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Abstract In this paper we present some new identities for multiple polylogarithms (abbr.
MPLs) and multiple harmonic star sums (abbr. MHSSs) by using the methods of iterated
integral computations of logarithm functions. Then, by applying these formulas obtained, we
establish some explicit relations between Kaneko-Yamamoto type multiple zeta values (abbr.
K-Y MZVs), multiple zeta values (abbr. MZVs) and MPLs. Further, we find some explicit rela-
tions between MZVs and multiple zeta star values (abbr. MZSVs). Furthermore, we define an
Apéry-type variant of MZSVs (5 (k) (called multiple zeta B-star values, abbr. MZBSVs) which
involve MHSSs and central binomial coefficients, and establish some explicit connections among
MZVs, alternating MZVs and MZBSVs by using the method of iterated integrals. Finally, some
interesting consequences and illustrative examples are presented.
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1 Introduction and Notations

We begin with some basic notation. A finite sequence k = (k1,...,k;) of positive integers is
called an index. As usual, we put

k| =k +-+ k., dk):=m,

and call them the weight and the depth of k, respectively. If k; > 1, k is called admissible.
For an index k = (kq,...,k,) and positive integer n, the multiple harmonic sums (MHSs
for short) and multiple harmonic star sums (MHSSs for short) are defined by

1
Cn(k) = <n(kf1,k‘2,-.. 7k7“) = Z _ (11)
n>ni>ng>>ne>1 ’I’L11n22 ceempr
* % )
Cn(k) = Cn(klakg,...,kr) = Z R (12)
n>ny>ng>->ne>1 Ny Ny - Ny
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when n < k, then (,(k) := 0, and (,(0) = ¢%(0) := 1. When taking the limit n — oo in (1.1)
and (1.2), we get the so-called the multiple zeta values (MZVs for short) and the multiple zeta
star values (MZSVs for short), respectively

(k) = lim G (k), (13)
C*() 1= Tim G(K), (1.4)

defined for an admissible index k to ensure convergence of the series. The study of multiple zeta
values began in the early 1990s with the works of Hoffman [9] and Zagier [27]. For an admissible
index k, Hoffman [9] called (1.3) multiple harmonic series. Zagier [27] called (1.3) multiple zeta
values since for r = 1 they generalize the usual Riemann zeta values ((k). It has been attracted
a lot of research on them in the last three decades (see, for example, the book of Zhao [29]).

For a non-empty index k = (ki, ..., k), we write k* for the formal sum of 2"~! indices of
the form (k1 O --- O k), where each () is replaced by “,” or ‘+’. We also put @* = &. Then,
we have (k) = (,(k*) for k € N".

Recently, Kaneko and Yamamoto [14] introduced and studied a new kind of multiple zeta
values

1
((kel") = Z %y kero T I
0<m,<--<mi=ni>-->ns>0 my™ My Ny - Mg
R R0 T 8 T (S r
- Z nkl-i-ll ’ ( ' )
n=1

where k = (k1,...,k.) and 1 = (I1,...,[;) are any arrays of positive integers. We call them K-Y
multiple zeta values (K-Y MZVs for short). Note that we used the opposite convention of the
original definition of K-Y MZVs. It is clear that the left-hand side is a certain integral which can
be written as a Z-linear combination of MZVs. The same holds if we use the series expression
on the right. Kaneko and Yamamoto [14] presented a new “integral=series” type identity of
multiple zeta values, and conjectured that this identity is enough to describe all linear relations
of multiple zeta values over Q. Here “k ® 1”7 defined by the ‘circle harmonic shuffle product’ of
indexes k = (k1,...,ky) and 1 = (I1,...,15):

k®l:= (kl+lly(k27"'7k77“)*(127"'7l8))7

and “k *1” defined by the ‘harmonic shuffle product’ of indexes k = (ky,...,k,) and 1 =
(l1,...,1s):

gxk=kxa =Kk,
k+xl= (k:l,(krg,...,kr)*(ll,...,ls))
+ (ll,(krl,...,k‘r)*(l2,...,ls))
+ (k1 + 11, (Ko, k) % (Lo, L L)),

where () denotes the unique index of depth 0.
For convenience, by {s1,...,5;}, we denote the sequence of depth dj with d repetitions of
{s1,...,s;}. For example,

{317 52, 33}4 = {317 52, 83, 81, 52, $3, S1, 82, $3, 51, 52, 33} .



Clearly, setting k = (1) or 1 = (1) yield

C(k® (1)*) = C(kl + 17 k27 ) kr)a
M @®r) = (h+1Li,....0).

Specially, the Arakawa-Kaneko zeta value

1

S b GO 1
n=1 p

is also a special case of K-Y MZV (see [15]), where p, k1,..., k. € N. Here the Arakawa-Kaneko
function is defined, for R(s) > 0 and positive integers ki, ko, ..., k. (r € N), by ( [1])

1] .
E(sykr k... ky) = () / - L1k17k27 (L —e7h)dt, (1.6)
0

where the multiple polylogarithm Lik, g, . k() (MPL for short) is defined by ((k1,x) # (1,1))

. x"
Lig, k.. b () 1= > e rEl-L1] (1.7)
ni>ng>->n,>1 11 12 o

Some related results for Arakawa-Kaneko functions and related functions may be seen in the
works of [3,6-8,11,13,15,25,26] and references therein.

The primary goals of this paper are to study the explicit relations of MZVs and their related
variants, such as K-Y MZVs ((k ® 1*). Then using these explicit relations, we establish some
explicit formulas of MZVs and MZSVs.

The remainder of this paper is organized as follows.

In Section 2, we establish several iterated integral formulas of multiple polylogarithms and
define a parametric variation of multiple harmonic star sums.

In Section 3, we will establish general relations between K-Y MZVs and MZVs by using the
method of iterated integration. In particular, we show that

C(({1k) ® (1, {{1}m=-1,2}p—1,{1}m)") € Q[Riemann Zeta Values]
and
C(({1}m, 2,{1}p) ® (1, {{1}m—1,2}p—1, {1}m)") € Q[Riemann Zeta Values].

Moreover, some interesting consequences and illustrative examples are considered.
In Section 4, for an index k we define the Apéry-type variant of MZSV

(ko ...
Chk) = Chlkn kv ZC" SILETSLY )<2”>, (1)

n

we call them multiple zeta B-star values (MZBSVs for short). Using a similar method to
Section 3, we will prove several explicit relations between (5 (k) and alternating MZ(S)Vs. For
non-zero integers k; (j = 1,2,...,r), the alternating multiple zeta values (AMZVs for short)
and alternating multiple zeta star values (AMZSVs for short) are defined by

Clkyy.. k) = Z Hn sgn )", (1.9)

ny>-->np>17=1

3



Clhtyeeke) = > Hn;"“f‘sgn(kj)%, (1.10)

where for convergence |ki| + -+ |k;j| > j for j =1,2,...,r (we allow k; = —1), and
1 if k; >0
sgn(k;) := J ’
gn(k;) {—1, if kj < 0.
When sgn(s;) = —1, by placing a bar over the corresponding integer exponent |k;|. For example,
we write

C(§737174) = C(_2737_174) and C*(:—)’7272171) = 4*(_3727_471)‘

2 Iterated integrals of Multiple Polylogarithms and Parametric
Multiple Harmonic Star Sums
In this section, we establish several iterated integral identities of multiple polylogarithms and

parametric multiple harmonic star sums. We begin with some basic notations. For any index
m := (my,ma,...,mp), we define

l’l’lj = (m17m2 + 1,- .. ,m] + 1)’ mg := (ml),
ﬁi,j = (Mg, Mig1, ..., my),

<_

m; ;= (mj,mj_1,...,m;),

and
lm|; :=mi; +mg + - +mj,

where 1 < i < j <p. If i > j, then we let E” := (. In definition of m;, we allow m; =0 (i =
2,3,...,7).

Moreover, for two index m := (my,ma,...,mp) and n := (ny,ng,...,n,), we let
(m+n i = (m; +ny, ... yMj—1 + nj—1,m; + ’I’Lj),
m + n)i,j = (mj +nj,mij—1+n-1,...,m; + nl)

In particular, if n = ({1},), then

m

—~

ij = (mi—l—l,...,mj_l—l—l,mj—l—l),

m

+] +
- o

)ij = (mj+1,mj_1+1,...,m; +1).

2.1 Identities for Multiple Polylogarithms

According to the definition of multiple polylogarithms, we have

1.

d_. —Ligy 1 kg e (2), B> 1,

T Lk ke (2) =0 T (2.1)
T Lke e (), k=1
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Hence, applying (2.1) we obtain the following iterated integral expression

rdt o dt dt dt

. )= [ 2 At dt dt dt  dt dt
A N A
) —— N——
ki1—1 ka—1 kr—1
where 0 < z < 1 and
/fl(t)dtfg(t)dt-  f()dt = FL(t) falta) - - frlty)dtrdts -
0 O0<tr<---<t1<x

Note the fact that

dty -

1 <tp<--<t1<xo

Thus, (2.2) can be rewritten in the form

T

Ligy egeee (z) = H

j=1

1
I'(k;)

For convenience, we use the following notations

1 k—1 T
ko o <1—tp>
Qy(z) == and QF

tp

T

[I

0<ty <--<ty<to=zx I=1

pp—1°

where p and k are positive integers, if k = 1 we let ,(x) =

Ep(x) == {(t1,....t;) |z <t <---

Therefore, in (2.3), changing variable t; — 1 —t,41-; (i =1,2,...,

1

Liky ko, ko () = 7,7()/]9 ” )Qfl( )Q:@T L Qgﬁdtl o dty.
k. r(l—x

Jj=1

Theorem 2.1 For k,r € N, we have

_ k-1 logk—1-7
Liy (13, , (%) = 2 H {C(T +1,{1};1)
N (_1)Tlogk_1(x) log" (1 — x)

(k—1)lr!

r—l

-y

=0

<ty <1},

logkj_l (t__1>
2 dt

J
t

1—t,

logk—l 1- til’
11,

J

)

tp-1

-dt,.

(2.3)

Q(z) and Q)1 =Q), ;. Let

r € N.

r) gives

(2.4)

lOg 1 - :E)Llr-i-l —i,{1},— 1(1 - l’)}

(2.5)



Proof. Setting ky =k, ko =--- =k, = 1 in (2.4) yields

. 1
Li 1), (2) = k_l),/D QF(2)QL, - Qb dty - dt,
. x,t

1 k-1 . .
' < ) )logk_l_J(x)/ Qi )QM Lo qdty - dt.. (2.6)
- ]‘) j:(] j Dac,t ’

By direct calculations, we can find that

Ligy, (z) = /D“szl( YL,y Qb ydty - dt, = (:,1,)? log" (1 — ) (2.7)
and (j > 1)
[ edtwel, - aidndt,
Dz ¢
=jI¢(r +1,{1};-1) —j'Z i log (1 —2)Li g i1}, (I —x). (2.8)
Thus, substituting (2.7) and (2.8) into (2.6), we immediately obtain the formula (2.5). O

Remark 2.2 This theorem generalizes [1, Theorem 8], where the corresponding formula for
Lik,{l}rfl(x) 18

Lig 1y, () =(-1)"! > Ligy, (@)L, g, (1—2)
Jitetge=rtk,

J1yenJi21
k—2 '
+ ) (=1 C(k = 5, {1}p—1)Ligy, (1 — ). (2.9)
j=0
. : . . (=1 :
Comparing (2.5) with (2.9), and noting that Ligy, (z) = 7 log” (1 — x), we obtain
k=117 k—1—j .
log N(z)Liyyo 1y, , (1 — )
k ) 1
(_1) Z Lljly 7]k 1 (k, _ 1 _j)]' ’ (210)

Nt tje—1=r+k, j=1

J1seendk—121

where r € Ng := NU{0} and k € N.

.

Recently, Kaneko and Tsumura [12] gave the following more general result.

Theorem 2.3 (Kaneko-Tsumura [12]) Let k be any index. Then we have

Lix(1 —2) = Y adK;§)Ligy, (1 — 2)Lig (2), (2.11)
k,7>0

where the sums on the right runs over indices kX' and integers j > 0 that satisfy |k'|+7 < |k|, and
cx(K'57) is a Q-linear combination of multiple zeta values of weight |k|—|K'|—j. We understand
Lig(z) =1 and |0| = 0 for the empty index (), and the constant 1 is regarded as a multiple zeta
value of weight 0.



In particular, the author and Pallewattaa [20, Thm. 2.9] gave the following an explicit
formula

idb
Ligy, o, (- 2) = S (-1 (” j“)a b4 2)Lipy, (1)

b+1
DS (j * a)Ll{l}M (1 — 2)Ligg 144 (), (2.12)

AN

where a,b € Ny.
Next, we use the identities (2.5), (2.11) and (2.12) to establish some iterated integral for-
mulas involving multiple polylogarithms.

Theorem 2.4 For m = (myq,...,my,) € Nj and k = (k1,k2,..., k) € N",

/ ( )Q?P“u —z)Qn- (R - QE T Ly (t )ty - - dty,
Ep(z

St Y ez Y E {H<ml-+jl>}

|
K',j>0 dot+-tip=i, IO
3O ip=>0

x log0 (1 — x)mmmk,(l — ), (2.13)

Here, the the sums is over indices K' and integers j > 0 that satisfy |K'| + j < |k|, and cx(K';7)
is a Q-linear combination of multiple zeta values of weight |k| — |k'| — j.

Proof. Applying the change of variables t; — 1 — (1 —x)t; - - - t, 11—, and using (2.11) then the
integral on the left hand sides of (2.13) can be rewritten as

/ ( )Q;’"b”ﬂ(l — ) QR Ly (f)dt - dt
Ep(x

p,p—1
1 1 P logmpJFl,j(t_)
- 0 131( (A =2)tr---tj0) =" = 1) (1= S tp)dts P
P
j 1 P logmp+1 L(t)
= (=1 mi+---+mp k / / i
( ) k;()ck( J E 1 — tl tz—l) 1 _ tz’)
- %,_/
P
s logd (1 — z)ty -~ t)Lig (1 — )ty - t,)dty - -~ dt,
. Jo(1 _
—yme Y agpey Y 0o
k,j>0 ot dap=i, JO°T T Jp
30»--dp>0
/ 1 P logmzﬂrlfi'i‘ji(t,)
X 1 Li/ 1_33 dt d ' 214
0/ 0/{11]1 (T=a)ty - timg) ™t = tz)} i (( Jtr - tp)diy - (2.14)

——
p



From (2.1), we find that

1
(—1)k—1 /xlogkl_l(t)Likg,...,kr(ﬂft)

= Lig, sy (7))
T(k1) 1—at = Liks by (7)

Further, we have

1
r '—1 1 kj—l t T T
Lij pm (2 H / / g () gy, o[t ) [[dt.  (215)
0 J=1 a:jﬁlt ¢ j=1 j=1
. ot
7" =1 !

where tg := 1. Hence, combining (2.14) with (2.15), we obtain the desired formula (2.13). O
Letting k = (k,{1},—1) in (2.13) and using (2.5), we can get the following corollary.

Corollary 2.5 For m = (my,...,m,) € Nj and k,r € N,

/ Q;np+1(1 — x)ng;;ill-’_l ce Q;ni—l—lLih{l}ril(tl)dtl s dtp
Ep(z) 7 7

:mll---mp!(—l)k_l Z Z (—Z ; {H <ml+zl>}logi0(1—$)

J1++ig=r, ‘ot +ip=Jk, =1
F1seees Jr >0 IR ip>0

X lem—l-l—i-l )1,0,(+1) 16— 1(1 N x)

k—2
+ma!- - m;l?! Z(_l)jg(k -7 {1}T—1)Liml p,{l}»(l — ), (2.16)
i=0 Y

where i:= (i1,...,1p) and j == (j1,...,Jk—1)-
Setting k = ({1}4,2,{1}3) in (2.13) and applying (2.12) yields the following corollary.

Corollary 2.6 For m = (my,...,myp) € Ng and a,b € Ny,

/ ( )mep“(l — ) Qr (R Qg:”ll“Li{l}mZ{l}b(tl)dtl---dtp
Ep(x

mp'z <]+b—|—1><(j+b+2) T

' {ﬁ <ml + zl> }
it tip=a—j, =1

x log™ (1 — i, (o)
i —1)io (L (my+i
B iest

=1

X 1ogi0(1 - @Limmaﬂﬂu — ), (2.17)

where i:= (i,...,1p).



2.2 Identities for Parametric Multiple Harmonic Star Sums

For positive integers my,...,m, and real z € [—1, 1], we define a parametric multiple harmonic
star sum (PMHSS for short) ((my,--- ,mp_1,mp; z) by

np

x

* . Pp—

Crlma, -+ ,mp_1,myp; ) == E i T
n>ny>->np>1 "1 p—1 P

where (}(0; ) := 2"

It is clear that according to definition, by a direct calculation, we have the relations

1
d . _Cg(mlf" 7m;l7—17m117;$)7 mp > 17
%Cﬂ(mla T 7mp—17mpﬂx) = C;(mly' .. 7mp—1) — 4’;;(771’17 N 7mp—1;x) - (218)
, my=1
1—=x
Definition 2.1 For an indexm = (mq,...,my), its Hoffman dual is the indezm" = (m),...,m
determined by |m|:=mq + - +my =m} + -+ +my, and
{17277‘m‘_1} - {m17m1+m27"'7ml+'"+mp—l}H{m/17m/1+m/27---7m,1+”’+m;)/_1}.

For example, we have
(1,1,2,1)" =(3,2) and (1,2,1,1)" =(2,3).

Theorem 2.7 For positive integer p and real x € (0,1],

(_1)Pn +1 _1+1 1
G (my; @) e — Q7 (1 — a:)QZ?;’_ll . Q;”llJf thdty - - - dt,
p* J Ep(x)

+
J

(—1)P—jg;(m§)LimMp(1 — ), (2.19)

p
=1

where my, = (my,ma+1,...,m,+1) and m; > 1, m; >0 (j =2,3,...,p).

Proof. The proof is by induction on p. Note the fact that the case p = 1 is well known (see [24]).
For p =2, if my = 0, by (2.18), we have

d * 'U;
a1 = )

and

dx | mq!

_ Galmizz)

X

[ - e — C(mLin (1~ ) + G((mr, 1))
Es(z)

Hence, we know that

* v n m n * ([ UNT : * v
(n((ml, 1) ’:L‘) = —mll /E @ 92(1 — :L')in—"_ltl dt1dts — Cn(ml)Lll(l — !L') + Cn((ml, 1) ) + Cl,
! 5 (2



where C is a constant. If letting 2 — 1, then we get C; = 0. Thus, the formula (2.19) holds for
p =2 and mg = 0. Similarly, if my > 1, we assume (2.19) holds for (mq,m2), then from (2.18)
we deduce

d . v,y _ Sallma,m2)?) = G((ma, ma)"; @)

7 Sn((m1,ma +1)% 2) 1o

and

d n ma+1 mi+1,n X (0 U\T ¢ * v
T {m /E2(:v) Q77 (1 — )17t dtdts — Gy (my) Ly 41(1 — @) + (4 ((m1, ma +1)°)

_ Gillm1,m2)") — Gi((my, ma)*s )
11—z

Therefore, we obtain

n

Crl(ma,mg +1)%5 ) = /E ( )9312“(1 — )y T Tty dt

m1!m2!
— Gr(mY)Lim,41(1 — @) + G ((ma, m2 +1)") + Cs,
where Cy is a constant. Further, setting x — 1 yields Co = 0. So, for p = 2, the formula

(2.19) holds. Now, we assume the formula (2.19) holds for index (mi,mg +1,...,mp_1 + 1)*.
If m, = 0, by direct calculations, we find that

d v s((mi,ma+1,...,mp_1 +1)% 2
2 al(myr, 1)1y = Sl po 1)

(=1)'n
d ml' cMp— 1'

X

/ Q,(1 — x)Q:;le QP - dt,
Ep(z)

S +Z DG L () Glmye. 1))

Then by the induction hypothesis, we have

(=DPn

* v, _
Cn((mp_hl) ,.Z') - ml""mp 1'

/E o Q1 — ) -ty

+Z DG L o () G(mpe 1)),

Further, if m, > 1, we assume the formula (2.19) holds for index (m;, ma+1,...,mp_1+1,m;)".
By (2.18), it is easy to obtain that

—1)P m _ .
M/ y )Qp P+1(1_3;)Q P 1+1---Qz,}+1t?dt1---dtp
E,(x

d d mllmp' pvp_l
%C;(m;;:n) = iz P 1y
+§:1(_ C Ll m+1)41p 1 —1’)
‘]:
_ G ((myp—1,m5)") — G ((mp—1,mp)"; 7)
1—2x )
Hence, the desired evaluation is obtained. O
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3 Formulas of K-Y MZVs

In this section we will prove several explicit formulas of (single-parametric) K-Y MZVs and
multiple polylogarithms, and find some explicit relations among MZVs and MZSVs.

3.1 General Results

Theorem 3.1 For m = (myq,...,my) € N§ with my > 1 and index k = (k1, ..., k),

= Cn—1(ka, ... 7kr)C;;(m;§ )
Z[ nkl"rl

1 Y aki) Y

1 p
.- H <ml + ]l) }
K/,j>0 ot tip=d, {l:l

JOsees ip=>0

x log’0 (1 — x)Liml,p’k,(l — )
p
DI (L) i (- ), 1)
j=1 ’

where x € (0,1), j := (j1,--.,7p), K and cx(K'; j) were defined in (2.11).

Cn—l(k27 e 7]{77“)

Proof. Multiplying (2.19) by Y]

and summing with respect to n, we have

2 Gtk k)G (my; )

; nki+l
_1 ’ m mp— m .

) ﬁ /E % G (1= ) O ()t -y
' p* p(T

z i St (s, ..., k)G (mY)
+Z(_ Z nkl—l—l lep+1 mp— 1+17 7mj+1+1(1 _:I:)
i=1 =

Then with the help of formula (2.13), we may easily deduce the desired evaluation by an ele-
mentary calculation. O

Corollary 3.2 For positive integers k,r and m = (my, ..

i Cn—1({1}r—1)¢; (my; @)

kT

.ymy) € N§ with my > 1,

n=1

NS > (_Z / {ﬁ <mz+lz>}log (1-2)

Jj1t+ig=r, gt tip=Jg, =1
J1sJk 20 iQseerip >0

x Lifm+i+1)1,p,m1,k71(1 N x)
S0k AL g,y (1= )

11



£ 3Pk L) @ (L) s (1), (32)
j=1

where x € (0,1), i:= (i1,...,1p) and j = (j1,...,Jk—1)-

Proof. Corollary 3.2 follows immediately from Theorem 3.1 by setting k1 = k, ko =--- =k, =1
with the the help of (2.16). O
Corollary 3.3 For integers a > 1,b>0 and m = (mq,...,my) € Ng with my > 1,

f: Cn—1({1}a—1,2, {1}p)¢; (my; )

n2

e (T iy , ST {H (" l>}

),z )

ig+-+ip=b+1—3j, =1
B(0sens ip>0
x log™ (1 — x)LimvaaHﬂ_(l — )
P
1)P—i _

+ ; C(({1}a:2, {1h) ® (1L m§)ILig s (1= ) (3.3)
where x € (0,1), i:= (i1,...,1p).
Proof. Corollary 3.3 follows immediately from Theorem 3.1 by setting k1 = k, ko =--- =k, =1
with the the help of (2.17). O

Clearly, from Theorem 3.1, Corollaries 3.2 and 3.3, we can find many interesting relations
between K-Y MZVs and MZVs. For example, in (3.1), (3.2) and (3.3), setting « = 0 yield

5 a5 T (im0

k’,j>0 J1t+-+ip=d, =1 J
J0sees Jip=>0
p
= ek (1, m))¢ ((m+ 1j51,) | (3.4)

7j=1
where j = (j1,...,Jp), k" and cx(k’; j) were defined in (2.11). And

\

(—1)k1 Z Z {ﬁ (ml; il) } ¢ ((m +i+ 1)1, G+ 1517k_1)

J1t-Hig=r i1t tip=jg, (l=1
Tlsees =0 0] 5eees ip=>0

ko
[\

+ 3010 = (1) (o D (1)

<.
Il
o
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p

= S 1) ® (1, m) )¢ (1))

(3.5)
7j=1

where i:= (i1,...,4p) and j := (j1,...,jk—1). And

ST 2 A1) © (1, m5) )¢ ((m+ 1541,

Jj=1

a

j:o(‘”j<j+§+l><<j+b+2>, > {ﬁ(””*”)} ¢(lm+i 7 )

ip+otip=a—j, \[=
i1 5emyip >0

b+1

o 0 <J+a> > {ﬁ <ml;iz>}((ml7p,a+1+g‘>, (3.6)
p

i1+ +ip=b+1—j, =1
0] 5eees ip=>0

where i := (i1,...,4p). In above three formulas (3.4), (3.5) and (3.6), m, > 1.

Next, we use the identities (3.5) and (3.6) to establish some explicit formulas involving
MZVs and MZSVs. Setting r = k =1 in (3.5) gives

p
S (=1 (my + 1, myg 4+ 1)¢K(2,mY)

:Z(mj+1)C(mp—|—1,...,mj+1+1,mj—|—2,mj_1—1—1 .,m1+1). (37)

Setting a = 1 and b =0 in (3.6) yields

P
S G 1 s @) ¢ 2.2.m)
J=1

p
Zm]—i—l C(mp+1,...,mjp1 +1,mj+2,mj_1 +1

,mp+1)
7=1
p
—I—Z(mj—|—1)C(mp—|—1,...,mj+1—|—1,mj—|—2,mj_1+1,...,m1—|—1,2)
j=1
—2¢(3)¢(mp+1,....,m1+1)+2¢((mp+1,...,m +1,3),

(3.8)
where we used the fact that
¢((1,2) ® (1, mj)") = ¢(2)¢*(2, m}) — ¢*(2,2, mj).
If letting p = 1 and m; = m € Ny in (3.7) and (3.8), by an elementary calculation we obtain
¢C2A1}m) = (m +1)¢(m +2)
and

C(2)¢7 (2, {1}m) — ¢7(2,2,{1}m) = (m + D{C(2)¢(m +2) + ((m + 2,2)}

13



—2¢(3,m+1) —2¢(m +4).
Hence,
C(2,2,{1}m) =2¢B8,m+1)+2¢(m+4) — (m+1)¢(m + 2,2).

Further, from (3.7) and (3.8) we arrive at

(=17 (my + 1, myr + 1)C7(2,2,mY)

M=

j=1
=2C(3)¢(mp+1,...,m1 +1)—2¢((mp+1,...,m; +1,3)

p

Z (mj+1)¢(mp +1,...,me1 +1,mj +2,m_ 1 +1,...,m1 +1,2). (3.9)

Taking m; = --- = mp, = m € Nin (3.7) and noting the fact that (m,{m + 1},_1)" =
({11, 21, {1}m), we obtain

(m+1) Z C{m—l—l}a,m—l—Q {m +1})

=Y (D)2 01 3, DM+ 1)),
7=1

Since the left hand side of above formula can be rewritten as the products of Riemann zeta values,
hence, the MZSV (*({2, {1},n—1};,1) on the right hand side can be evaluated by Riemann zeta
values. Thus, we have

(m+1) > ({m+1}a,m+2,{m+1})

a+b=p—1,
a,b>0

=Y (=1T((m+ 1)) + D¢Hm + 1}p-5),
7j=1

where we used the well-known identity (two different proofs are given in [18,31]).

C{2,{1}m-1}n, 1) =(m+1)¢((m+1)n+1) (n,meN).

Lettingm; =---=m, =1,my41 =2,mpyp=---=mp =1 (1 <r <p-—1)in (3.7) yields
2 Z C({z}P—T—h 3, {2}117 3, {2}6)
+2 ) ({2} 3,{2}, 3, {21) + 3¢({2}p—r—1,4, {2})
= > (D¢ ({2har1, D2} 1,3, {2))

14



+DT > (Db L {2Ye DC2))-

Note that in [19], Ohno and Zudilin gave a brief evaluation (mj, mg € N)
C ({2 my, L {2}y, 1) =4C°(2my + 1,2mo + 1) — 2¢(2my + 2ma + 2).

Zagier [28] found explicit formulas for (*({2}4,3,{2}s) (a,b € Np) in terms of rational linear
combinations of products ¢(m)m?"® with m + 2n = 2a + 2b + 3. After Zagier’s original work,
several other proofs have appeared in the literature, see for example [17,21]. The formula of
¢*({2}4,3,{2}») played an important role in Brown’s proof [4] of the Hoffman conjecture [10]

that every multiple zeta value is a Q-linear combination of values ((s1,--- ,s,) for which each
s; is either 2 or 3.
Putting r =1,k =2,m; =--- =m, =1 in (3.5) gives

NE

(=17 (3, {2}-1, DC({2}p-5)

1

= C2)C({2}p) = C{U2bpe) =2 D C({2}ar3. {2} 1),

a+b=p—1,
a,b>0

Note that the explicit evaluation of MZSVs (*(3,{2};-1,1) can be found in Zhao [30]. It should
be emphasized that Zhao [30] also gave more general evaluations for some special MZSVs.

<.
Il

3.2 Two Special Cases

In this subsection, we will prove the conclusion that the K-Y MZVs
CH{1hr @ (L{{1}m-1,2}p-1, {1}m)")

and

({1 m, 2, {1}) ® (1, {{1}m—1,2}p—1, {1}m)")

can be expressed in terms of the products of Riemann zeta values.

For any index m = (my,mg,...,m,) with m; > 1, we define the following multiple Hurwitz
zeta function
1
CHZ(ml,mg,...,mp;a—l—l) = Z o - —
n1>ng>-->np>0 (nl + CL) 1(77,2 + a’) 2o (np + a’) P
where a # —1,—2,—3,.... For convenience, we set gz (0;a + 1) := 1. It is clear that if a = 0,
then
Crz(mi,ma,...,mp; 1) = ((my,ma,...,my).

Theorem 3.4 For k,m; € Ng (j=1,2,...,p—1) and my € N,

> ]i[ (m] HJ) ¢(tm+i+1)1,)
o

i1 +ig+Fip=k,
01,09, ,ip>0

_(DF 1 2, {CHZ( +1)1p,a+1)} (3.10)

k! a—

15



Proof. We note that the right hand side of formula (3.10) (not limit) is equal to

_1)k 8k

(k—ll)W {CHZ ( m+1)17p;a+1>} (311)
k

:(k!) ak{CHZ(mp“ ;me +1,my + 1ia + 1)}

_ (_1)k Z 8_’“ 1
Tk Oak (nl 4 a)mp—l—l - (np—l + a)m2+1(np + a)ml—i-l

ni1>ng>-->np>0

(—=1)F > 3 k! L 1
k! TN i; P my+1
S POY Srmy RN A L st 0a's \ (np+1-j +a)
11,19,..,0p >0

= > ﬁ <mjk—; ij) Chz <m1,p§ a+ 1) ; (3.12)

i1 +ig+tip=k, | j=1
11,49, ,ip=>0

where we used the general Leibniz rule

(k)

P P
H fi - Z k‘l'k‘2 H
j=1 ki4ko+-+kp=k, j=1

E1,kgse e kp ENg
Hence, letting a — 0 in (3.11) yields the desired result. O
Theorem 3.5 For k,m,p € N,

k
( k') a {CHZ({m—i-l}p,a—i-l)}

p —1)c;

= Z H 'JCJ

c1+2co+--+pep=p, ':
€1,¢9,...,cp>0

p lcl; . . )
% > II 1I <Zm+Z];1+ki>€(im+i—|—kﬁ§a+l)7 (3.13)

Fithatethel =k, i=1 ji=c|,_;+1 Ji
R1okg, ko) 20

0
where [[(-) =1 and|c|,:=c1 +ca+---+¢;, |c|,:=0.
j=1
Proof. In [24, Eq. (4.7)], we gave the recurrence formula

_1yp—1P71 ]
D NS (1) Cua((p — i)(m + Dsa+ Dz (fm + 1)ia+ 1),

=0

Caz({m+1}pa+1) =

(3.14)
According to [22, Eq. (2.44)], the complete Bell polynomials Y;,(-) satisfy the recurrence

M |

Yb:l, Yp(xl,xg,...,

< , >a:p] i(x,2e,.. ., 25), n>1, (3.15)

16



and

_ p! T\ [T\ C2 zp
Yy(z1,22,...,1p) = Z m(F) (g) <F> : (3.16)

c1+2co+--+pcp=p,
€1,€2,.-,cp>0

Letting 2 = (—1)* Yk — 1)!¢uz(k(m +1);a +1) (k=1,2,--- ,p) in (3.15), then comparing it
with (3.14), we obtain

Caz(m + 1}pia+1) = Y, (O!CHZ(m +La+1),..., (=P p - D uz(p(m +1);a + 1)) ‘

p!
(3.17)

Hence, by (3.16),

CHZ({m+1}P;a+1): Cj!jcj

ST § (il RS VTRS ) SR
=1

c1+2co+--+pcp=p,
€1,€9,..,cp=>0

Thus, differentiating (3.18) k times with respect to a and using general Leibniz rule, we deduce

the desired result. g
In particular, we compute the three cases
—1)k ok m+k
( k;') gk Wrz(im + 1} a+ 1)} = < i >CHZ(m +k+1a+1), (3.19)
—1)k o
( k;!) 9ok {Caz({m +1}25a + 1)}
1 k k
=5 > (m,j 1> <m,j 2><Hz(m+k1 +La+ DCaz(m+ke + La+1)
k1+ko=k, 1 2
kq,kg >0
1/2 k+1
—§< m+k >CHZ(2m—|—k:—|—2;a+1), (3.20)

k! W{CHZ({M+1}3;Q+1)}
:é > <m;_1kl><m2—2k2><m];;k3>CHZ(m+k1—|—1;a+1)

k1+ko+ks=k,
k1,ko,k3>0

X Cuz(m+ ke +1La+1)Cxz(m+ ks + 150+ 1)

1 k 2 k 1
2 Z <m+ 1><m+ a )CHZ(erk‘l+1;a+1)CHZ(2m+k2+23a+l)

ky+ho=k, k1 k2
k1,k3>0
1/3 k+2
_< m+l<: * >CH2(3m+k+3;a+1). (3.21)

Using Theorems 3.4 and 3.5, we can prove the following result of a special K-Y MZVs in
terms of Riemann zeta values.

Theorem 3.6 Let r,m and p be positive integers, then

CH1} ® (1, {{1}m-1,2}p—1,{1}m)") € Q[Riemann Zeta Values]. (3.22)

17



Proof. Letting k =1and m; =---=mp, =m (m € N) i
we give

n (3.5), and using (3.10) and (3.13),

S (14 1o )L @ (L AT o1, 21, (1))

Jj=1
P im o+ . . .
- Z {H< , )}C(m—i—zp—i-1,...,m+22+1,m+21+1)
intrip=r, Li=1 VY
i1,eenyip>0

€ Q[Riemann Zeta Values|.

Then with the help of the fact (({m+1},) € Q[Riemann Zeta Values], the formula (3.22) holds.
Thus, we complete the proof. O

Theorem 3.7 For m,p € N and b € Ny,

C({1}m,2,{1}p) ® (1, {{1}m—1,2}p—1,{1}m)") € Q[Riemann Zeta Values]. (3.23)
Proof. Setting a =mj; =mg =--- =mp, =m € Nin (3.6), we have

S (=1Em A+ 1o ) ({1 s 2,{13) ® (L {{1}m-1,2}5-1, {1}m)")
= (-1 <‘j +§+ 1)((,7‘ +b+2)

X Z {H<mfil>}g(m+ip—|—1,...,m+i2+17m+i1_|_1)

. , . 1]
Jit-tip=m—j, (l=1
i1 5eensip >0

— (=™ Z {H<mfil>}c(m—|—ip—|—1,...,m+i1—|—1,m—|—i0—|—1)

]
igt+i1+-+ip=b+1, =0 !
101 seeesip >0

€ Q[Riemann Zeta Values].

Then, using (3.10) and (3.13), we complete the proof.
By elementary calculations, we get three cases:

C({l}r ({1}m,2,{1}m)")
_ e Gt ()G (-1, 2 {1 m)

n2

1/2m+r+1
=— >((2m—|—7‘+2)

B % 2 (m;;kj) (ml;:zk2> C(m+ k1 + 1)C(m + k2 + 1), (3.24)

)
=

C{1}r ® ({(13m, 2, {1} m—1,2,{1}m)")

18



— Gt ({1 )G {1 m-1,2 {1} m1,2, {1}m)
Z:l 1( 1 n21 1
1/83m+r+2
3 r

—1 Z <m;kl> <2m+k§2+1>C(m—|—k1—|—1)C(2m+k2+2)

>C(3m+r+3)

k1+ko=r,
k1,ko>1

1 m+ki\ (m+ky\ [/m+ ks
+6k Z_ < k1 >< ko >< k3 )
1+kotkz=r,
k1,ko,k3>1

X C(m + k1 +1)C(m + ky + 1)((m + k3 + 1). (3.25)

and

C(({l}m2 {1}) ® {1}mr1)")

o Gt ({11, 2 {13) G ({1 m)
2

1

n
n=

m—1 .
N <‘7 +§+ 1> <2mm_'7>§(j L b4+ 2)C2m+1— )
=0
_ (_;)m 3 <m :;kl> <m :;kQ)((m +k+ 1)C(m A+ ka +1)
(_;)m <2mb++b1+ 2) C(2m + b+ 3). (3.26)

The following conjecture seems to follow from formula (3.13), but we have not yet worked

it out in detail.

Conjecture 3.8 For any k,m,p € N,

C{1hr ® (L {{1}m-1,2}p—1, {1}m)")
_ZCn 1 {1}7‘ 1 C* ({{1}m 172}10 1’{1}m)

n2

p G—1)¢;

= (—1)PH! Z H o ,jcj

c1+2co+--+pep=p, 7j=1
C1,C25eens cp>0

lel;

x 3 H 11 (im“k_ij'i)g(z‘mﬂ‘Jrkﬁ). (3.27)

ki+ko+-- +k\c\ =r, j= 1]2_|C|271+1 i
k1,k9,.ees k‘c‘py

If setting » = 1 in Conjecture 3.8, we can get the well-known identity
CH2 {1hm-1}p, 1) = (m+ D¢(p(m + 1) +1).
Moreover, the formulas (3.24) and (3.25) can also be obtained by the Conjecture 3.8 with p = 2

and 3, respectively.
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4 Apéry-Type Multiple Zeta Star Values

In this section, we use a similar method in the above section to evaluate the following Apéry-type
multiple zeta star values (J;(k) which involve center binomial coefficient,

Cnlk, ... k) (2n
(k) = Gk ko, Z P\ ) (4.1)
where k1, ko, ..., k, are positive integers. In particular, if r =1 and k; = k then
o
Z nk4n
For any index m = (mq,...,m,), we define the classical multiple polylogarithm function
with r-complex variables by
) ) o2 P
le(X) = lehmz,--- \Mp (:L'la Z2,. .. 7:1:17) = Z TrlLl 72112 . ];np :

ni>na>—>np>1 01 T2 T

where x = (z1,...,2p) with|z;---2;| <1 (1 <j <p)and (x1,m1) # (1,1).
It is clear that if z; = £1 then Lin(x) becomes to (alternating) MZVs. According to
definition, we deduce
p logmj—l t]_l
tj

Li = dty---dt 4.2

where tg := 1.
Now, we prove two formulas of iterated integrals.

Theorem 4.1 For nonnegative integers mq, ..., my_1 and my, > 0,

2
Qpr et grtlog <7> dty - dt
/Ep(O) P p,p—1 2,1 1_’_m P

p—1
=m!---my, 19/mlp log(2 Z le— <0'p, Cfit{o'p-i-l—iap—i})

E{:l:l}
J=1,2,~.,p
| 1gmlp Li Eat . 43
+mql---my! lml ol Op, zi {Jp+1—zap—2}7 —01 ), ( . )
o e{£1} ’ -
j=1,2,..., p
where Catf:j{ai} abbreviates the concatenated argument sequence a;, aj41,. .., a, with the con-

vention Catf:j{a,-} =0 for k < j.

Proof. Let A denote the left hand side of (4.3). Applying the change of variables t; = 1 —
tp+r1—j (j =1,2,...,p), we have

log <l>mp log <t1>mp1 log <tp—_l>m1 log < 2 )
A:/ 131 12 tp 1+ % dtrdty - dt,
Ep(0)

(I—t)(I —tg)--- (1 —1p)
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Then, letting ¢t; — t? (j=1,2,...,p) yields

1 1 mpl tl Mp—1 1 t_l mll 2
®\n) ®\7, ) B\ity, u

A_2P+|m|p/ ty -t L dt
E,(0) v (1 —t%)(l—ﬂ) (1 —12) P
t

mp_1 £ mi
(n) g<1> ()
= 2PtIml Jog(2) / ty--tp ( P dty---dt

E,(0) 1—t)(1—t3)---(1—1¢t2)

P

_ 2P+mp/ TR - dt
Ep(0) 8 Q-1 —-13)- (1-1) .

1 mp ¢ Mmp—1 £ mi
log | — log 2 ---log -1
t1 2 t
—2mhiog) 3 )ty
E

- -1 -1
oj E{il} »(0) 0117 - tl)(ap—l - t2) e (01 - til?)
Jj= 12

1\ ™M mp_1 £\
. log <E> log <%> -+ -log <I;—1> log(1 +tp)
m P

o Z /Ep(O) !

(Up_l - tl)(”;—ll —t2)- (0 - tp)

P

ty - dty.

O'jE{il}
j=12,...,p

Then, using (4.2) and noting that

tp
1
1og(1+t):/7dt ',
P J 14tph P

we obtain the desired evaluation by a direct calculation. ([l

Theorem 4.2 For nonnegative integers mq, ..., my_1 and my, > 0,

log (1 + /1= t1>
[ oaprtmen et 2 L
Ep(0) 7 7 -1

my —I— 1 . Pl
= m1! oo mp|2‘m‘p Z H < > Z UlleLp <Up, (;gt{ap+1_i0p_i}>

|i \,,—1 oje{£1}
11,19, Lp>0 j=1,2,....,p
ml T B
—mq!l---my12Mir o aLih o,, Cat{o,11_i0p_;
1 g( ) 1 m+1)1, j22) i:l{ p+1—:iUp z}
o'J'E{il}
Jj=1,2,....,p
w3 i
— l... 12/Mm|p Li Cat . ) 4.4
mq- My o1L1 ag atyo — O p— g . .
1 D 1 Em+1)1,p,1 j 2 i:l{ p+1—iCp 2}7 1 ( )
UjE{:tl}
j=1,2,..., p

Proof. The proof of (4.4) is similar as the proof of (4.3). Let B denote the left hand side of
(4.4). By an elementary calculation, we can find that

1\™ Mp=1 too1\ 1+t
log <—> log <t1> ---log <—p 1) log < + p)
t to tp Qtp dty - dtp

B_2p+|m|p/ ty oty q
Ep(0) P (1—tHA —t3)--- (1 —t2)
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1 mp t mp—1 t _ mi
log (—) log ( 1) -+ log (p—1> log (1 +t,)
t1 to tp d

:2P+|m|p/ t -ty q ty - dt
E,(0) P (1=t (1 —t3)---(1—12) P
1 my ¢ mp_1 ¢ mi
log <t_> log <t1> --log ( ‘T; 1>
_ op+(mlp log(2) / tyty_q 1 2 p dty---dt
Bo C-A-B)-—1-8) v
1\ t\ "t too1\ 1
log <t > log <t_1> ---log <—1; 1) log <t_>
_|_2p+mp/ t -ty g 1 2 p PL dty - -dt,.
E,(0) P 1)1 —t3) - (1-12) P
We note the fact that
1 ty_1 1) P <t-_1>
log|— ) =log|L—...—— ) = log [ 21— tg:=1
g(%) g( tp  t2ta ; U o:=1)
1\ 4\ i1 ¢ i
= Z log <—> log <—1> --log < P 1) .
i1 tig+--Fip=1 t1 t2 tp
1569eeerip >0
Hence, with the help of formula (4.2) we may easily deduce the desired result. O

Next, we prove two recurrence relations for Apéry-type multiple zeta values (j(---). First,
by integration by parts, we get

ptr

7( 1)177“?“1/ Qe 1(1— )2 p-1tl SoQmat Qrq Q t””dt

€T _ 1091 .
... | p+r p+r,pt+r—1" r+2, r—i—l r+1,r ,1¥1 7

mal--mpl g () J

—1)P
= H/E . )Q;”pﬂ(l _xngillﬂ"'Qg?fﬂt’fdtlmdtp
: x

an+1 J(—1)PHr L e ]( — ).

Hence, the (2.19) can be rewritten in the form
G (my; )

+r,,r+1 ptr

_ =y QUL g)metl gmitl o o ot TT dts

T omq!omy) p+r p+r,p+r—1" r42,r4+134r+1r 2,191 J
1 p* JEpir(z)

J=1
r

r+1—j +r—j71
+ Y nrHI(—1)p i, oy, (1= 2)

J=1

p
+ Z 1P ¢ (m )Limﬂm(l — ). (4.5)

]:

—_

Theorem 4.3 For integers ma,...,mp—1,7 > 0 and my,m, > 1,

S0 (lm ot D) Gl 2,m)

j=1
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= 31779 (bt D 1he5) GG+ 1)

41 : Pt
+ (—1)r 2t og(2) Y Lits, g, \ 9ot Cat {opsrii—iopsr—i}

UjE{:tl}
J=1,2,....,p+r
p+r—1
m|,+1 :
+ gmlp Z lelp (141 <0p+m Cijflt {optr41-i0ptr—ils —01> . (4.6)
oje{£1} ’

G=1,2,...,p+r

Proof. Setting z = 0 in (4.5) gives

Zp: Y1 (m )<<m+1)j+17p)

J=1

1
_ () QUrrhQretl gmitl 0 Qo t7dty - - dt
- 1. ] D47 ( ) p+r,p+r—1" Ty o B e R e
may: mpy: Epy(0)

T

n Z nr—i—l—j(_l)r—jC (mlw {1}7»__7')

: (4.7)
j=1

2n
Multiplying it by 5 len and summing with respect to n, and noting that the well-known
n
formula (see [5,16])
o ()
>0
4

2
" =2log | ——— ),
= g<1+v1—t>

we obtain
- : — Cn(mf) /2n
Syt (fm i) 3 ()
j=1 n=1
2(_1)T / mp+1 mp—1+1 2
= QU QL il Qe Qg Tog (e ) dy - dty
B g Jeio 7 R
j=1
- r—j = (2:)
+ Z:l(—l) ¢ (Em + 1)1, {1}T—j) 1 ni+14n
j= n=
Then by (4.3), the desired formula can be established directly. g

Theorem 4.4 For integers ma,...,mp—1,7 > 0 and my,m, > 1,

S () 55 S (30

nrtlqn n
j=1 n=1

Sy (toa+ D (1he5) G5

X (_1)r2\m\p+1 Z H <ml +]l>

_ Hr+mp 1
0150 ir,d1 s Jp>0
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p+r—1
X E o1Li - - o Cat {o —iOpdr—i
1 Em+J+1)1,p,El+1)1,r < prry { pr+l—iYptr i}
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where H, = (,(1) stands for the classical harmonic number.

H 2n
Proof. The proof of (4.8) is similar as the proof of (4.6). Multiplying (4.7) by r—i—(er)L and
summing with respect to n, and noting that the formula (see Chen [5])
iH (2")tn_ 2. <1+\/1—t>
Ly V-t 2\ oyt
with the help of (4.4), we prove the desired result. O

From (4.6) and (4.8), we can get the following corollary.
Corollary 4.5 For an index m = (my,...,my) and positive integer r,
(p(r,my) € Q[Alternating MZVs with depth < p + 7].

From Theorems 4.3 and 4.4, by direct calculations, we deduce two specific examples:

= 2¢%(2 )10g(2) 4¢(2)(¢(2, 1)+C(2,1))

—810g(2) (€(2, )+C(2 2) +¢(2,2) +¢(2,2))
8(¢(2,2,1) +¢(2,2,1) +¢(2,2,1 2

(

_ §C( ) —4¢(4) log(2) — 3¢(2)¢(3)

and

00 H2 /9

(2,2))
+41og(2)(¢(2,1) = €(2,1) +¢(2,1) = ¢(2,1))
FA(C(2,1,1) = ¢(2,1,1) +¢(2,1,1) - ¢(2,1,1))

4
+ g 10g4(2),

where we used Au’s Mathematica package [1, Appedix A] containing the explicit expressions of
all values of alternating MZVs with weight < 8. The last series was also found in [23, Exa. 2.4].
We end the paper by the following conjecture based on our computations.
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Conjecture 4.6 For k = (ki,...,k;) € N", the MZBSVs (j(k) can be expressed in terms of
alternating MZVs.
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