.J,(0;)] < 318TA7 and

its complement Ef, as |V J(6k)| > 7sA]- We use 1, to indicate whether the event happens or not, i.e. 1, = 1if Ey
happens and 1z, = 0 if £} happens. Then we have for the optimality gap:

>

K K
SCE[JF - J(0)] = Z]E JO:)1e, ]+ E| (6x)) 15|
k=1 k=1

K

- 27 || dye Z]E[lEk]""ZE[(J*_J(GIC))lE;]
k

=1

=

IA
S
N

M=

=

—
=

+
M=
=

-

&

(138)

IA
[N}
q
QL
.
TTMN
=
“2
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where the first inequality follows from proposition [2} and the second inequality is due to the fact that sup, F\(7) <
max, (s, a) < 1.

Now it suffices to bound Zszl E[1g].

K K
STEIVI 002 = Y B[V (00) 2 1e]
k=1 k=1

K 72

which along with (I37) implies

ZK:E[L;;] = O(ﬁ) +@<K 1;%5) +O<KT(1037)2>. (140)

k=1

Substituting (T40) into (T38), and dividing both sides by K give that the following inequality holds with probability greater
than 1 — ¢ that

=

LS g o] = o)+ 6(1/%8) 1o 141
= 2 B[ —Jn)] = ( /7NK> + ( ~ar ) TOle); (141)
which completes the proof. O

E Additional experiment details

We first present our choice of hyperparameters in the tests. All the tests are conducted in system with a 16-core CPU, an
NVIDIA Geforce RTX 2080s, a Titan V and a NVIDIA Geforce RTX 3080.

Prior to training, we collect data with behavior policies that are described in Section[5] We use a data set size of 80000
(Navaigation), 100000 (cartpole) and 40000 (Frozenlake). In all tests, the critic functions v and p are parametrized by a
3-layer neural network with a hidden dimension of 64 x 64 and the ReLU activation. In the cartpole and frozenlake tests,
we use a 3-layer neural network with a 128 x 128 hidden dimension; ReLU activation and a softmax output function. In the
navigation test, we use a natural softmax policy parametrization. All networks are initialized randomly using the glorot
uniform. To ensure the stability of our method, we clip the gradient element-wise within 1.0.

We select A = 1076 for all tests. In the tests of Figure we select an initial step size of a = 0.0001, 0.00007, 0.00003,
B = 0.0001, 0.00007, 0.00005 for navigation, cartpole and frozenlake respectively. We set batch size as 1024 for each client
and the communication interval / = 10. In the tests of Figure[3] we select an initial step size of e = 0.0001,0.00007, 0.00002,
£ = 0.0001,0.00007,0.00005 for navigation, cartpole and frozenlake respectively, and then scale it with v/ for different
number of clients. The batch size is 1024 (navigation, cartpole); 512 (frozenlake) for each client and communication
interval I = 10. In the tests of Figure ] we choose the same hyperparameters as that of speedup tests except for a varying
communication interval.
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