Notions on optimal transport

Following (1), let us take P(£2), the space of probability distributions on Q. For p,v in P(),
let us define II(p, ) the set of all probability measures = on £ x Q with first marginal x and
second marginal v. The optimal transport cost between the two measures is defined as

Cluv)= _int [ e(wp)in(z.y) (1)

mell(p,v)

where c(x,y) is the cost of transporting one unit of mass from x to y. A probability 7 that
achieves the minimum in is called an optimal coupling, with an associated random variable
(X,Y) that has joint distribution 7. When g and v are discrete, i.e., p = Y I | pidy, and
v = Z;n:1 qiby,, with z;,y; € R?, the optimal transport problem can be solved as a linear
program (see (2)) where

C(p,v) = Z Z w;‘jc(a:i, i),
i=1 j=1

*

and (w;;) are the solutions of the optimal transport linear program

minimize Y. ; Z;n:l wijc(i, Yy;)

subject to  w;; > 0, 1<i<n,1<j<m
Z?'zlwij = pi, 1<:<n
Doy Wi = G 1<j<m

>ict ZT:l wij = 1.

For (2 = R4, ||-||), with | - || the Euclidean norm, and p € [1,00), the p—Wasserstein distance
between p and v is defined as

W2(uv) = inf / e — ylPdn(z,y)

m€ll(p,v)
=inf {E|X - Y|P, L(X) = u, L(Y) = v},

where L£(X) refers to the law of X.

We present the entropy regularized Wasserstein distance, since it is strictly convex and there
are efficient solutions based on the Sinkhorn algorithm (see (3))). For a fixed v > 0 the regularized
Wasserstein distance is defined as

n m n m
W) = 30 o wi =yl 30 i oy ®
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where (wij) are the solutions of the optimal transport linear program

minimize Y YT wiglle — yill* 4y Yo, DoTn wij log wij

subject to  w;; > 0, 1<i<n,1<35<m
Z}n:lwijzm 1<:<n
Diet Wij = G5 L<j<m

> i Z;nzl wij = 1.

Let us denote P2(R?) the set of probability measures on RY with finite second moment and
let us consider Wa(u,v) for u,v € P(RY). In (@) the notions of k-barycenter and trimmed
k-barycenter were introduced, building on the concept of Wasserstein barycenter introduced in



(5; [6). A k-barycenter of probabilities {p1, ..., s} in Po(R?) with weights \1,...,\, is any
k-set {fi1,. .., M} in Pa(RY) such that for any {v;,..., v} C P2(R?) we have that

ZA min WE (i) < 3 A min | W3 (i, ;). (3)

ic{l,..k
7 Jeil.. ok}

An a-trimmed k-barycenter of {u1,...,u,} with weights as before is any k-set {f1,...,ax}
with weights A = (A1,...,\n) € Aq()) such that

/\ mm W i min A7 min . W5 (i, v 4
Z 2<M MJ) {1,000k JCP2(RE),A* €A, Z je{l,....k} 2(M ]) ()

where Ag(A) = {A* = (A],.. ., A 0< N < N/(1—a), > AF =1}
Broadly speaking k-barycenters can be thought of as an extension of k-means to the space
of probabilities with finite second order, since we can rewrite as

k
win Y Y AW (i) )

J=1 p;€6;

where & = {&y,...,8} is a partition of {p1,...,u,} and fi; is the barycenter of the elements
in &;. Therefore, trimmed k-barycenters may be matched to trimmed k-means. As stated in
(4)), efficient computations can be done when dealing with location-scatter families of absolutely
continuous distributions in P2(RY). A notable example being the family of multivariate Gaussian
distributions.
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