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Abstract

The classification bandit problem aims to de-
termine whether a set of given K arms con-
tains at least L good arms or not. Here, an
arm is said to be good if its expected reward
is no less than a specified threshold. To solve
this problem, we introduce an asymptoti-
cally optimal algorithm, named P-tracking,
based on posterior sampling. Unlike previ-
ous asymptotically optimal algorithms that
require solving a linear programming prob-
lem with an exponentially large number of
constraints, P-tracking solves an equivalent
optimization problem that can be computed
in time linear in K. Additionally, unlike ex-
isting algorithms, P-tracking does not require
forced exploration steps. Empirical results
show that P-tracking outperforms existing al-
gorithms in sample efficiency.

1 INTRODUCTION

We consider an adaptive combinatorial exploration
problem based on a stochastic bandit setting, which
is called the classification bandit (Tabata et al., 2021).
This problem involves a set of K arms, and each arm
is associated with a reward distribution. The agent at
each time step chooses one of the arms and receives a
sample from the corresponding distribution. The goal
of the agent is to classify the model' as a whole into
positive or negative. If there are L or more arms with
means at least a (predefined) threshold £, then the
model is defined to be positive. Otherwise, the model
is negative.

!We use the word model to refer a set of K (unknown)
distributions.
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The classification bandit problem is a versatile model
that can be applied to many real-world problems, in-
cluding the following two examples.

Example 1.1. (Cytodiagnosis, Helal et al. 2019) Sup-
pose a screening test for cytodiagnosis using a device
that requires high cost and long time for accurate mea-
surements such as Raman microscopy. In this test,
a pathological diagnosis is made based on whether the
ratio of malignant cells to the total number of cells in
the specimen exceeds a specified threshold. The malig-
nancy of each cell is quantified by averaging the ma-
lignancy measures of all pixels within the cell on the
Raman image. If the number of malignant cell is small
(i.e., the ratio below a certain threshold) under im-
mune system, a doctor may not necessarily diagnose
as the patient being at the fatal, malignant stage. How-
ever, if the number of malignant cells is high enough,
the patient is diagnosed as being at a certain stage re-
quiring further inspection.

Example 1.2. (Quality inspection) Suppose a quality
control that requires a verification of the overall quality
of items prior to shipment. An inspector, tasked with
this responsibility, selects a random sample of items to
manually inspect for defects at a factory. To minimize
bias in the random sampling, the inspector is required
to confirm that no more than L out of K items fail
to meet the desired quality, while ensuring the required
accuracy of inspection.

The two examples above are pure exploration problems
in which the goal is to determine the overall quality of
the set of populations using as few samples as possible.
Considering an affinity for these tasks, we deal with
the fixed confidence setting, in which the confidence
level 6 € (0,1) is given, and the agent stops the the
sampling process immediately once his/her confidence
on the correct answer reaches 1 — 4.

The classification bandit problem is a special instance
of general structured exploration problems (Huang
et al., 2017; Degenne and Koolen, 2019). In some class
of problems (including classification bandit problem),
general algorithms called C-Tracking and D-Tracking
(Garivier and Kaufmann, 2016; Degenne and Koolen,
2019) are known. These algorithms “track” the opti-
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mal allocation; while the optimal allocation requires
the true model parameters, these algorithms use plug-
in estimators instead. Although these tracking algo-
rithms are asymptotically optimal in a small § regime,
they have two drawbacks. First, to stabilize the allo-
cation, C-Tracking and D-Tracking involve forced ex-
ploration over all arms, which does not necessarily bal-
ance the exploration and exploitation. Second, to de-
termine the allocation, these algorithms need to solve
a computationally intensive convex optimization for
each round. To address the second issue, Wang et al.
(2021) proposed an algorithm based on first-order op-
timization. Although this algorithm is free of convex
optimization, it requires solving linear programming
whose number of constraints is exponential in L in our
case.

Tabata et al. (2021) explored a class of problems that
is slightly more general than the classification bandit
problem considered in the paper. However, the algo-
rithm they proposed lacks regret analysis and is not
designed to be asymptotically optimal. The classifica-
tion bandit problem is a generalization of Sequential
Test for the Lowest Mean (Kaufmann et al., 2018) and
Bad Arm Existence Checking (Tabata et al., 2020),
which correspond to the case of L = K and L = 1,
respectively.

The classification bandit problem is also closely related
to several problems, such as the thresholding bandit
problem (Locatelli et al., 2016; Xu et al., 2020). The
goal of the thresholding bandit problem is to deter-
mine whether each arm is above or below the thresh-
old, which predicates the class (i.e., positive or nega-
tive) of the model. Therefore, the use of a threshold
bandit algorithm suffices for the classification bandits.
Although there is no exact inclusion relationship, solv-
ing the top-L subset selection problem (Kalyanakrish-
nan et al., 2012) usually suffices to solve the classifi-
cation bandit problem. At first glance, this seems to
imply that there is no particular demand for tailor-
ing an algorithm for the classification bandit problem.
However, as we show in this paper, if we focus on classi-
fication, the sample complexity of the problem is much
smaller than that for solving the thresholding bandit
problem. The sample complexity of the thresholding
bandit problem and the top-L subset selection prob-
lem is O(K log1/§), whereas the sample complexity of
the classification bandit problem is only O(Llog1/d)
(resp. O((K — L)log1/4)) for “positive” (resp. “neg-
ative”) case as we show in this paper. In summary,
(1) C-Tracking and D-Tracking algorithms are feasi-
ble but not very computationally efficient and involve
forced exploration. (2) Thresholding bandit and top-L
subset selection algorithms are sample inefficient when
L < K. These facts incentivize us to invent an al-

gorithm that is optimized for the classification bandit
problem. The methodological contributions of this pa-
per are as follows:

o We characterize the sample complexity of the clas-
sification bandit problem. Although optimiza-
tions in the fixed confidence best arm identifica-
tion problem (Garivier and Kaufmann, 2016; De-
genne and Koolen, 2019) as well as many struc-
tured bandit problems (e.g., Magureanu et al.
(2014); Komiyama et al. (2015, 2016); Lattimore
and Szepesvari (2017)) are known as a form of
linear semi-infinite programming?. Solving such
an optimization for each round limits the utility
of the method. Instead, we propose an equivalent
discrete optimization that runs in O(K) time.

o We propose a posterior-tracking (P-Tracking) al-
gorithm that has an optimal sample complexity
when 6 — 40. Similarly to C-Tracking and D-
Tracking, we follow the optimal allocation. Unlike
C-Tracking and D-Tracking, P-Tracking does not
require forced exploration. Using the posterior
sample instead of the empirical mean, P-Tracking
conducts implicit exploration.

e We conduct an extensive set of simulations. In
particular, we tested many different values of
L,K. We verify the advantage of P-Tracking
in terms of dependence on L (over thresholding
bandit algorithms and top-L identification algo-
rithms) as well as in terms of amount of forced ex-
ploration (over C-Tracking and D-Tracking that
are also asymptotically optimal).

A byproduct of our proposed method is the use of pos-
terior samples in fixed confidence structured bandit
problems. While posterior sampling is widely used to
balance exploration and exploitation in an online ob-
jective (i.e., Thompson sampling (TS) for the multi-
armed bandit problem), limited results are known
about its use in the best arm identification, partly due
to its challenge in the analysis. One of the well-known
versions of TS for the best arm identification is the top-
two Thompson sampling (TTTS Russo 2016; Shang
et al. 2020). However, TTTS is not directly applicable
to structured pure-exploration. More importantly, we
use TS in a different way than TTTS. While TTTS
uses posterior samples to (implicitly) calculate the op-
timal allocation, we use posterior sampling so that we
do not require forced exploration given an optimal al-
location. Such a use of posterior sampling potentially
benefits many other structured pure exploration prob-
lems.

2Linear programming with infinite number of con-
straints.
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2 CLASSIFICATION BANDITS

In this section, we formulate the Classification Bandit
problem. We give a notation list in Table A in the
supplementary material.

2.1 Problem Setting

Let K be the number of arms. The reward of each
arm i € [K] := {1,2,...,K} follows a distribution
with mean p;. In this paper, we assume that the dis-
tributions are Bernoulli. Parameters p := {u;}5, €
(0,1)% are unknown to the agent.

Definition 1 (good arm and bad arm). For a given
threshold £ € (0,1), we define an arm with its mean
larger than or equal to (smaller than) & as a good arm
(bad arm), respectively.

We consider the following adaptive setting, which is
common in the structured pure exploration literature.
For any time ¢ > 1, the agent chooses an arm i; from
[K] = {1,2,...,K}, and observes a reward from the
underlying distribution associated with i;. The agent
can stop anytime and returns “positive” or “negative”
upon stopping time 7. We use the term algorithm to
describe the strategy for choosing i; and 7 that the
agent uses.

Definition 2 (d-correct). An algorithm is called 6-
correct if the algorithm returns a correct answer “pos-
itive” or “negative” with probability at least 1 — §.

In the following, we limit our interest to d-correct al-
gorithms. That is, we consider the following problem.

Problem 1. For given L € [K], § € (0,0.5), and
the threshold &, if the number of good arms is larger
than or equal to L, answer “positive” with probability
at least 1 — 9 as few samples as possible. Otherwise,
answer “negative” with probability at least 1 — 6 as few
samples as possible.

3 OPTIMAL ALLOCATION

In this section, we discuss the asymptotically optimal
allocation of arm selection and its computation.

First, we denote the number of good arms with param-

eters g1 by M(p), that is, M(p) = >, L > €}
For the vector p of the arms’ expected rewards, a set
Alt(p) is defined as

{v|M)<L} (M(p)=L)

At = {{u M) > L} () < L),

that is, the set of models v for which the answer of
Problem 1 is negative (resp. positive) when the true
answer is positive (resp. negative).

3.1 Lower Bound

Recent papers (Garivier and Kaufmann, 2016; De-
genne and Koolen, 2019) shows that we can construct
an asymptotic lower bound of the expected stopping
time 75 for structured pure-exploration problems. In
particular, the bound is represented as follows:

Eplrs] S B
lim inf —£700 > inf > wid(ui, pf
0 log (1/8) ~ wseuApK WALt (w) i:1wz (b, )
(1)

where Ak is {w € [0,1]F : Zfil w; = 1}, and d(z,y)
is a Kullback-Leibler divergence of two Bernoulli dis-
tributions with mean = and y.

The maximizer w in the above expression corresponds
to the optimal allocation for arm selection, that is,
when the arms are chosen so that the number of selec-
tions of each arm 7 is proportional to w;, the stopping
time is asymptotically optimal for § — 0.

As described in Wang et al. (2021), RHS of equation 1
is a convex programming. However, it requires care on
the discontinuities, and the method proposed by Wang
et al. (2021) requires solving a linear programming of
a size exponential to L. In the following, we show a
more explicit formula on the solution of this problem.

3.2 Equivalent Optimization

For a set of estimated parameters v = (v1,va,...,VK).
We denote the sorted indices by v(1) > vy > ... >

V(L) > ... 2> L) >€> V(N w)+1) > ... 2 V(K)-

Here, we assume M(v) > L (positive model) since the
following remark holds.

Remark 1. In the case of M(v) < L (negative), we
are able to convert the model into an equivalent positive
model with flipped variables (v',£', L") such that

I
vy =1-—1,

5/:1_57
L'=K-L+1.

Consider the following optimization problem:

K
min 5 S
S$=(51,52,...,5K)

=1
(2)
Y Swd(va, &) = 1

icU

subject to

R min
UCM@)]:|U|=M (v)-L+1

S;>0 (i=1,....K).
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The solution of the optimization of equation 2 can be
given as an explicit formula as shown by the following
theorem.

Theorem 1. Let

L*(v) = (3)

arg min

l
1 1
e\ L1 ! —L+1 ; d(vs), &)

S(v) defined as follows is an optimal solution® of the
optimization problem of equation 2:

1 1 o 5
Siy(v) = L) =L+ d(v),8) ifi < L*(v), n
0 otherwise.

and the optimal value is

) L*(v)

1
T L) -L+1 ; d(vi), &) (5)

Q*(v)

In the context where the plug-in parameter is clear
(usually, v = p), we omit v. For example, we use
S = (51,80, ...,5k) to describe the optimal solution.

The equivalence of equation 2 and the right-hand side
of inequality 1 is guaranteed by the following proposi-
tion.

Proposition 2. The solution S(u) of equation 2 for
v = p and the solution wy, ..., wy of the optimization
problem maxXywea o inf,eate(w) Zfil wid (g, p}) have

relation wi = S;(p)/Q*(w).

Theorem 1 and Proposition 2 state that the optimal
sample complexity of the classification bandit prob-
lem is @*(p) log(1/9), which is achieved when we draw
each arm proportional to w; .

Remark 2. (implication of the optimization) The
case of L*(v) = L corresponds to the top-L identifi-
cation: It draws i-th best arm for log(1/8)/d(v,§),
which corresponds to identifying it as a good arm. The
more interesting case is L*(v) > L. In this case, none
of the top-L arms are identified as a good arm, but one
can derive that there are at least L good arms with a
confidence level §.

Remark 3. (O(K log K) runtime, O(L) sample com-
plexity) Unlike the original optimization, the alterna-
tive optimization of equation 4 no longer requires a
convex optimization. We can run the alternative op-
timization in O(K log K) time in the following proce-
dure: First, we sort the means to obtain v(1)y > v(z) >
o > Yy, which runs in O(Klog K) time. Second,
let

Q1

ot
Z_L+1i:1d<y(i)7€).

3While the optimal solution can be non-unique, in the
analysis (section 4) we consider the case of the unique op-
timal solution.

Algorithm 1 P-Tracking for Classification Bandit
Require: K, ¢, L, 6
Ensure: “positive” (if {i € [K] | i > &} > L),
“negative” (otherwise) with prob. at least 1 — ¢
a; <~ 1,b;+1fori=1,2,.... K
: fort=1,2,...do
0;(t) ~ Beta(a;, b;) for i € [K]
if 3. 1[6;(t) > &] > L then
S(6(t)) «+ PO(K, &, L, 0,(t))
else
SO(t) «+ POK,1-¢& K—-—L+1, (1-—
0:(t))ie(x))

D TR Wy

8: iy + argmax; S;(0(t))/N;(t) (posterior sam-
pling)

9: aj, < a3, + 143 by, — b, +1 -1y

10: if Y, 1[(t) > &] > L then

11: if SC(K, &, L, (f1:(t))ic(x)) = “true” then

12: Return “positive”

13: else

14: if SC(K,1-¢ K—L+1, (l—ﬂi(t))ie[}(])
= “true” then

15: Return “negative”

Algorithm 2 PosteriorOptimization (PO)

ReqUire: Ka 57 La (ez(t))ZG[K]
1: Return S(6(t)) + Solution of equation 4

We first start with | = L and compute Qr, and re-
peat comparing Q; and Qi+1 as long asl < M(V) and
Qii1 < Qp holds.* This yields Q*(pu) = argmin, @Q;
and runs in O(K) time.

Note also that the above discussion implies the sample

compleity of Q*(w) < Qu(n) = O(Llog(1/5)/A2),
where A3 = (v — €)%

The optimization above requires the true parameters
p that requires estimation via some exploration. In
the next section, we propose P-Tracking that adopts
posterior sampling for balancing exploration and ex-
ploitation.

4 P-TRACKING

In this section, we introduce Posterior Tracking
(P-Tracking, Algorithm 1), a conceptually simple
Bayesian algorithm. Following the literature on the
Bayesian multi-armed bandit problem (i.e., Thomp-
son sampling), we adopt the uniform prior Beta(1,1).
Regarding arm selection, it calculates S(0) based on a

4Parameter [ satisfying this condition is guaranteed to
be L*(v) by Proposition 12(1) and (2) in Supplementary
Material.
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Algorithm 3 StoppingCondition (SC)

Require: K, ¢, L, (fi(t))ic[x)
Ensure: “true” (if L positive arms), “false” (other-

wise).
I 7 Ni(t)d(fi, €), it fi> €
0, otherwise
2: Sort them such that Z(l) > Z(Q) > 2 Z(K)
3: if Sor; Zy > B(t,8) then
4: Return “true”
5: Return “false”

posterior sample 6, and tries to draw arms proportion-
ally to S(0) (Algorithm 2). Once we receive a reward,
we update the posterior of the selected arm. Regard-
ing the stopping condition, it stops once the empirical
log-likelihood, which is defined in terms of the empir-
ical means, reaches §(t,9) (Algorithm 3). The value
B(t, d) should be an anytime confidence bound (¢, ),
which satisfies the following properties.

P U ZNi(t)d(ﬂi(t)7ﬂi) 2 B(t, 6) <9

t>1,7e2(5] \ieZ
(6)

02 log(t + 1))
4]

?

(7)

where N;(t) = > . _, 1[iy = 4] and j;(t) = >, 1[i =
i,7¢ = 1]/N;(t) are the number of selections and the
empirical mean of arm ¢ by time ¢, respectively. An
example of such an anytime confidence bound is found
in Proposition 21 in Kaufmann and Koolen (2021).

3C,Cy > 0 ﬂ(t,é) < Ci +log <

In the following, we derive the correctness (Theorem
5) and an optimal stopping time (Theorem 6) of Al-
gorithm 1.

4.1 Assumptions on the True Parameters

In the following, we state the assumptions on the true
parameters g = (p1, pi2, ..., g ). Let M := M ().

Assumption 1. (True positive) We assume M > L
(i.e., positive model).> Without loss of generality, we
assume the true parameters p satisfies pg > po > jg >
ez pun > E> Pyl 2 2 K-

In view of Remark 1, Assumption 1 can be posed with-
out loss of generality because a true negative model is
flipped into a true positive model.

Assumption 2. (Identifiable parameters) we assume
that no parameter is exactly the same as &. That is,

wi # & for all i € [K].

SWe also drop g for many functions.

Assumption 3. (Non-degenerate solution) We as-
sume that the solution S(p) is unique.

Assumption 3 implies the existence of the following
margin constant that guarantees the quality of the so-
lution. For model v, let the “solution set” Z(v) =
{i € [K] : S;(v) > 0}, which is the subset of good
arms {i € [K] : v; > £} where the optimal solution in-
cludes drawing these arms. We also denote Z = Z ()
to be the true solution set.

Remark 4. (Existence of margin constant) For a
Dmin > 07 let

@Dmin = {V : le[K] |V7i - ,Ufz| < Dmin} . (8)

By choosing a sufficiently small® Dy, > 0, for any
v € Op,,..i € [K], it holds

min ?

%Si(ﬂ) < Si(v) <28i(w). (9)

Intuitively speaking, if |v; — ;| < Dpin holds for all
arms, then the solution S(v) is a constant-ratio ap-
proximation of the true solution S(u). Note that equa-
tion 9 implies 7 (v) = Z. Remark 4 is trivially derived
by using the uniqueness and continuity of the solution
S(p).

Definition 3. (Subset margin region) We define the
region

®DmimI = {V : ﬂ{|yz - .uz| S Dmin}} .

i€l

Definition 3 states that parameter v; of arms in 7
are close to the true parameter p;. By definition,
©p 2 ©p

min min *

In fact, Remark 4 can be strengthened to the following
lemma.

Lemma 3. (Non-interference) Let ¢ ¢ Z. Let v €
Op,....z and v; < pt; + Dyin. Then, it holds that

min

Sl(l/> =0.

Lemma 3 states that if the arms in Z are D, -accurate
and arm ¢ ¢ Z is not very good, then the arm i is
not included in the optimal set regardless of the other
arms.

4.2 Characterization on the Posterior Sample

Lemma 4. (geometry) There exists a (distribution-
dependent) constant C = C(u) such that, for any ((t),

6Here7 the choice of Dnin depends on g but is indepen-
dent of the confidence level 6. Following the literature, we
consider p as a set of constants.
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we have

PO(t) € Op,..] > Clu

- > Ni(t)

i€[K]

Nl

1) exp

min]

Lemma 4 is one of the most important lemmas that
guarantees the amount of exploration in posterior sam-
pling. Essentially, it states if the underestimation of
the arms is of ¢g-th quantile”, then with probability
Q(1/q), the posterior 8(t) is around the true value p.
This property is used to guarantee the amount of ex-
ploration.

4.3 Main Theorems

This section introduces two main theorems. Theorem
5 states that Algorithm 1 is §-correct. Theorem 6
shows the optimal sample complexity of the algorithm.

Theorem 5. (Main theorem 1, correctness of the out-
put) With probability at least 1 — &, Algorithm 1 stops
and outputs the correct classification result (i.e., posi-
tive/negative).

Proof of Theorem 5. We defer the fact that the al-
gorithm stops almost surely to Lemma 11. Assum-
ing that, we here show that the probability algorithm
makes an incorrect identification is at most J. Let

’ 0, otherwise -
Let the sorted values be
i fi i
205 () 2 Zpy () = -+ = Z58 ().

The algorithm outputs “negative” if

Z 780 (1) > B(t.6). (10)
i=K—L+1
Here, we have the following:
K
fli fli
{ > Zi zﬁ(m)} S PIEAHOEEI
i=K—L+1 i€lL]

(equation 10 implies that -, ¢ Z ZMP (4) > B(t, ) holds

for any S C [K]:|S| < L)
< & ST Na)d(stt), w) > B, 9) (11)
i€[L]
(by f; < & < p; for i € [L]). (12)

"Here, ¢ = exp (e Ni(Dd(As(t), 1))

The anytime confidence bound of equation 6 implies
that

P N

t>1 | ie[L)]

B,11) > B(t,6) p| <6

Y

which states that the stopping with “negative” occurs
at most probability ¢. O

Theorem 6. (Main theorem 2, sample complexity)
Let T be the stopping time of the algorithm (i.e., the
round when the algorithm returns “positive” or “nega-
tive”). Then,

Elr] < Q" (n)log(1/8) + o(1/9). (13)

Theorem 6 bounds the expected number of samples
required by the algorithm.

Proof of Theorem 6. First, we define the following

events. Let D(J) = /log(1/d). Let the events be
D)= S Ni(B)d(u(t), ps) > log(D(&) b, (14)
i€[K]
Ei(t) = {ir =i}, (15)
et) = | J &) (16)
i¢T
H(t) ={0(), a(t) € ©p,,;, 1} (17)

Event D(t) states that the empirical divergence is large
enough, which should not occur frequently (i.e., o(1) as
0 — 0). Event £(t) states that one of the arms outside
the solution set Z is drawn. Event H(t) states that the
posterior solution set is a constant ratio approximation
of the true solution. For an event A, we use A€ to
denote the complement event.

Let Cpna > 0 be a constant that we define later in
Lemma 11. Roughly speaking, the algorithm is ter-
minated in Cppg log(1/d) + O(1) rounds almost surely.
We have

T=)Y 1t<7] (18)
= o<+ YD 1<
t<Chna log(1/6) t>Chna log(1/6)
(19)
= S A< D), E), H()]  (20)

t<Chpna log(1/6)

>

tSCbnd IOg(l/(s)

D>

tSCbnd IOg(1/6)

1t <7, D(t), E(1), H(B)] (21)

1t < 7,D(t)] (22)
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1[t < 7,D°(t), HE(t)] (23)

>

t<Chna log(1/9)

+ > 1[t < 7). (24)

t>Chna IOg(l/(s)

Lemma 7. (Leading term)

ST Pt <7D, £, H(D))

t<Chna log(1/6)
< Q" (p)log(1/6) + o(log(1/)). (25)

Lemma 7 is the leading term assuming that the model
parameters are accurately estimated.

Lemma 8. (Drawing nonsolution arms) We have

> Pt < 1,D(t),E(t), H(t)] = o(log(1/6)).
t<Cpna log(1/6)
(26)

Lemma 8 bounds the case where one of the nonsolution
arms Z is drawn.

Lemma 9. (Unusual divergence) We have

> Pit<7,D()] =o(log(1/8)).  (27)

t<Cpna log(1/6)

Lemma 9 considers the case where the empirical diver-
gence is large, which is infrequent, and thus does not
affect the leading O(log(1/6)) term.

Lemma 10. (Unsaturated rounds)

> Plt < 7,D(1), H(t)] = o(log(1/0)).
tSCbnd lOg(l/‘s)
(28)

Lemma 10 bounds the case that optimal set is under-
sampled.

Lemma 11. (Drawing more than O(logd~!) times)
There exists a constant Cynq such that

> PE<r=0(). (29)

t>Chnd log(l/é)

Lemma 11 bounds the case where the stopping time 7
is unusually large.

Lemmas 7-11 in the appendix bound each term of
equation 24 in expectation. Applying these lemmas
immediately yields equation 13, and thus the proof is
completed. O

5 EXPERIMENTAL RESULTS

We conducted experiments with artificial data with
K = 100 arms. We use 3(t,0) = log (w) and

d is set to 1076 and ¢ is set to 0.5. Although this
choice of 3(t,d) does not guarantee the d-correctness,
it has been used in existing papers such as Garivier and
Kaufmann (2016); Wang et al. (2021), and we follow
them. To make the comparison fair, we use the same
bound and confidence level among all algorithms.

To compare P-Tracking with existing algorithms, we
implemented C-Tracking, D-Tracking (Garivier and
Kaufmann, 2016), Thompson sampling-CB (Tabata
et al., 2021), LUCB (Kalyanakrishnan et al., 2012),
UGapE (Gabillon et al., 2012), APT (Locatelli et al.,
2016), and HDoC (Kano et al., 2019). We modified
some of them for a fair comparison. For C-Tracking
and D-Tracking, we adapted the optimization based on
S(f1) that we have proposed. For Thompson sampling-
CB, LUCB, UGapE, APT and HDoC, we changed the
stopping condition so that each algorithm does not
pull an arm after it is identified as good or bad and
stops when it finds the L good arms or K — L 4+ 1 bad
arms. For each arm ¢, when N;(¢)d(, &) > B(¢,9) is
satisfied, that arm ¢ is classified as good or bad de-
pending on whether 4 > & or i < . The parameters
of LUCB and UGapE were set to find the top-L arms
among K arms. Whenever good arm is found, that
arm is eliminated from the candidates and L is decre-
mented.® Ties are broken by choosing the arm with
the lowest index.

We tested several values of L, and the number of
good arms M for each of K = 100. We set the
mean reward of each arm so that pi,pus,..., tKk—nm
and g _pr41, BK—M+2, - - -, i are equally spaced, re-
spectively. Here, we did not assign p; in the interval
(£ —0.05,£ +0.05) = (0.45,0.55) to avoid a very large
sample complexity. In summary, the value of u; is set
as follows:

1< K-M

0.45%
=4 KE-M-1» )
0.55 4 LABOKAMZD - > K — M +1

Figure 1 shows the average and standard deviation of
stopping times for 100 runs of each algorithm for differ-
ent L and M. P-Tracking consistently outperforms (1)

8Sometimes, the value L is equal to the number of the
remaining arms. This happens when K — L bad arms
are identified (note that K — L + 1 bad arms should
be identified to satisfy the stopping condition). If this
is the case, LUCB and UGapE cannot choose the next
arm because they require at least L + 1 arms among
which they choose L. In this case, we decrement L to
(the number of remaining arms) — 1 so that the algorithm
does not crash.



Posterior Tracking Algorithm for Classification Bandits

6000 8000
6000
4000
4000
2000 2000
0730 50 70 30 50 70 30 50 70 30 50 70
M M M M
(a) K =100,L =20 (b) K =100,L =40 (¢) K =100,L =60 (d) K =100,L =80
I P-Tracking [ C-Tracking I D-Tracking I Thompson sampling-CB
80000 80000 80000
60000 60000 60000
40000 40000 40000
20000 20000 20000
0730 50 70 30 50 70 0750 50 70 030 50 70
M M M M
(e) K =100,L =20 (f) K =100, L =40 (g) K =100,L = 60 (h) K =100,L =80

Hl P-Tracking W UGapE I LUCB N APT N HDoC

Figure 1: Stopping time of each algorithm for K = 100. We tested K = 100, L = 20,40, 60,80 and the number
of good arms M = 30,50,70. (a)-(d) P-Tracking and the other algorithms designed for the classification bandit
problem. (e)-(h) P-Tracking and the algorithms with suboptimal sample complexity.

1.0 o W00, L =20, M=30 ) o 1.0 1.0
0.8 0.8 20 0.8 0.8
0.6 0.6 L 40 0.6 0.6
=}
0.4 0.4 ~ 60 0.4 0.4
0.2 0.2 80 s - 0.2 0.2
0.0 0.0 b ==—T5600 0.0 50 0.0
time round time round time round time round
(a) P-Tracking (b) C-Tracking (c) D-Tracking (d) Thompson sampling-CB
30 1.0 10 0 0,=20,M=’30 10 10 20,M =30 10
08 0.8 20 [t 0.8 08
0.6 0.6 205 0.6 0.6
c f=s
S 3
0.4 0.4 60 0.4 0.4
0.2 0.2 80 0.2 0.2
0 5000 10000 ©° 5000 0.0 0 50000 0.0 2500 5000 0.0
time round time round time round time round
(e) UGapE (f) LUCB (g) APT (h) HDoC

Figure 2: Heat maps of arm selection of each algorithm: each = axis corresponds to time step ¢ and each y axis
corresponds to the number of each run. Note the range of time step in each figure differs to each other. The color
indicated the mean reward p; of the chosen arm at that time. (a) Initially, P-Tracking draws 70 bad arms and
30 good arms evenly, gradually reducing the number of bad arm choices. The exploration is distributed evenly
thanks to randomized exploration. (b) C-Tracking conducts exploration of ratio 2/v/K? + ¢, which is visualized
by the stripes. (c) D-Tracking initiates forced exploration after the round t : v/t > K/2.

Thompson sampling-CB, UGapE, LUCB, APT, and that have an asymptotically optimal sample complex-
HDoc that do not have asymptotically optimal sample ity.

complexity, as well as (2) C-Tracking and D-Tracking Figure 2 shows which arm is chosen by each algorithm
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150000 150000

100000 100000

50000 50000

0 0
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L

(a) K =100, M = 30
B P-Tracking

20

I UGapE

40 60 80

(b) K =100, M = 50
s LuUCB

150000

100000

50000

0
L L

20 40 60 80

(¢) K =100, M = 70

N APT B HDoC

Figure 3: Stopping time of each algorithm for K = 100, where p; is set to 0.4 for each i = 1,2, ..., K — M and 0.6
foreachi=K - M+1,K—M+2,..., K. The advantage of P-Tracking is particularly noticeable when |M — L|

is large.

in each time round ¢ over 100 independent runs. One
can see that forced exploration in C-Tracking and D-
Tracking compromises their performance even with a
very small §. We also conducted experiments with
K = 20, and the results are essentially the same as
those obtained with K = 100. These results are pre-
sented in the Supplemental Material.

In order to demonstrate the advantage of P-Tracking
with respect to the dependency on L over algorithms
designed for other purposes such as best arm identifi-
cation, we also conducted experiments in the setting
where all the M good arms has expected mean 0.6,
and all the K — M bad arms have expected mean 0.4.
The result is shown in the fig. 3. P-Tracking stops ear-
lier when L deviates from M, while the other methods
exhibit less variation.

6 CONCLUSION

We have considered the classification bandit problem
where the goal is to judge whether there are enough
good arms or not. We have introduced P-Tracking
and show its advantage in theory and empirical perfor-
mance. We show that an equivalent optimization for
determining the optimal allocation runs in O(K log K)
time. As a result, P-Tracking runs computationally
efficiently. Possible future work includes expanding
the use of posterior sampling algorithm in a wider class
of structured pure-exploration problems.

References

Degenne, R. and Koolen, W. M. (2019). Pure
exploration with multiple correct answers. In
Advances in Neural Information Processing Systems

32: Annual Conference on Neural Information

Processing Systems 2019, NeurIPS 2019, volume 32.

Gabillon, V., Ghavamzadeh, M., and Lazaric, A.
(2012). Best arm identification: A unified approach

to fixed budget and fixed confidence. Advances in
Neural Information Processing Systems, 25.

Garivier, A. and Kaufmann, E. (2016). Op-
timal best arm identification with fixed confi-
dence. In Proceedings of the 29th Conference on
Learning Theory, COLT 2016, volume 49 of JMLR
Workshop and Conference Proceedings, pages 998—
1027. JMLR.org.

Helal, K. M., Taylor, J. N., Cahyadi, H., Okajima,
A., Tabata, K., Itoh, Y., Tanaka, H., Fujita, K.,
Harada, Y., and Komatsuzaki, T. (2019). Ra-
man spectroscopic histology using machine learning
for nonalcoholic fatty liver disease. FEBS Letters,
593(18):2535-2544.

Huang, R., Ajallooeian, M. M., Szepesvari, C., and
Miiller, M. (2017). Structured best arm identifica-
tion with fixed confidence. CoRR, abs/1706.05198.

Kalyanakrishnan, S., Tewari, A., Auer, P., and
Stone, P. (2012). PAC subset selection in stochas-
tic multi-armed bandits. In Proceedings of the
29th International Conference on Machine Learning,
ICML 2012.

Kano, H., Honda, J., Sakamaki, K., Matsuura, K.,
Nakamura, A., and Sugiyama, M. (2019). Good
arm identification via bandit feedback. Machine
Learning, 108(5):721-745.

Kaufmann, E. and Koolen, W. M. (2021). Mixture
martingales revisited with applications to sequential
tests and confidence intervals. J. Mach. Learn. Res.,
22:246:1-246:44.

Kaufmann, E., Koolen, W. M., and Garivier, A.
(2018).  Sequential test for the lowest mean:
From thompson to murphy sampling. Advances in
Neural Information Processing Systems 31: Annual
Conference on Neural Information Processing
Systems 2018.

Komiyama, J., Honda, J., and Nakagawa, H.
(2015). Regret lower bound and optimal algo-




Posterior Tracking Algorithm for Classification Bandits

rithm in finite stochastic partial monitoring. In
Advances in Neural Information Processing Systems

Conference on Neural Information Processing

Systems 2021, NeurIPS 2021, pages 5810-5821.

28:  Annual Conference on Neural Information
Processing Systems 2015, pages 1792-1800.

Komiyama, J., Honda, J., and Nakagawa, H. (2016).
Copeland dueling bandit problem: Regret lower
bound, optimal algorithm, and computationally ef-
ficient algorithm. In Proceedings of the 33nd
International Conference on Machine Learning,

ICML 2016, volume 48 of JMLR Workshop
and Conference Proceedings, pages 1235-1244.
JMLR.org.

Lattimore, T. and Szepesvéari, C. (2017). The end
of optimism? an asymptotic analysis of finite-
armed linear bandits. In Proceedings of the 20th
International Conference on Artificial Intelligence
and Statistics, AISTATS 2017, volume 54 of
Proceedings of Machine Learning Research, pages
728-737. PMLR.

Locatelli, A., Gutzeit, M., and Carpentier, A. (2016).
An optimal algorithm for the thresholding bandit
problem. CoRR, abs/1605.08671.

Magureanu, S., Combes, R., and Proutiere, A.
(2014). Lipschitz bandits: Regret lower bound
and optimal algorithms. In Proceedings of The
27th Conference on Learning Theory, COLT 2014,
volume 35 of JMLR Workshop and Conference
Proceedings, pages 975-999. JMLR.org.

Russo, D. (2016). Simple bayesian algorithms for
best arm identification. In 29th Annual Conference
on Learning Theory, volume 49 of Proceedings
of Machine Learning Research, pages 1417-1418.
PMLR.

Shang, X., de Heide, R., Ménard, P., Kaufmann,
E., and Valko, M. (2020). Fixed-confidence guar-
antees for bayesian best-arm identification. In
The 23rd International Conference on Artificial
Intelligence and Statistics, AISTATS 2020, volume
108 of Proceedings of Machine Learning Research,
pages 1823-1832. PMLR.

Tabata, K., Nakamura, A., Honda, J., and Komat-
suzaki, T. (2020). A bad arm existence checking
problem: How to utilize asymmetric problem struc-
ture? Mach. Learn., 109(2):327-372.

Tabata, K., Nakumura, A., and Komatsuzaki, T.
(2021). Classification bandits: Classification us-
ing expected rewards as imperfect discriminators.
In Pacific-Asia Conference on Knowledge Discovery
and Data Mining, pages 57-69. Springer.

Wang, P., Tzeng, R., and Proutiére, A. (2021). Fast
pure exploration via frank-wolfe. In Advances in
Neural Information Processing Systems 34: Annual

Xu, Y., Chen, X., Singh, A., and Dubrawski, A.
(2020). Thresholding bandit problem with both du-
els and pulls. In The 23rd International Conference

on Artificial Intelligence and Statistics, AISTATS

2020, volume 108 of Proceedings of Machine

Learning Research, pages 2591-2600. PMLR.




Supplementary Material:

Posterior Tracking Algorithm for Classification Bandits

A NOTATION

The following table summarizes our notation.

symbol definition

K number of the arms

i arm drawn at round ¢

K] ={1,2,...,K}

pe (0,1)K true model parameters

i i-th component of p

at) €0, 1)¥ empirical means

i (t) i-th component of fi(t)

0(t) € (0,1)% posterior sample

0;(t) i-th component of 0(t)

5 €(0,1/2) required confidence level

d(p, q) = plog(p/q) + (1 — p)log((1 —p)/(1 - q))

Ni(v) i€ K] v > €}

M = M(p)

L model parameter (if M > L, then the model is identified as positive)

T ={ie[K]: Si(p) >0}

L*e€{L,L+1,L+2,...,M} =][I|

N(Cg,§) min(Cg,C’min(é))

B(t, ) anytime confidence bound (equation 6)

Dpin >0 a sufficiently small constant (Remark 4)

©p,.. C (0,H)E defined in Remark 4

Op,u.7 COp,in defined in Definition 3

Chna >0 a constant such that the algorithm stops
before Chnq log(1/6) (defined in Lemma 11)

Q* (1) S
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B LEMMAS

B.1 Proof of Proposition 2

Proof of Proposition 2. First, we consider the following optimization problem instead of Problem (2):
K

min E S;
§=(51,52,.--,5K) =

subject to (30)

inf ZSdelh =

W EALL(p) 2
Si ZO (’L: 1,...,K).
We show that w} = S}/ Zfil S¥ (i=1,...,K) holds for the solution S7,..., S} of this problem, and

-1

K
S; = f id( i, 31
; ¢ <wnéi)§< 74 G%llt(p,) Z wid ,U 'ul > ( )

also holds for the optimal value Zf{:l S} of this problem.

The solution SY,...,S%k of (30) satisfies inf, catp(u El 1 SF d(u“,uz) = 1  because if
inf,, e Ate () Zfil S¥d(pi, i) > 1, then ZZ 1S defined by S; (i =1,...,K)

Cinfure At Z iy 57 dmiypg)
is smaller than E 1 S5, which contradicts the fact that Sj,...,S% is a solution of (30). Furthermore, there
are no Si,..., Sk with Zi:l S; = Zfil S; that satisfies inf . c a1e(u) Zfil Sid(s, ;) > 1 by the similar reason.
This means that T = Zfil S} is a solution of equation

f Sid(pi, 32
Srenﬂgl(uelglt(u Z ,LL MZ ( )

for T', and S7, ..., Sk is the solution of maxger+a, inf /el () Zfil Sid (i, py). Since p' # p for p' € Alt(p),
f(T) = maxgera, infeanp) Zfil Sid(;, ;) is a strictly increasing function of T for T > 0, the so-
lution T* of Eq. (32) coincides with the optimal value Efi1 Sy of (30), and the solution Si,...,S% of
maxser+ Ay inf e atg(w) Zfil Sid(ug, p;) is also a solution of (30). Thus, solving optimization problem (30)

for the optimal value Zfil S¥ and the solution S7,..., S} is equivalent to solving Eq. (32) for the solution
T+, 8%, .., 8%,
Trivially, the solution wf,. .., wj of maxXyea  inf /et (u) Efil w;d(p;, 1) and the solution T*, ST, ..., S5 of

(32) have a relation w} = S}/T™*, and

T* max inf Zw = max inf ZS d( =
wEA p' €Al (p id(pi, 17) T SieT A EAlt() 4 (s 1)

holds, which implies Eq. (31).

Next, we show the equivalence of Problems (2) and (30). To show the equivalence, we prove the following
equation:

inf ZS A, 1) = min > Sayd(pe,€) (33)

W EATL(p U C [M],
U=M-L+1 ‘€U

for M = M(u) Note that (i) is the index j of the ith largest parameter ;, that is, (1) > g2y > -+ > pk)-
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Let U denote a family of subsets U of [K| with |[U| > K — L + 1. Define V(u') as V(') = {i | ; < &}. Then,

Alt(p) = [J{w' | V() =U}
Ueu
holds. Let Uy ={U | |[U|=M — L+ 1,U C{(i) | i € [M]}}. Then, Eq. (33) is rewritten as

£ Sid(pi, i) = Syd(pi, € 34
”elglt(#)z (s ) = i Z (i (34)

Note that Ups := {U C [K] | U = Upr U {i | p; < &} for some Upy € Uy} are a subset of U.

Let Dg(p') = ZK Sid(pi, p;) and define py as py = arginf, .y Ds(p'). Then, for any S =
(Sla"'asK):Slw"yS > )

(up)i = 41 (i <& ieUorp >&i¢U)
P (mzgieUorp<&igl)

holds. Thus, for any U € U

inf Ds(p,/) = Ds<[LU) = g Sid(,uivg)
wu:V(p)=U . -
i pg 2 &4 €U or
pi < &1¢gU

holds. Let U’ € Ups be U’ = Upr U {i | s < &} with Upy € Uy satisfying Ups C {i | g > €,4 € U}, then

Ds(pv) = > Sid(pi, €)
i py > §€,9€ U or
ni <E1¢U
i >E,0€U
> Y Sid(pi §) = Ds(pu)
i€Um

holds. Therefore,

nf > Sud n inf D) = min D i
Z (o) =ity Juf,_ Ds() = min Dsluw) = min D, Sidlp &
M

holds. O

B.2 Proof of Theorem 1

Proposition 12. Let L and M be positive integers with 0 < L < M. For0 < C; < Cy < --- < Cyy, define l* as

LHZC

Then, the followings hold. If I* is unique, Ineq. (1),(2) and (3) hold strictly.

[*=  argmin
le{L,L41,..,M} L —

(1) w3 S, G > O forl=1,...,0"
(2) m g S G <O forl=1"+1,....M

(8) Wll—llflzie[l*}\U C; >C) forUC*| with U <I*—Landl=1,...,10*
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(4) For unique I* < M,
F<ledl e{L,L+1,...,01-1}
1L
S.t. m;Cj < Cl. (35)

Proof of Proposition 12. Unique-I* case proofs for the strict versions of Ineq. (1),(2) and (3) can be obtained
from the following proofs by replacing “<” and “>” with “<” and “>7”, respectively.

(Proof of (1)) Ineq. (1) trivially holds for I* = L. Assume that L < *. By the definition of I*,

-1 "—1
Z_l*—L+1ZC<:>ZC> Cl*

‘:’ZQ‘ > (1" —L+1)Cp-

-
1

—_— C; > Ci«

®l*fL+1i:ZI =1

-
1

—_— > :1_._ *

‘:)l*—LH;:lCZ—Cl (1=1,...,0%

holds.
(Proof of (2)) If I* = M, there exists nothing to prove, thus we can assume [* < M. By the definition of I*,
1

1
e - < -
@l*—LJrl;:lCZ*Cl +1

I
1

R — < =1* e
‘:’Z*_LH;CZ*Q (I=10"+1,...,M)
holds.
(Proof of (3)) By Ineq. (1),

l* l*

1
> O > (" = L+1)C-
= L+1ZC G @;c +1)C
i€[l*] ieU

for U C [I*] with |U| < I* —
& Z C;> (" —L+1—|U|)C;- for U C [I*] with |U| <1* —

1€[1¥]
1
@*— C; > Cp for U C [1I*] with [U| < I* — L
—_— > =1,...
<:>l L—Fl—‘ z]:\UC Cl 7 9 )

for U C [I*] with |U| <1* —
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holds.
(Proof of (4)) (=) Assume [* < [. By the strict version of Ineq. (2),
1«
m ; Ci < Ciot1
holds. Thus, for I' =1* <, =5 L+1 Zz 1 C; < Cp holds.
(<) Assume that, for some I’ € {L,L+1,...,1— 1},

l/
|
i <G
=1

holds. Then, by the minimality for [*,
P

1
7l*_L+1;cj<q

holds. Assume [* > [. Then, Ineq. (1) holds, which is a contradiction to the above inequality. Therefore
<l O

Proof of Theorem 1. We show that the solution of equation

max min Sid(vi, &) =1, 36
SeTAK U C [M(@©)], ZEZU @ ( @ ¢) (36)
Ul = M(v)—L+1

is T = Q*(v) and S = S(v), where Eq. (36)’s equivalence to Problem (2) can be shown as with Eq. (32)’s
equivalence to problem (30). We only show that the solution of

max min Sind(vey, 37
SeQ*(v)Ak U C [M(v)], gj CR0 2 (87)
[Ul=M@w)—L+1

is S(v) because if so, the fact

1
min SW)wdve,§) = min =1
UC (M), ; PIOa UC M), iem%(u)] Lrv) - L+1
Ul =M()—-L+1 Ul =M(@)—L+1

implies that T' = Q*(v) is the solution of Eq. (36). Note that Q*(v) = szj;f'j) d(V(lv) g can be
calculated without solving Eq. (36) for T

Let
Q*(V)A% = {S € Q*(V)AK | S(g_H) = ... = S(K) = 0}.
We first prove
max min Sid(ve, &) = max min Sid(vey, &)- 38
S€Q*(w)Ax U C (M), ; ORCOIY SeQ WAL W U C M), ZEZU OLCORY) (38)
|U| = M(v) — L +1 |U| = N(v)— L +1
Since § that maximizes ming - ;) 712 8rw) - 1+1 2icv S (K ), §) is trivially in Q*(H)Aﬁ\?('/), we show
max min Swyd(vey, &) = max min Swydvey,&).  (39)
SeQ*(v)al® Uc [M@)], ; R SeQ*(w)ay ™ Uc[M@), l;] O

Ul =M@w)—L+1 [Ul=M@w)—L+1



Posterior Tracking Algorithm for Classification Bandits

In the case with L*(v) = M(v), Eq. (39) trivially holds, thus we assume that L*(v) < M(v) holds. For any
S e Q*(V)A]}Z[(U), define S’ € Q*(V)Af;(") as

M(u) *,,%% . %
Sm_{ 0+ TP FEFEES ) ()< W)
0 .

Then, for any U C [M(v)] with |U| = M(v) — L+ 1,

M) 1
" (0)—L+1
iU i€UN[L* (v)] j=L*(v)+1
M(v) 1
. " (W) —L11
= Y Sadve O+ UNL@Il Y EEAES
i€UN[L* ()] J=L*(v)+1
M(v)
|Uﬂ [L*(v)]]
iGUﬂ[L*(u)] j=L*(v)+1
> Sud(v, €)
€U
holds, where the first inequality holds by inequality Q*(v) < m for j = L*(v) + 1,...,M(v),
Y

which is derived from the definition of L*(v) and Q*(v) using Proposition 12(2), and the second inequal-
ity holds by |U N [L*(v)]] > L*(v) — L + 1. Therefore N7 ()], 0= 8 () — L1 Yicu Sod(ve),§) <
N (7 ()], 0| =N (1) — D41 Yicu Sgi)d(y(i),f) holds. Thus, Eq. (39) holds.

Finally, we prove

S(v) € argmax min Z Swyd(V(iy, €)-
S AL ) U C M), ,
SeQ*(v)Ag Ul = M) L+ 1 ieU
Since
max min Z Swd(vy, &) = max min Z Swyd(v, )
s v AL (v) UcC [M(V)], 4 S v L @) U C [L (V)]
€Q*(v) Ul = o) L1 Y €A U =L"(w) - L+1 €U

holds trivially, we only have to prove

S(v) € argmax " rFLin( ) E Siyd(vy, §)- (40)
. *(v C *(v s -
SeQ* ()AL ) Ul = L*(w) — L+1 €U

Let S be any element in Q*(V)Af;(u). Let 41,...,iz+») be a permutation of 1,..,L*(v) such that

S(“)d(V(ll),f) S S(ZQ)d(V(Q)’f) S . S S(iL*(u))d(V(iL*(u))7£)' Define 51((2)) as

1/d(vi;),€)
ZiE[L*(u)]\{il,...,ih} 1/d(v(), €)

forc=1,...,L*(v)—L+1and j € [L*(v)]\ {41,...,%—1}. Then,

Si) =S <z>+Z ) = Siin) (41)

L*

—~

V) L*(v) c—1 L*(v)

5@? SW)ay =D Suy = Zsu ) = Z S(i;) and
j=1

Jj=

—

J
c—1

_ 1
S\ d(wiy), €) =S d(vi,), €) + (S = Si)
(i5) i j hz::l (in) h Zie[L*(u)]\{i1,~~7ih} l/d(l/(i),f)




Koji Tabata, Junpei Komiyama, Atsuyoshi Nakamura, Tamiki Komatsuzaki

1

c—1
_ gh _ o !
CL*(v)—L+1 +};(S(ih) S(“»))Z

i lLe @)\ (ironin} VA0 €

) (j:C""7

hold for ¢ = 1,...,L*(v) — L+ 1. For §() defined by Eq. (41), S(,)d(v,),8) < S\ d(v,),€), that is,
Sy < 5'(6) holds because Z (") S(C) < ZL (V) S(;,) holds otherwise, which contradicts the fact ZL ) S(C) =

EL @) S(Z y- Therefore,

L*(v)—L+1 L*(v) .
Yo Supd, &) = Y (5 = () = Sup))d(v,, €)
j=1 =1
L*(v)—L+1 L*(v)—L+1
= > S(('z?,?)d(l’(ij%f) - (S((ZJ = S(i)d(v(i;). €)
j=1 j=1
L*(v)—L+1 . .
=1 Sf(]) S L(V)_L+1_]
=1+ Clee (”))Z 1/d(vy, €)
et i€ (L )\ {i1,envis } OF
L*(v)—L+1
- (S S)d(v, ), €)
j=1
L*(v)—L L*(v)—L+1
&0
<l+ (ST = Su)dwey.© = Y (ST = S)dv,, ©)
j=1 j=1
L*(v)—L+1
<l= SW)i)Hd(vjy, &)

=1

holds, where the first inequality is derived using inequality Zie[L*(u)]\{ih__’ij} 1/d(vey, &) >

L' () -Ltl-j ¢

j=1,...,L*(v) — L, which can be proved by Proposition 12 (3) and the definition of L*(v). Thus, Expression

(40) holds.

B.3 Lemmas: Posterior sample probability
Lemma 13. (Anti-concentration) Let u € (0,1) and X ~ Beta(l +nu,1 +n(l —pu)). Then,

P [u > X > l] > M : —nd(u,u).

% velin

Lemma 13 is a useful anti-concentration result when u — [ is small.

Proof of Lemma 13. We have

Plu>X >
1 u
= np (] — )(1—w)
ey ercenl AU R
u—1

> min 2™ (1 — p)"(=K)
Z BTt tn(l =) v )

_ (u—0DT(2+n) R, n(l—p) .
Tl () o) (by definition)

(u—1) (n +2)"+3/2 min 2 (1 — )i
~ el/0y/2m (np+ 1) H2(n(1 — p) + 1) F2 e ’

where, in the last transformation we used the Stirling’s formula

Vor < I'(2) _ < Vorel/2,

— 21/2

O
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Moreover, for any v we have

o (n+ 2y V(1 — )
el/64/2m (np + 1) +1/2(n(1 — p) + 1)n(1-p)+1/2
> (u—1) (n+2)3 e—nd(uv)
~el/6y27 \ (np+1)(n(l—p)+1) L\ RN
(1) 1+ )
(u — l) (n + 2)3 e—nd(u,u)

— 262\ (np 4+ 1)(n(1 — ) + 1)

> (U — l)\/ﬁ e—nd(;t,l/)
— e2+1/6, /o1
(by using (14 2/n)" < e")

(u — l)\/ﬁe—nd(u,v)

>
- 25
which completes the proof.

Lemma 14. (Concentration of beta distribution) Let X ~ Beta(l + nu, 1+ n(l — p)). Then,

mmmmm@>

1
P||X —ul>— <2 -
1= 1 o] < 2ep (-2

for any € > 0.

Proof of Lemma 14. Theorem 1 in Skorski (2021) states that

62
PllX —E[X]|>€ <2 -
1% - BLx] > 4 < 20 (- 5555 )

where

a=1+n(1l-p)
B=1+np
v? ab

(a+B)2(a+B+1)

C = Imax |B_OZ‘ Oéﬁ
(a+B)a+8+2) | (a+B)2(a+8+2) ("

By using v < 1/n,c < 1/y/n, and

14+np
24n

1
I]E[X]ul‘ u‘é,
n

it holds that

nemib(e1/VD)

1
P[|X—u|>+e] <2exp<
n

Note that if € < 1/y/n then the equation above is exp(—O(ne?)), which is similar to standard concentration

inequality of a mean.

Lemma 15. (convergence of 0;(t), fi;(t)) Let 6’ € (0,1) and n,T > 1 be arbitrary. Let arm i € [K] be arbitrary.

Then, the following inequality holds:

Pl U %Mﬂﬂﬂzm§%WUMM@—MZVb%$W? <4,

t:N; (t)>n,t<T

(61)
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Lemma 15 is the mean and posterior convergence that uniformly holds over all rounds.

Proof of Lemma 15. Union bound and Hoeffding’s inequality imply

. log(4T/4§") N log(4T/4§") &
(1) — | >y =220 < (1) — ) >4 =20 < 2 _ 2,
P U {Wl(t) til = om = Z P1ai(t) — pil = om = TX2><4T 5
t:N; (t)>n,t<T t:N; (t)>n,t<T
(62)
Lemma 14 implies
) 1 4log(4T/d") 5
D P 16:(t) — fu(t)] = + N(t)| <Tx2%x — = —. (63)
t<T [ Nl(t) Nz(t) 4T 2
By using these and |0;(t) — | < |f:(t) — | + |6:(t) — f2:(¢)|], we have
log(4T'/¢") 4log(4T/0’ 1 log (4T /o’
ZP[W il > S184T) Zplw 2 BT | BT g
t<T V() t<T Ni(t) i(t) 2N;(t)
5
< — 4+ =<¥.
=5 t5= (65)
O

B.4 Proof of Lemma 3

Proof of Lemma 8. Let v € Op,,, 7, and let ¢ ¢ T and v; < p; + Dpin. Assume that v; is the jth largest value
in {vy, | k € [K]}, that is, vy = v;. If v; < & then j > M(v) > L*(v). Thus, S;(v) = 0 by Eq. (4). Assume
that v; > £. In this case, j < M(V) holds. Define v’ as v}, = min{vy, t + Dmin}. Note that v/ = v;. Then, by
the definition of Dy, (Remark 4), f(l/') =T holds?. Since v > v}, holds,

1 L*(v) 1 L*(v') 1
2 D
L*(v)—L+1 d(v - L*( N—L+1 = d(uék),g)
holds. Thus,
L*(v) 1 L*(v') 1
66
L ( L+1 Zdy(k)f L) —-L+1 2 d(V () €) (96)
k=1 (k)
holds. Since i ¢ T = Z(v'), by the strict version Ineq. (2) of Proposition 12,
L*(v")
1 1 1
< 67
O T71 2 400 < dd (67
holds. Therefore, by combining Inegs. (66) and (67) and using the fact that v; = v(;), we obtain
1 Lgi:) Lo
L*(v) = L+1 & dvw),§) ~ dvy),8)
Thus, by Proposition 12 (4), L*(v) < j holds, which means S;(v) = S(;)(v) = 0 by Eq. (4). O

B.5 Proof of Lemma 4

Proof of Lemma 4. In the following, we derive the following inequality for any i € [K]:

P[0;(t) € [ti — Dmin, i + Dmin]] > C1(p) exp (—N;(t)d(f1:(t), ps)) (68)
9k < pir — Dimin may hold for some k ¢ T, but that does not affect S(v).
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Dmin Dmin Dmin Dmin
< - > < v v —>
2 i [
. Dmin 1
Dmin/2 i ( 2 ’\/_N>
= R =p = R =p

Figure 4: Illustration of Lemma 4 for each i. We consider two cases and derive a bound for each case. The left
illustration is the case of |fi;(t) — p;] > Dmin/2, and the right illustration is the case of |f;(¢) — 1;| < Dmin/2-

for some distribution-dependent constant C; = Cy(u) > 0. Remark 4 implies that 6;(t) € (t; — Dmin, tti + Diin)
for all i € [K] suffices to be 6(t) € ©1. Therefore, multiplying equation 68 for all i immediately yields Lemma 4

We derive equation 68 for the two cases separately. Namely, |fi;(t) — f4:| > Dmin/2 or |f;(t) — pti] < Diin/2.
Case 1 (|f;(t) — ;] > Dmin/2): Let R be the line segment defined by two points

wi and p; — sgn(p; — [1;(t)) Dmin/2
which is a subset of [t; — Dmin, tti + Dmin) (c.f. Figure 4 left). Therefore,

]P)[al(t) € [:U'z - Dmin7 Hi + Dmin“ (69)
> Pi(t) € R (70)
> <(Dmin/z)5 Ni(t)) Lnelg exp (—N;(£)d(p;(t),v;))  (by Lemma 13) (71)
= <(Dmin/z)5 i (t)> exp (—N;(t)d(fi;(t), ;)  (by monotonicity of KL divergence) (72)
= Q(1) x exp (—N; (t)d(f1:(t), pa)) - (73)

Case 2 (|f;(t) — pi| < Dmin/2): Let the line segment R be defined by two points

fis(t) and ii(t) + sgn (i — i(t) min (Din/2,1/V/Ni(D))

which is a subset of [p; — Dmin, i + Dmin] (c.f., Figure 4 right). Note that Duyin < gy < 1 — Dy, and
|[2:(t) — |, |[v — p| < Diin/2 hold for an v € R, and thus

Z)min/2 S v, ﬂl(t) S 1-— Dmin/Q- (74)

Therefore,

P[0;(?) € (i — Drmin, i + Drin]] (75)
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> P[0 (76)
mm/2 ]-/ \/ \/

9% ) mnin exp (—N;()d(f1:(t),v;))  (by Lemma 13) (77)

=Q(1) x min exp (=Ni(t)d(fii(t), vi)) (78)

> Q(1) x minexp [ —N;(t) ! < ! ) (79)
- VER 2(Dmin/2)(1 — Dmin/2) Nz(t)

(by equation 74 and d(p,q) < (p — q)*/(2z(1 — x)) for p,q € [x,1 — 2]) (80)

=Q(1) x (1) = Q(1). (81)

Lemma 16. (Minimum nonzero value, to be deleted) For any i,v
SZ'<V) =0 or SZ<V)B(t,(S) > Cmin((s) (82)

holds for some Cpin(0) = O(log(1/4)).

It is easy to confirm Lemma 16 with Cpin(d) = min, If(g( 52) = min (15(53052), 1?5%162))' Lemma 16 states that, if

the arm is included in the solution set, then the number of draw required is at least C'log(1/§) for some universal
constant C' > 0. This property contributes to the stability of the solution.

O
B.6 Proof of Lemma 7
In this section, we first propose Lemmas 17 and 18. By using them, we derive Lemma 7.
Let
F(t)={S5(0) € Op,..1, ﬂjgzzsj(e) =0} (83)
G(t,Co) = {; HF®O} = o s(y(L)C + K} (84)
Lemma 17. Event G(t,Cq) implies
N;(t) > N(Cg,9) := min(Cg, Crin(9)) (85)

forallieT.

Note that the value Si((‘; )) is the minimum ratio of draw of arm ¢ under the optimal solution S(u). Intuitively
speaking, under H(t), S(v) is a constant-ratio approximation of S(u), and thus it draws every arm ¢ € Z in
accordance of the ratio. The minimum with Ci,i,(9) in the RHS of equation 85 is derived from the fact that
the algorithm attempts to draw any arm 4 : S;(u) > 0 at least Cpin(0) time by Lemma 16. The following proof
make this discussion rigorous.

Proof of Lemma 17. Consider a subsequence {s < t : H(s),s < Cuin(0))} (subset of rounds). Let N3UP(t)
be the number of draw of arm ¢ assuming the algorithm faces this subsequence. Under H(s) at round s,

1L~ S:(0(s)) S;(0(s))
3<% T < 2 holds, and thus

Si6())  Silw)
5,(6(s)) = 15,()
always holds on this subsequence. This implies that,
sub
N (1)
45;(p)

N5 (1) > Si(p)
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holds for any 4, j € [K]. From this and Q*(p) = >, S;j(p) we can obtain

Si(p) 4Q" (1)
S 1Q*(p) " min; ()

NSUP(t)

K3

Ca > Cq. (86)

Next, for any sequence of rounds, adding another round at any position never decreases N3P(¢). For two vectors
N'(s), N (s) of size [K], we say N'(s) weakly dominates N (s) if N7(s) > N;(s) holds for each coordinate j € [K].
Then, it is easy to derive that the weak domination is preserved if we add another round at any position of the
subsequence. This implies that N;(¢) > N:P(¢), which completes the proof.

O

The following lemma bounds the case where non-solution arm j has positive (non-zero) value of S;(8).

Lemma 18.

Y P <7, D) HE), FN)] = o(log(1/5)) (87)

t<Chpna log(1/9)
Proof of Lemma 18.

Yo PE<H D) H@,FOI<Y, Y, PE<TDU),HE),S(t) > 0] (88)

t<Clhna log(1/6) JEZ t<Cpna log(1/9)

The event H(t), S;(0) > 0 implies S;(8)/Q*(0) > 1/K? because otherwise S;(6) = 0. By using a subsequence
discussion similarly to Lemma 17, we have

N;(t) > K*C + K*?
after the event ¢t < 7,D°(t), H(t), S;(t) > 0 occurs C times. However, after the round

log(D(9))

t:N;(t) > d(ptj + Dmin/2,€)

= O(loglog(1/9)),
De(t) implies f1;(t) < pj + Dmin/2, and
P {91'(75) > 5+ Diin |[f1(8) < pj + Dmin/2, Nj(t) = Q(loglog(1/9)) | = o(1)

by Lemma 14. By using this, we finally have

log(D(9))

Y. Pt<T D) HE), F)] < K d(tt; + Dimin/2.€)

t<Chnq log(1/8)

+J?+Chna log(1/6) x (1) = o(log(1/5)). (89)

O

Proof of Lemma 7. Let G(t) = G(t, (log(1/6))*/?) and N(5) = N((log(1/6))*/2,5) = o((log(1/6))*/?). We have

> PE<m D), EWHWI < Y Pt <7, D(t),E°(t), F(1)] + oflog(1/5)) (90)
t<Cpna log(1/6) t<Cpna log(1/4)
(by Lemma 18) (91)
< > Pt < 7,D°(t),E(t), G(t)] + o(log(1/5)) (92)
t<Cpna log(1/9)
< Y PE<TE(),G(1)] +o(log(1/5)) (93)

t<Cpna log(1/6)

< Y PR EW), [ {Ni(t) = N(6)}| + o(log(1/8)) (94)

t<Chbnd 10g(1/5) i€l
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(by Lemma 17). (95)

Lemma 15 implies that, with probability 1 — K¢’, we have

610og(4Chna 108;(1/5)/5/)
NO)

10:(t) — pil, i () — pal < V(s,0") (96)

for all i € Z,t < Cppqlog(1/6) such that N;(t) > N(4) holds. Here,
log(log(1/4)/4")
Vi, =0 =227
6.0 =0 (gt

Choose ' to be sufficiently small.'® This makes V(§,d’) = o(1), and thus for a sufficiently small'! § > 0, we
have V(8,0") < Dyin. Inequality V(0,6") < Dy, implies fi(t),0(t) € Op,,,, z for all rounds ¢t < Chy,qlog(1/0)
such that equation 96 and H(¢) hold. Continuity of the solution around S(u) implies that

1Si(p) = Si(p(t))], [Si () — Si(0(1))] < o(1), (97)
for all 4, t.

In this case, the algorithm draws arm ¢ € Z no more than

(14 0(1))S(1)B(Cpna log(1/6),8) = (1 + o(1))Si(pe) log(1/6) + o(log(1/4)) (98)

times because once the algorithm draws arms proportional to S;(6(t)) and stops once it draws each arm i € 7
for S;(f4(t))B8(Chnalog(1/6),d) = S;(fu(t))log(1/5)(140(1)) times. Moreover, equation 96 holds with probability
at least 1 — K&’ =1 — o(1). By using the discussion above, equation 94 is bounded as:

> t < E°(t), [{N:(t) (O} < Q*()log(1/8) + o(log(1/6)) (99)
t<Chna log(1/6) €1

+ Chnd log(l/é) x Ko (100)

= Q"(p)log(1/6) + o(log(1/9)). (101)

O

B.7 Proof of Lemma 8

In the proof, we show that it is unlikely to draw arm i ¢ Z at most o(log(1/9)) times.
Proof. We have,

Blt < D°(1),EOHMOI <Y S Blt <7D, E (1), KW, (102)

t<Chpna log(1/9) i¢T t<Cpna log(1/9)

Lemma 3 implies that, under H(¢), if 0;(¢) < p; + Dmin then arm 4 ¢ Z is not drawn. Let

2 36
Np_.. = —_—
Dmin max (Dnnn D2

min

log (4Chna(log(1/6)) ))
which is O(loglog(1/d)). By using this,
Plt < 7,D(t), E(t), H(t)] (103)

t<Clna log(1/9)

< S P TE(),05(t) > i + Dinin (104)
t<Chpnd log(l/é)

0For example, §' = (log(1/6))™"
"While the discussion here is asymptotic, we can obtain a (involved) finite-time bound if desired.
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< Np_. + > P[t < 7,05(t) > pt; + Duin, Ni(t) > Np,_. | (105)
tSCbnd IOg(l/(s)
(by {&:(t),i = n} occurs at most once) (106)
< Np,.. + Cpnalog(1/6) x P U {&(t), H(t), N;i(t) > Np_. } (107)
tSCbnd IOg(l/é)
1
< Np._. nd log(1/0 —_ 1
> {VDmnin + Cbna Og( / ) X log(l/é) ( 08)
(by Lemma 15 with &’ = log(d)) (109)
< Np,iw + Cbna = O(loglog(1/6)) + O(1). (110)
O
B.8 Proof of Lemma 9
Proof. We have
> Pt <7, D(t)] < Chnalog(1/8) x P U oo (111)
t<Chna log(1/8) t<Cpna log(1/6)
< C’bnd log(l/d)% (112)
where ¢ = ¢(d) be such that 5(Chpnglog(1/d),q) = log(D(d)). By using equation 6,
log(q) = C1 + log(C2 log(Chna log(1/0) + 1)) — log(D(d)), (113)
which implies ¢~* = O((log(1/6))*/?), and thus
Chnalog(1/6)g = O((log(1/6))"/?).
U

B.9 Proof of Lemma 10

Proof of Lemma 10.

> Pl <7, Do), HEL)]

t<Chpna log(1/9)

< ) Pt <7 D), Gt (loglog(1/6))] + Y Pt <7, Dt),G(t, (loglog(1/6))*), HE(t)]

t<Chbnd IOg(l/(s) t<Chbnd IOg(l/(s)
(114)
Lemma 4 states that, conditioned on D¢(t), with probability at least C'(p)/D(5) we have 8(t) € ©p,,.. By using
this fact we can bound the first term of equation 114 as:
c c 4 -1 4Q*(/"') 4
S Bl n D). 07k (o lo(1/6))] < (C(u)) D) x & B loglog(1/0)! (115)
t<Cpna log(1/8) ESIAN 2

= O((log(1/6))"/* x (loglog(1/6))*). (116)

Moreover, we bound the probability of U;|0;(¢) — u;| > Dmin uniformly as follows:
ST Pl < DY), G(t, (loglog(1/6))4), HE(¢) (117)

t<Chna log(1/9)
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< > Pt< D), [{Ni(t) = N((loglog(1/8))*, )}, H(2) (118)
t<Cpna log(1/5) €T
(by Lemma 17) (119)
< Cpna log(1/8) x <4cbnd log(1/5) exp <— VN ({og log;IG/ o), 5)Df2“m>> (120)
6log(4T'/¢")

(by Lemma 15, transformed from = Dpin With T' = Cpnqlog(1/6) to obtain &)

VN ((loglog(1/5))*, 8)

(121)

=o(1), (122)
(by v/N((loglog(1/6))4,8) = Q((loglog(1/6))?) and (exp(x))? exp(—cz?) = o(1) for x = log log(l/d)() )

123

which bounds the second term of equation 114. O

B.10 Proof of Lemma 11

Let £;(t) be the event that arm ¢ is the (L*(0))-th largest arm on posterior 8. By the property of the solution,
L;(t) implies max; S;(0) = S;(0) < 1/d(y;,&). Let

ui<t>={£i<t>,|ei<> g < izt 5'} (124)
u(t) = Jui(). (125)

Intuitively speaking, U;(t) states that S;(t) can be extremely large'?, which does not occur often if N;(t) is
sufficiently large. Note that, under U¢(t), S;(0) for any j € [K] is not extremely large,'® and thus S;(0)/S;(0)
for any 4, j is bounded by a constant, which we denote Cy.

In the following, we derive Lemma 11 by following the steps below. First, we define an event W(n), which holds
with probability at least 1 — O(n). In the case of W(n), we can expect all means and posteriors are bounded
with respect to the number of draws and time step . We bound the stopping time by T%%°P(5, §) under W by
using several lemmas. Finally, integrating T5%°P(n, §) over the n yields the bound of 7 in expectation.

Proof of Lemma 11. Let [i; , is the value of fi;(t) when N;(t) = n. Let

W) = ﬂ{m,n—mS W},Q{wm—mnsNj(t)ﬁl‘)gN(i(g’”} ()

7,Mn

By Hoeffding’s inequality,

P U{ni,n—mw Loglr /) /’”} < P[mi,n—u» tog( /m]sz(;n/m:f(nﬁm (127)

R i,n

Moreover, by Lemma 14, we have

O 2 O 2
U {wz-(t) - 1> g+ ”)} <ye [@-(t) w1 g+ e |

it

< - . (129)

125,(t) can be arbitrarily large if 0;(t) is very close to &.
Bounded by a constant 1/ min(d(¢ — p;/2,€), d(€ + 1:/2,€)).
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In summary,
Knn?  Knn? Knn?
PrwW(n)] >1— e "6 = 1- T (130)

In the following, we bound the stopping time 7 under event W(n).

Lemma 19. Let Ny (t) = S.'Z) 1[Ui(t)]. Then,

Nt > N ;{(’5) (131)
holds.
Lemma 20. Assume that W(n) holds. For any T, we have
2 2
S 1) < K (W) | (132)

t=1

Lemma 21. Let 7 € 25 and 0; ={v e [0,1]: {i : Si(v) > 0} = Z}}, which is the set of parameters where
arms T are drawn. Let Cyr be an upper bound of KS;(0)/S;(0) under U(t), which is a constant when we view

w, & as constants. Let
t—1

Ty(t) =) 1[0(t) € Oz, U(L)]. (133)

t=1
Then, for any i €1 and t, Ni(t) > T;(t)/Cy — 1 holds.

Lemma 22. Under W(n), if there exists T € 21X] such that

B(t,0) (1210g(t2/n)>2
A C + =:
T;(t) > Cy p ("“";5,5) s — €] CyTy(t,n),

then the algorithm stops.

Lemmas 19-22 are used to derive the following Lemma 23.

Lemma 23. Under W(n), there exists a function TP (n,§) = O(log(1/8)+(og(1/1))?) such that T < TS*P(n, )
holds.

By using Lemma 23, we finally bound the stopping time. Let Cpnq > 0 be a (distribution-dependent) constant
such that

T°P(n,6) < Coma((log(1/n))* + log(1/9)).

We have
S Ble<rl< 1 [ POV : Cnalog(t/m) = )it (134)
t=Cpna log(1/6)+1 !
(by Lemma 23, t' =t — Cppnq log(1/6)) (135)
! 2Chna log(1
= 1+/ p[WC(n)]wdn (136)
n=0 n
(by n = e V¥/Comay (137)
1 2
n=0 3 n
(by equation 130) (139)
2Cpna K72
-1+ 2Cbna K7 0(1), (140)

3
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1

(by / log(1/n)dy = 1) (141)
0

(142)

which completes the proof. O

B.10.1 Proofs of the lemmas used by Lemma 11

Proof of Lemma 19. Similarly to Lemma 17, we use the “subsequence” argument. If we count N;(¢) on the

subsequence {t : U;(t)}, then N;(t) > N;(t) holds for any j € [K] because under this subsequence S;(0(t)) >
Ny (t)
K

. - Ny(t
on the full sequence N,(t) is always larger than that of subsequence, which is N;(t) > % O

S;(6(t)) always holds, which implies ¢ is drawn at least

times on the subsequence. The number of draws

Proof of Lemma 20. Under W, we have

log(t?/n) 1 4log(t’/n) _ Glog(t*/n)

NG N N N

Assume that for some round ¢ < T we have

10:(t) — ] <

121og(T2/n) \ *
Ny(t) > K (()g(/?])) ]
i — ¢
Then, by Lemma 19 we have,
121og(T%/n) \ *
Ni(t) > (M> . (143)
i — €]
Then
6log(t?/n
0006) — €12 s — €] — 10u(0) — gl > s — €] — B (144)
Ni(t)
, i — €| .
> — &l — 5 (by equation 143) (145)
> M, (146)
2
and thus U;(t) never occurs. O
Proof of Lemma 21. Lemma 21 is proven by using a subsequence argument similar to Lemmas 17 and 19. O
Proof of Lemma 22. If
T;(t) > Cu Tu(t,n) (147)
then by Lemma 22 it holds that
Ni(t) > Ty (t,n) (148)
for all i € Z. Similar discussion as equation 146 yields |fi;(t) — &| < |us — €]/2, and if
B(t,9) B(t,9) .
N;i(t) > > - by |fi(t) — & < |ui —&[/2
02 Jlagt ) 2Ty O IO -8 <l
holds for all i € 7 , then the algorithm stops, which completes the proof. O

Proof of Lemma 23. Let

2
T°P(n, ) = min {t >2KCy Ty (t,n) + K* <12|1;gﬁ/|")) } : (149)
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Since Ty (t, 1) = O((logt)?+log(1/8)+ (log(1/n))?), it holds that T5%P(n, §) = O(log(1/6)+(log(1/7))?). Lemma
20 implies

1@ < K? (W) : (150)

and thus there exists at least one Z € 2K] such that
Tf(t) > CYU TU (tv 77)

at round ¢t = TP and by Lemma 22 the algorithm stops. O
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Figure 5: Stopping time of each algorithm for K = 20. We tested L = 4,8,12,16 and M = 6,10,14. In this
experiments, the arms 1,2,..., K — M are bad arms and whereas the arms K — M +1,..., K — 1, K are good
arms. (a)-(d) P-Tracking and the asymptotically optimal algorithms. (e)-(h) P-Tracking and the algorithms
with suboptimal sample complexity.

C SUPPLEMENTARY EXPERIMENTS

We conducted simulation experiments similar to those presented in the main text by changing the number of
arms to K = 20. The results for the stopping time of each algorithm are shown in the Figure 5. In these
experiments, we found that Thompson sampling-CB works better for K = 20 when compared to K = 100.
However, we can observe that P-Tracking still outperforms the other algorithms in many cases, as observed in
the results for K = 100.
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