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Abstract

We present and analyze the Krylov—Bellman
Boosting algorithm for policy evaluation in gen-
eral state spaces. It alternates between fitting the
Bellman residual using non-parametric regres-
sion (as in boosting), and estimating the value
function via the least-squares temporal differ-
ence (LSTD) procedure applied with a feature
set that grows adaptively over time. By exploit-
ing the connection to Krylov methods, we equip
this method with two attractive theoretical guar-
antees. First, we provide a general convergence
bound that allows for separate statistical estima-
tion errors in residual fitting and LSTD computa-
tion. Consistent with our numerical experiments,
this bound shows that convergence rates depend
on the restricted spectral structure, and are typ-
ically super-linear. Second, by combining this
meta-result with sample-size dependent guaran-
tees for residual fitting and LTSD computation,
we obtain concrete statistical guarantees that de-
pend on the sample size along with the complex-
ity of the function class used to fit the residu-
als. We illustrate the behavior of the KBB algo-
rithm for various types of policy evaluation prob-
lems, and typically find large reductions in sam-
ple complexity relative to the standard approach
of fitted value iteration.

We focus on policy evaluation for Markov decision pro-
cesses defined over general state spaces. Policy evaluation
occupies a central role in reinforcement learning. It is of in-
terest both in its own right and as a key subroutine in many
algorithms. For instance, classical algorithms for com-
puting optimal policies, such as policy iteration (Howard,
1960), and iterative schemes like policy gradient (Williams,
1992; Silver et al., 2014; Sutton et al., 1999; Kakade, 2001)
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methods and actor-critic schemes (Konda and Tsitsiklis,
2001; Mnih et al., 2016; Bhatnagar et al., 2009).

Policy evaluation in discrete state spaces, i.e., the tabular
setting, is very well-understood (e.g., (Bertsekas, 2017b;
Bellman, 1957; Puterman and Brumelle, 1979)); far more
challenging are Markov decision processes involving gen-
eral state spaces. In this setting, there are at least two broad
classes of approaches. One approach is based on using a
suitably “rich” non-parametric function class to repeatedly
refit an estimate of the value function; procedures of this
type are known collectively as fitted value iteration (Ernst
et al.,, 2005; Antos et al., 2007; Munos and Szepesviri,
2008; Scherrer et al., 2015; Chen and Jiang, 2019), or FVI
for short. Another classical approach to approximate pol-
icy evaluation is via the least-squares temporal difference
method, or LSTD for short (Bradtke and Barto, 1996; Sut-
ton and Barto, 2018; Boyan, 2002). Given a finite collec-
tion of features or basis functions, it computes the value
function within the associated linear span that provides the
“best fit”, as formalized in terms of a projected fixed point
(e.g., (Bertsekas and Yu, 2009; Yu and Bertsekas, 2010)).
In practice, the quality of the LSTD fit depends strongly on
the given basis, and finding a good basis is often a diffi-
cult task. There is a line of past work (Keller et al., 2006;
Menache et al., 2003) on automated procedures for feature
construction.

Our contributions: In this paper, we propose and an-
alyze a procedure for approximate policy evaluation that
combines the LSTD framework with the boosting approach
of fitting residuals. The method estimates the value func-
tion by computing a sequence of LSTD solutions, where
the basis used at each round is augmented with a non-
parametric estimate of the Bellman residual from the previ-
ous round. The LSTD steps can be interpreted as comput-
ing a sequence of Krylov subspaces, and accordingly, given
these foundations, we refer to our method as the Krylov—
Bellman boosting algorithm, or KBB for short. In the tab-
ular setting, an idealized form of the KBB algorithm with
exact Bellman residuals has been studied in past work (Parr
et al., 2007, 2008), called the method of Bellman error ba-
sis functions (BEBF). However, this algorithm has been en-
tirely limited to the setting of finite-dimension state spaces,
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and relied on exact computation with full knowledge of
the transition dynamics, which are both unrealistic restric-
tions. Instead, we use non-parametric procedures to (ap-
proximately) fit the residual in general state spaces. More-
over, any theoretical analysis of the procedure needs to ac-
count for the associated statistical errors (as well those in
approximate LSTD calculation).

Within this broader context, the primary contributions of
this paper take the form of two theorems. Our first main
result, stated as Theorem 3, is a general convergence guar-
antee for the KBB algorithm that allows for errors in both
the residual fitting and LSTD computations. Our conver-
gence guarantee involves a sequence of so-called restricted
spectral values (cf. equation (15)) that track how the ef-
fective conditioning of the residual problem improves as
the algorithm proceeds. Our second set of results, stated
as Theorem 4 and Corollary 1, provides guarantees in the
RL setting, and in particular, for independent samples of
state, next-state and reward triples. Under this set-up, The-
orem 4 provides an upper bound on the regression error
for a general function class, whereas Corollary 1 combines
this guarantee with Theorem 3 to provide an “end-to-end”
guarantee for a particular instantiation of the KBB algo-
rithm. While we focus on the i.i.d. generative setting for
concreteness, we note that our framework for analysis is
general: by using tail bounds for dependent processes, one
could also provide concrete guarantees for trajectory-based
sampling models.

1 BACKGROUND

Here we describe some background necessary to explain
and motivate our results. In Section 1.1 we describe the
basic setup of the problem of interest, solving for the value
function of a Markov reward process, as well as an asso-
ciated sampling model. Section 1.2 then describes an ap-
proximate method for solving for the value function as lin-
ear combination of given basis functions. Finally, in Sec-
tion 1.3 we describe Krylov subspace methods for solving
linear equations.

1.1 Markov decision and reward processes

A Markov decision process consists of a state space X, an
action space U, a reward function R, along with a collection
of probability transition functions. In this paper, we focus
exclusively on the policy evaluation procedure, in which
case a given policy is fixed up front. For a fixed policy, a
Markov decision process reduces to a Markov reward pro-
cess (MRP), which can be characterized more simply in
terms of the state space X, along with a probability transi-
tion kernel P, and a reward function.

In a Markov reward process, the states evolve over time
according to a collection of transition kernels P. At some

time ¢ = 1,2, ..., when in state x;, the next state is gener-
ated by sampling X; 1 ~ P(- | x1), where for each z € X,
the function P(- | x) defines a probability measure over X
Under standard regularity assumptions, the operator P has
a stationary measure 4 satisfying the consistency condition

p(a') = Ex~u[P(z" [ X)].

The MRP also is equipped with a reward function R :
X — R, which we assume to be uniformly bounded and
p-measurable. At time ¢t = 1,2,..., when in state x;, we
receive a reward R(x;).

The problem of policy evaluation corresponds to comput-
ing the value function

V*(z) =E[ Z 7' R(Xy) | mo = ], (1)
t=0

where the conditional expectation is taken over a trajectory
(X1, Xa,...) from the underlying Markov chain. Since the
reward function R is measurable and uniformly bounded,
the value function exists and is uniquely defined. More-

over, it is measurable, uniformly bounded by m, and

1—y
therefore V* € L2(X, ).

Given a value function V € L2(X, 1) we define the Bell-
man operator 7 : L?(X, ) — L?(X, u) via

T(V)(2) = R(x) + 1B gy [V ()] Ve eX. (2)

By classical results on dynamic programming, the value
function is a fixed point of the Bellman operator—that
is, V* = T(V*). Moreover, the Bellman operator 7 is
~-contractive in the norm | - |,; see the standard refer-
ences (Puterman, 2014; Sutton and Barto, 2018; Bertsekas,
2009) for further background.

In order to clarify the connection to solving linear oper-
ator equations, define the transition operator P(V')(z) =
E, ()| V(z')]. Observing that P is a linear operator
on L?(X, 11), we can rewrite the Bellman fixed point rela-
tion as

V*=R+4PV* « (I—-~vP)V* =R, @3)

where Z denotes the identity operator on L?(X, 11). Thus,
computing the value function is equivalent to solving the
linear operator equation (3).

We conclude by describing the sampling model studied in
this paper. The operator P and the reward function R are
unknown to us, but we have access to sample transition
pairs (z,r,z’) generated as follows

x~p, 7=R(@), and 2 ~P(]|z). 4)
To be concrete, intermediate stages of our procedure make

use of a dataset D = {(z¢, ¢, z})}-, of n samples.
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1.2 Linear function approximation and LSTD

When the state space &’ is sufficiently complex—either fi-
nite but with a very large number of states, or continu-
ous in nature—any efficient scheme for policy evaluation
requires some form of function approximation. In loose
terms, we choose some function space, and then seek to
find the “best” approximation to the value function within
this space.

A classical and widely-used approach is based on lin-
ear function approximation. Given a collection of func-
tions ¢; € L*(X,u) for j = 1,...,J, known either
as features or basis functions, we use the subspace 8§ =
span{@1, ¢a,..., ¢} to approximate the value function.
An attractive feature is that any function in the subspace &
can be written as Vy = Z'jjzl 0;¢; for some vector 0 € R7,
so that computations can be reduced to linear-algebraic op-
erations over R”. One way to define the best approximation
is via the notion of a projected fixed point (e.g., (Bertsekas
and Yu, 2009; Yu and Bertsekas, 2010)). Defining the pro-
jection onto the subspace 8 via II(f) := arg minyes || f —
V., we seek a function V"™ e § that satisfies the pro-
jected fixed point condition V'™ = II(7(V'5™)). Since
IT is non-expansive and 7 is a contraction, both with re-
spect to the | - ||,-norm, there is a unique solution V"™,
known as the population LSTD solution. For future refer-
ence, we note that an abstract characterization of V5™ ig
in terms of the orthogonality conditions

(j, B(VE™)), =0  forallj=1,...,J, (5

where B(V""™P) = V'™ T (V') is the Bellman resid-
ual.

Less abstractly, the computation of the LSTD estimate
VST can be reduced to solving a linear system over R”.
Let () = (¢1(2), pa(x), ..., d:(z)) € R be the vector
obtained by evaluating each basis function at the state
x. By standard LSTD theory (Bradtke and Barto, 1996),
we can compute the LSTD solution V"™ by solving for
6™ € R? in the linear system

Ex x1) [‘I)(X)(Q(X) — ’}/(I)(X/))T]QLSTD _
Ex~u[R(X)®(X)], (6)

and then setting V™™ = VjLstp.

In most practical settings, we cannot compute these expec-
tations exactly, but instead have access to samples D =
{(z;,r;, x;)}_, generated according to the model (4). We
can use these samples to form empirical estimates as fol-
lows. The plug-in estimate g1s™ is obtained by solving the

linear system

(

Z @(mi)(@(xi) - ’y(b(x;))T)é\LSTD

S|

- LS ey, @
=1

n ¢

which leads to the empirical LSTD estimate jisto
V§LSTD~

1.3 Krylov subspace methods

Portions of our development rely on connections to Krylov
subspace methods for solving systems of linear equa-
tions, which we describe briefly here. See the book by
Saad (Saad, 2003) for more details. Suppose we are inter-
ested in solving a linear system Az = b, where A € R4*4
is a matrix, and b € R" is a vector. Krylov subspace meth-
ods are based on approximating the solution to such a lin-
ear system via an expanding sequence of subspaces. For
each positive integer j = 1,. .., d, we define the j*"-order
Krylov subspace as

K;(A,b) = span{b, Ab, A%, ..., ATb}. (8)

Using the subspace KCj(A,b), we can define an approxi-
mate solution Z € K;(A, b)

TeK;(4,Db) suchthat  b— AZ L K;(A,b). (9)
Many algorithms for computing approximations to z in-
volve forming the Krylov subspace KC; (A, b) and then solv-
ing the system (9); the conjugate gradient method is a no-
table instance. In the setting of tabular reinforcement learn-
ing, the problem of policy evaluation is equivalent to solv-
ing a linear system, so that Krylov methods are applicable,
as has been noted in past work (Petrik, 2007). Our method,
to be described in the next section, exploits the connection
to Krylov theory at the more abstract level of operators, and

allows for statistical errors in the updates.

2 KRYLOV-BELLMAN BOOSTING AND
ITS GUARANTEES

In this section, we first describe the Krylov—Bellman boost-
ing (KBB) procedure (Section 2.1), and then state some
theoretical guarantees on its performance (Section 2.2).
The KBB algorithm involves a sequence of LSTD solu-
tions, along with a sequence of fits to the Bellman residual.
Our first result (Theorem 3) is a general guarantee, one that
allows for arbitrary errors in these intermediate computa-
tions. In Section 2.3, we analyze a general family of non-
parametric procedures for fitting the residual, and provide
an end-to-end result that bounds the behavior of the KBB
procedure with statistical error.
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2.1 Krylov-Bellman Boosting

The KBB procedure can be viewed as a procedure for adap-
tively choosing features or basis function; each feature is a
function belonging to L?(X, ). In the Krylov—Bellman
boosting procedure, we assume access to a mechanism that
generates samples of the form (z;, 7;, z}) generated accord-
ing to the sampling model (4), with which we estimate the
desired quantities. As described in Section 1.2, a dataset of
the form D12 = {(z;,7;,2})}JL, can be used to com-
pute the empirical LSTD estimate (7). Moreover, given
our current estimate V' of the value function, consider the
problem of estimating the Bellman residual B(V") using a
dataset D"*¢ = {(z;,r;,2;)}" ;. In the specific instan-
tiation of the KBB algorithm given here, we implement
and analyze a non-parametric least-squares estimate of this
residual. More precisely, given a suitably chosen function
class ¥ and the dataset D*”“, we compute the approxima-
tion

fer

BV) ~ argmin {37 (Vi) = (s + 2V (21) = )

(10)

The Krylov—Bellman boosting (KBB) procedure alternates
between LSTD fitting and fitting of the residual, as stated
formally as Algorithm 1.

An important choice is the function class ¥ used to com-
pute the regression estimates (11). There are various fami-
lies that are commonly used in machine learning and statis-
tics, including splines and other linear smoothing meth-
ods (Wahba, 1990; Hastie et al., 2001), reproducing ker-
nel Hilbert spaces (Hofmann et al., 2008), random forests
and regression trees (Breiman et al., 1984; Breiman, 2001),
boosting procedures (Freund and Schapire, 1997), and neu-
ral networks (Schmidhuber, 2015). For our numerical ex-
periments presented in Section A, we used a regression tree
boosting procedure (Chen and Guestrin, 2016).

2.2 Convergence guarantees

We now provide some theoretical guarantees for the
Krylov—Bellman Boosting procedure. Our first result (The-
orem 3) is of a general nature: it allows arbitrary pro-
cedures to be used in computing the LSTD solutions and
residual fits at intermediate stages of the algorithm. In fact,
while we have described the KBB residual fits in terms of
non-parametric regression, Theorem 3 actually applies to
other procedures that might be used for this task. (For in-
stance, if the model dynamics were known, one could use
numerical procedures to approximate the Bellman update.)
Our second main result (Theorem 4) is more specific in na-
ture, in that it provides bounds on the error in the LSTD
and residual fitting steps induced by using empirical sam-
ples, as used in our introduction of the procedure.

2

For ease of notation, define the discount operator Q :=
Z — vP. In the analysis given here, we assume that
the Markov chain is reversible.! This assumption im-
plies that the transition operator is a self-adjoint operator
on L2(X, p), so that (Pf, gy, = {f, Pg)y, forall f,g €
L?(X, ;). This self-adjoint operator Q defines the in-
ner product {f, g)o = {f, Qg),, along with the induced
norm | fllg = +/{f, @f),. Under certain regularity con-
ditions, it can be shown (cf. the supplement) that the oper-
ator Q = 7 — ~P is self-adjoint, invertible, and satisfies
the relation

A =IfIF < <F Q< X+ NIFIE

for all f € L?(X,u). In addition, the operator Q is
bounded and (under mild regularity conditions) has a dis-
crete spectrum.

12)

Let W; :== ¢, — B(V;_1) denote the error in the regression
procedure at round ¢. Our first assumption provides control
on the regression accuracy:

}Assumption 1 (Reg-Err). For each iterationt = 1,2,.. .,

the regression procedure is di-accurate:

B3] < o2, (13

Our second assumption provides control on the accuracy of
the LSTD computation at each step:

Assumption 2 (LSTD-Err). Af each iteration t, the ap-
proximate LSTD solution Vy is €™ -accurate:

* (a) *
Ve = V*Ig < V™ = VPG + (47)%,

(b)

LSTD
<€ .

d
(14)
IB(V:) = B(V;"™)le

We provide a brief discussion of these assumptions. As-
sumption 1 assumes that the approximate residual fit (10)
is accurate up to some degree. To validate this assump-
tion, we provide a guarantee in Theorem 4 on the regression
step. Assumption 2 is an assumption on the accuracy of the
standard LSTD estimate; see the paper (Dalal et al., 2018)
for a concrete guarantee on the given LSTD estimator.

Our theory involves the behavior of the operator Q when
restricted to certain subspaces of the function space. Re-
call that at each iteration, the algorithm performs LSTD
over the linear subspace 8; = span{¢y,...,¢:}. Letting
8+ denote the orthogonal complement, we define the con-
straint set C; = {z € 8} | (z, @7 'z), = 1}, and the C;-
restricted spectral values

and M, = sup |z]2.
2€C+

— 2
my == 161rleftL I3 (15)

! Although our theory exploits reversibility, it does not seem
essential to the practical behavior of the algorithm itself, as shown
by the simulations to follow in the sequel.
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Algorithm 1 Krylov—Bellman Boosting

1: Inputs:

(i) Datasets D;*"” and Dj*“, t = 0,1,2,...,

each containing transition tuples generated according to the

model (4). (ii) Function class # over which to perform regression.

2: Initialize Vp = 0, So = .

3: fort =0,...do
4:  Use dataset Dj*C = {(z;,r;, x})} i, to estimate B(V;) by solving the non-parametric least-squares problem:
1 & , 2
Gri1 € argmin J Z Vi) = (ri +7 - V() = Fx)]" - (1)
ti=1
5:  Update basis set S;+1 = S U {¢¢11}-
Define function z — @41 (z) = (¢1(z), ¢2(2), ..., Ppr1(x)) € R
6:  Use dataset D570 = {(z;, 7, x;)}™ to estimate LSTD coefficient vector 77! € R**! via
t+1 IS orT (1T A
0 = | 3 @) (@i () = 1@ @) { = Y @)}
Mt i3 M i3
7: Set Vip1 = Z§+11 9§+1¢j.
8: end for
Note we have the sandwich relation 1 — v < my < M; < fori =1,2,...,n, where
14 at each iteration t. We let [, 1 denote the expectation
over the noise at iterate ¢ + 1. f*(x)=V(x)—TV(x), and (16)
Theorem 1 (General KBB bound). Suppose that the =7 (PV(xi) = V(a})). (17)

Krylov—Bellman procedure is run with a d;-accurate re-
gression procedure (cf.24), and an €™ -accurate LSTD
implementation (cf. 25). Then at each stept = 1,2,...,
the error satisfies the Q-norm bound

EvalVirs = VI3 < (1— 555 ) I = V71

10 2 8M, LSTD)\2
+ﬁt'§t+m?'(€t )

See the appendix for the complete proof.

2
Note that the function ¢ — Tv[ is non-decreasing in ¢ by
definition, so convergence is at least geometric, and can be

faster if the ratio 8“5 is growing quickly. Using the fact

that m; > 1 — v and Mt < 1 + v, we have the contraction
W <1- éil +,)y) at every iteration.
However in the next section we illustrate that the conver-
gence can be much faster than this worst case behavior. In
addition, we can control the error terms 67 and (e}°™)2 by
the number of samples, n; and m, used in the regression
procedure and LSTD estimate, respectively.

factor is at least 1 —

2.3 Regression bounds and consequences for KBB

Here we provide some results on the regression proce-
dure in Algorithm 1 for completeness. Given data points
DrEC = {(xy,ry, )}, we can write the regression
problem in the generative form as y; = f*(z;) + w;

Here we have used the fact that the rewards are determin-
istic. It should be noted that the “noise” variables w; are
actually dependent on the states z;, so that some care is
required in the analysis.

We can write our regression procedure as

1 n
feargml 72

n

Note that it need not be the case that f* € #. In order to
allow for the possibility of such mis-specification, we de-
fine the || - ||,,-projection IT; from L?(X, 1) onto F, which
is well-defined when ¥ is closed and convex.

Our results involve a non-asymptotic upper bound on Hf —
B(V)| . it is easy to convert it to a | - [|o-guarantee at the
cost of a (1 + )- factor (see the supplement for details).
Additionally, it involves a statistical estimation error (3,
that depends on the function class #. This quantity de-
creases to zero as the sample size n increases, but the rate
of decrease depends on the complexity of the function class
F; see Appendix D.1 for its precise definition, and associ-
ated details.

Theorem 2 (Regression bound). For a given function V €
L?(X, 1), suppose that we compute an estimate f of the
Bellman residual B(V') via the regression procedure (10)
over a b-bounded and convex function class F. Then we
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have

BIf B0 <efsie L e
+ 1L (B(V)) = BV) 2},

where the statistical estimation error (3> depends on the
complexity of F.

See the supplement for the proof. Note that our regression
procedures depends on 32, as well as the approximation
error ||II;(B(V)) — B(V)|2: such dependence is to be
expected since we are fitting f in some function class ¥
that does not necessarily contain 5(V').

Combining Theorems 3 and 4 yields the following “end-to-
end” guarantee on the KBB algorithm:

Corollary 1 (End-to-end guarantee for KBB). Under the
assumptions of Theorems 3 and 4, there are universal con-
stants c¢1 and cy such that the KBB update satisfies

2

EuealVess = VI < (1- 5E) Vi - V'I3
+ cin]yz[t . (ELSTD)Q

a1 2, 1 (p2 2
+M{ n+ﬁ(b +H‘/I‘HOO)

+ TL(BV:) — BVi[12},

j2

where n = ny = | DFEC|.

2.4 Estimation error via localized complexities

The statistical estimation error can be decomposed as the
sum

2 =w) +en, (19)
where each of the two quantities (w,,,e,) arise from lo-
calized complexity measures, in particular sub-Gaussian or
Rademacher complexities, that play a central role in empir-
ical process theory (van de Geer, 2000; Bartlett et al., 2005;
Wainwright, 2019). When fitting the residual f* = B(V),
the relevant set is the shifted function class F={f—f]|
f € 7}, where f == II4(f*) denotes the | - |,-projection
of f* onto 7.

In the non-parametric fit of the Bellman residual, there are
two sources of “noise”. The first is the Bellman noise, and
it leads to the sub-Gaussian complexity at scale § > 0 de-
fined as

;gwlg(%)

Gu(8:F) = E l sup

geF.lgl.<s

] (20)

Here the x; is generated i.i.d. from the stationary distribu-
tion u, whereas the noise w; is generated according to the
model (16).

The second form of “noise” has to do with the discrepancy
7 2io1 f7(w:) and
the population norm | f[|, = +/E[f2(X)]. In order to

prove a uniform bound on this discrepancy, we make use
of the local Rademacher complexity of F at scale § > 0 as

] QD

Here {z;}"_, arei.i.d. samples from the stationary distribu-
tion y, and {e;}}"; are i.i.d. Rademacher random variables
taking values in {—1,+1} with equal probabilities, inde-
pendent of {z;}7_,.

betwen the empirical norm | f|,, =

n

% 2 eig(wi)
i=1

Ro(0; ) = E [ sup

9eF lgl.<s

The two quantities €,, and w,, in the decomposition (19)
are both quantities known as critical radii in empirical pro-
cess theory. They are defined, respectively as the smallest
positive solutions to the inequalities

Gnlen, F) o and
En 2 Wn

n(wn; N) n
R Y
R J ‘“b (22)

As long as the function class F is convex (as assumed

here), it can be shown that both of the functions § — g"T@

and § — R#(é) are non-increasing on the positive real line,
and so the critical radii always exist. We refer the reader
to Chapters 13 and 14 of the book (Wainwright, 2019) for
more details on critical radii, and the arguments used to es-
tablish claims of this type. See the appendix for the critical
radii computed for specific function classes.

3 NUMERICAL RESULTS

We illustrate the behavior of the KBB algorithm for a range
of problems, including both idealized and semi-realistic
settings. In performing these simulations, goal is to reveal
some qualitative differences when compared with value
iteration and fitted value iteration, as well as to provide
empirical confirmation of the accuracy of our theoretical
predictions. Recall that the Bellman operator 7 is -
contractive with respect to || - | ,, so we can iteratively apply
T and ensures convergence to the true value function V*;
this is the value iteration algorithm. The fitted value itera-
tion (FVI) algorithm applies when the Bellman update can-
not be computed 7 (V') exactly, and must be approximated.
Given a dataset D = {(x;, 7, x})}"; and a function class
F, we compute an approximation via

fer (i3

7{07) € arg min {1 Zn: [ri + 7V (27) — f(xz)f} :

In fitted value iteration, we iterate repeating this regres-
sion procedure for every step (potentially with a different
dataset). Algorithm 1, in each iteration, computes the Bell-
man residual B(V;) = V; — TV, which involves comput-
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ing the Bellman operator 7 V;, so we compare each itera-
tion to one iteration of value iteration and fitted value it-
eration, using the same regression procedure and number
of samples. In our implementations of Algorithm 1, we
use D}"P = DFFS—that is, the same samples used in fit-
ting the regression procedure are re-used for the LSTD fit.
When running the algorithm, we have observed that en-
suring the first regression is very accurate results in much
better convergence. In the first step, Krylov-Bellman is es-
timating the reward function R. Having accurate estimates
of the reward function is likely essential as the algorithm is
effectively solving the linear system QV = R.

3.1 Circular random walk

For a more structured model, we create a tabular MDP with
|X| = 200 states as follows: indexing the states modulo
200 (i.e. state —2 is actually state 198), for a state z, it has
% probability of transitioning to itself, and then a % proba-
bility of transitioning to states t —2,x — 1, x+ 1, and x + 2.
The dynamics here model a random walk on the circle, and
have a more interesting eigenstructure than the purely ran-
dom transition models from the previous setting. As shown
in Figure 4, the qualitative behavior of the algorithms is
similar. The value iteration algorithms, either exact or fit-
ted, still exhibits the linear behavior that is indicated by the
~-contractive nature of the Bellman operator 7. Krylov—
Bellman Boosting is again much faster than either of the
algorithms, especially in the case of v = 0.99.

3.2 A non-linear example

Consider the nonlinear system in the 3-dimensional state
variable z; = [z¢1 @12 3] € R? and control vector
u; € R3 given by

2 2
Tt4+1,1 — Ti41,2 Tyl — Ti o
Tt41,2 =A T¢2 + Bu; + wy
2 2
Tt+1,3 — Tyi11 Tt,3 — Ty
with control and cost function given by
2
Le,1 — Ty o
Ut = K T2 s and
2
Tt,3 — Ty
2 17T 2
Tl — Tio Te1 — Tio
T
e, ug) = T¢,2 Q Tt,2 + u” Ruy.
2 2
Tt,3 — Ty T3 — T 1

Here A, B and K are all three-dimensional matrices, with
each of Q and R positive semidefinite, whereas the random
vector w; € R3 follows a zero-mean multivariate Gaussian
random distribution. We choose a nonlinear control system
of this form for ease of computation: for a system of this
general type, despite being nonlinear, it is straightforward
to perform exact value iteration via a change of coordinates

(see the book (Isidori, 1995) for further details). We gener-
ate the associated matrices A, B, Q, K, and R randomly.

The results of the algorithm are plotted in Figure 6. We
still observe the linear behavior of value iteration in both
settings, however this algorithm requires us to know the
underlying nonlinear system exactly as well as its transi-
tion dynamics. In general, Algorithm 1 performs much bet-
ter than fitted value iteration. When v = 0.9, initially the
algorithm is much faster than value iteration, but eventu-
ally it catches up and overtakes it due to the noise in the
algorithm. In the setting of v = 0.99, we see that Krylov—
Bellman Boosting is much faster than either value iteration
or fitted value iteration. However in this case, we are run-
ning Krylov—Bellman Boosting on the state space given by
x¢, which has nonlinear transition dynamics and cost func-
tions.

4 PROOF-SKETCH

In this section, we provide proof sketch for our first main
result, Theorem 3. Due to space constraints, the full proof
as well as the proof of the other results can be found in the
appendix.

Roughly speaking, the idea underlying the proof is that
one round of the KBB algorithm is at least as good as a
gradient-type update that is restricted to the subspace C-.
For this reason, the algorithm depends on the restricted
spectral values (15) over this subspace, which determine
the conditioning of the effective problem at each round.

In more detail, suppose both the LSTD and regression pro-
cedures are exact, and consider the problem of minimizing
the functional (V') = (V —V*, Q(V — V*)},. It has
(Frechet) derivative VF (V) = Q(V - V*), and more-
over, since the operator Q is positive and self-adjoint, this
is a convex optimization problem, achieving its (unique)
minimum at the true value function V*. Using these prop-
erties along with conditions defining LSTD optimality, we
can prove that, for any choice of stepsize o > 0, we have

[Vigr = VG < Ve = aQ(Ve = V) =V

Using the fact that Q(V; — V*) = B(V;) and then expand-
ing the square yields

[Vi —aB(V;) = V*g

= [Vi = Vg = 2a(Vi =V, B(Vi))o

+a?[B(Vi)lo
@ *
= Vi = Vg = 20| BV}, + 2| B(V)[3,

where step (i) makes use of the equivalence Q(V; —V*) =
B(V;). Since V; is the LSTD fit over 8, the optimality con-
ditions for the projected fixed point equation (1.2) ensure
that B(V;) L 8, or equivalently B(V;) € 8. As an impor-
tant consequence, we can control |B(V;)||, and |B(V})| o



Krylov-Bellman Boosting

Circular policy evaluation, y=0.9

--@- Fitted Value Iteration
-@- Krylov-Bellman Boosting
—#— Value Iteration

—_
o
c \
o 2 »
o \
o
-
3 ‘
e
LN .
—a] "
(Y an T4 “m.r oo
(5 é 1‘0 15 2‘0 2‘5 36
Number of iterations
(@)

Circular policy evaluation, y=0.99

0] HgEsssnssas PPy
» 800
‘\
°
1 \
\
\
= §
.
g -2 \K.
(] \.
[@)] .o
3 _3 o!\.‘
0o ® \
L A
ol
—47 ..e- Fitted Value Iteration b\ ,’\
-@- Krylov-Bellman Boosting v e
—#— Value Iteration »
0 5 10 15 20 25 30
Number of iterations

Figure 1. Illustration of the behavior of three different algorithms, value iteration (red), fitted value iteration (green), and

Krylov-Bellman Boosting (blue). We plot the log error in the | -

|| ,-norm (vertical axis) against the number of iterations used

(horizonal axis). (a) Circular MRP with discount factor v = 0.9. (b) Circular MRP with discount factor v = 0.99.
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Figure 2. Illustration of the behavior of three different algorithms, value iteration (red), fitted value iteration (green), and

Krylov-Bellman Boosting (blue) on the nonlinear policy evaluation problem. We plot the log error in the || -

| .-norm (vertical

axis) against the number of iterations used (horizontal axis). Algorithm 1 is still much faster than fitted-value iteration, but in the
case with v = 0.9 the Krylov—Bellman Boosting is faster than value iteration initially but because of the noise, value iteration
catches up and overtakes it. (a) Discount factor v = 0.9. (b) Discount factor v = 0.99.

in terms of the restricted spectral values (15). We claim that
the Bellman residual B(V"9"™) satisfies the bounds

IB(V) |3 < 2M [V'S™ = V*[3,  and o)
IBVOIL = me[VH™ = V3.
Indeed, by combining these two inequalities we obtain
[Vier — V*o < (1= 2am; + 202 M) |V, — V|-

Setting o = ;”T}t yields

2
my

)=V

This provides on outline of the proof; the complete proof is
more involved as it needs to address what arises when there
are errors in computing the LSTD fit V; and the Bellman
residual B(V%) .

|mﬂ—vw9<(

S DISCUSSION

In this paper, we presented and analyzed the Krylov—
Bellman boosting (KBB) procedure. It is an efficient al-
gorithm for policy evaluation based on samples for general
state spaces, that is built on the machinery of Krylov sub-
space methods for solving linear operator equations. As
opposed to an idealized Krylov method, our approach al-
lows for errors in both the LSTD steps and the fitting of
the Bellman residual, and we provide general convergence
guarantees that track the effect of such errors. On the em-
pirical front, the KBB algorithm typically exhibits a super-
linear rate of convergence, which is significantly faster than
the linear or geometric rate obtained by fitted value iter-
ation. Consistent with these empirical observations, our
theory also reveals superlinear convergence. In particu-
lar, we show how the KBB convergence rate is determined
by the spectral properties of the Bellman residual opera-
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tor when restricted to a shrinking sequence of subspaces.
Finally, we analyzed the use of non-parametric regression
routines for fitting the Bellman residual. We proved a gen-
eral theorem that bounds the residual fitting error in terms
of a combination of approximation error, and statistical es-
timation error. There exist many interesting avenues for fu-
ture work. While the current theory applies to reversible
Markov chains, the method itself exhibits rapid conver-
gence for general Markov reward processes. It would be
interesting to close this gap between theory and practice
by developing theory applicable to non-reversible Markov
chains. Finally, given the promising nature of our sandbox
simulations, it would be interesting to implement the KBB
procedure on larger scale and more realistic MDP prob-
lems.
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A Complete numerical results

We illustrate the behavior of our algorithm in a mixture of idealized and semi-realistic settings. Appendix A.1 highlights
the behavior of our algorithm in the tabular setting, where X is finite, and Appendix A.2 illustrates the performance in
the linear-quadratic setting, where X = R?, but the transitions and costs have simple representations. Appendix A.3
demonstrates the behavior of our algorithm for a nonlinear system with more complicated dynamics.

We compare our algorithm to value iteration and fitted value iteration. Recall that the Bellman operator T is -y-contractive
with respect to | - |, so we can iteratively apply 7 and ensures convergence to the true value function V*; this is the
value iteration algorithm. The fitted value iteration (FVI) algorithm applies when the Bellman update cannot be computed
T (V) exactly, and must be approximated. Given a dataset D = {(x;,7;, x})}"; and a function class ¥, we compute an
approximation via

e

T(V)eargmln{ Zn] [ri + 7V (2 )f(fvz)f}

In fitted value iteration, we iterate repeating this regression procedure for every step (potentially with a different dataset).
Algorithm 1, in each iteration, computes the Bellman residual B(V;) = V; — TV} which involves computing the Bellman
operator 7V}, so we compare each iteration to one iteration of value iteration and fitted value iteration, using the same
regression procedure and number of samples. In our implementations of Algorithm 1, we use D;%"” = DJ"“—that is, the
same samples used in fitting the regression procedure are re-used for the LSTD fit. When running the algorithm, we have
observed that ensuring the first regression is very accurate results in much better convergence. In the first step, Krylov-
Bellman is estimating the reward function R. Having accurate estimates of the reward function is likely essential as the
algorithm is effectively solving the linear system QV = R.

A.1 Tabular MRPs

In a tabular MRP, the state space X is finite; for ease of notation we represent it as X = {1,2,...,d} where d = |X|.
We can then represent all quantities of interest as either a matrix or a vector: the transition operator P can be written as a
matrix P € RI¥1*I¥1 and the reward function R can be identified with a vector in R € RI*! via

R, = R(z) and P, =P |x) forallz € X,

where P(a’ | x) is the probability of transition to ' from . Similarly we can represent a value function V' as an equivalent
vector in RI*l. The Bellman operator can then be written in the matrix form as 7V = R + vPV. In this setting we
perform the regression procedure over the function class # = RI?*!, and the regression is equivalent to computing the
sample average for every state.

Random Transitions: In our first example of a tabular MRP, we create a |X'| = 300 dimensional MRP by generating
a transition matrix P € R3%0%390 with i.i.d. Unif (0, 1) entries, with each row rescaled so as to ensure row-stochasticity.
Similarly, we generate a reward vector R € R3%° with i.i.d Unif (0, 1) entries. We generate such independent samples of
such models, and set the discount parameter as v = 0.9 in one case, and v = 0.99 in the other. The results are plotted in
Figure 3. The plots clearly illustrate the advantages of Algorithm 1 over fitted value iteration and value iteration. As the
KBB error becomes quite small, we see the error floor (due to statistical error in evaluating the residual) start to dominate,
as should be expected.

Circular Random Walk: For a more structured model, we create a tabular MDP with |X| = 200 states as follows:
indexing the states modulo 200 (i.e. state —2 is actually state 198), for a state z, it has 1 3 probability of transitioning to
itself, and then a = probablhty of transitioning to states z — 2,z — 1,z + 1, and = + 2. The dynamics here model a random
walk on the 01rc1e and have a more interesting eigenstructure than the purely random transition models from the previous
setting. As shown in Figure 4, the qualitative behavior of the algorithms is similar. The value iteration algorithms, either
exact or fitted, still exhibits the linear behavior that is indicated by the -y-contractive nature of the Bellman operator 7.
Krylov—Bellman Boosting is again much faster than either of the algorithms, especially in the case of v = 0.99.

A.2 Linear Quadratic Regulator

The linear quadratic regulator (LQR) is a canonical model in optimal control; it plays a central role in many applications,
including aeronautics, robotics and industrial process control (Bertsekas, 2017a; Kalman, 1960). Here we consider a
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Figure 3. Illustration of the behavior of three different algorithms, value iteration (red), fitted value iteration (green), and Krylov
Bellman Boosting (blue) on the random tabular MRP. We plot the log error in the | - || ,-norm (vertical axis) against the number
of iterations used (horizontal axis). (a) MRP with discount factor v = 0.9. Value iteration excepts the characteristic linear plot
that reflects the «y-contractive nature of value iteration. Fitted value iteration approximates value iteration, and performs worse as
a result of being an inexact procedure. Krlov-Bellman Boosting performs much better than either of these algorithms, although
we see that its convergence slows down drastically and becomes somewhat unstable. (b) MRP with discount factor v = 0.99.
Like previously, value-iteration exhibits linear plot that illustrates the contractivity of the Bellman operator 7, albeit at a much

slower rate. Fitted value iteration is also still slower than value iteration, and Krylov—Bellman Boosting is much faster than both
of them, but exhibits much greater instability in this setting.

particular variant of the LQR problem known as the linear quadratic Gaussian (LQG) problem. The state space X = R?
and action space & = R are continuous, and the transition dynamics starting from state ; € R? and taking action u € R”
is given by

Ti41 = A.’L‘t + But + Wt,
where A € R%*4 ig the transition matrix, B € R?*? is the action matrix, and w; ~ A (0, ). We formulate this problem in
terms of a cost function, rather than a reward function (although for the purposes for policy evaluation it is a meaningless
distinction). Given symmetric positive semidefinite matrices Q € R%*% and R € RV*", the cost function at each stage is
Y(z,u) = 27 Qx + u' Ru.

We restrict our attention to policies of the form u; = Kx; where K € Rv*?_We then have a Markov reward process with
dynamics and costs given by

Tig1 = (A + BK)mt + we and Y(x) = JUtT (Q + KTRK)xt'

Assume that the eigenvalues of A + BK are contained within the unit circle on the complex plane. The goal is to solve for
the value function V* of this MRP. The value function can be written as

V*(z) = 2TP*x + % -trace(P*X),
-7
where the matrix P* € R%*¢ is the solution to the Lyapunov equation

P* = Q+ K'RK + 7(A + BK) P*(A + BK).
Value iteration involves computing the update
Pi1 = Q+K'RK + (A +BK) P, (A+BK) and c;11 = ve; + trace(P, ).

The pair (P, ¢;) define the value function via the value function via V; () = 7 P;x +¢;. When A + BK has eigenvalues
contained within the unit circle, this update is guaranteed to be a contraction.
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Figure 4. Illustration of the behavior of three different algorithms, value iteration (red), fitted value iteration (green), and Krylov
Bellman Boosting (blue) on the random tabular MRP. We plot the log error in the | - || ,-norm (vertical axis) against the number
of iterations used (horizonal axis). The algorithms in this setting perform quite similarly to those in Figure 3, although the
Krylov—Bellman Boosting algorithm seems to be more stable in this setting than in the previous one. (a) Circular MRP with
discount factor v = 0.9. (b) Circular MRP with discount factor v = 0.99.

In the numerical simulations, we choose d = 5 and v = 3. The matrices A, B, and K are chosen to have i.i.d. Unif (0, 1)
entries, and then rescaled to ensure that the eigenvalues are contained within the unit circle. The symmetric matrices
Q and R are computed by generating matrices with i.i.d. Unif (0,1) random variables and then left-multiplied by its
transpose to ensure symmetry. The regression steps in both fitted value iteration and Krylov—Bellman Boosting use the
XGBoost routine (Chen and Guestrin, 2016) to perform the fitting. Result are given in Figure 5. As before, we observe
a geometric (or linear) convergence rate for value iteration, consistent with the y-contractive nature of the update. We
also see approximately linear convergence of fitted value iteration, albeit at a slower rate compared to value iteration.
Krylov—Bellman Boosting is again more rapidly convergent than these two procedures. (We note that KBB hits an error
floor due to the statistical sampling involved, whereas exact value iteration, which is based on unrealistic knowledge of
the true dynamics, does not involve any such error.) For a larger discount factor v = 0.99, the gains afforded by the KBB
procedure become more significant.

A.3 A non-linear example

Consider the nonlinear system in the 3-dimensional state variable x; = [xt’l Tio Ty, 3] € R? and control vector u; € R3
given by

2 2
Tt4+1,1 — Ti41,2 Tyl — Ti o
Tiy1,2 =A Tt2 + Bu; + wy
2 2
Tt+1,3 — L4110 T3 — Ty

with control and cost function given by

2 2 17T 2
Tt,1 — Ly 2 Tt,1 — Ty 2 Tt,1 — T2
T
Ut = K Tt 2 s and Ct(It,Ut) = T2 Q T2 +u Rut.
2 2 2
L¢3 — T Tt,3 — T T3 — Ty

Here A, B and K are all three-dimensional matrices, with each of Q and R positive semidefinite, whereas the random
vector w; € R? follows a zero-mean multivariate Gaussian random distribution. We choose a nonlinear control system of
this form for ease of computation: for a system of this general type, despite being nonlinear, it is straightforward to perform
exact value iteration via a change of coordinates (see the book (Isidori, 1995) for further details). In the simple case where
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Figure 5. Illustration of the behavior of three different algorithms, value iteration (red), fitted value iteration (green), and Krylov
Bellman Boosting (blue) on the LQR policy evaluation problem. We plot the log error in the || - || ,-norm (vertical axis) against
the number of iterations used (horizontal axis). The algorithms in this setting perform quite similarly to those in Figure 3,
although the Krylov—Bellman Boosting algorithm seems to be more stable in this setting than in the previous one. (a) Linear
Quadratic Regulator with discount factor v = 0.9. (b) Linear Quadratic Regulator with discount factor v = 0.99.

w; = 0 and

01 0 0
A=1]10 0 1 and B=|1
1 0 0 0

o O O
o O O

we can verify that the system has the following state space representation

9 2
Ti41,1 = T2 + [%,3 —Tiq T+ Ut,l] )

2
Ti41,2 = T,3 — Ty 1 + U1,
2 2 2 4
Tip18 = Teg + 2@e2 (T3 — 27 Fue] + [Te3 — @F ) + uen ]
We generate the associated matrices A, B, Q, K, and R in the same manner as Appendix A.2.

The results of the algorithm are plotted in Figure 6. We still observe the linear behavior of value iteration in both settings,
however this algorithm requires us to know the underlying linear system exactly as well as its transition dynamics. In
general, Algorithm 1 performs much better than fitted value iteration. When v = 0.9, initially the algorithm is much faster
than value iteration, but eventually it catches up and overtakes it due to the noise in the algorithm. In the setting of v = 0.99,
we see that Krylov—Bellman Boosting is much faster than either value iteration or fitted value iteration. However in this
case, we are running Krylov—Bellman Boosting on the state space given by x;, which has nonlinear transition dynamics
and cost functions.

A4 ARCH

For the final example, we consider the autoregressive conditional heteroskedasticity model (ARCH) (Engle, 1982; Boller-
slev, 1986). The state vectors X evolve according to the non-linear dynamics

X1 = AXy + g+ X, QX - W,

where ¢ > 0 is a scalar, the matrix Q € R9*? is positive semidefinite, and W; ~ A(0, X) is system noise. We turn this
into a Markov reward process by assigning a cost function ¢)(x) = 7 R and adding discounting. Then the value function
V* is the solution to the Bellman relation

V(z) =T(V)(z) = 2TRax + 1Ey [V(Ax +/qg+2TQx- W)] )
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Figure 6. Illustration of the behavior of three different algorithms, value iteration (red), fitted value iteration (green), and Krylov
Bellman Boosting (blue) on the nonlinear policy evaluation problem. We plot the log error in the | - ||,-norm (vertical axis)

against the number of iterations used (horizontal axis). Algorithm 1 is still much faster than fitted-value iteration, but in the
case with v = 0.9 the Krylov—Bellman Boosting is faster than value iteration initially but because of the noise, value iteration
catches up and overtakes it. (a) Discount factor v = 0.9. (b) Discount factor v = 0.99.

Under some regularity conditions on the triple (¢, A, R), the Bellman operator T is 7-contractive under the norm | -
| .. Consequently, we can solve for the value function via value iteration in the same manner as previous settings. A
straightforward calculation yields
V* _ L Tp*® ’yq *
() =2" P*x + T—~ - trace(P*X0)
-

where the matrix P* € R?*¢ solves the linear system

P* =R+~ {ATP*A + Q- trace(P*%)} .

In our numerical simulations we choose d = 5, and ¢ = 0.5. The matrix A is chosen to have i.i.d. Unif(0, 1) entries, and
then rescaled to ensure that the system is stable. The matrix Q is computed by generating a matrix with i.i.d. Unif(0, 1)
random variables, and then left-multiplying by its transpose to ensure symmetry. The results are plotted in Figure 7. The
behavior in this setting seems to be the same as what we observed in the past few settings. Initially, Krylov—Bellman
Boosting is much faster than both fitted value iteration and value iteration. In the setting of v = 0.9, Krylov Bellman
Boosting hits an error floor relatively early, and it takes value iteration and fitted value iteration quite a while to catch up.
For v = 0.99, we observe a similar behavior, but both value iteration and fitted value iteration take significantly longer to
match Krylov—Bellman Boosting in accuracy.

B Proofs

In this section, we present a complete proof of our results. For the convenience of our reader, we restate the major results
and assumptions.

KBB General Guarantee

We have the following guarantees on the steps in the KBB procedure: Let W; = ¢ — B(V;_1) denote the error in the
regression procedure at round ¢. Our first assumption provides control on the regression accuracy:

Assumption 3 (Reg-Err). For each iterationt = 1,2, . .., the regression procedure is d;-accurate:

E[|W:]g] < 6. (24)
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Figure 7. Illustration of the behavior of three different algorithms, value iteration (red), fitted value iteration (green), and Krylov
Bellman Boosting (blue) on the ARCH policy evaluation problem. We plot the log error in the | - || ,-norm (vertical axis) against
the number of iterations used (horizonal axis). Algorithm 1 is still much faster than fitted-value iteration, but in the case with
v = 0.9 the Krylov—Bellman Boosting is faster than value iteration initially but because of the noise, value iteration catches up
and overtakes it. (a) ARCH with discount factor v = 0.9. (b) ARCH with discount factor v = 0.99

Our second assumption provides control on the accuracy of the LSTD computation at each step:
Assumption 4 (LSTD-Err). At each iteration t, the approximate LSTD solution V; is €-™"-accurate:
(@) S .
[Ve = VG < [V = VPG + (€979)2,

and
) (®)
HB(‘/;) _ B(‘/tLS’T‘D) H Q < ELSTT).

(25)
Theorem 3 (General KBB bound). Suppose that the Krylov—-Bellman procedure is run with a di-accurate regression
procedure (cf.24), and an €"5™-accurate LSTD implementation (cf. 25). Then at each step t = 1,2, ..., the error satisfies
the Q-norm bound

2
7”’6

Et+1‘|‘/%+1 — V*HQQ < (1 — 8N1t> ”‘/t — V*”QQ + % . 63 + S’é\? . (€I£STD)2.
Regression bound

We prove the following guarantee on the regression procedure over some function class F.

Theorem 4 (Regression bound). For a given function V. € L2(X, ), suppose that we compute an estimate ]? of the
Bellman residual B(V') via the regression over a b-bounded and convex function class F. Then we have

~ 1
BIF - BV < efwd +<2 + = (2 + |VIZ) + 11, (B(V)) - BOV)I2 6)
where the statistical estimation error w? and €2 depends on the complexity of F.

We begin by proving Theorem 1 in Appendix B.1. This proof relies on a result of possible interest—stated as Proposition 1
and proved in Appendix B.2—that controls the one-step of the algorithm when the LSTD calculations are exact.
B.1 Proof of Theorem 3

Our proof of this result consists of two parts:

(a) First, we analyze an idealized version of the algorithm in which there is no error in the LSTD calculation. We
summarize our conclusions in Proposition 1 stated below.
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(b) Second, we leverage our understanding of the “exact-LSTD” setting in order to analyze the general algorithm. Our
strategy is to reduce the general update to perturbed form of the “exact-LSTD” update.

We begin by bounding the behavior of an update that is not actually used in the algorithm itself, but is a useful auxiliary
quantity. In particular, suppose that we are given an LSTD solution V'™, computed from a subspace 8§ with spectral
parameters (m, M), as previously defined (15). For a stepsize « > 0, define the update

‘Fa(vLSTD) — VLSTD _ a{B(vLSTD) + W},

where 1/ represents noise in the computation of the Bellman residual. We let b = E[W] and 0 = E|W — b|%, denote the
bias and variance, respectively, of this noise. Recall that by our regression-noise assumption 24, the mean-squared error
satisfies the upper bound HbH2 + 02 < §>—we say that the regression procedure is J-accurate for short.

Proposition 1. Given a §-accurate regression procedure and a stepsize « € [0, ] for any LSTD solution V5™, the update
Fo(VESTD) satisfies the bound

E“fa(vLSTD) o V*HQQ < ( 3am + QQQM)H‘/LSTD V*”2Q + (% + QQ)HbHQQ + a2 . 02. (273)
where E denotes expectation over the regression noise W. In particular, for the choice o = 537, we have
* 2 *
E|Fa(VE™) = V*|G < (1= 2) V™ —V*S + 2 (b5 + 537 - 0> (27b)

See Appendix B.2 for the proof of this proposition.

In addition, we require another auxiliary result, which characterizes the LSTD solution as a projection under the Q-norm:

Lemma 1. For a reversible Markov chain, the LSTD estimate V™5™ is the projection of V* onto 8 under the | - | g-norm—
viz.

LSTD __ : 2
Ve — arg win [V -=V*s. (28)

See Appendix B.3 for the proof.

Equipped with these two auxiliary results, we are now ready to prove Theorem 3, which applies to the algorithm that
includes errors in both the regression and LSTD phase. Focusing on the update from V; to V; 1, we need to bound the
error ||V11 — V™| g in terms of the error |V; —V*||g. In order to do so, our analysis also involves the exact LSTD solutions
VTP and V"5™; let us emphasize that these quantities are not actually computed in the algorithm itself.

Condition (a) in the definition 25 of LSTD accuracy allows us to relate V; 1 to V/*¥T" via the inequality

[Virr = V7o < IV = V2[5 + () (292)

Next, we observe that for any scalar «, the function V"™ — a(B(Vt) + Wt+1) is an element of 8;1, since P11 =
LSTD

B(V:) + W41 is the basis function added at round ¢. Consequently, applying Lemma 1 with V;*’7" and the subspace 81
guarantees that

[V = Vol < Vi = a(B(Vi) + W) = V5. (29b)
Now observe that, by definition of the one-step update F,,, we have the equivalence
Vi — a(B(Ve) + Wisr) = Fa(VE™) + o B(V™) — B(Vy) }.
Using this decomposition and applying the Fenchel-Young inequality with a parameter 7 > 0 to be chosen, we find that
[Verr = Vg < (L4 1) Fa(VE) = VG + (1+ 2)IB(VE) = BV*™) g + ()7

) *
< U+ )| Fa(VE™) = VG + (24 ) (€57)?,
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where step (i) follows inequality (b) in the definition of €*™ -accuracy for the LSTD computation.

m,

We can apply Proposition 1 with the choice o« = to upper bound the first term, thereby obtaining

Ee1 [IFa (V") = VIIQ] < me V™ = VG + 3L b g + a7, - o7

€ (0,1). Putting together the pieces, we have

Eiy1[Vigr — V*HQ (14 7) ke VTP — V*HQ (1+7) ( = Hbt+1“Q + 2M O‘t) (2 + ) (€702,

: _1—k
Setting the Fenchel-Young parameter as 7 = =5

1+ Kt m2
1+7)Kke =
(L+m)me = —5 8M,
2
We also have 7 = 12_—,5* = %‘me < 2, using the fact that m? < 2M, in the inequality. Moreover, we observe that
1 2K 2 8M,
24— =24 L = = —.
T 1— Ky 1— kK mj

Putting together the pieces, we conclude

. m2 ‘ . 34 1 8M, . .
Bt Vis = VIS < (1= R IVE™ = VoI 4+ 55 ald + g7 0f + =t (™% G0)
t

Finally, since both V;"*™ and V; belong to the subspace 8;, Lemma 1 guarantees that
[V = Vs < Ve = V3.

Substituting this upper bound into the inequality (30) and using the fact that [b;11|§ + o7 < 67 yields the claim.

B.2 Proof of Proposition 1

Let V'™ be an LSTD solution defined by the subspace 8, and let (m, M) be the associated spectral quantities. Recall that
our goal is to control the behavior of the operator F, (V™) = V10 — o {B(V'S™) + W}, where W is the noise in the
evaluation of the Bellman residual.

We first claim that the following decomposition holds
E|Fa(VE) = VG = Ty + Tz + a?[b]g + o0, 3D

where the two terms are defined as

Ty = [VH° = VG = 2a|B(V™)[E + o[ BVH™)[G,  and (32a)

Ty == 2a%(V™S™ — V* Qb — 2a{V™™ —V* b)o. (32b)
In order to prove the claim (31), we begin by observing that for any stepsize o > 0, expanding the square yields

|Fa(VE™2) = VA = VBT — V[ = 20(VS™ = V2, BVS™) + W)yg + a2 [BVS™) + W3,
Taking expectation over the regression noise, we find that
E<VLSTD o V*, B(VLSTD) + W>Q — <VLSTD o V*, B(VLSTD) + b>Q7 and
E[B(V¥™) + WG = [B(V*™) + b]g + o2,
where the second equation follows from a bias-variance decomposition. Thus we have
E|‘fa(VLSTD) _ V*HQ — HvLST‘D _ V*”ZQ _ 2@ <VLSTD _ V*7 B(vLSTD) + b>Q
+®|B(VY™) + b|g + aPo?
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We have

<VLSTD _ V*, B(VLSTD) + b>Q — <VLSTD _ ‘/"A'7 B(VLSTD)>Q + <VLSTD _ V*7 b>Q
= [BV¥™)[7 + (VET = V¥, b, 33)

and

IB(VS™) + bl = [BV™) |5 + 2B(VS™), byo + b3
= |B(V¥™) |G + 2KV™ — V*, Qbyo + b3, (34)

using the self-adjointness of Q. Combining equations (33) and (34) yields

E|Fa(VH™) = VG = [VH™ = V¥|§ = 22| BV*™) |2 + o2 B(V*™)| G
+ 20V — V¥ Qbyg — 20 (VTP — V* byo + o2 ([b]G + 0°)
=T + 1o + & (|b|5 + 0°),

which establishes the claimed decomposition (31).

Our next step is to bound the terms 77 and 75 that were previously defined (32).

Bounding 73: It suffices to show that the Bellman residual B(V*"?) satisfies the bounds
[BVS™)[G < 2M [V = V¥ G,  and  [BV")L = m| VI — V3. 35)
Indeed, by combining these two inequalities, we find that

Ty < (1—2am+20°M) [V —V* 3,

In order to prove the claims (35), we first observe that the lower bound follows immediately from the definition of m. As
for the upper bound, we have

(4)
|2 = <Q 7122, Q2Q %), < 2(Q 7V, Q@M

= 2]zl

< 2MV - VU,
where step (i) follows from the inequality Q2 < 2Q.
Bounding 75: We apply the Fenchel-Young inequality with a parameter 7 > 0 to be chosen, thereby obtaining the bound
(T3] = 200V V7, (aQ ~ T)ba| < 2a(5IVH™ ~ V? g + (0@~ T)bf?)
= ar| VI — VL + 2 (@@ ~ )bl

In order to bound the second term on the right-hand side of this inequality, we again apply the Fenchel-Young inequality
S0 as to obtain

[(aQ = )b < 202 Qb|3 + 2[b]3.
Since 9% < 20? < 409, we have |Qb|% = (b, Q%b),, < 4(b, Qb),, = 4|b||%, whence

. 2
Ty < ar|[VS™ = V*I% + == (40 + 1)[b]%.
T
We now set the Fenchel-Young parameter as 7 = . With this choice, and recalling that o € (0, %], we find that

am ; . 8«
Ty < SRV - Vg + = bl
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Putting together the pieces, we conclude that

- 3am 8
E|Fa (V™) =V < (1= 55 + 22 M) [VE™ = V¥R + (= +a?) bl + - o2,

as claimed in equation (27a).
Finally, setting o = 537 and using the inequality m? < 2M vyields the claim (27b).
B.3 Proof of Lemma 1

Recall that V'S is the LSTD solution defined by the subspace S. For any V' € 8, we have
VS Y VG = [V VI 2V, VI Vg £ [V
= [VET = VG 4 20V, QVET — V), 4+ VI

O T 17

where the equality (i) follows from the inclusion Q(V'*™ — V*) e 81, as guaranteed by definition of the LSTD fixed
point. Consequently, we see that this quadratic form is minimized by setting V' = 0, yielding the claim.

B.4 Proof of Theorem 4

Key to this proof is the notion of the empirical local sub-Gaussian complexity of F, defined at scale & > 0 as

Here the samples {z;} ; correspond to those in regression data set D"”“, upon which we are conditioning. For con-

vemence we drop the dependence on the observation data {x;}?_; and directly write gn(é F ). We use the shorthand
E, = E[-| {#;}] in the paper occasionally for convenience.

n

G (8; F, {23}7y) ==E [ sup | = > wig(xs)

geF, lgln<s | i1

Relative to the population-level sub-Gaussian complexity defined previously (20) (in which we take expectations over
state variables), the complexity function G treats the data {z;}_, as fixed where g does not. In analogy to the critical
radii (22) defined at the population level, we also define a cr1t1ca1 radius at using g more specifically, let £, > 0 be the

(5f)

smallest positive solution to the inequality 5 . Finally, recall that the dataset {z;}?_, defines the empirical norm

IR = 5 i £ (o).

With this set-up, our proof is broken into three main steps:
(i) We control the empirical error | f — f|?2 in terms of empirical sub-Gaussian critical radius &,, and the approximation
error | f — f*|2, as stated in Lemma 2.
(ii) We establish that &, is controlled by the population critical radii €,, and w,,, given by Lemma 3.

(iii) We use the critical radius w;, to establish uniform control and connect | - |, with | - |, (cf. Lemma 4).

We begin by stating several technical lemmas. Recall that w,, > 0 satisfies the critical inequality R (wp; F ) <

statement of this lemma treats the observations {z;}?_, as fixed, and provides control of |f — f|, over the noise in w;
conditional on {x;}7_;.

Lemma 2. Foranyt > &,, we have

| = FI2 < ertén + el = £712
— . ten
with probability exceeding 1 — e STV

See Appendix B.5.1 for the proof.

In Lemma 2, we have a guarantee in terms of the empirical critical radius &, which is a random variable dependent on
{z;}*_, and ¥. The following lemma controls the expectation of £2.
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Lemma 3. The empirical sub-Gaussian complexity £,, has expectation bounded as
~2 2
E[&2] < el + cawp, + 3 (b +[VIZ)
for universal constants c1, ca, C3.

See Appendix B.5.2 for a proof of this lemma.

The next lemma allows us to convert our empirical norm guarantee to one involving the stationary norm | - | e It provides

control on | f — f|,, in terms of |f — f| . uniformly for all f € F; we require a uniform version since f is a random
quantity.

Lemma 4. For anyt > wy,, we have
12 s 1 P ~
I = FI2 = 1f = FI2| < 51f - FI2+ 5 foralife 7 (36)
nt2
with probability exceeding 1 — cie™ 27 .
See Theorem 14.1 in the reference (Wainwright, 2019) for the proof.

Note that for an arbltrary real-valued random variable Z, the inequality Z < max{Z,0} allows to write E[Z] <
E[max{Z,0}] = So (Z = u) du, so that we can upper bound E[Z] by integrating an upper tail bound.

Let us apply this line of reasoning to the random variable
T F2 T F2 Lo e

using the tail bound established in Lemma 4. With a change of variables, we have

Q0 1 0
E[Z]<f P(ZZu)duéfwa—i—J P(Z = u)du
0 2 w2 /2
<Lz ” et 37
< —w, + cie b2 du 37
2 0
1 2 C1 b2
= —Ww . —
27" 2c9 n

Additionally, observe that Lemma 2 treats {x;}?_, as fixed and the high probability is over the randomness with respect to
{w;} conditional on {z;}. Thus, integrating the 'tail bound again yields

B, [1F - 2] < efe+ W o pop2)

for some universal constant ¢’. Taking expectations over {z;}?_; then yields

\VH2

BIF - 712 < e{BlE]+ ke 7 o). G8)

Finally, combining equations (37) and (38), we conclude that
BIF - fI2 < {B[E] +6d+ - (07 +IVIE) +1F - 12}
The theorem then follows from applying Lemma 3 and rearranging.

B.5 Proof of auxiliary lemmas for Theorem 4

We collect here the proofs of the auxiliary lemmas.
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B.5.1 Proof of Lemma 2

We begin with some straightforward algebraic manipulations. By expanding the square, we have

where we define §; == f(z;) + w;. Since the rightmost term does not involve f, we can write

< arg min {jl > @ = f@a)? + 2 3 (72w - Fw) G- f(wm} .

fer i=1 i=1

By optimality of f and feasibility of f , we have

L5 (o )+ 23 (77 - ) -

i=1 i=1

~ _ 2
(f(wi) - f(wi)) <Th + Ty, (39)
where we define

T L Y (Flan - fw). ana = 235 (500 - ) (e - Fe)

We bound each of 73 and 715 in turn.

Bounding 75: By applying the Fenchel-Young inequality, we find that
1 ¢ S = 2
<o B (@)= fw) + 5 ¥ (fe) - fa)
= |f* = flh + in —fln-

Bounding 77: We make use of techniques for controlling localized empirical processes; see Chapter 13 in the
book (Wainwright 2019) for relevant background. Recall that by definition, the scalar &,, > 0 satisfies the critical in-

equality g(5 7 ) < 9. Recall that 7 = {f - f f € F} is the shifted function class around f For a scalar u > &,, define
the event
E(u) = { Jg € F with |g|, = u such that |~ Z w; g(x;)| = 2|gnu} . (40)
nia
The following result controls the probability of this event:
Lemma 5. Forall u > &,,, we have
u2
TIVIZ

for some universal constant ¢ > 0.
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See Appendix C.2 for the proof of this lemma.

By Lemma 35, since f— feF, wehaveif Hf— flln > /12, for some t > &, then
1¢ ~ 5 ~ = =
71l = |~ Y wilf (@) = f@)| <2|f = flav/ten
i=1
7cn-7t§"
with probability exceeding 1 — e Vg
Putting together the pieces, we conclude that
1,~ = 1 . Az = = 1,~ =
SIF = 712 < 58 + 207 = Flun/@a + 1% = FI2 + 717 - FI2,
which implies that

| = Fli% <2680 + 8ViELf = Flln + 415 = F-

This inequality implies that there are universal constants ¢y, co, cs such that

IF = FI2 < ertén + ol f — 12 (41)

. _tén
2
iz,

with probability exceeding 1 — e "

B.5.2 Proof of Lemma 3
It suffices to show that for any u > max{e,, ‘:—i }, we have the bound

z?i < 4ue, with probability at least 1 — ¢ e 2" Vo rn)Z 42)

Indeed, the statement of the lemma can be obtained by integrating this tail bound. Accordingly, the remainder of our proof
is devoted to establishing inequality (42) for some fixed but arbitrary w.

Recall that by the definition (22), the critical radii satisfy the inequalities

gn({in7,'r) < 57n, gn(gnaf) < €7n’ and Rn(wna:r) < wl
En 2 €n 2 Wn b
For each t >, define the random variable

1 n
- 2 wig(x;)
n

i=1

Zn(t) =By l sup

97 gl st

] ; (43)

and observe that E[Z,, (t)] = R..(t; F) by construction. We also define the events

2 2
Eolt) = {Zn@) < Rt ) + L Em } and & (t) = {sup (Ll 1 1}- (44)

8 rer IIE+E 2

Conditional on & (t), we have for all f € F

1£ln < A/21F12 + 582 <2|f]. +t,  and
Il < A20F17 + 2 < 2 flln + ¢
Therefore conditioned on &1 (y/ue, ),

1 n
- Z wig(z;)
n ¢

i=1

L 2 wig (i)

n i=1

gAn(s) =E, l sup

9€7 lgln<s

1 <E, [ sup ] = 7,(25 + \Jue,). (45)
9EF || gl <2s++/uEn
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Conditioning on both & (9y/u&,) and & (y/ue,), we have

~ (@) — (i) 9
G(4vuen) < Zn(9vuen) < Rn(9y/ue,) + guen,
9)

where step (i) follows from the bound (45), and step (ii) follows from the event £)(94/ue,,). Since the function § — %
is non-increasing, and 9, /ue,, = €,,

S ~x

9./ue, = En 2 2

using the definition of €,, and the critical inequality. We then have

R, (9/uey,) - Rulen) <6 JUER, e R (9D < gus
n ~ 2 mn»s

N 9 9 45
G(4\/ue,) < —uey + —ue, = —uey,
2 8 8
which implies
G (44 /ué, 4 /ue,
G( “5)<§ e < uen
4. /ue,, 32 2
Thus 4, /ue,, satisfies the critical inequality defined by G , implying that £,, < 4./u&,, as desired.

The following lemma provides control on the events £ (9/ue,, )¢ and & (\/ue,)°.

2
Lemma 6. For any u > max{e,, =}, we have

UE,
P& 0V < 2000 (ean [ ) and 6)
0
En
P(&1(v/iEn)*) < coexp (—ean - S5 ). @7

See Appendix C.3 for the proof of this lemma.

C Further Proofs

Here we present the proof of various lemmas used in the main text of the paper.

C.1 Proof of equation (12)

Let us state the result to be proven more formally:
Lemma 7. For any separable Hilbert space L?(X, 1), the operator (I — ~P) is self-adjoint, invertible, and satisfies the
bounds

=D < T =AP)u < A+ NDIfI  forall fe L2(X,p). (48)

The requirements for L2(X, ;1) to be separable is quite mild; in the case where X = RY for some dimension d, one
sufficient condition is that p is a continuous distribution.

Proof. By definition of the stationary measure, the operator P satisfies the bound [PV, < |V/|,. Thus, by classical
functional analysis (e.g., see Chap. 8 in the reference (Kreyszig, 1991)), the inverse (Z — yP)~! exists, and can be
represented via the Neumann series expansion

[e¢]
(Z-7P)" =Y 7P
i=0

The other statements follow from using linearity of the inner product, and then applying Cauchy-Schwarz in conjunction
with the operator norm bound of P.

Since Q := T — /P is a positive operator, it has a unique square root (Z — 4P)/2. In addition, since Q is invertible, so is
its square root (which is also self-adjoint). O
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C.2 Proof of Lemma 5

This argument is inspired by the proof of Lemma 13.12 in the book (Wainwright, 2019), along with some new ingredients.
We treat the observations {z;}?_; as fixed here. Define the empirical process

LS st

Zn(u) = sup

9e7,
lglln<u

We claim that
P(£(u)) < P(Za(u) > 26?).

In order to establish this claim, suppose that there exists g € & with ||g|,, > u such that

1 n
= > wig(xi)| = 2|glnu.
n -
i=1
Define the rescaled function g = m g; observe g € F by convexity. We then have
1 n
- U2
=y w; gx;) w; g(x;)| = 2u”,
n 2w = nZ ot
as desired.
It remains to control the probability P(Z,, (u) = 2u?). If we view Z,,(u) as a function of (w1, . .., w,), it can then be seen

that it has Lipschitz constant of ﬁ in the Euclidean norm and is separately convex. Since |w;| < 2|V, we have by
Theorem 3.4 in the book (Wainwright, 2019) we have

52
P(Z,(u) = E[Z,(u)] + 5) < e TVRIVIE
Observe by definition that E[Z,, (u)] = G(u), so that
(En) D & _ o

(u) Dén o
U En 2

Q)
LC’l)

N

where step (i) uses Lemma 13.6 in the book (Wainwright, 2019) and the fact that w > &, and step (ii) uses the critical
inequality (22). Thus, we conclude that

w2
P(Zy (1) = 20?) S P(Zp(u) = ué, +u?) <e  VIZ

as desired.

C.3 Proof of Lemma 6

To begin, we observe that the claim (47) follows by applying Lemma 4, along with the fact that u > ‘:—’21 implies that
A/ Uuey = wy. In order to prove the claim (46), assume that u > ¢,,, and define the random variable

Zn(t) = sup |
i=1

97 gl u<t

By the definition (43) of Z,, (t), we have the equivalence
Zn(t) = By [Zn(t)] = E[Zn(t) | {z:}i=1],

and E[Z,(t)| = E[Z,(t)] = Gx(t). The moment generating function of Z,,(t) — G, (t) can be bounded as

E [eMZn(t)—gn(t))] -E [ex(Ew[zn (t)]—gna))] <E {Ew [@(%(t)—%(t))]} -E [ex(znm—gn(m] 7
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where the inequality follows from a (conditional) Jensen’s inequality. Consequently, we can control Z,(t) — G, (t) by
controlling Z,, (t) — G, (t) using a Chernoff-type argument. We prove an upper tail bound on Z,,(t) via Talagrand concen-
tration (Talagrand, 1996) which uses a Chernoff bound in its proof; see Theorem 3.27 in the book (Wainwright, 2019) for
further details.

Define the random variable ¥:? = sup FeFIf <t % S, w? f(z;)?. We then have by Talagrand concentration

§2
P(Z,(t) = G,(t <2 —n - ——————
(2,0 60 4 9) < 2039 (—en - i)
where c is a universal constant. By Equation (3.84) from the book (Wainwright, 2019), we have

E[2?] < sup  E[w?f2(z)] + 45|V e - Gn(t)
FEF [ flu<t

S AIVIE 2 + 46 Voo - Gn (1),

where we have used the fact |w| < 2||V|| a.s. Thus, we have

= 9u5 u252
P( Z,(94/us,) = G, (94/ue,) + n) < 2ex <—cn- n >
<(V )= Gn(OvuEn) + =5 P [V uen + 5[VT - GOz + B[V ]muen
<2exp|—-cn- ——FF— ),
VIE + 6V

where step (i) follows from the fact that G(9,/ue,,) < %usn foru > ¢,.

D Ciritical radii calculations
In this section, we describe the form of the critical radii for several different function classes.

D.1 Examples of statistical error

For simplicity, we consider classes with |V |, = b = 1. Here we summarize the form of the critical radii; see Appendix D.2
for the computations that underlie these conclusions.

Polynomials of degree d: As our first example, suppose that 7 is the family of d-degree polynomials defined on X' =
[—1, 1] uniformly bounded by 1. For a given § € R4*1, define fy(x) = 0y + 012 + ... + 04,12 Then we have

F = {fs: [~1,1] — R for some # € R¥*! such that | fy[., <1}.

Some straightforward calculations yield w? < 4, and €2 < %tL, 5o that we can conclude
5,21 < d+ 1.
n

Radial basis kernels: Consider X = [—1, 1] and the reproducing kernel Hilbert space (RKHS) H given by the Gaussian

1
kernel K (z,z) =e” 2 (@=2)° defined on the Cartesian product space [—1, 1] x [—1, 1]. Consider the unit ball in this RKHS,
given by

F={feH]||f|ly<Llfle<1}

1 1 1 1
2 < log(nt1) log(n+1) "and hence
n n

For this example, it can be shown that w and 5% <

2 _ log(n + 1)

n ~ ‘

n

This is a simple example of a non-parametric class, since the effective degrees of freedom (log(n + 1) in this case) grows
as a function of the sample size.
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Convex Lipschitz functions: We let X = [0,1] and ¥ be the class of convex 1-Lipschitz functions, i.e.
F = {f:[0,1] > R| f(0) = 0, and f is convex and 1-Lipschitz}.

i/s , giving

We can show w,% S

D.2 Calculations for Appendix D.1

In this section we provide the details behind the calculations in Appendix D.1. Before proceeding to the computations, we
have the following result relating the sub-Gaussian complexity G(d; ¥ ) and the Rademacher complexity R (d; F)

Lemma 8. We have for some universal constant c,

G(6; F) < ¢|Vlw - R(S; F).

This lemma allows us to instantly obtain a bound for the sub-Gaussian complexity after computing the Rademacher com-
plexity of the function class 7. In Appendix D.1, we assume |V |, = 1; consequently w? < &2

I

We can then bound, letting ¢; be i.i.d. Rademacher random variables independent of {x;}7_,

Proof. We have by the tower property,

i;lwzg(il?z)

G(6;F)=F l]E l sup

97 llgl <8

1 n n

Eof s |2 wigo)]] € Eue] s |2 crwglen)]]

geF lglu<s o1 geF lglu<s ™ iT1
wzg xz
Zez
2|V

=4|V]e - Ew,e l sup

97 gl <6

b) 1 &
< 8|V -E[ sup |- Deigla)|],
geFlglu<s T

where step (a) follows from symmetrization (cf. Chapter 4 in the reference (Wainwright, 2019)) and step (b) follows from
the bound |w;| < 2|V|| and the Ledoux-Talagrand contraction inequality (Ledoux and Talagrand, 1991).

O

D.3 Polynomials of degree d

To simplify the calculations, let ¢y, ..., ¢4 be an orthonormal basis of F with respect to ¢, -),,. This basis exists via
applying Gram-Schmidt on the basis {1, z, ..., z%}. We can then write any polynomial function in ¥ as f;(x) = bo¢o(z)+
b1¢1(x) + ... + baga(x), which satisfies | fy], = [b]2. Define the matrix M € R™*(4*+1) with M;; = ¢;(x;). We then
have, letting (with mild abuse of notation) € = (£1,...,&,) € R,

(b)

(@) 0
] 2 D [jermy) € el

L > eifo(x)

n i=1

Gn(8; F) = El sup

fbef}7Hfb‘|u<5

1
~eT™Mb

<]Elsup
n

[bllz<6

where step (a) follows from the fact that || - |2 is a dual norm to itself, and step (b) follows from Jensen’s inequality.

Manipulating further, we have

E [||€TMH§] =E|[E. [trace(MTasTM)]] = E [trace(E. [esT]MMT)] ,
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where we have used the fact that E.[-] :== E[- | {z;}!,] and M is a function of {z;}?_,. We then have
Ele"M|2 ¥ EfraceMMT)] ¥ (d + 1)n,

where the equality (a) follows from the fact that E[ec”] = I, and the equality (b) follows from the fact that {¢y, . . ., ¢4}
is orthonormal. To identify the critical radius, we compute using the definition (22),
§ — w2 <

45\/d+1< d+1
N "~ oon

2<d+1

By Lemma 8, we have ¢ < -
D.4 Radial basis kernels

By Mercer’s theorem (see Chapter 12 in the book (Wainwright, 2019)), we have the kernel integral operator T (f)(x) =
§x K(x,2) f(2) du(z) has a set of eigenvalues {1;}7 ;. Then we have (cf. Corollary 14.5 (Wainwright, 2019))

N 2 L
R0 F) <Af—- i A
R, (0; F) \/; j;mm{uj }

Since a reversible Markov chain has a uniform stationary distribution, the eigenvalues of Tk satisfies
i < coe~ i lod forj=1,2,...

for some universal constants cg, ¢; (see Chapter 12 in the reference (Wainwright, 2019)).

Let k be the smallest positive integer such that coe~¢1#198 % < §2. We have

[} o0
— - Z min{y;, 0%} < Z min{é2, coe—1ilog i}
j=1 j=1

[e¢]
<, k2 + ¢ Z e—ciilogj
j=k+1

< VkE62 + cpe—crklogk < coV/k62,

where cq, c; denote universal constants whose values may change from line to line. Some algebra then shows w2 <

1 1 1 1 :
% and €2 < %, as claimed.

D.5 Convex Lipschitz functions

We use results involving chaining and empirical process theory to compute the critical radii in this setting, see the refer-
ences (Wainwright, 2019; van de Geer, 2000; Talagrand, 2014) for a full exposition. Recall the definition of the event & (¢)
from Equation (44), and let w,, denote the critical radius. By an argument similar to that of the proof of Lemma 3, we have

fork > 1,
1 < E. [ sup ] ,
9€F | glln < (k+2)wn
2 2

k wh
with probability exceeding 1 — cpe™ »2 . We bound the right-hand side via chaining: we know from existing results
(see Chapter 14 in the book (Wainwright, 2019)) that for Lipschitz function class 7,

%Z €i g(x;)

i=1

1 n
- Z €i g(wi)
n ‘

i=1

1 n
- Z €i g(wi)
n ‘

i=1

E. [ sup

g€l gllp<wn

cin

E. l sup ((k +2) wn)*/*.

geﬁ’Han<(}f+2)wn

L
= n
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Defining

%Z&g(fﬂi)

7 = E. l sup
i=1

9€F ||glln<(k+2)wn

|

We can integrate the tail bound to get

1 o0
% (3w, )3/4

3/4
n 300wn/ JOO
0

(3wn)®* + P(Z = u) du

< L
Vn
exp (—eink®w?) - (k + 2)~ Y4 dk

3/4
360&]»,/ ©

4y/n Jo
2 (3w,)¥t Seowt [T

NG svn  \ nw?’

where step (a) follows from the change of variables u = ((k+2) w,,)** and step (b) follows from the integral of a Gaussian
density. By definition (22), we have R, (wy; F) = w%, so we have for universal constants c¢; and co,

< (3 wn)3/4 + exp (fclnkai) dk

@ 1

1

—i75» as claimed.

Thus we conclude w? <



