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Abstract

This work considers multiple agents traversing a
network from a source node to the goal node.
The cost to an agent for traveling a link has a
private as well as a congestion component. The
agent’s objective is to find a path to the goal
node with minimum overall cost in a decentral-
ized way. We model this as a fully decentralized
multi-agent reinforcement learning problem and
propose a novel multi-agent congestion cost min-
imization (MACCM) algorithm. Our MACCM
algorithm uses linear function approximations
of transition probabilities and the global cost
function. In the absence of a central controller
and to preserve privacy, agents communicate the
cost function parameters to their neighbors via
a time-varying communication network. More-
over, each agent maintains its estimate of the
global state-action value, which is updated via
a multi-agent extended value iteration (MAEVI)
sub-routine. We show that our MACCM algo-
rithm achieves a sub-linear regret. The proof re-
quires the convergence of cost function parame-
ters, the MAEVI algorithm, and analysis of the
regret bounds induced by the MAEVI triggering
condition for each agent. We implement our al-
gorithm on a two node network with multiple
links to validate it. We first identify the opti-
mal policy, the optimal number of agents going
to the goal node in each period. We observe that
the average regret is close to zero for 2 and 3
agents. The optimal policy captures the trade-
off between the minimum cost of staying at a
node and the congestion cost of going to the goal
node. Our work is a generalization of learning
the stochastic shortest path problem.

Proceedings of the 26" International Conference on Artificial
Intelligence and Statistics (AISTATS) 2023, Valencia, Spain.
PMLR: Volume 206. Copyright 2023 by the author(s).

Nandyala Hemachandra
IE&OR, IIT Bombay, India
nh@iitb.ac.in

Keywords: Multi-Agent Systems; Decentralized Models;
Congestion Cost; Private Cost; Network Model; Func-
tion Approximations; Value Iteration; Sub-Linear Regret;
Stochastic Shortest Path.

1 INTRODUCTION

The shortest path problems are ubiquitous in many do-
mains, such as driving directions on Google maps, auto-
mated warehouse systems, fleet management, and commu-
nication and computer networks. However, in most theoret-
ical research, it is assumed that a single agent is traversing
the network Bellman (1958); Min et al. (2022); Vial et al.
(2022). So, the actual traversal cost does not factor in the
crucial components such as congestion due to other agents
and the agent’s private travel efficiency. In this work, we
consider a multi-agent setup where a set of agents traverse
through a given network from a fixed initial/source node
to a pre-specified goal node in a fully decentralized way.
The cost to an agent for traveling a network link depends
on two components: 1) congestion and 2) its private op-
erational/fuel efficiency factor. Here the congestion is the
number of agents using same link. The common objective
of the agents is to find a path to the goal node in a com-
pletely decentralized way, and minimizing overall conges-
tion cost while maintaining the agents’ privacy. The de-
centralized setup has two major benefits over a centralized
setup: 1) it can handle humongous state and action spaces,
and 2) the agents can preserve the privacy of their actions
and actual rewards. This is a generalization of the well-
known learning stochastic shortest path (SSP) problem.

We model it as a fully decentralized multi-agent reinforce-
ment learning (MARL) problem and propose a multi-agent
congestion cost minimization (MACCM) algorithm. To
incorporate privacy, we first parameterize the global cost
function and share its parameters across the neighbors via
a consensus matrix. Moreover, an agent’s transition proba-
bility of going to the next node is also unknown to an agent.
To this end, we propose the linear mixture MDP model,
where the model parameters are expressed as the linear
mixture of a given basis function. Our MACCM algorithm
considers the privacy and works in an episodic manner.
Each episode begins at a fixed initial node and ends if all



Multi-Agent congestion cost minimization with linear function approximations

the agents reach the goal node. In the MACCM algorithm,
each agent maintains an estimate of the global state-action
value function and takes actions accordingly. This estimate
is updated according to a multi-agent extended value iter-
ation (MAEVI) sub-routine when a ‘doubling criteria’ is
triggered. The intuition of using this updated estimate is
that it will suggest a ‘better’ policy. We show that the up-
dated optimistic estimator indeed provides a better policy,
and our algorithm achieves a sub-linear regret. Specifically,
our main contributions are:

a) In Section 3 we introduce a multi-agent version of SSP
and propose a fully decentralized MACCM algorithm and
show that it achieves a sub-linear regret (in Section 4). The
regret depends on m and ¢,,,;n, Where n is the number
of agents, K is the number of episodes, and ¢y, is the
minimum cost of staying at any node except the goal node.

b) To prove the regret bound (in Section 4), we first show
the convergence of the consensus based cost function pa-
rameters via the stochastic approximation method. More-
over, we show the convergence of the MAEVT algorithm.
Finally, we separately bound the regret terms induced by
the agents for whom MAEVI is triggered or not. The re-
sults of Min et al. (2022) and Vial et al. (2022) that consider
learning SSP are special cases of our work (Remark 1).

¢) To validate the usefulness of our algorithm, we provide
some computational evidence on a hard instance in Section
5. In particular, we consider a network with two nodes and
multiple links on each node. The average regret is very
close to zero for 2 and 3 agents’ cases. The regret com-
putation requires an optimal policy, the optimal number of
agents going to the goal node in each period. This optimal
policy captures the agents trade-off between the minimum
cost of staying at the initial node and the congestion based
cost of going to the goal node.

2 PROBLEM SETTING

Let (Z,E) be a given network, where Z =
{Sinit, 1,2,...,q,9} is the set of nodes and
E = {(i,j) | i,j € Z} are the set of edges in the
network, where s;,;+ and g are fixed initial and the goal
nodes respectively. Let N = {1,2,...,n} be the set of
agents. The common objective of agents is to traverse
through the network from initial node s;,;; to a goal node
g while minimizing the sum of all agents’ path travel costs.
The cost incurred by an agent includes a private efficiency
component and another component that is congestion
based, as given in Eq. (1) below. To achieve this objective
and to preserve privacy, we model this problem as a fully
decentralized multi-agent reinforcement learning (MARL)
and provide a Multi-Agent Congestion Cost Minimization
(MACCM) algorithm that achieves a sub-linear regret.

Formally, an instance of MACCM problem is described as

(N7 SU {sinit}ag7 {Ai}i€N> {ci}iENa ]P)7 {gt}tzo)- Here
S U {Ssinit} is the global state space with a fixed source
state §;,;:- Each s € S is a vector of size n representing
the node at which each agent is present in that order, that is

s = (s',s%,...,s"), where s € Z for each agenti € N.
Often we write s = (s*,s7") to denote the state s, where
agentiisatnode s’ ands~% = (s!,... s, st g™

is the node of all but agent ;.

Let A’ (s) be the set of links available to agent i € N when
the global state is s. So, the global action at the state s is
A(s) =[1;cn A'(s). A typical element in A(s) is a vector
of size n, one for each agent as (a'(s),a’(s),...,a"(s)),
wherea’(s) € A’(s). Here a’(s) represents the action taken
by agent 7 when the global state is s. However, the action
taken by each agent is private information and not known to
other agents. For a global state s, and global action a, each
agent i € N realizes a local cost ci(s,a). It is important
to note that the cost of agent ¢ depends on the action taken
by other agents also. In this work, we assume that the cost
c'(s,a) depends on two components. The first one is the
private component that is local to the agent, and the second
is the congestion component. The private component might
represent the agent’s efficiency. The congestion is defined
as the number of agents using the same link. In particular,

Ci(sva) = Ki(sva) ’ Z ]l{a"'(s):aj(s)}» (H
JEN

where K'(s,a) is a bounded private component of the i-th
agent cost, not known to other agents, and the summation
of indicators is the congestion seen by agent ¢ in the state
s. This implies, ¢’(-, -) is bounded. We assume all the costs
are realized/incurred just before a period ends.

Moreover, we assume that ¢'(-,-) > ¢pin > 0. This
assumption is common in many recent works for single
agent Stochastic Shortest Path (SSP) problem (Rosenberg
et al., 2020; Tarbouriech et al., 2020). c¢min > 0 en-
sures that agents do not have the incentive to wait indefi-
nitely at any node for the clearance of congestion. Suppose
s = (g,s~%), that is agent i has reached the goal state g
and the other agents are somewhere else in the network,
then agent 4 stays at goal node, and c*((g,s*),a) = 0.
Moreover, once an action a is taken in state s the state will
change to s’ with probability P(s’|s, @) and this continue till
s=(g,...,9) =g, ie., all the agents reach goal state.

Let T™(s) be the time to reach the goal state g starting from
the state s and following policy 7. A stationary and deter-
ministic policy 7 : & — A is called a proper policy if
T7(s) < oo almost surely. Let IT, be the set of all sta-
tionary, deterministic and proper policies. We make the
following assumption about proper policy, common in SSP
literature Tarbouriech et al. (2020); Cohen et al. (2021).

Assumption 1 (Proper Policy Existence). There exists at
least a proper policy, meaning 11, # (.
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Next, we define the cost-to-go or the value function for a
given policy 7

T
V(s) = lim E, [z sy,

T—o0
t=1

where &(s¢, m(s¢)) = £ 31, ¢ (s¢,m(s¢)). So, our global
objective translates to finding a policy 7* such that 7* =
argminger, V7 (Sinit). Let V* = V™" be the value of
the optimal policy 7*. We also define the state-action value
function Q™ (s, a) of a policy 7 as

=] o

T
jlgnmEﬂ [E(sl,al) —&—;c(stﬂr(st))‘s =s,a=ai|. 3)

Since ¢&(,-) is bounded, for any proper policy = € II,,
both V™ (-) and Q™ (-,-) are also bounded. This work as-
sumes that the transition probability function P is written
as the linear mixture of given basis functions (Min et al.,
2022; Vial et al., 2022). In particular, we make the follow-
ing assumption about the transition probability function.

Assumption 2 (Transition probability approximation).
Suppose the feature mapping ¢ : S x A x S — R™
is known and pre-given. There exists a 0* € R"® with
[10*|]2 < Vnd such that P(s'|s,a) = (¢(s'|s,a),0%) for
any triplet (s',a,s) € S x Ax 8. Also, for a bounded func-
tion V : S + [0, B], it holds that ||py (s,a)||> < Bv/nd,
where ¢y (s,a) = s P(s'ls,a)V(s’).

For simplicity of notation, given any function V :
S — [0, B] we define PV (s,a) = > s P(s'|s,a)V(s'),
¥ (s,a) € S x A. Then, under the Assumption 2 we have,

=Y (8(s'ls,a),6) V(s') = ($v(s,a),67).

s'eS

PV (s,a)

Moreover, for any function V' : & — [0, B], we define
the Bellman operator £ as LV (s) := min,c4{c(s,a) +
PV (s,a)}. Throughout, we assume that B, is the up-
per bound on the optimal value function V*, i.e., B, =
maxses V*(s). Without loss of generality, we assume that
B, > 1, and denote the optimal state-action value by
Q* = Q™ , which satisfy the following Bellman equation
forall (s,a) e S x A

Q*(s,a) = ¢(s,a) + PV*(s,a); V*(s) = m1n Q*(s,a).

acA

However, in our decentralized model, the global cost ¢(-, -)
is unknown to any agent. So, at every decision epoch, each
agent shares some parameters of the model using a time-
varying communication network G; to its neighbors. To
this end, we propose to estimate the globally averaged cost
function ¢. Let ¢(-, -;w) : Sx.A — R be the class of param-
eterized functions where w € R* for some k << |S||A|.
To obtain the estimate &(-,-;w) we seek to minimize the
following least square estimate

n}vin By q[c(s,a) — (s, a; w)]2. (OP 1)

A key result that ensures the working of a decentralized
algorithm is the following; see also Zhang et al. (2018);
Trivedi and Hemachandra (2022)

Proposition 1. The optimization problem in Eq. (OP 1) is
equivalently characterized as (both have the same station-
ary points)
n
Ir}vin Z Es a[c' (s,
i=1

a) — &(s,a;w)]?. (OP 2)

The proof details are available in the Appendix A.1. Note
that the objective function in Eq. (OP 2) has the same form
with separable objectives over agents as in the distributed
optimization literature Nedic and Ozdaglar (2009); Boyd
et al. (2006). This motivates the following updates for pa-
rameters of the global cost function estimate by agent 7, w*
to minimize the objective in Eq. (OP 2)

— (5w - Vwe(e, s wh)
w“ 4)

Wy Wi [ ()

Wil = Z L(i

JjEN

where (i, j) is the (4, j)-th entry of the consensus matrix
L, obtained using communication network G, at time t. v,
is the step-size satisfying >, 1+ = ooand ), 77 < 0o, and
(-, -;wi) is the estimate of global cost function by agent
¢ at time ¢. In the above equation, at time ¢, each agent
updates an intermediate cost function parameters w; using
the stochastic gradient descent method to get the minima
of the optimization problem given in (OP 2). Each agent
shares these intermediate parameters to the neighbors via
the communication matrix and update the true parameters
wi.

The central idea of using the communication/consensus
matrix in decentralized RL algorithms is to share some
information among the consensus matrix neighbors while
preserving privacy. Actions, which are private information,
are not shared. However, a global objective cannot be at-
tained without a central controller and without sharing any
information or parameters. Thus, the cost function param-
eters w’s (not actual costs) are shared with the neighbors
as per the communication matrix. They converge to their
true parameters a.s. (Theorem 2). Such a sharing of the
cost function parameters via communication matrix to the
neighbors is an intermediate construct that maintains pri-
vacy of each actions and costs, but, achieves the global
objective, Equation (2). We make following assumption
(Zhang et al., 2018; Bianchi et al., 2013) on communica-
tion matrix {L; };+>o.

Assumption 3 (Consensus matrix). The consensus matri-
ces {Li}1>0 C R™ "™ satisfy (i) Ly is row stochastic, i.e.,
L1 = 1 and E(L;) is column stochastic, i.e., 1 "E(L;) =
1 7. Further, there exists a constant k € (0, 1) such that for
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any 1(i,7) > 0, we have l,(i,j) > k; (ii) Consensus ma-
trix Ly respects Gy, i.e., 11(i,5) = 0, if (i, ) & & (iii) The
spectral norm of E[L] (I — 117 /n)Ly] is less than one.

We make the following assumption (Zhang et al., 2018;
Trivedi and Hemachandra, 2022) on the features associated
with the cost function while showing the convergence of
the cost function parameters w (Theorem 2).

Assumption 4 (Full rank). For each agent i € N, the
cost function C(s,a) is parameterized as ¢(s,a;w) =
(¢(s,a),w). Here (s,a) = [1(s,a),...,vr(s,a)] € R¥
are the features associated with pair (s,a). Further, we as-
sume that these features are uniformly bounded. Moreover,
let the feature matrix U € RISIAXE pave [1),,(s,a),s €
S,a € A]" as its m-th column for any m € [k], then ¥
has full column rank.

Since the global cost is unknown, each agent uses the pa-
rameterized cost and maintains its estimate of V(-) and
Q(-,-). Let Vi(-) and Q'(-, -) be the estimate of these func-
tions by agent i. So, the modified Bellman optimality equa-
tion for all (s,a) and for all agents i € N is

Q™ (s,a;w") = &(s,a;w') + PV™*(s,a;w")

V™ (s;w') = min Q™ (s,a; w") ©)
acA
We later show in Theorem 2 that w; — w*. Hence

c(s,a;wi) — e(s,a;w*), Q™ (s,a;wl) — Q™ (s,a) and
Vix(s;wl) — V&(s) as &(s,a;wi), Q™(s,a;wi) and
V' (s; wt) are continuous functions of w’, where Q™ (s,a)
and V**(s) are defined as

Q™ (s,a) = &(s,a;w*)+PV™*(s,a); V™*(s) = min Q" (s, a).

acA
(6)
With the above assumptions, we aim to design an algo-
rithm for the episodic setting where an episode begins from
a common initial state §;,;; and ends at g such that the fol-
lowing regret over K episodes is minimized

K I
~ 1 B , .
Rk = Z Z n Z (C(sj’lvaj,l;wg,l) -K- VL*(sinit)) )
j=11=1 iEN
(7
here I; is the length of the episode ;7 = 1,..., K, and

e(sj1,aj1;w} ) is the estimate of the global cost function
by agent ¢ in the [-th step of the j-th episode. Note that
in the above regret expression, instead of the global opti-
mal value, we use the average of Vix, averaged over all the
agents. This is because (1) V'* is not available to any agent;
however as mentioned above, each agent ¢ maintains its es-
timate V. (2) Theorem 2 implies V* = V* foralli € N;
however, we write V** in the regret definition to avoid any
confusions, in both the Equations (6) and (7). Our proofs
will remain the same, with this minor change. (3) We em-
pirically observe that V* = V* for alli € N. So, the
regret definition in Equation (7) is the same as the true re-
gret in terms of true optimal values. In the next section, we

present the MACCM algorithm that is fully decentralized
and achieves a sub-linear regret.

3 MACCM ALGORITHM

We next describe the MACCM algorithm design. It is in-
spired by the single agent UCLK algorithm for discounted
linear mixture MDPs of Zhou et al. (2021). It also uses
some structure of the LEVIS algorithm of Min et al. (2022).

Let ¢t be the global time index, and K be the number
of episodes. Each episode starts at fixed state §;,;r =
(Sinits Sinits - - - » Sinit) and ends when all the agents reach
to the goal state g = (g, 9,...,g). An episode k is decom-
posed into many epochs; let j; denote the j-th epoch of the
agent ¢. Within this epoch, agent ¢ uses Q; as an optimistic
estimator of the global state-action value function.

Initially, for each agent ¢ € NV, the estimate of the global
state value function V¢ and the global state-action value
function @Q° is taken as 1 for all s £ g, and 0 fors = g. In
each episode k, if an agent 7 € N is not at the goal node,
it takes action using the current optimistic estimator of the
global state-action value Q; In particular, the action taken
by agent ¢ is according to the min max criteria that captures
its best action against the worst possible action in terms of
congestion by other agents. However, if agent ¢ has reached
the goal node, it will stay there until the episode gets over,
i.e., till all other agents reach the goal node (lines 5-12).

(Lines 16-20) Apart from executing a policy that uses an
optimistic estimator, each agent ¢ € N also updates the
>; and b;. These updates are used to estimate the true
model parameters. X; and b; together are inspired from the
ridge regression based minimizer of the model parameters;
similar updates were used by Zhou et al. (2021); Abbasi-
Yadkori et al. (2011) in single agent model. The doubling
criteria are used to update the optimistic estimator of the
state-action value function. The determinant doubling cri-
teria reflects the diminishing returns of the underlying tran-
sition. However, more than this update is required as it
cannot guarantee the finite length of the epoch, so a simple
time doubling criteria is used. Moreover, the cost function
parameters are also updated as given in Eq. (4).

In lines 21-26 of the algorithm, we maintain a set S; con-
taining those agents for whom the doubling criteria are sat-
isfied at time ¢. The determinant doubling criteria is used
in many previous works of linear bandits, and RL (Abbasi-
Yadkori et al., 2011; Zhou et al., 2021). It is often referred
to as lazy policy update. It reflects the diminishing returns
of learning the underlying transitions. However, the de-
terminant doubling criteria alone is insufficient and can-
not guarantee the finite length of each epoch since feature
norm ||¢y:i (-, -)|| are not bounded from below. So, a sim-
ple time doubling criteria is introduced. This criterion pos-
sesses many excellent properties, including the easiness of
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Algorithm 1 MACCM
1: Input: regularization parameter A, confidence radius
{B:}, an estimate B > B,.
2. Initialize: set ¢ <— 1. For each agent i € N, set
gi = 0,th = 0,58 = AL, by = 0, Qi(s,-), Vi(s) =
1, Vs # g, and 0 otherwise; wé =07 = H%

3: fork=1,..., K do

4: Sets; = Sinit = (Sinits Sinits - - - » Sinit)-

5:  whiles; # g do

6: for: € N do

7: if s} # g then ,

8: a; = argmin  max Q5 (s;,a,a;")

acA; a; '€ A"

9: else

10: a;=g

11: end if

12: end for

13: Seta; = (a},a?, - ,a})

14: receive cost & (sy, a;;w) = = S0 | &(se, a3 wi)
15: next state s;1 ~ P(+|s¢, a;)

16: fori € N do

17: Set wy < wi + y[c' (s, ar) — c(s¢,ar;wh)] -

Vwe(st,as; w})
18: Set Ei — E%—l + ¢V; (st,at)(bv]g (st,at)T
19: Set bi — bi—l + (ZS‘/JL (st,at)Vji (St+1)
20: end for
21: Set Sy =0,5¢ =N
22: for i € N do
23: if det(X}) > 2det(X}; ) ort > 2t% then
Ji
24: Set Sy = Sy U {i}; and Sy = S7 \ {i}
25: end if
26: end for
27: foric S; do
28: Set ji < Ji + 1; 1}, < t,and ¢, < i
29: 0i « xi b}
. 1/2 AL
30: Set Cj, « {9 : HZZI CE 9;)”2 < Bth}
31 Set Q' (-,+) - MAEVI(C: ,€;,, 7, w})
. Ji

32: Set V(1) = mingic 41 @, (+,a",a™")
33: end for
34: Send parameters to the neighbors
35: Getwiyy = 3oy lilisJ)w;
36: Sett+t+1
37:  end while
38: end for

implementation and the low space and time complexity.

(Lines 27-33) We switch the epoch for all agents 7 € S; and
update their optimistic estimator of the state-action value
function using the multi-agent extended value iteration
(MAEVI) subroutine. Moreover, we set the MAEVI er-
ror parameter €;, = % to bound the cumulative error from

the value iterations by a constant, i.e., (2¢t;, —t;,) -€;, = 1.

The optimism in the MACCM algorithm in period ¢ is
due to the construction of confidence set C; for all the
agents ¢ € S;, which is input to the MAEVI sub-routine.
The MAEVI sub-routine requires a confidence ellipsoid
C;Z containing true model parameters. This confidence
set is constructed in line 30 of the MACCM algorithm,
which is obtained via minimization of a suitable ridge re-
gression problem with confidence radius 3;. Moreover,
we construct a set 3 to ensure that the model parameters
form a valid transition probability function. In particu-
lar, the model parameters are taken from CJ‘Z N B. Here
B = {0 : ¥(s,a),(¢(-|s,a), ) is probability distribution
and (p(s'|s,a)) = 1y }. In Theorem 3 we prove that
the true model parameters 6 are in the set CJZ N B with
high probability.

The MAEVI algorithm uses a discount term ¢, which is
key in the convergence of the MAEVI sub-routine. This
is because (-, ¢y-i(+,-)) is not a contractive map, so we use
an extra discount term (1 — ¢) that provides the contrac-
tion property. This may lead to an additional bias that can
be suppressed by suitably choosing a ¢q. Particularly, we
choose ¢ = tj%, and it will yield an additional regret of

O(logT') in the final regret. The term (1 — ¢) biases the
estimated transition kernel towards the goal state g, which
also encourages further optimism. Similar design is also
available in Min et al. (2022); Tarbouriech et al. (2021).

It is important to note that we use the stochastic approx-
imation based rule to update the cost function parameters
w?. We want to emphasize that MAEVI uses the most re-
cent cost function parameters. These parameters are up-
dated at each time period ¢ via the consensus matrix in
line 35 of the MACCM algorithm. The convergence of the
cost function parameters ensures the convergence of state-
action value function and these are used in regret analysis
of the MACCM algorithm (Theorems 1 and 2).

4 MAIN RESULTS AND OUTLINE OF
PROOFS

In this Section, we outline the main results. Due to space
considerations, we defer all the proof details to the Ap-
pendix A. The following Theorem provides the bound on
the regret Ry given in Eq. (7) for the MACCM algorithm.

Theorem 1. Under the Assumptions 1, 2, for any § > 0, let
B¢ = By/ndlog (% (nt? + @))—!—\/)\nd,forallt >1,

where B > B, and \ > 1. Then, with a probability of at
least 1 — 0, the regret of the MACCM algorithm satisfies

Ry = (’3(31'5d\/nK/cmin log® (KB”d)

Cmin(;

B*nd? (KBnd) )
+ log .

Cmin Cmin(S

®)
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Algorithm 2 Multi-Agent EVI routine
1: Input: Set of

agents S; Confidence set

CF; ek wk ¥ k € S; discount term q.
2: Initialize: Set Q%) (-,.), V&0 () = 0, VE(=D (1) =
oo, VkeS
3: for k € S do
4:  ifC* N B # () then
5 while ||V — VE(E=D|| > ¢k do
6: Qk7(l+1)(., Y=+, 5wk
+ (1 — ¢) mingecrns (6, Pyr.o ()
7 Vk,(l+1)(_) = minge 4 Qk’(l+1)(~,a)
8: end while
9 Setl«+ [+1
10:  endif
11: end for

12: Set Q%(-,-) «+ Q®UFV(..), Vk € S
13: Output: Q*(-,-), Vk € S

If B = O(B,), then the regret is O(BX5d\/nK /o).
The proof of Theorem 1 includes three major steps: 1)
convergence of cost function parameters (Theorem 2); 2)
MAEVI analysis (Theorem 3); 3) regret decomposition
(Theorem 4). The proof is available in Appendix A.2

Convergence of cost function parameters: We next show
the convergence of the cost function parameters w’. To this
end, let d(s) be the probability and stationary distribution
of the Markov chain {s; }+>o under policy 7, and 7 (s, a) be
the probability of taking action a in state s. Moreover, let
D5 = diagld(s) - m(s,a), s € S,a € A] be the diagonal
matrix with d(s) - 7(s,a) as diagonal entries.

Theorem 2. Under assumptions 3 and 4, with sequence
{wi}, we have lim; wi = w* almost surely for each agent
i € N, where w* is unique solution to

T DS (Iw* —¢) = 0. ©)

The proof of this theorem uses the stochastic approxima-
tions of the single time-scale algorithms of Borkar (2022).
The detailed proof is deferred to the Appendix A.3. The
equation in above theorem is obtained by taking the first-
order derivative of the least square minimization of the dif-
ference between the actual cost function and its linear pa-
rameterization.

Multi-Agent EVI analysis: Next, we show that the
MAEVI algorithm converges in finite time to the optimistic
estimator of the state-action value function. Specifically,
we have the following theorem.

Theorem 3. Let 5, = By/ndlog (% (ntQ + LAW)) +
VAnd, for all t > 1. Then with probability at least 1 — 0/2,

and for each agent i € N, for all j; > 1, MAEVI converges
in finite time, and the following hold: 0* € C]Z NB0<
() S QP (5 wh), and 0 <V (-) S V(5 wh).

The proof of this theorem is deferred to Appendix A.4 due
to space considerations.

Regret Decomposition: Next, we give the details of the
regret decomposition. To this end, we first show that the
total number of calls J to the MAEVI algorithm in the
entire analysis is bounded. Let J* be the total number of
calls to the MAEVI algorithm made by agent 7. Note that
J < ZiEN Jt. An agent+ € N makes a call to the MAEVI
algorithm if either the determinant doubling criteria or the
time doubling is satisfied. Let Ji be the number of calls to
MAEVI made via determinant doubling criteria, and J2i be
the calls to the EVI algorithm via the time doubling criteria.
Therefore, J¢ < Ji + Ji.

Lemma 1. The total number of calls to the MAEVI algo-
rithm in the entire analysis, J, is bounded as

2
J < 2n2dlog (1 + TB;’”) +onlog(T).  (10)

The proof of the above lemma is deferred to the Appendix
A.5. For the regret decomposition, we divide the time hori-
zon into disjoint intervals m = 1,2, ..., M. The endpoint
of an interval is decided by one of the two conditions: 1)
MAEVI is triggered for at least one agent, and 2) all the
agents have reached the goal node. This decomposition is
explicitly used in the regret analysis only and not in the ac-
tual algorithm implementation. It is easy to observe that
the interval length (number of periods in the interval) can
vary; let H,,, denote the length of the interval m. Moreover,
at the end of the Mth interval, all the K eplsodes are over.
Therefore, the total length of all the intervals is Zm 1 Hpm,
which is the same as Z w—1 Lk, where T}, is the time to fin-
ish the episode k. Hence, both representations reflect the
total time 7 to finish all the K episodes. Using the above
interval decomposition, we write the regret Ry as

M n
H, 1 .
R — - m,hy®¥m,hy
St (11)
1
1— —
+ Z n Z slnzt
meM(M)  i=1
here M (M) is the set of all intervals that are the first inter-

vals in each episode. In RHS we add 1 because |V{| < 1.
In the Theorem below, we decompose the regret Ry as

Theorem 4. Assume that the event in Theorem 3 holds,
then we have the following upper bound on the regret

TB2nd
R(M) < Ey + By + 2n2dB, log (1 + A” ) 1)

+ 2nB, log(T) + 2
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where E1 and Fs are defined as
M H,, l n
n

E, = Z Z Z {E(sm,h,am,hawi)

m=1h=1 i=1

+ P‘/Z(m) (sm,hvam,h) - ‘/X(m) (Sm,h)}] 5

M H,, 1 n .
E2 - Z—l }; |:n Zl Vi(m) (sm7h+1)

1 & ,
a E Z Pv;lz(m) (sm,hyam,h)] .
=1

The proof of this theorem is deferred to the Appendix A.6.
To complete the proof of Theorem 1, we bound F; and F»
separately (Appendix C.3, C.4). Bounding E; uses all the
intrinsic properties of MACCM algorithm 1. Unlike the
single-agent setup, here, we separately consider the set of
all agents for whom the MAEVT is triggered or not. Thus,
E, is decomposed into E7(S,,) and E4(Sg,) where Sy,
is the set of agents for whom MAEVI is triggered in m-
th interval, and S¢, are remaining agents. The bounds on
E1(Sy,) and Eq(SS,) are specifically required in our multi-
agent setup and are novel. Moreover, E5 is the martingale
difference sum, so it is bounded using the concentration
inequalities.

5 COMPUTATIONAL EXPERIMENTS

In this Section, we provide the details of the computations
to validate the usefulness of our MACCM algorithm. Con-
sider a network with two nodes {s;nit, g}. Thus, the num-
ber of states is 2", where n is the number of agents. In
each state the actions available to each agent are A’ =
{—1,1}4-1, for some given d > 2. So, the total num-
ber of actions is 2"¢. Since the number of states and ac-
tions is exponentially large, we parameterize the transition
probability. For each (s',a,s) € S x A x S, the global
transition probability is parameterized as Pg(s’|s,a) =
(p(s'|s,a), B). The features ¢(s’|s,a) are described below.

(¢ [s",a"),..., 6(s"" |s" a™), if s #g,
Ond» ifS:g7 S/#g,
(Ond—1a2n_1)7 ’LfS =g, S/ =g,

where ¢(s'|si,a’) is defined as

s\ T . ; i
(7‘117 1%5) ) Zf st = 5,1 = 577121‘
¢(s/i|si’az) _ (az7 %) ) Zf st = Sinitj 5" = g

057 Zf Si =9, 8/1 = Sinit
ifs'=g, s =g.
Here 0] = (0,0,...,0)" is a vector of d dimension
with all zeros. Thus, the features ¢(s’ |s*,a’) € R™.

Moreover, the transition probability parameters are taken

as @ = (01,%%1,02,2"%1...,0",2"%1) where 0 €
d—1

{_ﬁ7ﬁ} ,andA<5.

Lemma 2. The features ¢(s'|s,a) satisfy the following:

(a) 3o (o(s'ls,a),0) = 1, Vs,a; (b) (¢(s" = gls =

g,a),0) =1 Va; (c){o(s £gls=g,a),0) =0, Va.

The proof is deferred to the Appendix B.1. Recall, from
Assumption 4, ¢(s,a;w) = (Y(s,a),w). We take the fea-
tures as Y(s,a) = (Y(st,al),v(s% a?),...,9(s",a")),
where  (sinir,a’) = Z;’:l 1 (gizai|si=s;ni}> and
¥(g,a’) = 0 for any a’® € A’. That is the feature
Y(Sinit,a’) captures the congestion realized by any agent
1 present at s;,;;. For each agent i € N and for each s,a
pair the private component K*(s,a) ~ Uni form/(cmin, 1).
Further, each entry of the consensus matrix is taken as 1/n,
where n is the number of agents.

The intent of this small 2 node network is 3 fold: (1) This 2
node network is common in RL literature Min et al. (2022),
as it depicts the worst-case performance in the form of a
lower bound on the regret. (2) Though the network seems
very small, the number of states is 2", and both the number
of actions and model parameters are ond je. exponential
in the number of agents, and the feature dimension. So, the
model complexity increases exponentially in the number of
agents offering a computationally challenging model. (3)
The major computational head in our algorithm is due to
the MAEVI sub-routine; in each step, we solve a compu-
tationally challenging discrete combinatorial optimization
problem in model parameters. Given these constraints, we
consider a small network with a low number of agents;
however, our algorithm achieves sub-linear regret even in
this hard instance. For a general network with any number
of agents, a separate feature design and a suitable model
parameters choice can make the MAEVI algorithm easy;
such a feature design in itself is a complex problem.

Next, we compute the value of the optimal policy for the
above model. We require it in the regret computations.
First, note that the value of the optimal policy is defined as
the sum of expected costs if all agents reach the goal state
exactly in 1 time period, in 2 time period, and so on. Let x;
be the number of agents move to the goal node at each pe-
riod j =1,2,...,t — 1, and remaining z; = n — Zj;i z;
agents move to the goal node by ¢-th period. We call this
sequence of departures of agents to the goal node as the
‘departure sequence’. For the above departure sequence,

the cost incurred is Cy (21, ..., T4—1,2¢) =
t—1 t—1 j
aZw?—&-Z(n—Zwi) -cmin—i—amf, (13)
j=1 j=1 i=1

where « is the mean of the uniform distribution ¢ (¢pin, 1),
ie, a = % We use this « instead of the private cost
to compute the optimal value. The first term in the above



Multi-Agent congestion cost minimization with linear function approximations

equation is because all z; agents have moved to the goal
node in time period j; hence the congestion is x;. More-
over, each agent incurs the private cost « in this period. So,
the cost incurred to any agent as per Eq. (1) is azx, and the
number of agents moved are x;, and hence the total cost in-
curred is (ax;) X x; = ca?. This happens for all the time
periods j = 1,2,...,t — 1, so we sum this for (¢ — 1) pe-
riods. The remaining agents at each time period incurred a
waiting cost of cnin; thus, we have a second term. Finally,
the third term is because the remaining agents move to the
goal node at the last period ¢. So, the optimal value, V* is

[oe]
Vr =Y "Plat,..., 2] Calaf, ... x7)  (14)
t=1

where z7,...,x} are the optimal departure sequence.
These z} are obtained by minimizing the cost function
Co(z1,...,2¢) in Eq. (13). Moreover, P[z],...,z}] is
the probability of occurrence of this optimal departure se-
quence. Note that, unlike the regret defined in Eq. (7) that
use the cost function parameters, here we take the value of
the optimal policy defined above. The following Theorem
provides z7, ..., x} and its cost Cy (27, ..., TF).

Theorem 5. The optimal departure sequence is given by

n t+1 . Cmin .
T; = L*‘(Q—J)' ZOCJ,VJG[t_U,
z::n—zu’c; (15)

* *
The cost Cy,(z7, 235, . ..
parture sequence is

, ) of using the above optimal de-

ny 2 Cmin t{t—1)(t+1) 2,
t(7> $1). Smin  min (16
at(3) =157 12 taz - 10

The proof of above theorem is deferred to the Appendix
B.2. The above cost captures the trade-off between the min-
imum cost to an agent for staying at the initial node and the
congestion cost. In particular, the first term captures all
agents’ total cost of going to the goal node. The remaining
terms capture the minimum cost of staying at S;,:.

Apart from the cost of the optimal departure sequence, we
also require the probability of this departure sequence to
compute V*. To this end, we recall the feature design of
transition probability that allows an agent to stay or depart
from the initial node s;,;;. Note that agent ¢ stays or departs
from initial state iff the sign of the action a® matches the
sign of the transition probability function parameter 6, i.e,
sgn(a}) = sgn(@’) forall j = 1,2, ..., d—1 (more details
are available in SM). Using this sign matching property, we
have the following theorem for the transition probability.
Theorem 6. The transition probability Plxy,.
given by

., xf] s

-+

-1 t—1

1T =nt(v=m) > 23) x (yn—(v=n) D _ a3), (A7)

k=1 j=1 j=1

where v = (é + #) andn = #

n

The proof of this Theorem is deferred to the Appendix B.3.
Using the above transition probability along with cost in
Eq. (16) get V*. However, it is hard to get the closed form
expression of V*, so we use its approximate value for regret
computation. The approximate optimal value Vi in terms
of a given large T' < oo is

T
Vi =Y Plat,... a7 Calat,...,a27), (18)
t=1

To obtain a better approximation of the optimal value V™,
we tune 1. Moreover, note that we are approximating the

— Zagents
10 — 3agents

Figure 1: Average regret for n = 2 agents in green and n =
3 agents inred. Hered = 2,6 = 0.1, A = 0.2, K = 7000.
V7 = 2.15 and 4.365 for 2 and 3 agents respectively. All
the values are averaged over 15 runs.

private component of the cost by a. Thus, the above V3
will have some error; we minimize it in our computations
by running the MAACM algorithm for multiple runs and
average the regret over these runs. The average regret for 2
and 3 agents are very close to zero, as shown in Figure 1.

Remark 1. Suppose n = 1 and c¢(s,a) = cmin = 1 for
all s,a. Then, the optimal departure sequence is vj =

- =a;_, = 0,27 = 1. So, from Eq. (13), the op-
timal cost is t. Moreover, the probability in Eq. (17)
reduces to (1 — A — §)'=1(A + 0) and hence V* =
S (=A== A+6) -t = ﬁ. Thus, we re-
cover Min et al. (2022) results for 2 node network with 1
agent (and hence with no congestion cost). Also, the fea-
tures used in Min et al. (2022) and Vial et al. (2022) are
interchangeable. So, we have more general results with ex-
tra complexity regarding congestion and privacy.

6 RELATED WORK

The single agent SSP is well known for decades (Bertsekas,
2012). However, these assume the knowledge of the transi-
tion probabilities and the cost of each edge. Recently, there
has been much work on the online SSP problem when the
transition or the cost is not known or random. In such cases,
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the RL based algorithms are proposed (Min et al., 2022;
Vial et al., 2022; Tarbouriech et al., 2020, 2021). Many in-
stances of SSP are run over multiple episodes using these
algorithm, and the regret over K episodes of the SSP is
defined.

The online SSP problem is first described in Tarbouriech
et al. (2020) with O(K?/3) regret. Later this is improved
in Rosenberg et al. (2020). They gave a upper bound of
O(By|S|/|A|K), and a lower bound of Q(B,+/|S||A|K)
where B, is an upper bound on the expected cost of the
optimal policy. However, they assume that the cost func-
tions are known and deterministic. Authors in Cohen et al.
(2021) assume the cost function to be i.i.d. and initially
unknown. They give an upper and a lower bound prov-
ing the optimal regret of ©(\/(B2 + B,)|S||A|K) The
algorithms proposed by Rosenberg et al. (2020) and Tar-
bouriech et al. (2020) uses the “optimism in the face of un-
certainty (OFU)” principle that in-turn uses the ideas from
UCRL2 algorithm of Jaksch et al. (2010) for average re-
ward MDPs. Cohen et al. (2021) uses a black-box reduc-
tion of SSP to finite horizon MDPs. Similar reduction is
used in Chen and Luo (2021); Chen et al. (2021) for SSP
with adversarially changing costs. Cohen et al. (2021) gave
a new algorithm named ULCVI for regret minimization in
finite-horizon MDPs. Tarbouriech et al. (2021) extended
the work of Cohen et al. (2021) to obtain a comparable re-
gret bound for SSP without prior knowledge of expected
time to reach the goal state.

Often the cost and the transition probabilities are unknown,
and the state and action space is humongous. To this
end, many researchers use function approximations of the
transition probabilities, the per-period cost, or both (Wang
et al., 2020; Yang and Wang, 2020). Some recent works
in this direction are Jia et al. (2020); Min et al. (2022);
Jin et al. (2020); Zhou et al. (2021). In particular, Min
et al. (2022) proposes a LEVIS algorithm that uses the op-
timistic update of the estimated ) function using the ex-
tended value iteration (EVI) algorithm. Unlike Min et al.
(2022), authors in Vial et al. (2022) uses OFU principle and
parameterize the cost function also. Moreover, the feature
design of the transition probabilities is also different; how-
ever, the features in these works are interchangeable. The
regrets obtained in these works depend K, B,, and cpip.
In our work, we simultaneously use the linear function ap-
proximations of the transition probabilities and the global
cost function. We also provide a decentralized multi-agent
algorithm incorporating congestion cost and agents’ pri-
vacy of cost.

7 DISCUSSION

This work considers a multi-agent variant of the optimal
path-finding problem on a given network with pre-specified
initial and goal nodes. The cost of traversing a link of the

network depends on the private cost of the agent (capturing
the agent’s travel efficiency) and the congestion on the link.
The unknown transition probability is the linear function of
a given basis function. Moreover, each agent maintains an
estimate of global cost function parameters, that are shared
among the agents via a communication matrix.

We propose a fully decentralized multi-agent congestion
cost minimization (MACCM) algorithm that achieves a
sub-linear regret. In every episode of the MACCM algo-
rithm, each agent maintains an optimistic estimate of the
state-action value function; this estimate is updated ac-
cording to a MAEVI sub-routine. The update happens if
the ‘doubling criteria’ is triggered for any agent. To our
knowledge, this is the first work that considers the multi-
agent version of the congestion cost minimization problem
over a network with linear function approximations. It has
broader applicability in many real-life scenarios, such as
decentralized fleet management. Experiments for 2 and 3
agent cases on a network validate our results.

The work we consider offers many challenges and future
directions, and we mention some of these here. The cur-
rent algorithm is based on the optimistic state-action value
function updated according to doubling criteria. A better
optimistic estimator with tighter regret bounds can be tried.
For example, one can use a parameterized policy space and
incorporate the feedback from the policy parameter in the
state-action value function. For large networks we can ex-
plore a distinct feature design and suitable model param-
eters to address the scalability of computations. Further,
a lower bound on the regret of our multi-agent congestion
cost minimization, MACCM, algorithm is desirable. De-
centralized learning of a multi-agent congestion cost mini-
mization with capacity constraints on the network links (a
generalization of capacitated multi-commodity flow prob-
lems) is a further possible research direction.
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APPENDIX

In this appendix we give the details of proofs omitted in the main results in Section A; further details of the feature design
and the computations in Section B; proofs of the intermediate lemmas and propositions in Section C; and some useful
results that we use from the existing literature in Section D.

For better readability, we first reiterate the result, and then give its proof.

A PROOFS AND DETAILS OF THE MAIN RESULTS

First, we give proofs of the results we omitted in the main paper.

A.1 Proof of Proposition 1

We first provide the equivalence of the optimization problems (OP 1) and (OP 2) obtain from the least square minimizer of
the global cost function. Recall the optimization problem (OP 1) is

min E4[c(s,a) — &(s,a; w)]>. (OP 1)
w
Recall the proposition: The optimization problem in (OP 1) is equivalently characterized as (both have the same stationary
points)

minZEs,a[ci(s,a) — (s, a;w)]>. (OP2)
i=1

Proof. Taking the first order derivative of the objective function in optimization problem (OP 1) w.r.t. w, we have:

1 .
—2x Eyalels,a) —e(s,a;w)] x Vyels,asw), = —2x By |~ > cis,a) —e(s,aw) | x Vyels, a;w),
iEN
2 _
= - X Eg 4 Z c(s,a) —mn- c(s,a;w)] x Vye(s,a;w),
iEN
2 ,
= —=x Es o Z (c'(s,a) — c(s,a;w))] X Vye(s,a;w).
iEN

Ignoring the factor % in the above equation, we exactly have the first order derivative of the objective function in (OP 2).
Thus, both optimization problems have the same stationary points. Hence, (OP 1) is an equivalent characterization of the
optimization problem (OP 2). O

A.2 Proof of Theorem 1

In this section, we give the proof of our main result (Theorem 1). It provides the upper bound on the regret of our MACCM
algorithm. The proof of this theorem relies on an intermediate Lemma 3 (given below).

Recall the theorem: Under the Assumptions 1, 2, for any § > 0, let 3; = B\/ ndlog (% (nt? + @)) + v And, for all
t > 1, where B > B, and A > 1. Then, with probability at least 1 — J, the regret of the MACCM algorithm satisfies

KB B2nd? KB
RK:C’)<Bl'5d\/nK/cmin-log2( ”d> . Bnd 1og2( ”d)> (19)

Cmin5 Cmin Cmin6

Proof. Note that the total cost incurred by each agent in K episodes is upper bounded by Rx + K B, and it is lower
bounded by cpin - 7 - T'. This provides the relation between a fixed quantity /K and the random quantity 7". To complete
the proof we use the following lemma.
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Lemma 3. Under Assumptions 1 and 2, for any § > 0, let B; = By/ndlog (% (nt2 + @)) + vV And forall t > 0,
where B > B, where \ > 1. Then with the probability of at least 1 — 6, the regret of the MACCM algorithm satisfies

2

TB
Rk < 105T\/leog (1 + A*) + 16n%dB, log (T +

T?B2nd
A )

where T is the total number of time periods.

The proof of this lemma is given in Appendix C.1. Using the above lemma, with probability at least 1 — §, we have

TB? T?B%nd
Cmin -1 - T < 106T\/leog (1 n A*) +16n%dB, log <T n A”) + KB,.
Solving the above equation for 7', we have
KB B2d?
TO(logQ(n>'< s )>
) NCmin  Coin
Plugging this back into Lemma 3, we have the desired result of Theorem 1. U

To complete the proof of above theorem, we need to prove the above Lemma 3. To this end, we require the convergence
of the cost function parameters as stated in Theorem 2. Let d(s) be the probability and stationary distribution of the
Markov chain {s;};>¢ under policy =, and 7 (s,a) be the probability of taking action a is state s. Moreover, let D** =
diagld(s) - w(s,a)] be the diagonal matrix with d(s) - 7(s,a) as diagonal elements.

A.3 Proof of Theorem 2

Recall the theorem: Under the Assumptions 3 and 4, with sequence {w'}, we have lim, wi = w* a.s. for each agenti € N,
where w* is unique solution to
D (Uw* —¢) =0.

Proof. To prove the convergence of the cost function parameters, we use the following proposition to give bounds on w
for all 4 € N. For proof, we refer to Zhang et al. (2018).

Proposition 2. Under Assumptions 3, and 4 the sequence {w'} satisfy sup, ||wi|| < oo a.s., for all i € N.

Let F; = o(¢ryWrySr,ar, Lo 1,7 < t) be the filtration which is an increasing o-algebra over time ¢. Define the following
for notation convenience. Let ¢; = [¢},...,c?]T € R* ,andw; = [(w})T,...,(w?)T]T € R"*. Moreover, let A ® B
represent the Kronecker product of any two matrices A and B. Lety, = [(y})",...,(y?)"]", where yi,; = [(ci,4 —
P w7, Recall, vy = 1 (s¢, a;). Let I be the identity matrix of the dimension k x k. Then update of w; can be written
as

wirr = (L @ D) (Wi + Ve - Yrt1)- (20)
Let 1 = (1,...,1) represents the vector of all 1’s. We define the operator (w) = (17 @ I)w = L3~ w'. This
(w) € R* represents the average of the vectors in {w',w?,..., w"}. Moreover, let 7 = (1117) ® I € R"™"* is the

projection operator that projects a vector into the consensus subspace {1 @ u : u € R*}. Thus Jw = 1 ® (w). Now define
the disagreement vectorw, = J,w =w — 1 ® (w), where 7, = I — J. Here I is nk x nk dimensional identity matrix.
The iteration w; can be decomposed as the sum of a vector in disagreement space and a vector in consensus space, i.e.,
wy =w ¢+ + 1 ® (w). The proof of convergence consists of two steps.

Step 01: To show lim; w ; = 0 a.s. From Proposition 2 we have P[sup,||w;|| < oo] = 1, 1i.e., P[Uk, ez+ {sup:||lwi]| <
K1}] = 1. It suffices to show that lim; w1 ;1 {up,|jw,||<k,} = O forany K; € Z*. Lemma 5.5 in Zhang et al. (2018)
proves the boundedness of E [||3; 'w 1 ||?] over the set {sup;|jw;|| < K1}, for any K; > 0. We state the lemma here.

Proposition 3 (Lemma 5.5 in Zhang et al. (2018)). Under assumptions 3, and 4 for any K1 > 0, we have

supt E[[187 W 1 41121 fsupe | we <} < 00
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From Proposition 3 we obtain that for any K; > 0, 3 Ky < oo such that for any ¢ > 0, E[||w +||?] < K277 over the
set {sup; |[w¢|| < K1}. Since Y-, 77 < 0o, by Fubini’s theorem we have Y, E(||W 1 4|[*L{sup, (jw,||<k:}) < 00. Thus,
S WLt P L gsup, wejj<iiy < 00 as. Therefore, limy w1 1L igup,(jw||<k,} = O as. Since {supy||w:|| < oo} with
probability 1, thus lim; w, ; = 0 a.s. This ends the proof of Step 01.

Step 02: To show the convergence of the consensus vector 1 ® (w.), first note that the iteration of (w;) (Equation (20))
can be written as

Wep) = %(]l—r®I)(Lt®j)(]l®<wt>+wl,t+'7t Yer1)
= W)+ (L @ D) (o1 + 7 WLe))
= (we) + 7 E(er1)|Ft) + Beeras (21)
where
Ga1 = (Le @ D(yesr +7; 'wie)) — E(yes1)|Fe), and
(es1) = (g1 — b w17

Note that E((y:11)|F¢) is Lipschitz continuous in (w;). Moreover, ;11 is a martingale difference sequence and satisfies

Ell[&+1]* | o] < Elllyers + wiellh, | Fel + E(@esa) | FOIP, 22)

where R; =
forany K; >0

M has bounded spectral norm. Bounding first and second terms in RHS of Equation (22), we have,

E(llge+11*1F) < Ks(1+ [[(we)]*),

over the set {sup; ||w:|| < K;} for some K5 < oco. Thus condition (3) of Assumption 5 is satisfied. The ODE associated
with the Equation (21) has the form
(W) = =W T D0 (w) + U DS, (23)

Let the RHS of Equation (23) be h((w)). Note that h({w)) is Lipschitz continuous in (w). Also, recall that D** =
diagld(s) - 7(s,a),s € S,a € A]. Hence the ODE given in Equation (23) has unique globally asymptotically stable
equilibrium w* satisfying

U D (e— Tw*) = 0.

Moreover, from Propositions 2, and 3, the sequence {w, } is bounded almost surely, so is the sequence {(w;)}. Specializing
Corollary 8.1 and Theorem 8.3 on page 114-115 in Borkar (2022) we have lim; (w:) = w* a.s. over the set {sup; ||w]| <
K} for any K7 > 0. This concludes the proof of Step 02.

The proof follows from Proposition 2 and results from Step 01. Thus, we have lim; wi = w* a.s. for eachi € N. O

Apart from the convergence of the cost function parameter, we also require the MAEVI analysis; in particular, we now
prove the Theorem 3.

A.4 Proof of Theorem 3

Recall the theorem: Let 3, = B\/ ndlog (5 (nt? + @)) ++/And, for all t > 1. Then with probability at least 1 — /2,
and for each agent ¢ € N, for all j; > 1, MAEVI converges in finite time, and the following holds

Proof. To prove this Theorem, for each agent ¢« € NN, we decompose ¢ into different rounds. Each round j; > 1 of
agent ¢ corresponds to ¢t € [t; +1, t; 41)» during which the action-value function estimator is the output Q; of MAEVI
sub-routine by agent . We will apply the induction argument on the rounds to show that optimism holds for all j; > 1.

Consider round j; = 1 for agent¢ € N. In this round, let ¢ € [1, t’l] We have V(} < By, from the algorithm’s initialization.

Define 7; = Vg (st+1) — (b (si,a4),0") for t € [1,¢]]. Then {ni}'L, are B,-sub-Gaussian.
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Applying Theorem 7 of Abbasi-Yadkori et al. (2011) in our case, with probability at least (1 —

t
—1/2 .
B> vk ar)ni
k=1

< B,
2

i

—
N2

(i1)
< B, |2log

B,

0
nt] (t]+1

)

i\1/2
2log ( . 4det(2t) -
5/(n - 61(t + 1)) - det(Zy_,

)
(r+

5/(n 1515 1 1)) - A2

det(i)1/2
21 —
\/ o (57t 1 37

tB?'nd)nd/Q

N B2 nd/2 o
B RN Bl Gt ) IO {30 (B e
Il VIR t% F )N (5 (1 (7 + 1)
LB e
n - (¢ + n
=B, |21 T
I\ KO +1>>>nd/2 5/(n- 1t + 1))
d/2 _
1+t82 n 5 nd/2—1
= B, 4|21 A 2log | ———
o8 <5/ H( 4 1)) =los (n-tg(tg +1))
uz tBQ nd/2
< B,i|21
°8 (5/ (e +1))>
1+
=B dl A
xA | T Og<5/ tl tl+1))>
it +1) w
= B* ndlog (n i 5 & )

) ) we have,

(24)

where (i) follows from the fact that det(X?_,) = A"9; (i4) uses the determinant trace inequality (Theorem 8) along with

the assumption that ||y

< B,V/nd; and (4ii) uses the fact that 0 < m < 1 hence log (ﬁ) <0.

Next, we consider the LHS of Equation (24) and give the lower bound for the same.

t t
im1/2 il @ |[svit/? i *
D Z¢Vg(sk,ak)77k = 1|Zt Z¢v0i(skaak) (Vo (sk41) — (D (s, ak), 07))
k=1 2 k=1 2
t
iV 25t i iV 25t *
DIV I Z ¢)V0i (Sksar) - Vo(sk+1) — 20 Xy (3 — A6
k=1 2
=i, - =0+ ami e
2
(uz 1
‘21 70*) _ HAE; 2 g
2
@) .
‘2% @, -6 )|, = vand

(25)

where (i) follows by the definition of 7} ; (i) uses the updates of ¢ and definition of 0 in the algorithm; (ii4) is the

consequence of the triangle inequality, i.e.,

; and finally (iv) follows from the fact that ||6*|| < v/nd.
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From Equations (24) and (25) we have the following:

(g4 1) 4 PO o
B, \|ndlog (n G )—g A ZHEi/ (6, —6%)

— vV and.
2

From the definition of 3; in this Theorem, we have

[0

, < By, | ndlog

<n 5t + 1) + PEAGIDEL
5

) +Vnd < By

Since above holds for all ¢ € [1,t}] with probability at least 1 — the true parameters 8* € Ci N B. This implies

netl ((ts§+1)’
in round 1, for each agent ¢ € N, the true parameters are in set C{ N B. To complete round 1, we need to show that
the output Q4 and Vi of MAEVI are optimistic for each agent i € N. This will be done using the second induction
argument on the loop of MAEVL. For the base step, it follows from the non-negativity of the Q%*(-, -;w?) and V*(-; w®)

that Q“(0)(-,-) < Q™ (-, -;w?) and V5O (1) < Vi (-, wh).

Now, assume that Q%) (-, -) and V*() (-, .) are optimistic. For the (I 4 1)-th iterate in MAEVI algorithm, we have

Qi7(l+1)('7 ) = E('a 7wl) + (1 - q) Hélgi;fl\lg <07 ¢Viv(l) ('? )>

e, 5w) + (1= ) (0%, by ()
(2) &, _;wi) + (1 —q) IF’Vi’(l)(-7 )

(i) , ,

< e, l)_|_[p>vu(l)(.,.)
(iv) .

< QU (W),

where (4) holds because 6* is the minimizer; (i7) is by definition of the linear function approximation of the cost-to-go
function. (ii4) is because (1 — q) is a positive fraction. The last inequality uses the definition of Q%*(-,-;w’) and the
induction hypothesis on I, V() () is optimistic, i.e., V>()(-) < V¥*(-;w?). Therefore, by induction Q“+1)(.,.) is also
optimistic for all /, and hence the final output Q¢ (-, -) and V;'(-) are optimistic. This finishes the proof of round 1.

For the outer induction, suppose that the event in Theorem 3 holds for round 1 to j; — 1 for each agent ¢+ € N with high
probability. Therefore, 8 € C,i N B forrounds k = 1,2,...,75; — 1. Andin eachround k = 1,2,...,j; — 1, the output
of the MAEVI algorithms are optimistic, i.e., Q% (-,-) < Q¥ (-, ;w") and V}'(-) < V*(-;w?), Vi € N. So, for each agent
1 € N, we define the following event

g}i*l = {0* € Ci; N B; QZ(? ) < Qi*('7 ';wi)v sz() < Vi*(';wi) foreach k = L,2,...,5i— 1}

and assume that the IP’(E C)>1-2  for some &' > 0. We now show that the event & ¢ also holds with high probability.
To do this, we will construct the aux1hary sequence of functions for each agent i € N as follows:

‘7];() = mln{vkl()?B*}? Vk= 1727' .- 7.]L -1

Moreover, forany k = 1,2, ..., j, and for any ¢t € [t};_l + 1, t};], define the following:

no= Vii(se) — <¢‘7£71(st,at), 9*>

t
i . . T
So= M+ ; O, (ra)bp:  (sr.a0)
~1 ~.—1 i ~.
0, = X} Z¢17]§(7_)71(Sraar)vig(r)q(srﬂ)

G = [fer™: Hz 1_9)H2§5%}’
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where k(r) is the round that contains the time period r, i.e., 7 € [t} _, + 1,¢i].

By construction {77%}1]:1 are almost surely B, sub-Gaussian. Moreover, using the similar computations as above and
Abbasi-Yadkori et al. (2011) result (Theorem 7), we can say that event £ ; will hold with high probability where

&, ={0"€C;,NB; Q5 () <Q™(,5w); Vi) S V*(whl,

and @, is the output of MAEVI(C; €5 N L wh).

Moreover, under the event £}, the optimism implies that Vi=Viforallk=1,2,...,j; — 1andforalli € N. Also,

under the event £}, we have 7 = 7}, i =X¢,0, = 0, forall t < t'., and thus CNJZ = C}.. So, for each agent i € N,
we have N
g =& nE, VieN

. . i & 5
Therefore, using the union bound, we have P(Sji) >1- 0 -~ GRCREEE

Jt J?

) ) 1 1 )
E:fZE:f o (1) < -
, n~tji(tji +1) “~n t (tji +1) n

Jji=1 Ji=1

Now, by induction argument and taking the

union bound, we have

from here we conclude that with a probability of at least 1 — %, the good event holds for all the j; < J?, where J° is the
number of calls to the MAEVI algorithm by agent i € N.

Next, it remains to show that the MAEVI will converge in finite time with €’ tolerances for any agent i € N. To do
so, it suffices to show that ||V — V4(=1) || shrinks exponentially. We now claim that ||Q*®") — Q%=1 shrinks
exponentially, which together with Q* update in algorithm gives the desired result since ||[V5(®) — V&0=1| o < ]|Q>®) —
Q=Y || . To show this, first note that for any (s, a) pair we have,

Q" (s,a) — Q""" V(s,a)| = (1—¢)- | min (6, yian(s,a)) — min <0,¢V7:,<zz>(s,a)>‘

6cCinB eccinB
=1-q) | min (6, ¢yia-nls,a)) + max (6, ~Pyiaals, a)>’
= (1=q)+ | max (6, ~dve-n(s.a)) + max (6, ~dy.an(s, a>>\
(1)
< (1 - q) max |7<0 (,25‘/1 (1— 1)(S a)) + <0, 7(25‘/7’,,(1—2) (s,a)>|
6eCinB
= (1 —q) max [(§,dyia-u(s,a) — dyia-a(s,a)|

w (1-q)- |<év Pyia-1(s,a) — Qyia-2 (S,a»’
= (1—q) - [Fa(V* (=) — VED) (s, a)
(ii1)

< (1-q) - max [VH07D(s)) - VD)
s'esS
= (1 —¢q) - max |min QY (s',a’) — min Q=2 (s, a’)
s'eS | a’ a’

(iv) . .
< (1— . 4L,(=1) (! 4\ _ NEA=2) (!
< (-9 max [QU0V6a) - Q)

= (1-q) Q"D - QU

where (7) holds because max is a contraction. (i7) holds because 8 is the 6 in the non-empty set C* N B that achieves the
maximum. Since, Pg(:|s, a) is a probability distribution we have (ii¢). Finally, (iv) holds again because of the contraction
property of the maximum function. Since (s,a) are arbitrary in the above, we conclude that ||Q%®") — Q=1 <
(1-— q)||Qi’(l_1) - Qi’(l_Q)HOO. Applying this recursively, we have a term that is exponentially decaying and hence
[|Q%(®) — @Q*»(=1)||, shrinks exponentially implying ||V — V(=1 || also shrinks exponentially. O
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This concludes the MAEVT analysis. Next, we show that the total number of calls, J to the MAEVI algorithm in the entire
analysis is bounded. Note that an agent ¢ € N calls the MAEVTI algorithm if at least one of the doubling criteria is satisfied,
i.e., either the determinant doubling criteria or the time doubling criteria is satisfied. Let .J¢ be the total number of calls
to the MAEVI algorithm made by agent i. We will show that J? is bounded. For agent i, let .J{ be the number of calls to
MAEVI made via determinant doubling criteria, and .J2 be the calls to the MAEVI algorithm via the time doubling criteria.
Note that J¢ < J? + Ji. The inequality is taken because there are cases when both the doubling criteria are satisfied. In
particular, we use Lemma 1 that ensures the number of calls, J to the MAEVI algorithm is bounded.

A.5 Proof of Lemma 1

Recall the lemma: The total number of calls to the MAEVTI algorithm in the entire analysis .J, is bounded as

TB?nd
J < 2n?dlog (1+ ;n ) + 2nlog(T).

Proof. To prove this result, let us consider an agent i € N. We bound the number of calls to MAEVI algorithm .J¢, for
each agent i € N and use the fact that J < >, J*.

Consider agent 7 € N, since Voi < B,. Itis easy to see that

Jt o tip
I1E7ll2 = )\I‘FZ Z ¢vji(st»at)¢vji(sta“t)T
J=0t=ti41
J* t§'+1
< A+> > ||¢v;(staat)||2
J=0¢=ti+1
< A+ TB%nd.

The first inequality is because of the triangle inequality. The second one uses the fact that ||¢v || < B,v/nd and VjZ < By
for all j > 0 (from Assumption 2).

For the determinant doubling criteria, we have det(Xr) < (A + T'B2nd)™?. This implies
(A4 TB2nd)" > 271 - det(Sy) = 271 - A",

taking log on both sides, we have

A TB?nd
Ji < ndlog, <1 + A” > < 2ndlog (1 +

TB2nd
i)
This bounds the number of calls to the MAEVI algorithm when the determinant doubling criteria is satisfied. Next, we
consider the number of calls to the MAEVI algorithm when the time doubling criteria is satisfied, i.e., we will bound J3.
Note that t5 = 1, so we have 27 < T, this implies Ji < log,(T) < 2log(T). Now, summing up the bounds for Ji and
J4 we have the bounds for J*, i.e.,

+ 2log(T).

S TB2nd
JE< Ji+ Ji < 2ndlog (1 + *”)

This proves that the number of calls to the MAEVI algorithm made by an agent 7 € N is bounded. So, the total number of
calls to MAEVI in the entire analysis is bounded as

2 2
J< 37 =3 2ndlog (1 + TBA*"d) +21og(T) = 2n2dlog <1 + TB;”d

> + 2nlog(T).
i€EN iEN

This ends the proof. O
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The next step is to decompose the regret and bound each term. To this end, we prove Theorem 4. First, we divide the
time horizon into disjoint intervals m = 1,2,..., M, where the endpoint of each interval is decided by one of the two
conditions: 1) at least for one agent, the MAEVT is triggered, and 2) all the agents have reached the goal state. Note that
this decomposition is explicitly used in the regret analysis only and not in the actual algorithm implementation. Let H,,
denote the length of the interval m. Moreover at the end of the M-th interval, all the K episodes are over. Therefore, we
have the total length of all the intervals as Z 1 Hy, which is the same as Z x—1 1%, where T}, is the time to finish the
episode k. Within an interval, the optimistic estlmator of the state-value function for each agent remains the same. An
agent for whom the MAEVI is not triggered in the m-th interval will continue using the same optimistic estimator of the
state-action value function in the (m + 1)-th interval. Later we separate the set of agents depending on whether the MAEVI
is triggered for them or not. Let S,,, be the set of agents for whom the MAEVI is triggered in the m-th interval. Using the
above interval decomposition, the regret Ry can be written as

M Hpy,

Rrg = R(M) < Z

=1 h=

n

Z E(Sm,h7am,h; wi) +1- Z Z V i(m) sznzt (26)

i=1 meM(M) =1

AR

here M (M) is the set of all intervals that are the first intervals in each episode. In RHS we add 1 because |V{| < 1. Recall,
the above equation is the same as Equation (11) in the main paper.

A.6 Proof of Theorem 4

Recall the theorem: Assume that the event in Theorem 3 holds, then we have the following upper bound on the regret given
in Equation (26),

M Hy, n " .
Zl hZ: {111 z; &(Sm ps @y W) + % Z; ]I”V}i(m) (Sm.h,@m.h) — % Zl Vjii(m)(sm,h):|
m 1 1= i= =
Ey
M H,,
+Y > [ ZV (m) Smht1) ZIPV (o) (Srrs @ h)} 27)
m=1h=1

E>

TB?nd
A

+ 2n2%dB, log (1 + ) + 2nB, log(T) + 2.

Proof. The proof relies on the following proposition that is key result for the regret decomposition.

Proposition 4. Conditioned on the event given in Theorem 3, for the above mentioned interval decomposition, we have
the following:

Mo (Hn (4 n 1
> (Z{nzwm(sm,h)—nZ‘/ﬂ(m)(sm,m)}) - 2 Z i) (Simit)

m=1 \h=1 i=1 i=1 mem(m) i1
2
TBind
A

<1+ 2n%dB, log (1 + ) + 2nB, log(T).

The proof this proposition is given in Section C.2 of this appendix. Using this Proposition in the regret expression given in
Equation (26), we get the regret decomposition as desired. O

In the next Section, we provide the details of feature design of the transition probabilities and the details of the optimal
policy value used in the computations.
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B DETAILS OF THE FEATURE DESIGN AND THE OPTIMAL POLICY FOR
COMPUTATIONAL EXPERIMENTS

In this section, we will provide the details of the optimal policy and related results. Recall, for each (s',a,s) € S x A x S,
the global transition probability is parameterized as Pg(s’|s,a) = (¢(s'|s,a), 0). The features ¢(s’|s,a) are

1 m .
((;5(8/ |517a1)7""¢(sl |Snaan))v ifs#g,
(b(slis’a) = 4 Ona, ifs=g, s’ #8,
(0na—1,2"71), ifs=g, 5§ =g,

where ¢(s'|s?,a’) are defined as

(—ai,%)T, if st = 8" = Sinit
¢(S/i|$i,al) — (ai’ %)T ’ ’Lf sl = Sinitz 8/1 =4
0,, if s' =g, s = Sinit
(001,2)", ifsi=s =g
Here 0] = (0,0,...,0)T is a vector of d dimension with all zeros. Thus, the features ¢(s”|s',a’) € R™.
Moreover, the transition probability parameters are taken as 8 = (0", 7iv,0%, 5 ..., 0", 5:17), where ' €

d—1
A A
{_m,m} ,andA<6.

We first proof Lemma 2 to show that these transition probability function features satisfy some basic properties.

B.1 Proof of Lemma 2

Recall the lemma: The features ¢(s’|s,a) satisfy the following: (a) >, (¢(s'|s,a),0) = 1, V s,a; (b) (¢p(s' = g|s =
g,a),0) =1 Va;(c) (s #gls=g,a),0) =0, Va.

Proof. To prove this lemma, we consider two cases. In case 1, s # g and case 2, s = g.

Case 01: (s # g ). Without loss of generality we consider the following state s = (Sinit, Sinits - - - » Sinits §s Gy« - - g )» 1.€
———
k times (n—k) times

k # 0 agents are at s;,,;; and remaining n — k are at g. Consider an agent ¢, who is at s;,;; node. Out of total 2" next
possible states, there are exactly 27 states in which agent ¢ will remain at s;,,;;, and in 27 states in which the agents move
to goal node. The probability that the next node of agent 7 is s;,,;; given that the current node of agent ¢ is s, is given

by —(a‘, 0i> + 1776 X 2n . And the probability that the next node of agent ¢ is g given that the current node of agent ¢ is

Sinit 1S <ai, 0i> + % X 271171 . These probabilities are obtained using the features defined for our two agent model. Since,
this is true for all the agents 1,2, ...,k which are at s;,;;:. So, the contribution to the probability term from these %k agents

who are at s;,,;; 1S

{0 i) e (o Do) T =

= =1

Next, consider an agent whose state is g; for this agent, there are two possibilities, stay at g or go to s;,;:. The probability
of going to s;,; 1s zero, however if the agent stays at g then the probability corresponding to that is % X 27},1 . So the total
probability of going to the next state for the agent whose state is g is

0X2"+ 1>< 1 2"
2 n o 2n-1) 27

Again this is true for the agents k + 1,k + 2, ..., n who are at g, so the overall probability is

_ 2 n = 2n-1) 2 oon
i=k+1
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So, the sum of these linearly approximated probabilities is

Stoslsan0) = Stk oy

s/

This ends the proof of the first case.

Case 02: (s = g). For this case, the probability is
D (o'l =g.a).0) = D (6(s'ls =g.a).0) + (4(s' = gls = g.a),0)

s’ s'#g
= (0,0)+ ((0,4-1,2""1),0) = 1.

Therefore, in both cases, we have
S (6(ss =g.a).8) =1, Vs.a.
sl

The other two statements of the lemma follow by feature design and model parameter space. O

Next, we provide the details of the value of the optimal policy for the above model. We require it in the regret computations.
First, note that the value of the optimal policy can be defined in terms of expected cost if all agents reach the goal state
exactly in a 1 time period, in a 2 time period, and so on. Suppose the agents reach to the goal state exactly by ¢ steps such
that x; agents move to the goal node ateach step j = 1,2,...,¢ — 1 and remaining x; = n — 22;11 x; agents move to the
goal node by t-th step. We call this sequence of departures of agents to the goal node as the ‘departure sequence’. For the
above departure sequence, the cost incurred is

t—1 7
Co(x1,... x4 —asz +Z< Zzz>-cmin—|—axxf
i=1 (28)
t—1 2
_axe —|—Z< le> Cmin + @ X (n—ij> .
i=1 j=1

where « is the mean of the uniform distribution U (¢yin, 1), i.€., & = . We use this « instead of the private cost
to compute the optimal value. The first term in the above equation is because all x; agents have moved to the goal node
in time period j; hence the congestion is x;. Moreover, each agent incurs the private cost « in this period. So, the cost
incurred to any agent is ax ;, and the number of agents moved are ;, and hence the total cost incurred is (ax;) X z; = oza:?.
This happens for all the time periods j = 1,2,...,t — 1, so we sum this for (¢ — 1) periods. The remaining agents at each
time period incurred a waiting cost of ¢y, ; thus, we have a second term. Finally, the third term is because the remaining
agents, -, will move to the goal node at the last time period ¢. The optimal value of a policy 7*, V* := V™", can be written

as

Cmint1
2

o0

V*:ZIP’[xL...,xf]-Ca(;v{,...,xt*), (29)
t=1
where @7, 23, ..., x}_q,z} is the optimal departure sequence. These x} are obtained by minimizing the cost of function
Co(z1,. .., xt). Moreover, Pla7, ..., z}] is the probability of occurrence of this optimal departure sequence. In Theorem
5 we provide the optimal departure sequence 7, . .., =}, and the corresponding value C, (27, ..., z}).

B.2 Proof of Theorem 5

Recall the theorem: The optimal departure sequence is given by

" t+1 o t—1

Jj=1

Moreover, the optimal cost Cy, (27, . . ., 27 ) of using the above optimal departure sequence is

ny2 Cmin  tE—=1)(t+1) 2,
tC) t—1). _ . Smin
ot(7) +nlt-1- 52 12 102
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Proof. First, recall for the departure sequence x1, . . ., x;, the cost function is given by
t—1 t—1 J
2 2
Co(x1,...,2¢) = a X sz Jrz <n2z,> - Cmin + @ X X3
j=1 j=1 i=1
t—1 t—1 J -1 2
—ax ey (13w ) tax (n- )
j=1 j=1 i=1 j=1

The proof of this theorem follows by taking the partial derivative of the cost function with respect to the z;’s and equating
them to zero. The first order conditions are necessary and sufficient because the Hessian of the above cost function is
positive definite (shown below), and hence the minima exist. The partial derivative of the cost function with respect to x;
is given by

oC

t—1
aTj:za:cj—m (n—%x) —(t—j)emn =0, Vji=1,2,...,t—1. (30)

From the above equations, we have

Gmin 1,9, .t —2.
2

Converting all the variables x2, x3, ..., x:—1 in terms of x1, we have

$j — $j+1 =

Cmin

Vji=23,...,t—1. 3D
Also, from Equation (30), for j = 1, we have

PYe t—1

p. =202 — 2o <n — Z%) — (t = 1)emin = 0.

=1

Substituting the variables x2, x3,...,x;—1 in terms of 1 in above equation, and solving for x; using Equation (31), we
have

t—1 t—1
. Cmin
21 — 2« (n — Zml> — (t = Demin = 2ax1 — 2 (n — Z (Jcl —(G—-1)- 50 )) —(t — 1)cmin = 0.
=1 i=1
Solving for 21, we have
n t—1 cu
x _ . nnn. 2
=Tty g, (32)

Putting them in Equation (31), we have

n t—1 Cmin n t+1 . Cmin .
ot Y. N KL B s Vi=1,2,.. . t—1.
& t+< 7 U )> 2a L+< > 9) QaJ J
wt*zn—ijlt_lx;‘»

Next, we show that the Hessian of the cost function is positive definite. It is easy to see that the Hessian is given by

da 200 200 ... 2«

) 200 4o 200 ... 2«
A4 Ca(fEl,...,iCt,l): : : : : : 3

200 200 20 ... 4«

i.e., all the diagonal elements are 4«, and all off-diagonal elements are 2a.. For such a matrix with the n x n order one
eigenvalue is 2(n + 1), and the remaining eigenvalues are 2«.. So, all the eigenvalues are positive; hence Hessian is
positive definite. So, the function is convex.

To complete the proof, we put back all 2;’s in the cost function and simplify it further

. n\2 Cmin  tt—1)(t+1) 2,
fi19 . t—1) = t(—) p—1). Smin _ . Cmin
Clajii J=at(3) +nlt=1- 5, 12 4a?

This ends the proof. O
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Apart from the cost of the optimal departure sequence, we also require the probability of this departure sequence to compute
V*. To this end, we recall the feature design of transition probability that allows an agent to stay or depart from the initial
node s;y;; to the goal node g iff the sign of the action a’ taken by agent i matches the sign of the transition probability
function parameter 0Z ie, sgn(a}) = sgn(6) forall j = 1,2,...,d — 1. This is because for each agent i € N, we have
(p(s"|s%,a%), (0", 5=)) as follows:

i

—(a’,0") + 1;5 X 27}71, if s'=5" = sinit

. ) : 1 al,el oy L , . 7 = Sinit, Vi _
<¢(s’ |s',a), (0% L_1)> _ @0+ X i 8 =S, 8" =9 (33)
2 07 Zf s = g7v S = Sinit
L x5 ifss=s"=g.

Hence the transition probability is as follows

P(s'|s,a) = Z< o(s"|s",a) (02nll>> (34)

i=1
Using the sign matching property, we have the following theorem for the transition probability.

B.3 Proof of Theorem 6

Recall the theorem: The transition probability P[z, = 7}, ..., z; = x}] is given by
t—1 k t—1
Plos =af,..m=ai]l = [[ (1= (= (r=m 3 a3)) x (3= (v =m 3 x3),
k=1 j=1 j=1

1
n-2n—1°

where v = (%Jr 712‘,{ 1) andn =

Proof. To find the probability of optimal departure sequence, we first find the probability of all agents reaching the goal
state g exactly by ¢ time period starting from initial state §;,,;. Formally, we find the following probability

Ploy =27, ...,x—1 =7 1,0 =2} = P(S41 = 8,5 #8511 # & ---,52 7 &|S1 = Sinit,a1).

This is because, the agents will reach to the goal state in exactly ¢ time periods while using x7, ..., 2}_;, «} is the optimal
departure sequence. So, ¢ time periods will end if 5441 = g.

The above probability can be written as

P(St-u =g.5:#8g, ...,8 7ég|s1 :Simitaal) = IP’(S2 #g|s1 :sinitaal) X HD(SS 75g|s1 :sin,it7s2aalva2)
X X P(St 7ég|s1 =sz‘t7S2’---7St—1,a17---,at—1) X ]P’(St+1 =g|S1 =Sim‘t,52,-~-’St,d1,-~-,at)-

This can be written as follows

t—1
Plsii1 =85t #8 - 82 #8ls1 =Simin, 1) =[] Plsksr #gls1 = Sinit, 52,55, a1, .., ax)
k=1
XP(si41 = gls1 = Sinit;S2, - - 81,a1,. .., at)
t—1
= H(l — P(skt1 = gls1 = Sinit; S2, .- -, Sk, a1, - .., ax))
k=1
XP(st11 = g[s1 = Sinit,S2, - - -84, a1, ..., ay). (35)

To find this probability first consider the following probability forany k = 1,2,...,t — 1

gy 0 1
P(sk+1 = gls1 = Sinit;S2, - -, Sk, @1, - .-, Qk)) = Z (<ak,aek> + 71271—1> + Z (nQn—l>

{i:si::si”it} {i:si:g}
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A 0 1
- ¥ (Grama)t X () @

{i:s} =sinit} {i:si =g}

The above equation uses the definition of transition probability, depending on the number of agents that have moved from
the initial node to the goal node and the number of agents already at the goal node. Moreover, we also note that the agent
i will move to goal node from the initial node with highest probability if the sign of @}, matches the sign of 02, for each
component and for all k = 1,2,...,¢ — 1. Thus, (ai, 0,) = %, forallk =1,2,...,t — 1.

Substituting Eq. (36) in Eq. (35), we have the following

P(str1 =8,5¢: #8&,-..,52 7# 8l$1 = Sinit, a1)
t—1

(1 =P(spy1 = gls1 = Sinit,S2,. .., 8k, a1, ... ,a))
k=1
X P(St41 = 8[S1 = Sinit, 52, -,85¢,@1,...,a;)
t—1

I A CRR N =

{i:8},=sinit} {i:si =g}

< Y Graw)t X ()

{izs!_ | =Sinit} {izs}_,=g}

t—1 k A
= 1- R—Z(Ej <n+ . on— 1) ij <2n1>

B
I
—_

k=1 j=1
t—1
A
Jj=1
where in the last inequality, we use the fact that the departure sequence is 1, x2, ..., T¢_1.

The above probability is the same as the probability of optimal departure sequence z7, i.e.,

t—1

Plry =af, ... .01 =2}, 2 =a7] = [| (1* (vn(vn)if@)) X (vn*(vfn) _ x;)v

k=1 j=1 j=1

wherewz(%+#) andn = —1—. O
Since it is hard to get the closed form expression of the above optimal value we obtain an approximation of the optimal
value function for regret computation. So, we define the approximate optimal value in terms of a given large T' < oo, as

T
Vi =3 Plot.....a7] - Calaf,....a7).

t=1

We use this approximate value in the computations, where 7" is tuned suitably.

C PROOF OF THE INTERMEDIATE LEMMAS AND PROPOSITIONS

In this section, we will provide the proof details of Lemmas and Propositions stated in this appendix.

C.1 Proof of Lemma 3

Proof. The proof of this lemma involves three major steps: 1) the convergence of the cost function parameters (Theorem
2); 2) convergence of the optimistic estimator of the state-action value function whenever MAEVT is triggered (Theorem
3); 3) the regret given in Equation (19) will be decomposed into two components (Theorem 4), and each component will
be bounded (Propositions 5, 6). This decomposition further depends on the agents for whom the MAEVI is triggered or
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not. The decomposition of regret in this manner is novel to our multi-agent congestion cost minimization. To best of our
knowledge this is not available in literature.

To complete the proof, we need to bound both F/; and E5. The following proposition gives the bound to £, which uses
all the intrinsic properties of our algorithm design.

Proposition 5. The term E is upper bounded as follows

TB?nd
)

E, < SﬁT\/Qleog <1 + sz) + 8nd(B, + 1) {log (1 + ) +2 log(T)} +4(n+1). 37

Proof of this proposition is available in Section C.3 of this appendix. Next, we bound the other term E5, which uses the
Azuma-Hoeffding inequality. The following proposition provides the bound to Fs.

Proposition 6. The term E5 is upper bounded as follows

1 — onT onT
By = ;23* 2T log (5) = 2B,/2T log (5) (38)

The proof of this lemma is present in Section C.4. The proof of Lemma 3 follows by substituting bounds of £; and Ey
from Equations (37) and (38) in Theorem 4,

R(M) < SBT\/Qleog ( + TfQ> +8nd(By + 1) [log (1 + TB)\End> + 21og(T)] +4(n+1)

TB?nd
A

onT
2B, /2T log (7;) + 2n%dB, log (1 + ) +2nB, log(T) + 2.

Combining the lower order terms, we have

TB2
Ry < 10,6’T\/leog (1 + A*) + 16n2dB, log (T +

T2B?nd
/\ )

This ends the proof of Lemma 3. O

C.2 Proof of Proposition 4

Proof. The proof uses the ideas for the single agent SSP in Tarbouriech et al. (2020) and Min et al. (2022); however, for
the multi-agent setup, we have some extra challenges. Consider the following

i (Hi{ sz(m Sm.h) ZV1<m) smh+1)}>

1= =1

Jl(m sm 1 E sm Hm+1)>

—~
)
=

I
Mi Il

m=1 <
() M—-1 1 n 1 n
- (TL Z ‘/le(””‘f‘l)(s'm‘i'l 1) n Z ‘Gi(m) (smaHmJFl))
m=1 i=1 i=1
—1 1 n
+ (nZVJt(M) Sm.1) — 72‘/;7 m+1) (Smt1, 1)>
m=1 i=1 i=1

1 « Vi
+*Z Jl(M)(le ZV,(M) (Sa1,Hp+1)
1 =1

n

—1 n
(44) 1 i 1 i
= (n > Vi i) Smi1) — - > Vi (sm,Hm+1)>

i=1 i=1
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y(s1,1) ZV (any(S2,1)

n

SMl E M) (S0, Har+1)

_|_

= 3|~
-
kﬁ

Il
M -
= vg:
7

+
i

Vyi(mﬂ)(smﬂ 1 Z Vl(m Sm Hm+1)>

i=1

S
Il
-

Z V7(M) Sm HM+1)

+
| —
'M:
<
=
—
w
I
,_.

n i=1 i=1
(iv) M — 1 n 1 n . 1 n ;
S Z n Z ji (m+1) sm+1 1) n Z Vvh("l) (Sm,Herl) + g Z iji(l)(slvl)’ (39)
m=1 =1 =1

where (i) follows from the telescopic summation over h; in (i) we add and subtract = >7" | Vl (m +1)(sm+1,1) inside

the summation. (i4¢) again uses the telescopic summation. Finally, (iv) follows by droppmg a non negative term with a
negative sign.

Now consider the first term of the RHS of the Equation (39). Note that the interval ends if either of the two conditions are
satisfied: 1) MAEVI is triggered by at least one agent ¢ € N; 2) all the agents reach the goal state. Let us suppose, all the
agents reach the goal state hence §,,11,1 = Sinit, and s.,, 17, +1 = g. This implies

1= IR
Z Gotmet1) Smt1,1) ZV ) Smot41) = =Y Vi gy (Sinit) = — > Vi) (8)
=1 1=1 1=1
IR
- ;Zvﬂm 1) Simit ) (40)
i=1

Next, suppose the interval ended because MAEVI is triggered for some agent ¢ € N. Then we apply a trivial upper bound,
ie.,

*Z Gi(m+1) (Sm+1,1) vam) Sm.H,41) ZmaXHV [loo- (41)

1=1

Also recall the total number of calls to the MAEVI algorithm from Lemma 1 is given by

TB?nd

J < 2n’dlog (1 + ) + 2nlog(T).

Thus, from Equation (39) we have,

> (s L3

1 J R
< Z ( ZV, mt1)(Sm+1,1) Zvl(m) Sm, Hyn+1 > - ﬁzvﬁ(l)(slvl)
i=1 i=1

m=

1 =
@ =

1 1 ;
< > (nZ (m1) Smit>']1{m+1eM<M)}> + -2 Vi)

m=1

TB?nd
+ [Qnleog (1+ ;n )+2nlog } ZmaXHV [ oo

(i1)

< Z < Z i(m) sznzt ) + % Z V()l(s””t)
i=1

meM(M) i=1
TB?nd 1
- 2nlog(T)| - — » B,
)+ 2ntog()| 13

+ [2n2dlog (1 +
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n

) 1 i
- Z <’FL Z Vvh(m) (sinit)> +1+ 2n2dB* log (1 +

meM(M) i=1

TB?nd

) +2nB, log(T), 42)

where the first inequality is the same as Equation (39). (i) uses the combination of Equations (40) and (41) along with the
fact that if the goal state is reached by all the agents, then m + 1 € M(M). In (i7) we use the fact that V! (e (s1 1) =

Vi (init) for all agents i € N. Also, ||V} ||« < B, foralli € N. Finally (iii) follows from the fact that VO (Sinit) =1
for all © € N. The proof follows by arranging the terms of the above Equation (42). U

C.3 Proof of Proposition 5 (Bounding ;)

Proof. Recall, from Equation (4) we have

ZZ[ Z C\Sm,hy@m,h; W Z]P)Vl smh;amh _*ZV (m) smh)]-
i=1

m=1h=1 =1

First note that ij;;(m)(sm’h) min, Q mySmohy @) = Q;i(m) (Sm.h>@m.1), therefore E can be written as

Hy,

M n
Z Z [izc(sm,haam,h; ZPV (m) (sm h’amh ZQJL(m Sm,hs@m h)l :
m=1 =1

Since the interval, m ends if the MAEVI is triggered for at least one agent or all the agents reach the goal state. Let S,,, be
the set of agents for whom the MAEVI is triggered in the interval m. We can decompose the above summation over .S,,
and S7,. In particular, we have

M H,,
El = Z Z [ Z sm hy@m h; W Z PV (m)(sm h7amh Z le(m) Sm,h;@m h)‘|

i€ESm zGS 1€S

m=1 h=1
M H,, 1
+ Z E E(Sm,mam,hQ Z Vl(m) (Sm hy@m, h Z le(m) Sm,h>Qm,, h)
m=1h=1 1€S¢, ZESC zESC
M H,,

= [E1(Sm) + E1(S7,)]-

m=1 h=1

To bound E;, we need to bound both F1 (S,,,) and E(SS,) for each m. As opposed to the single agent SSP of Min et al.
(2022), we need separate bounds for E1(Sy,) and E1(SS,). First consider Ey(Sy,).

Bounding E;(S,,)

First consider F4(.S,,). To bound this, we will use the MAEVI update for each agent i € S,,. Recall that the MAEVI
update is given by

Qi7(l)(sm,h7am,h) = E(Sm,haam,h; wi) + (1 - Q) min <07 ¢Vi’(l*1) (sm,h)>
GEC;Z(m>ﬂB

1

7

\ V

1—gq)-

(sm,hyam,ha l) + (1 - (]) < m,h> ¢V’iv(l*1)(sm,h)>
= &Sy @ i; W) + (1= q) - Oty Dviy (Smn)) + (L= q) - (O, [Pria—1) — Do) (Smn))
= &Sy @i W) + (1= q) - (O by (Smn)) + (1= q) - Py o[VHOD = V2O (5, )
= esmn @mniw) + (1= q) - P VOO (sp00) + (1= q) - Ppy n[VEED = VEO (5,,.5)

e w') + ( ) (

1—q) P p VoD (s ) —

C\8m,h,Am, h; W
Ji(m)

where the last inequality follows from the fact that the stopping criteria for the MAEVI for agent i € S,,, is ||V —

VEED || < el = 1 . So, the above inequality implies that
K Ji(m

E(sm,h7am,h;w ) Ql’(l)(sm h?am h) (1 - q) - (1 - q) . Pm,hvi7(l)(sm,h)~

tji(m)
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Adding IP’I/jii(m) (S, hs @m,») on both sides in the above equation, we have

&S, @ ;W) + PV s Sy @) — Q7O (S 1 @ )

~(1—¢q) Prp VO (s,0)

< [ijé(m) (Sm7h7am7h> +(1-q)-
Ji(m)

= [P - Pm,h]‘/jii(m)(sm,mam,h) +q- ]P)m,hvil'(l) (sm,h) + (1 - Q) !

tji(m)
(i) . 1
< [P - Pm,h]vji(m) (sm,haam,h) +qB, + (1 - Q) : L (m)
7i(Mm
i B 1
D — P ]V} () (St @) + 2 + (1= q) -
ji(m) tji(m)

i) , B, +1
< <0 — Oy e (sm,h,am,h)> + : (43)

gi(m) tji(m)

where () uses the fact that VZ ) < < V™ < B,, (ii) is consequence of the fact that ¢ = ——, and (iii) follows by

Ji(m

dropping a negative term. Now taking summation over ¢ € .S,,,, we have the following:

1 _
E Z C(sm,hyam,h; Z ]P)Vl(m) (snL hy@m, h Z Ql snL,haanL,h)
1ESm ZES ZES
1 B, +1
< (0" - i (Smon,a .
_< O by — Z¢VJ<) m,h @, h) +nz Lo
zG m 1€Sm Tt

Let Mo(M) = {m < M : j;(m) > 1, Vi € N} be the set of all intervals for which the output of MAEVI algorithm is
;i(m) for all agents i € N rather than the output Q. We first consider the intervals from My (M). So, from the above
equation, we have

Z Z [ Z sm sy Qm iy W Z ]P)V’L sm h;amh - ﬁ Z Ql,(l sm s Ay, h)]

meMo(M) h=1 1€Sm 165’ i€Sm

Hp,
< Z Z [<0* mhv Z d)V’ ) sm,h;am,h)> +% Z

t;.
meMo(M) h=1 zES i€Sm Ji(m)

- ¥ %Ka* Bt S b, >sm,haam,h)> Dy Zl >

meMo(M) h=1 P meMo(M) h=1 L' i€Sm Ejs(m)

B, +1

(44)

Al A2
To bound the above, we need to bound A; and A,. First consider A;.

Hp,
Al = Z Z <0* mh7 Z (bvz . sm,h,am}h)>]

meMo(M) h=1 P

Hyp
Z Z li Z <0* B 0m,hv¢Vji<m>(sm’h7am’h)>] . (45)

meMo(M) h=1 i€Sm

To bound the above term, consider the inner term in the above equation for agent ¢ € S,,,,

(m) (sm,h7 am,h)>

(6" = 0.

(1)
< HB* 0., hH)Dt(m h) H(bvjfi(m) (sm,h7am,h)| 2;‘(’;’}”

JE— * Ai . .
=16 +9; (m) = Oim) = Omonllsmi - lldvs (smﬁ’“m»h)”zz'(‘; "

(m)
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(14) Ai N

< (116" = 85,z + 11650y = Ol ) - 6w Gonstm)llgr

(#47) Ai

< 2(110° =85, mllss,, + 10500 = Ol ) ) - lovs Gl

(1v)

< 45TH¢VJZ(" (Sm hs@m, h)”):;(*l})' (46)

where (i) uses the Cauchy-Schwartz inequality. In (i7) we apply the triangle inequality; (ii¢) uses the following: recall
tj,(m) is the time at which the j;(m)-th MAEVI is triggered by agent 7, and ¢(m, h) is the time period corresponding to
the h-th step in the m-th interval. Therefore, t(m, h) > t;,(,,,). Therefore, by determinant doubling criteria we must have
det(Zy(m,ny) < 2det(Xy; ) otherwise, t(m, h) and ¢, (,,) would not belong to the same interval m. The inequality
follows from A (¢(im n)) < 2Ak(E)s; (,,, forall k € [nd], where Ax(-) is the k-th eigenvalue. Finally, (iv) follows from
the fact that 8" and 6,,, 5, belong to the confidence ellipsoid C;i(m)

Moreover, we also have the following:

<0* - 0m,h7 d)Vjﬁ(m) (sm,,haam,h)> § < ¢V ) ( m,haam,h)>
= PV]L(m) (sm,h7am,h)
< B,. 47)

From Equations (46) and (47), we have

(0" = Omnsbv: | mnsamn))
Ji(m)

IN

min{B,, 4BTH¢VJ?(7 (Sm,n,@m h)HzL
f

t(m,h)
45T min{l, Hd)v;(

N

(sm,hﬂam,h)”gi—l }7 (43)
m) t(m,h)

where the second inequality is because of the fact that B, < 7 < 457. This implies from Equation (45) we have,

H,, 46T '
Al S Z Z [ Z mln{lvH(bV;(” (sm h,am h)HZY 1 . }‘|
meMo(M) h=1 €S ¢ t(m,h)
4ﬁ Hpp,
T .
< n Z Zl : Z Z [Z min{1, HQSV;'.(,”) (Sm.h, @m.n)| |2 2 }]
mGMQ(M) h=1 meMo M) h=1 Li€Sm i t(m B

4
= % T D Z[Zmin{1,|¢v;b_(m)(sm,h,am,h)||;1 )}] , (49)

meMo(M) h=1 Li€Sy, t(m,h

the above inequality follows from the Cauchy-Schwartz inequality (product of inner term with 1. Hence summation will
become the inner product). To bound the other term in the above square root, we will use the Lemma 4 given in this SM as
follows:

Z Z Z mln{l,”(ﬁvz (s77L hy@m, h)” i }
gi(m) 2t(?n h)

meMo(M) h=1 Li€S,,
(1)

¢y i[mm{zl,z|%M<sm,h,am,h>||; H

meMo (M) h=1 i€S8y,  1ESm t(m )

(i) Hm
< Z Z lmm {Z Z H(bvz sm,haam,h)szq }]

meMo(M) h=1 iEN  iEN fomn
HTY‘L

. 1
=n- Y 2:[1ﬂ111{1,§:||¢w (S @) |12, H
n - Ji(m) z(m h)
iEN

meMo(M) h=1
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(iid) trace(\I) + T - 37, Bnd
< 2n [ndlog < race(M) + d" Liey Bin > - log(det()\I))]
n

2
=2n {nd log <A”‘”T£B*"d> - log()\nd)}

And + TB?nd
< 2n%dlog And + L Bind
And

2
= 2n%dlog ( Tf*) ,

where (7) follows by interchanging the summation and min operator. In (ii) we replace the sum over i € S,,, by ¢ € N; and

(éii) follows from Lemma 4 of Abbasi-Yadkori et al. (2011), and the fact that max,, e pqo(ar) ||¢V;< )(-, )| < Byvnd.
Ji(m
Combining this with the Equation (49), we have
4 TB?2
A < == 6T T- 2n2dlog( *>
n A
TB2
= 46 [2Tdlog {1+ =+ ). (50)
Next consider A, recall
+1|® en [1 = Bo+1
ne 3 Sy Bt i
meMo(M)h=1 L' i€S,, Ejsm) meMo(M)h=1 L' ieN "Ji(m)
J o i+
(@) 1 - 1
2B, +1) - =
€N ji=1t=t;,+1 Ji
Dy ly y 2
* n - ;
iEN ji=1 i

= 2B, +1)J

(iv) TB?nd

< 2(B, +1) [2n2dlog (1 + An > + 2nlog(T)}

2
=4(B.+1) [n2d10g <1 + TB;nd> + nlog(T)]

(v) TB2nd
< 4n?d(B, + 1) {log (1 + An ) —Hog(T)} , (51)

where (i) follows by replacing the summation over i € .S,,, by summation over ¢ € N. In (i) we use the fact that the total

t,
number of time steps can be represented either as >, v¢ (an) Sim 1 or 327 PR DA .41 1. Since the time doubling

condition ¢ > 2t;, in the algorithm implies ¢;, 1 < 2¢;, for all j;, we have (497). In (iv) we use the bound on J given in
Lemma 1. Finally, (v) follows from the fact that n log(T) < n?dlog(T).

Plugging Equations (50) and (51) in Equation (44) we have

Hp,
Z Z [ Z sm s @m by W % Z P‘Gé(m)(sm,haam,h) *% Z Qi’(l)(sm,haam,h)‘|

meMo(M)h=1 L~ i€S,, = =

2 2
< 4BT\/2leog <1 + Tf*> +4n%d(B, +1) {log (1 + TB)tnd> + log(T)} . (52)

Finally, to bound E} (Sm) we need to bound

Z Z l Z sm hy@m, h; W ’I’L Z PV (m)(sm haamh Z Ql l) sm h;@m h)‘| .

meMG(M) h=1 1€Sm, 1€Sm, zESm
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Recall that M§(M) is the set of all intervals m such that j;(m) = 0 for all ¢ € N, i.e., the intervals before the first call of
MAEVI sub-routine. Since ty = 1 by triggering condition ¢ > 2t for all agent, so the first MAEVI will be called at ¢t = 2
by all the agents. Therefore, we have

Z Z [ Z smhy“mhv Z ]PV i(m) sm haamh - Z Qz l) sm sy @, h)]

meMG(M) h=1 1€Sm zeS zES

2
1 § : = i 1 § % 1 § i, (1
‘ |"fl C(sm,hvam,h;w ) + 5 P‘/;7(m) (sm,h;am,h) - ﬁ Q ( )(sm,haam,h)]

1€Sm 1€Sm i€Sm

>
Il

(@) & i 1 i
< Z l Z c(s1,n,a1,n,W") + - Z P‘Gi(l)(sl,haal,h)]
h=1 " ien iEN
2|1 1
SIESSERIRIRIRE Do Cren)
h=1 i€EN i€EN

(i)
< 2(n+1), (53)

where (i) follows by dropping a negative term and (i7) is because ¢(sq a1 p;w") < n as the maximum congestion
observed by any agent is n and the private component of the cost to each agent is K* < 1 moreover, |V (s)| < 1.

Combining Equations (52) and (53), we have

M Hp,

2
S>> Ei(Sm) < 45T\/2leog (1 + TABE> +4nd(B, + 1) [1og <1 + TB;“) + log(T)} +2(n+1). (54

m=1 h=1

Now, to bound £, we need to bound Zm 1 h ™ Ev(S%,).
Bounding F (S5,)

To bound E (SE,) we first observe the following: Since ¢ € S¢,, this implies that the MAEVTI is not called for agent ¢ in
m-th interval; therefore, agent ¢ will not update its optimistic estimator. So, in the m-th interval, agent 7 uses the same
optimistic estimator used in the (m — 1)-th interval. Thus, there is some 1 < k; < m for agent ¢ such that the last MAEVI
call made by agent ¢ was at (m — k;)-th interval, i.e., Q] m) = le(m—l) Q],(m 9 = Q (m ki) And this
Q;‘i(m—k’i) is obtained from the MAEVI update, hence i € S,,_r,, Whereas i € Sm_kﬁ_l, Sm—ki+2’ -+ ,8¢ . So, from
the analysis done for those agents for whom the MAEVTI is called at (m — k;)-th interval, and Equation (48) we have for
all agents ¢ € Sy,—p;

(8 = O

(m—ky)

(Sm,h7am,h)> < 4fr min {1, Py (Sm,hs @mn) || i1 } ~
Ji(m—k;) t(m—k;,h)

Moreover, from equation (43), we have

E(sm,hy Am .k wi) + ]P)V;;(m_kl) (sm,ha am,h) - Qi’(l) (sm,h; am,h)

B, +1
< (0 = Ok bvy o nn)) + T —
ji(m—k;) tji(m_ki)
. B, +1
< Afrmin{l, ||y (Smh@m.n)|lsgi— P/
di(m—k;) t(m—k;,h) i (m—k:)
Also, note that V? hm) = le(m )= Vji(m o) = = le (m— ki),thisis because MAEVI is not called in the intermediate

intervals by agent i, as V7, (Sm,n) = ming Q’ )(Sm,n,@). So for each agent, i € Sy, the above equation can be
written as

B, +1
=i :

&S, @ i W) + PV, () (S @) = QY (s @) < 4B min{L, |6y - (S @m,n)| "
Jiq t(m,h ]1 m
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Furthermore, this is true for all the agents ¢ € S, . Taking summation over ¢ € S¢,, we have

- Z |: C\Sm,hy@m,hi W )+]P)V (m)(sm,haam,h) - Qi7(l)(sm,haam,h):|

ZGSC
467 : By +1
S SR N AR SR R D
i€Se, zeSf Ljsm
(Z) 4ﬁT 1 B, +1
—— min Z 1, Z ||¢Vfi<m> (sm,haam,h)‘ E;(_‘rrll,h,) + " Z o om
i€Se,  i€Sg, iese, gi(m
(i7) 4BT 1 B,+1
< min i —
T on Z ZH(ﬁV smh’amh)l =) +nz Ljs(m)
i€EN 1EN i€EN K

| 1 1 B, +1

< - ; 2 "

< 4637 min {17 " GZN ||¢Vji<m) (Sm,h,am,h)| 2;(,,1,h,)} + n Z ] )
1

fen Lim)

where (7) follows by interchanging min and summation. In (i) we replace summation over ¢ € S¢, by summation over
1€ N.

Since, Q;‘,(m) is same as Q;’.,(mf i) taking summation over m, and h in the above we will have the same bound as we
have for E(S,,). This implies,

M H
m 1 . y i
Ex(Sp) =2 > |- > [E(sm,haam,h?wl) + PV () (S @) — Qll(l)(sm’h’am’h)}
m=1h=1 | " 1€SE,
M H,
m 1 B* + 1
< 4 ; n
< Z Z B min Z ||¢)V Sm hy@m h)HEi(m " + n Z te
m=1h=1 "ien N

TB?nd

< 4ﬁT\/2Td log (1 +

the last inequality uses the same ideas as used for bounding Zf‘le ZhH;”l E1(Sy,). Combining Equations (54) and (55),
we have the bound for E; as follows:

Z Z [E1(Sm) + E1(SS)]

m=1h=1

2 2
< 86T\/2leog (1 + Tf) + 8nd(B, + 1) {log (1 + TBA*”d) + 210g(T)} FA(n+1).

Bz) + 4nd(B, + 1) [log <1 + > + log(T)] +2(n+1), (55

This ends the proof. O

C.4 Proof of Proposition 6 (Bounding F)

Proof. Recall Fj is given by

M H,, [ n

Z Z Z ijl, (m) Sm h+1 Z IP)V7 sm,haam,h)] .

m=1h=1 =1

The first thing to note is that F is the sum of the martingale differences. However, the function V; m) is random, not
necessarily bounded. So we can apply Azuma-Hoeffding inequality. Let us define an filtration {Fy, 1, } m n such that F,, 5,
is the o-field of all the history up until (s, j,, @, 5 ) but doesn’t contain §,,, j,41. Thus, (S, i, @m.p) 18 Fim p-measurable.
Moreover, VJZ (m) is F.y,,;, measurable. By definition of operator P, we have E[V. o (m)|]:m n] = PV! i m) forallt € N,
which shows that F5 is martingale difference sequence. To deal with the problem that VJ” (m) might not be bounded, define
an auxiliary sequence _ _

Viimy = min{ Be, Vi) 1
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It follows that V’( ) is F,,n-measurable.

Z i |"I7, va(m) Sm, h+1 - *ZPVZ(m)(sm hy@m, h)

m=1 h=1 =1 i=1

M H,,
+ZZ[ Z ) = Vi) Sman) —*Z]P’ oy = Vim )](smmamh)].

m=1 h=1 =1 i=1

Since 17; (m) is bounded, we can apply the Azuma-Hoeffding inequality Lemma 5 and get with probability at least 1 —0/2n
that

Ey = %i2B* 2T log <5/€ )—i—
M H,, n
>5[

Note that under the MAEVI analysis and optimism, we have V m) = V ' (m) for all j;(m) > 1 for all i € N. Moreover,

n

=i 1 i =i
Z oy = Vil Smonsr) = =~ > PV ) = Vﬁ(mﬂ(smﬁm"m’h)] :
i=1 i=1

initialization V0 =V forall i € N implies the second term in RHS is zero. Thus, with probability at least 1 — § we have

1 & 2nT 2nT
B =~ ;23*, [2T log (5) = 2B, /2T log <5>,

This ends the proof. 0

D SOME USEFUL RESULTS

Theorem 7 (Theorem 1, Abbasi-Yadkori et al. (2011)). Let {F;}52, be a filtration. Suppose {n:}:2, is a R-valued
stochastic process such that 0y is Fy-measurable and ny|F;_1 is B-sub-Gaussian. Let {¢;}$2, be an R%-valued stochastic
process such that ¢y is F;_1-measurable. Assume that 3 is an d X d positive definite matrix. For any t > 1, define

t t
S =S4 o) anda =) mdy.

k=1

Then, for any § > 0, with probability at least 6, for all t, we have

—1/2 det(Et)l/Q
||Et at||2 S B\/Qlog (5 K det(z)l/Q .

Theorem 8 (Determinant-trace inequality; Lemma 11 Abbasi-Yadkori et al. (2011)). Assume ¢1, ¢a, .. ., ¢y € R? and for
any s <t,||¢s||a < L. Let \ > 0and By = NI+ Y\, 50 . Then

det(E) < (A +tL?/d)".

Lemma 4 (Lemma 11 in Abbasi-Yadkori et al. (2011)). Let {¢;}22; be in R? such that ||¢¢|| < L for all t. Assume X is
psd matrix in R, and let $; = B¢ + ZZ:I bs0. . Then we have

2
{dlog <t7"ace(§]0) +tL

t
S min{L, |51 } <2 L ) - logdet(EO)] |

s=1

Lemma 5 (Azuma-Hoeffding inequality, anytime version). Let {X;}{2, be a real-valued martingale such that for every
t > 1, it holds that | Xy — Xy — 1| < B for some B > 0. Then for any 0 < § < 1/2, with probability at least 1 — 0, the

following holds for allt > 0
t
| X — Xo| < 2B, [2tlog (5)
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Lemma 6 (Kushner-Clark Lemma Kushner and Yin (2003); Metivier and Priouret (1984)). Let X C RP be a compact set
and let h : X — RP be a continuous function. Consider the following recursion in p-dimensions

Tep1r = T{ae + ye[h(@e) + G+ Bel}- (56)
Let f( -) be transformed projection operator defined for any x € X C RP as

P(h(a)) = lim { P(z + nf;(m)) —z } |

then the ODE associated with Equation (56) is & = I'(h(x)).

Assumption 5. Kushner-Clark lemma requires the following assumptions

1. Stepsize {7V }¢>0 satisfy Y, v = o0, and vy — 0 as t — oo.

2. The sequence {3, }1>¢ is a bounded random sequence with 3, — 0 almost surely as t — oo.

Ze)O.

Kushner-Clark lemma is as follows: suppose that ODE & = f‘(h(x)) has a compact set K* as its asymptotically stable
equilibria, then under Assumption 5, x; in Equation (56) converges almost surely to K* as t — oc.

3. Forany € > 0, the sequence {(; }+>0 satisfy

P
Z Yo Gr

T=t

lign P <5upp2t
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