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Graph decomposition and parity

Bobby DeMarco * and Amanda Redlich

Abstract

Motivated by a recent extension of the zero-one law by Kolaitis and Kopparty, we
study the distribution of the number of copies of a fixed disconnected graph in the
random graph G(n,p). We use an idea of graph decompositions to give a sufficient
condition for this distribution to tend to uniform modulo q. We determine the asymp-
totic distribution of all fixed two-component graphs in G(n,p) for all ¢, and we give
infinite families of many-component graphs with a uniform asymptotic distribution for
all g. We also prove a negative result, that no recursive proof of the simplest form
exists for a uniform asymptotic distribution for arbitrary graphs.

1 Introduction

A recent paper by Kolaitis and Kopparty [3] gives an extension of the zero-one law which
holds for first-order logic with a parity operator. The keystone of their proof is that the
number of copies (not necessarily induced) of any fixed connected graph is asymptotically
uniformly distributed modulo ¢ for any ¢ in the random graph G(n,p). Other papers
have studied this statistic in special cases. For example, a 2004 paper of Loebl, Matousek,
and Pangrac,[4] considered the modulo ¢ distribution of triangles, while the 2014 work of
Kopparty and Gilmer [I] gives the distribution of triangles overall.

Here we study the distribution of the number of copies (not necessarily induced) of a
fixed disconnected graph in G(n,p) modulo g. For convenience, we may say “the distribu-
tion of a graph modulo ¢” to mean the distribution of the number of copies of the graph in
G(n,p) with p implicit. In this paper we will only be speaking of asymptotic distributions,
so when discussing distributions we will remove the word asymptotic for brevity. We say
a graph is uniformly distributed if it is uniformly distributed modulo ¢ for all g. We give
sufficient conditions for a graph to be uniformly distributed, and we use these conditions
to completely characterize the distribution of all 2-component graphs for all ¢. We then
give infinitely large families of uniformly distributed graphs of any component size.
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In analyzing these distributions, we developed the concepts of unique composition and
decomposition. These concepts are related to determining when several connected graphs
may be combined to create one large connected graph with certain uniqueness properties.
There are obvious links to the reconstruction conjecture (see [2] for a summary), which
asks when the subgraphs of a larger graph have slightly different uniqueness properties.
In this paper we give an algorithm for uniquely composing any two feasible graphs, and
certain families of three or more graphs. We also show no generic recursive composition
algorithm exists.

The paper is structured as follows. In the second section we derive a formula for the
number of copies of a disconnected graph in a fixed graph G as a function of the number
of copies of certain connected graphs in G. In the third section we use this formula to give
specific conditions for a disconnected graph to be uniformly distributed.

We show these conditions are satisfied for almost all two-component graphs in the
fourth section. We give an explicit construction for all satisfying graphs. We also calculate
the distribution for all two-component graphs that do not satisfy these conditions. We
then give some examples of infinite families of three or more component graphs that are
satisfying. We conclude this section with a negative result, showing no simple algorithm
exists to show a generic graph is satisfying. In the last section, we discuss areas of further
research.

2 Counting copies

In this section we give an exact formula for the number of unlabeled copies of a disconnected
graph A = I_IleGi, with non-isomorphic G;, in a host graph F. That is, the number of
subgraphs G4 C F such that A ~ G 4. For example, if F'is K4 and A is two disjoint edges,
the number of unlabeled copies of A in F'is 3. Note that this is different from the labeled
case, which would give 24 copies.

Our formula for the number of unlabeled copies of a disconnected graph is given in
terms of the number of copies of various connected graphs H, and their relationship to
the original graph A. Although the formula appears complex, the reasoning behind it is
simple. The main idea is that each copy of A is the product of copies of G1,Go,...Gk.
Interactions between copies of G; and G; lead to an overcount; the formula uses the prin-
ciple of inclusion and exclusion to correct for this. Notice that this is correct only if the
GG; are non-isomorphic, hence our assumption that each component is unique.

The simplest case is when A = Gy U Go. For example, let G; = C3 and Go = Cj.
Given fixed host graph F, let N(A) be the number of unlabeled copies of A in F' (we
may also mean the number of unlabeled copies of A in an instance of the random graph
G(n,p); this will be clear from context). Consider H; as illustrated below. For ease of
discussion, here and throughout the paper, we label the illustrated vertices. However, the
graphs themselves are unlabeled.



We have
N(A) = N(C3)N(Cy) — N(H1) — N(Hz) — 2N(H3z) — 3N (Hy).

That is because the total number of disconnected Cj,Cy pairs is the total number of
C3,Cy pairs minus the number of connected pairs. While H; and Hsy each correspond
to exactly one connected pair, Hs is counted twice; once when C3 = {1,2,3} and once
when C5 = {1,3,4}. Similarly, Hy is counted three times: Cy = {1,2,3,4} or {1,2,3,5}
or {1,5,3,4}, and each copy of Cy determines a complementary copy of C5. (Note that
we are counting both induced and non-induced subgraphs; for example, H3 contains no
induced Cy.)

We now formalize this “gluing” idea.
Definition 1. A tuple (G1,Gs,...Gy, H,Hy, Ho, ... Hy) is a gluing of G1 ... Gy if
e H is a connected graph
e Hy,... Hy are subgraphs of H
o H; ~ G, for all i € [K]
e UF \E(H;)=E(H).

We occasionally refer to H itself as a gluing. The tuple (Hy,...Hy) is a decomposition
of H. If there exists only one tuple Hy, ... Hy such that (Gy,...Gy, H,Hy,... Hy) is a
gluing, we say that (G1,... Gy, H) is uniquely decomposable. In this case, we say that H|[S]
is the unique subgraph of H induced by {H;}ics. We occasionally say that H itself is
uniquely decomposable, if G, ... G} are clear from context. If there exists an H such that
(G1,...Gg, H) is uniquely decomposable, we say that {G1,... Gy} is uniquely composable.

We often want to count gluings and decompositions.

Definition 2. Given Gi,...Gg, s(H) is the number of tuples (Hi,...Hy) such that
(G1,...Gyx,H,Hy,... H) is a gluing. The set of gluings H is the family of graphs H
such that s(H) # 0.



Using this notation, we re-state a theorem often used in the theory of graph limits, and
implied in [3]:

Theorem 3. For a disconnect graph A = G1 U Gy and Gy # Go,

N(4) = N(GI)N(Ga) = 3 s(H)N(H)
HeH

Proof. The number of copies of A is the number of G1, G5 pairs overall, less the number of
G1, G4 pairs that intersect. Each intersecting G1, G2 pair corresponds to a decomposition
of a copy of some H, so the total number of intersecting pairs is )y g s(H)N(H). O

It is tempting to generalize this to the three-or-more component case as

i=1 HeH

but the truth is more complicated. Along with H that may be decomposed into Gy, ... Gg,
we must consider H that are decomposable into any subset of G;. For example, if A has
components G, G2, G3 then we must be concerned with gluings of the forms (G1, Go, H, Hy, Hs),
(Gl, Gg, H, Hl, Hg), (GQ, Gg, H, Hg, Hg), and (Gl, GQ, G3, H, Hl, HQ, Hg) In order to deal
with this complication, we define some new terms. First, some notation about partitions.

Definition 4. Consider the partitions of [k] under partial ordering by refinement, where
we use 7 and p for partitions of [k] and say m < p if 7 is a refinement of p. If 7 < p, and
T is a block of p, then let 7(T) be the family of blocks in 7 such that Uger(7)S = T'. For

example, if k =4, 7 = {{12}{3}{4}}, and p = {{123}{4}}, then w({123}) = {{12}{3}}.

Now we use partitions to classify gluings. Each connected component corresponds to
a set in a partition, and the family of gluings is broken into sub-families according to the
partitions they generate.

Definition 5. Let H, be the family of graphs H = UgecrHg where each Hg may be
decomposed (not necessarily uniquely) into {H;},cs. For example, Hy = A and any
H € H; is a connected graph; 0 is the minimum and 1 is the maximum element in the
partial order.

We also count possible decompositions of gluings. Since we are now considering a
broader range of gluings, we must add a subscript to clarify which graphs are being glued.

Definition 6. Given G1,...Gy and S C [k], let sg(G’) be the number of ways the graph
G’ may be decomposed into copies of {G; }ies

It may be useful to discuss decompositions into graphs other than our original compo-
nents G;.



Definition 7. Given a graph Hg for each S € 7, SW(T)(G/) is the number of ways G’ may
be split into {Hs}ger(r). If there exists some {Hg}ser such that sy q)(G') # 0, say that
G’ is compatible with .

Finally, we need to count “component” decompositions.

Definition 8. For any graph H, let p(H) be the number of isomorphic permutations of
the components of H. That is, if the components of H are i1 copies of some connected
graph Bj, iy copies of Bs, up to iy copies of By, then p(H) = i1lio! - ... i;!. For example,
if H is a five-component graph consisting of three Cy and two K3, then p(H) = 3!2!: there
are 3! ways to decide which Cy is which and 2! ways to decide which K5 is which.

This notation allows us to give a more general recursion for the number of copies of
a graph with an arbitrary number of connected components. Although the notation is
daunting, it is a simple generalization of the ideas in the two-component case.

Theorem 9. For a graph A:I_szlG,- with G; # G; for all i # j,

k
N(A) = ljl — > Y N(UserHs)p(H) [] ss(Hs)

0<n<[k] HEH Ser

k
=[I~v@G) - > > o) [[ssHs) [ [T NHs) =D D o) [] svery (Jr)p(Ir) N (UrepJr)
i1

0<7<[k] HEH, Sem Sem p>m JEH, Tep

Proof. Now that we have the proper definitions, the proof is short. As usual, we count the
number of copies of A by finding the product of copies of its components, then subtract
the overcount. The “overcounted” graphs are those in which at least two (G; intersect with
each other, i.e. those corresponding to a non-0 partition.

We also need to be careful about the possibility of intersecting components being iso-
morphic to a third component. For instance, returning to our initial C5 LI Cy example, if
we let A be the three-component graph C3 U Cy U Hy, one of the gluings in Hyj 9343y is
Hy U Hy. This gluing should be counted twice because there are two choices for which
component is generated by Cs U C4. Therefore we have the first line of the equation.

To see why the second line is true, simply apply the first equation to each N(UgerHsg)
term individually. Now the relevant partitions are those of which 7 is a refinement, and
the decompositions are not into G; but instead Hg. O

This theorem gives a recursive algorithm for calculating N(A) for an arbitrary host
graph. With sufficient computing power, then, we could use it to calculate N(A) for the
random graph directly. This theorem can be used as a starting point that will allow us to
give explicit counts of a family of graphs, as well as a sufficient condition for graphs to have
certain distributions. The first step is to expand the recursion to get a simpler formula.



Lemma 10. For any graph A = I_szlGi with G; # G; for all i # j, there exist integers
fa(H) for every H € Ur<yHr such that

i=1 HeH, Ser

NA) =TING) = > Y TINHs)fa(H)
w<[k]

Note that f4 is uniquely determined; there is no way to write the number of copies
of any connected graph in terms of the number of copies of other connected graphs. This
is clear by inspection, or from [3]’s proof that the copies of distinct connected graphs are
independently distributed.

3 Distribution of copies

As mentioned in the introduction, [3] proves that, for any constants p and ¢, any i < ¢, and
any connected graph Gy, the probability of G(n,p) having i copies of Gy modulo ¢ tends
to 1/q as n tends to infinity. That is, the distribution of a connected graph in the random
graph tends to uniform modulo ¢q. We give exact distributions for the number of copies of
any disconnected Gy in G(n,p) modulo ¢ in this section by combining the formulas of the
previous section with these results on connected graphs.

The previous section gives exact expressions for the number of copies of a disconnected
graph in a particular graph. The formulas are often difficult to implement. However, since
our goal is the distribution of the count, rather than its exact value, the preceding formulas
are enough. To study the distributions of disconnected graphs, we first recall Theorem 3.2
in [3], which we restate here:

Theorem 11. For any q¢ > 1 and p € (0,1), and any family of distinct finite connected
graphs Fy, ... F}, the distribution of (N(F}),... N(F})) modulo q is 2= close to uniform
over [q]'.

In other words, there are no relations between the number of copies of distinct connected
subgraphs. Therefore we may use [9 without being concerned about possible dependencies
in the distribution. Combining Theorem [[Tland Lemma[T0 produces the following corollary
(note that for any connected graph, e.g. H € Hy, p(H) = 1).

Corollary 12. Given A = I_IleGi with distinct G;, if there exists some H € Hy such that
fa(H) is relatively prime to q and H is not a gluing of {G;}ics for any S C [k], then the
distribution of N(A) in G(n,p) is 2= _close to uniform modulo q.

The rest of this section is concerned with finding, for a given A, an H such that
fa(H) = £1. This is enough to show that, for any ¢, N(A) is distributed uniformly
modulo gq.



Definition 13. Given A = I_Ik 1G and a uniquely decomposable gluing
H with decomposition (Hjy,...Hy), the structure graph of H, denoted by T(H), is the
graph whose vertices are [k] and edges are pairs 4, j such that H; N H; is non-empty.

Definition 14. Given A = UY_|G;, a gluing H is tree-like if it is uniquely decomposable
and its structure graph, T(H ) is a tree.

‘We now show

Theorem 15. For any graph A = |_| "G with distinct components and tree-like gluing H,
fa(H) = (1)

Proof. The proof is by strong induction. When k = 2 the statement follows from Theorem
BF when k& = 2 any uniquely decomposable gluing is tree-like.
Now consider k£ > 3. By the first line of Theorem []

k
NA) =TING) = Y > Nserds) [] ss(Js).
=1

0<n<[k] JEH Ser

The induction hypothesis applied to UgerJg implies that

- > Y ) ] ss(s) (1)

0<n<[k] JEH, Ser

Note that for any J with f;(H) # 0, the unique decomposability of H gives that there is
exactly one 0 < m < [k] such that J € H;. Let us call this partition 7(J, H). Furthermore,
it also gives that p(J) =1 for any such J. We will show

Claim 16. For any r—component J, if f;(H) # 0, then Jg = H[S] for all S € n(J, H)
and f;(H) = —1""1

Claim 17. If f;(H) # 0 then HSEW(J,H) ss(Js) = 1.

Claim 18. For 0 < 7 < [k] the number of J € H; such that Jg = H[S] VS € 7 is one if
H is compatible with 7 and zero otherwise. If H is compatible with 7, call @ H—good.

Claim 19. There are (’:_1) H— good partitions 7 consisting of r sets.

Combining Claims [[6H{I9] with (1) we immediately have (think of r as the number of
components of J, or equivalently number of sets in the partition 7 related to J)

falt) = -3 <ff B i) (—1)!



Proof of Claim [I6 The first part of the claim holds because H is uniquely decomposable.
Note that H is a tree-like gluing of the components of J. Thus the second part of the claim
is an application of our inductive hypothesis.

Proof of Claim 17 This follows from the unique decomposability of H.

Proof of Claim [18 Jg must be a connected graph. So if H[S] is connected for all S € =

then J = UgerH[S] is clearly the only J € Hy such that Jg = H[S] VS € =. If H[S] is
disconnected, then H was not compatible with 7. Thus there are zero such graphs.

Proof of Claim [19 Consider the natural mapping from a partition 0 < 7 < [k] to the set
E(T(H) \ F) where F' = Uge,H[S]. This mapping defines a bijection from the H—good
partitions 7 consisting of r distinct sets and the set of subgraphs of T'(H) with r — 1 edges.

O

4 Specific examples

Here we give some applications of the theorems of the previous section. We begin with a
complete characterization of the distribution of all two-component graphs, together with
explicit constructions. We then give several families of graphs that have tree-like gluings,
and therefore by Theorem [[8l are uniformly distributed. Finally, we show that no recursive
proof of the simplest form exists for a uniform asymptotic distribution for arbitrary graphs.

4.1 Two component graphs

Any uniquely decomposable gluing of two graphs must be tree-like. So one way to show
that N(A) is uniformly distributed for some two component graph A would be to give
a construction of a uniquely-decomposable H. In fact, such a construction exists for all
two-component graphs except a few trivial cases.

Theorem 20. If Gy # Go, neither G1 nor Go is a single vertex, {G1,Ga} # {P1, P2} and
{G1,Ga} # {P1, Ps}, there exists a graph H such that

(G1,Ga, H, Hy, Hy) is a uniquely decomposable gluing and H # G1,Gs. Furthermore, H
may be constructed explicitly.

In order to describe the construction of H, we define a few new terms. H will be created
by taking two graphs and “gluing” them together.

Definition 21. Given G; and G5 and vertices v1 € V(G1) and ve € V(G3), to glue v; and
v to create a new graph H, is the natural identification:

V(Hy) = (V(G1) \ {v1}) U (V(G2) \ {va}) U {v}

and

E(Hy) = {{z,y}{z,y} € E(GNUE(G2)}U{{z, v}{z, 01} € E(G1)}U{{v,y}[{v2,y} € E(G2)}-



Given G; and G9 and edges {uj,v1} = e; € Gy and {ug,v2} = ex € G, to glue ey and ey
to create a new graph H. is the natural identification:

V(He) = (V(G1) \ {ur,01}) U (V(G2) \ {uz,v2}) U {u, v}

and

E(Hy) = {{z,y}{z,y} € E(G1) UE(G2)} U {{z,u}{z,u1} € E(G1) U {{z, u}[{z,us} € E(Gy)
U{{z,v}{z, v} € E(G1)} U {{z, vz, H{z, 02} € E(Ga)} U {{u, v}}.

Notice that there are two possible gluings along an edge, as there are two possible pairings
of the endpoints of the edges. Constructions in this paper work for an arbitrary pairing of
endpoints.

Another difficulty is deciding where to glue two graphs. To describe gluing locations,
we consider the underlying connectivity structure of each graph. We say the block degree
ba(v) of a vertex v € G is the number of components generated by the removal of v,
i.e. b(v) = (number of components of G — v) - (number of components of G). Note that
ba(v) > 0if and only if v is a cut vertex. So every connected graph has at least two vertices
of block degree 0, which we will call block-leaves. Let B(G) = max,cy (g) ba(v).

Throughout the following discussion we let H refer to the graph created by gluing
together G and G5 at either v; and v9, or e; and es, as discussed in Definition Il Hq, Ho
will be an arbitrary decomposition of H. That is, H; may be the original graph Gj;, or it
may be a different image of GG; in H. Note that, if H is formed by gluing at a vertex, then
Hi N Hs is a single vertex. Similarly, if H is formed by gluing at an edge, H; N Hs is a
single edge. We begin with a few observations about the block degree.

Observation 22. If H is made by gluing together G; and Gy at a vertex, then in any
decomposition Hy, Ho, with z = Hy N Ho, for all z # z € Hy,
b, (z) = bu(x)
and for all x # z € Ho,
sz (J}) = bH(J})
Furthermore, by, (2),bm, (2) < by (2).
Observation 23. If H is formed by gluing together G; and G, at an edge, then in any
decomposition Hy, Ho, for all x € Hy N Ho,
b, (x) = b (x)
and for all x € HyN Hy,
br,(z) = by (z).
For x € Hy N Hy, by, (%), b, (x) < by (v).



With these definitions and observations in hand, we begin the proof of Theorem

Proof. Without loss of generality, we may assume B(G2) > B(G1) and, if B(G2) = B(G1),
then |V(G1)| < |[V(G2)|. Let S; be the set of vertices in G; of block-degree B(G;). We
split graph pairs into six cases, according to their block degrees and other traits, and give
a construction for each case.

Case A: B(G3) > B(G1) and B(G3) > 1. In this case, glue a block-leaf at maximum
distance from Sy to any block-leaf in GG; to create H.

Suppose Ho N Gy # {v}. Ha NGy is a connected graph: if not, then because Hs is
connected there is a path between any two disconnected components of Ho NG within Gs.
But any such path must begin and end at v, and therefore Hy N G itself was connected.

Thus there are at least two block-leaf vertices in Hs N G1, hence at least one block-leaf
in Hy N G not equal to v. Choose one such vertex and label it w. Let R be the set of
vertices in Hs such that ¢(R) = Ss. Since by (v) = 2 < B(G2), by Observation 1, we must
have R = Sy. Then d(w, R) = d(w, S2) > d(v, S2) a contradiction. Thus Hy N G; = {v},
and the decomposition is unique.

Case B: B(G3) = B(G1). In this case, glue a block-leaf in G2 to any vertex in S;. Since
bg(v) > B(G2), Observation 1 implies that H; N Hy = {v}. Therefore each component of
H \ {v} must be entirely contained within H; or Hy. Now we use that |V (G2)| > |V (G1)]
to conclude H is uniquely decomposable.

Case C: B(G2) = 1, B(G1) = 0, G; # Ks, and there exists a block within Go that
is not isomorphic to G1. Because B(G2) = 1, each cut-vertex in G connects two blocks.
Therefore we can look at G3’s structure as a tree T¢,, with vertices v € T, corresponding
to each block in Gg, and edges e € T, corresponding to each cut-vertex u € Ga.

Color a vertex in this tree black if its block in Gy is isomorphic to G; and white
otherwise. Let a special path in T, be any path vy, v, ... v in T, such that vy is white
and v, ...v, are black. Notice that by definition there must be a white vertex, therefore
there must be at least one special path (possibly consisting of just one vertex).

Let w1, ue,...up be a special path of maximal length. Create H by gluing a vertex
of G1 to a vertex of ups not in up;—1. H now has a longer special path than G,. This
is uniquely decomposable because any decomposition of H must break this new longest
special path by splitting a single vertex. The only vertex that will split H into a copy of
(G1 and a copy of Gy is the glued vertex; any other will generate two graphs, each of which
contains at least two blocks.

Case D: B(G2) = 1, B(G1) = 0, G1 # K3, and G9 consists of blocks isomorphic to
G1.
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Glue any edge of e; of G to any edge in es of G2 whose end-vertices both have block
degree 0. Call this new glued block G, C H, and the glued edge e. We show that H is
uniquely decomposable by focusing on GG, and how it must interact with any decomposition
Hy, Hs.

First notice that G4 cannot be entirely contained within H;: G, has too many vertices.
Furthermore, Gy cannot be entirely contained within Hs: G4 is not isomorphic to G, so
it cannot be a block in Hy. Therefore G, contains the intersection of Hy and Hs. We also
know that H; is entirely within G,: If Hy has vertices both in and out of G, it would
contain a cut vertex. Also notice a simple counting shows that the intersection of H; and
Hs must consist of a single edge.

Therefore, we have established that H; C Gy, GgN Hy # (), and Hy N Hy = €’ for some
edge ¢’ € G,. We now show that ¢’ = e.

Suppose not. Notice that, by construction, there are no edges other than e in H that
have one end vertex in 7 and the other end vertex in Gy. Therefore, if €/ # e, ¢ must be
entirely within G4 or entirely within G5. Thus splitting along ¢’ means splitting G or Gb.
If G is split, one of Hy, Hy is a proper subgraph of GG, which is a contradiction. If Gs is
split, then (1 is a proper subgraph of both Hy and Hs, which is a contradiction.

Case E: B(G2) = 1, D(G2) > 2 and G; = K. In this case, if G2 contains a vertex
of degree one, glue a vertex of G to a leaf at maximum distance from S}, the set of ver-
tices of G of maximum degree. Let w be the vertex in G; not glued to GGo. Note that
d(w, S%) = d(v, S) + 1 which is strictly greater than the distance from x to S5 for any leaf
x € Go. Thus w € Hy and we conclude the decomposition of H is unique.

If G5 does not contain any vertices of degree one, then glue any vertex of G; to any
vertex of Gy. Then w, the vertex in G7 not glued to G2, must be in H; and we conclude
the decomposition of H is unique.

Case F: Gy = Py, k > 3, and G; = K». In this case, glue a vertex of K5 to the third vertex
along the path Pg. It is clear that this graph is uniquely decomposable.
O

In fact, this construction covers almost all uniformly-distributed two-component graphs.
We fully characterize the distributions of two-component graphs by combining Theorem
with some examination of a few special cases.

Theorem 24. For every graph A with connected components G1 # Go

o [If neither G1 nor Go is a single vertex, and {Gy,G2} # {P1, P2}, {P1, P3s} (where
P; is the path with i edges), N(A) is 2= _close to uniformly distributed in G(n, p)
modulo any q.

o IfA=P UP,, N(A) is 2= _close to uniformly distributed modulo q

11



o [fA=P UPs;, N(A) is 27" _close to uniformly distributed modulo q if and only if
q is odd. If q is even, N(A) is 2= _close to being

P(N(A) =2i)=3/2q
and
P(N(A)=2i+1) =1/2q
for alli € {0,...q/2}.
o If, without loss of generality, G1 = K1, N(A) is 2= _close to being
P(N(A) =il) =1/q,
where | = ged(q,n — |V (G2)])

Proof. The first item follows directly from Theorem 20, Theorem [I5 and Corollary
The next cases, P, U Py, Py U P3, and K7 U Go, are solved by direct computation.

1—2—3—4 1—2—3 2_]9’_ A T\

—2
H H
1 2 Hs H,

First consider the case Ay = P; U Py. All gluings H € H of P; and P, are illustrated
above. Note that Hy = Py, s(Hy) = 2, s(H2) = 2, s(Hs) = 3, and s(H4) = 3. Therefore
we have

N(A1) = (N(P1) = 2)N(P,) — 2N (Hy) — 3N (Hz) — 3N (Hy).

By Theorem [T}, we know that the tuple (N(P;), N (P;), N(H,),N(Hs), N(Hy)) is 27"
close to being uniformly distributed over Zg. Therefore N(A;) itself is 27" _close to being
uniformly distributed.

Now consider the case Ay = P; Ll P3. All gluings H € H of P; and Pj are illustrated
below. Note that Hy = P35, s(H1) = 2, s(Hs2) = 3, s(Hs) = 2, s(Hy) = 4, and s(Hs) = 2.
Therefore we have

N(Az) = (N(P1) = 3)(N(P)) — 2N (H1) — 2N(H3) — 4N(Hy) — 2N (Hs).

Again, Theorem [I1] and some basic modular arithmetic are enough to generate the distri-
butions modulo ¢ in each case.

s as S T
1—2 13 4—5 1 2H3 4 oo B AN
! ? Hj Hy Ho
Now, consider the case A3 = K; U Gy. It is clear that N(A4) = (n — |[V(G2)|)N(G2).
Once more, Theorem [II] and some basic modular arithmetic are enough to generate the

distribution modulo q.
O
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4.2 Tree-like gluings

Graphs with more than two components are harder to work with using the methods of
the previous section. As the number of components increases, the possible gluings and
decompositions also increase. Nevertheless, there are some families of multi-component
graphs that admit a recursive construction.

Theorem 25. If A = I_szlGi and there do not exist i # j such that G; is a subgraph
of Gj, then there exists Ha a tree-like gluing of {G;} such that Ha # G;, and N(A) is
27" _close to being uniformly distributed modulo g for all q.

Proof. Without loss of generality, let the graphs be listed in non-decreasing order by di-
ameter. Let u; and v; be vertices of GG; at maximal distance from each other. Then let H 4
be the graph constructed by gluing v; to u;+1. The structure graph is clearly a tree.

It is also uniquely decomposable, by induction: Suppose this construction is uniquely
decomposable for all k& < n. Now consider H4 for k = n. Suppose there exists some
decomposition so that G,, # H,. Consider v,. If v, € H; for ¢ # n, then because
D(G,,) > D(G}), all vertices in H; must be within G,,. That contradicts our initial condition
that no graphs is a subgraph of another, so it cannot happen.

Therefore x € H,,. Again, by a diameter argument, G,, = H,. Therefore any decom-
position of H4 must fix G,,. The graph H4 — H,, is the construction for Gy, ...,Gy_1, s0
by induction it is also uniquely decomposable.

Because H4 has a tree structure and is uniquely decomposable, by Theorem [I5] N (A)
is 27" _close to uniformly distributed modulo q. O

The reader can generate many corollaries of Theorem 25| using any subgraph-free family
of graphs.

The same “path-like” gluing shows another family of multi-component graphs is also
uniquely decomposable.

Theorem 26. If A = U |G, and the G; are distinct and two-connected, then N(A) is

2= _close to being uniformly distributed modulo q for all q.

Proof. Similarly to the proof of Theorem 25 glue the graphs together at the vertices of
maximum distance from each other. H4 contains k — 1 vertices of block-degree 1, which
are exactly the glued vertices. Notice that any decomposition must split all block-degree 1
vertices into two block-degree 1 vertices; therefore there is exactly one decomposition and
the graph is uniquely decomposable. O

4.3 No generic gluing exists

The previous constructions used a recursive process to create a uniquely decomposable H
for G satisfying certain conditions. A natural goal would be to find a generic recursive
process to generate H for arbitrary G. However, no such construction exists.
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Theorem 27. There does not exist a generic recursive construction algorithm C' that, for
all k and distinct Gy, . .., Gy, generates a uniquely decomposable Hy. That is, there does not
exist an algorithm C that, given G1,...Gy in that order, constructs uniquely decomposable
Hj, by first calling C on G1,...,Gr_1 to generate Hp_1, and then calling C on Hyp_1,Gy.

Proof. Suppose there did exist such a recursive C. Let C(Gq,...Gk_1) = Hp_1. If
G1,...,GE_1 can be glued together as a proper subgraph of Hp_1, then C' cannot con-
struct a uniquely decomposable H; on input Gi,...,Gr_1,Hr_1. We note that, for ex-
ample, G; C G5 is enough to give that G1,...,Gr_1 can be glued together as a proper
subgraph of Hy_1.

We also point out that ordering is important to this proof; as far as we know, it
is possible that an algorithm exists that, given G1,...Gy, first analyzes the individual
graphs, then calls them in a particular order Gj,,...Gj,. O

5 Open questions

There are two main open questions. What disconnected graphs are distributed uniformly?
What families of connected graphs are uniquely or tree-like composable?

Theorem [I2] gives us one means of studying graph distributions. However, it is not the
case that graphs are uniformly distributed exactly when they have tree-like compositions.
(Recall that Py U P, is uniform but is not uniquely composable.) It is possible that a more
sophisticated analysis of the formula in Theorem [0 could give a different sufficient condition
for graphs to be uniformly distributed.

We have fully characterized the two-component graphs that are uniquely composable,
and hence admit tree-like compositions. We believe an approach similar to the two-
component construction given here also works for the three-component case. However,
increasing the number of components significantly complicates the analysis, and the num-
ber of cases is over twenty. We are currently developing a simpler construction for three
components.

Of course, the ultimate goal is to completely characterize the uniquely composable and
tree-like composable graphs with any number of components. We suspect that many, if not
all, graphs admit such compositions. Theorem 27] indicates a recursive approach does not
work in general, but a different type of algorithm may succeed. Even a non-constructive
proof of the existence of uniquely decomposable or tree-like graphs would be interesting.
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