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Abstract

Generally, the classic iterative learning control (ILC) methods focus on finding design conditions
for repetitive systems to achieve the perfect tracking of any specified trajectory, whereas they ignore a
fundamental problem of ILC: whether the specified trajectory is trackable, or equivalently, whether there
exist some inputs for the repetitive systems under consideration to generate the specified trajectory? The
current paper contributes to dealing with this problem. Not only is a concept of trackability introduced
formally for any specified trajectory in ILC, but also some related trackability criteria are established.
Further, the relation between the trackability and the perfect tracking tasks for ILC is bridged, based
on which a new convergence analysis approach is developed for ILC by leveraging properties of a
functional Cauchy sequence (FCS). Simulation examples are given to verify the effectiveness of the

presented trackability criteria and FCS-induced convergence analysis method for ILC.
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I. INTRODUCTION

Iterative learning control (ILC) is proposed for the class of robots executing repetitive tasks,
which aims at bettering the execution performances of robots for the current operation (trial or
iteration) by taking advantage of the saved information from the past operations [1]. Because of
its ability of achieving high-precision tracking tasks, ILC has been well developed for the past
three decades and successfully applied in many fields, such as flexible structures [2], railway
traffic systems [3]], batch processes [4], and network systems [S]. For more explanations of ILC,
the readers are referred to the surveys of, e.g., [6]—[8]. It is worth highlighting that due to the
salient two-dimensional (2-D) operating rules with respect to the independent time and iteration
axes, classic ILC methods require limited information of the controlled system, employ simple
(mostly, the PID-type) controller structures, and are easy-to-implement by resorting to distinct
convergence analysis strategies from typical feedback-based control methods (generally, via the
contraction mapping and fixed point theorems instead of the Lyapunov theories).
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In the classic ILC framework, ILC is generally implemented for the controlled system to track
any specified (or desired) trajectory perfectly on a finite time interval through the following
typical steps (see also [6]—[8]):

S1) making necessary assumptions on the controlled system, especially those on its dynamics
repetitiveness, identical initial alignment condition, and system relative degree;
S2) choosing which type of ILC updating laws is employed, or mostly, deciding what kind of
PID-type ILC updating laws needs to be adopted;
S3) finding ILC design conditions to ensure the convergence of the resulting iterative process,
especially by constructing contraction mapping conditions for the ILC process.
Although many remarkable results have been established in the ILC framework developed by
the steps S1)-S3), a fundamental trackability problem of ILC remains beyond this framework:
P1) whether the specified trajectory is trackable in ILC, or in other words, are there any ILC
updating laws driving the controlled system to generate the specified trajectory?

Regarding the fundamental problem P1), seldom ILC results have been reported to answer it.
Instead it is common in classic ILC to directly assume that the specified trajectory is realizable
(namely, there exists a unique input for the controlled system to generate the specified trajectory)
(1], [9], [10]. By contrast, trackability is obviously a more available property for ILC than
realizability by avoiding imposing the uniqueness requirement. Of particular note is that not
only can the realizability-induced ILC results be not utilized to address the fundamental problem
P1), but also the need of the realizability assumption may limit the application range of ILC
significantly. It has been disclosed recently in [11] that there exists a large class of ILC problems,
where the specified trajectories are trackable but not realizable. In such ILC problems, those ILC
analysis methods and results established with the realizability assumption naturally does not work
any longer. Conversely, the realizability can be addressed as a special case of the trackability for
ILC [11]. Consequently, the solving of the fundamental problem P1) not only is crucial for ILC
but also may bring novel insights into its development. This observation has been verified for the
case of discrete-time ILC in [11], where trackability provides exactly the necessary and sufficient
guarantee for the ILC perfect tracking tasks and, moreover, makes it possible to connect ILC
with controllability of discrete systems. Unfortunately, the results presented in [[11] are thanks to
the lifting technique induced by the discrete-time characteristic of the ILC system, which thus
can not be applied to continuous-time ILC. In fact, the fundamental problem P1) has not been
considered for ILC in the presence of continuous-time systems to the best of our knowledge.

Another benefit of the realizability assumption is to induce a class of convergence analysis
methods for ILC, which is called the indirect method, since it does not directly contribute
to the accomplishment of the tracking task. Thanks to the assumption on the existence and
uniqueness of the input for the controlled system to output the specified trajectory, the indirect
method is possible and convenient to first obtain the convergence analysis of the resulting input

sequence along the iteration axis, through which the primary tracking task can then be indirectly



achieved for ILC by taking full advantage of the time-domain dynamics of the controlled system
(see also [, [9], [10]). In comparison with the indirect method, there exists a class of direct
methods for the convergence analysis of ILC, which is directly devoted to realizing the tracking
task without imposing the realizability assumption (see, e.g., [12]-[14]). However, the direct
method of ILC generally does not devote much attention to the iterative evolution process of the
input, where it is unclear how the ILC updating law of input works in ensuring the controlled
system to accomplish the tracking task. Moreover, even contradictory assumptions upon the
controlled system and conditions for the ILC design are produced when applying the direct
and indirect methods to the same ILC problem for multi-input multi-output (MIMO) systems.
It is actually because of the limitation of the existing analysis methods in ILC, where the
direct and indirect methods are implemented from the dual perspectives of output and input of
the controlled systems, respectively. To the best of our knowledge, the following fundamental
problem concerned with the convergence analysis methods of ILC is unaddressed:

P2) whether and how can new convergence analysis methods for continuous-time ILC be
established to avoid resulting in contradictory assumptions or conditions when dealing
with ILC convergence even from the perspectives of both output and input of the MIMO
controlled systems?

In this paper, we are devoted to coping with the fundamental ILC problems P1) and P2)
with a focus on MIMO, continuous-time linear systems. Because they are distinct problems
of ILC owing to the 2-D dynamics process of ILC, the well-developed analysis and design
results for feedback-based control methods do not work any more, which is particularly true
when it comes to ILC for continuous-time systems due to the resulting hybrid 2-D discrete and
continuous dynamics [15]]. Despite this issue, we leverage the properties of polynomial matrix
and functional Cauchy sequence (FCS) to establish a new framework for ILC, in which we can
successfully hanlde the fundamental problems P1) and P2). In comparison with the existing ILC
literature, the main contributions for our paper are summarized as follows.

1) We formally introduce a definition of trackability for any specified trajectory in ILC by
resorting to the frequency-domain algebraic equations. Furthermore, we explore the track-
ability criteria for ILC systems by taking advantage of the polynomial matrix properties.
It is also shown that both the system relative degree and the initial alignment condition
have great influences on whether the specified trajectory is trackable in ILC. In addition,
this provides a strong explanation about why the system relative degree and the initial
alignment condition are the fundamentally required assumptions in classic ILC from the
trackability viewpoint of the specified trajectory.

2) We propose a general feedback-based design method for ILC updating laws in the pres-
ence of any tracking tasks. Under the trackability premise of the specified trajectory, our
proposed method closely connects the design of ILC updating laws with a class of state

feedbacks constructed in the iteration domain. This is thanks to generalizing the design



idea of [[11] with the frequency-domain methods, which also narrows the gap between
the design of classic continuous-time ILC and that of feedback-based control methods. In
particular, our design method collapses into providing PID-type ILC updating laws with
appropriate selections of the gain function matrix.

3) We develop an FCS-induced method for the convergence analysis of ILC, through which
we can leverage a unified design condition to achieve the ILC convergence for the MIMO
controlled systems from the perspectives of both output and input. Particularly, it is shown
that the steady-state input obtained after an ILC process depends heavily on the initial input.
Moreover, we bridge the relationship between the trackability of a trajectory specified for
ILC and the accomplishment of the resulting perfect tracking objective. More specifically,
we reveal that regardless of whether the MIMO controlled systems are over-actuated or
under-actuated, the perfect tracking objectives for ILC can be accomplished under certain
ILC updating laws if and only if the specified trajectories are trackable in ILC.

In addition, our developed results can contribute to bettering the typical steps S1)-S3) of
classic ILC. We verify the validity of them through two simulation examples considered for
over-actuated and under-actuated systems, respectively.

The rest of this paper is organized as follows. In Section the trackability problem for
continuous-time ILC is introduced. The trackability criteria and the FCS-induced tracking anal-
ysis of ILC are established in Sections [[II] and respectively. Two simulation examples are
provided in Section [V] and finally, the conclusions are made in Section [VI.

Notations: For any T > 0, let C,[0,T] (respectively, C}[0,T]) be the space of n-dimensional
real-valued vector functions that are continuous (respectively, continuously differentiable) on an
interval [0,7] = {t € R|0 <t < T}. Given f(t) € R", Vt € [0,T], let || f()|| be any vector norm
of it (see, e.g., [16, p. 265] for /. norm and /,, p > 1 norm), based on which its A-norm (A > 0)
is defined as || £(1)l]z = supyeio z) (1)l ™)
F(s) = Z[f(t)], for which the inverse Laplace transformation writes as f(t) = %~ [F(s)]. In

addition, let RP7*P(s) be the set of g X p polynomial matrices (i.e., those ¢ x p matrices whose

. The Laplace transform of f(¢) is denoted as

elements are polynomials in s with the real coefficients) [17], and particularly for ¢ =1 and
p =1, let it be denoted as RP(s). With this fact, let RF9*P(s) be the set of g x p rational

fraction matrices, i.e.,

REV<7 () 2 {G<s> = [gus)] Jgis(s) = 22
with nij(S),dij(S) S RP(S),d,‘j(S) Z0,
Vi=1,2,---,q,j=1,2,--- ,p}.

For any G(s) € RF?*P(s) satisfying lims_,. G(s) = D for some constant matrix D € R9*?, if
D # 0 (respectively, D = 0), then it is said to be proper (respectively, strictly proper) [17],



where it is alternatively called a proper (respectively, strictly proper) transfer function matrix for
convenience. Let 6(7) be the unit impulse function [17], [18], namely, we have .Z [5(¢)] = 1.

Denote Z = {1,2,3,---} and Z, = {0,1,2,---} as the sets of the positive and nonnegative
integers, respectively. For j € Z,, let fU)(r) be the jth-order derivative of any function f(t),
ie., fUN(r)2dIf(r)/del. If fU)(r) exists for any j € Z, then f(t) is called a smooth function.
For any sequence {6 RAS Z+}, we denote Zj;lo £j =0 and define a forward difference operator
such that A: §; = A8 =& 11— &, VjeZy.

II. PROBLEM STATEMENT

Consider a continuous-time MIMO ILC system running on a finite-time interval, denoted by
t € 0,T], and along an iteration axis, denoted by k € Z. If the output and control input for
this system are, respectively, denoted by y,(7) € R? and u;(r) € RP, then the objective of ILC
is generally realized in the sense that the input u;(¢) with some updating laws can be designed
along the iteration axis k € Z to make the output y(¢) able to arrive at the perfect tracking of a

desired output trajectory y,(7) € R? specified over [0, 7] from the beginning to the end, namely,
kli_>HDIOYk(f) =ya(t), Vt€0,T]. (1)

For this perfect tracking task of ILC, the fundamental problem P1) naturally arises: whether y;(¢)
is trackable, or equivalently, whether there exists some desired input, denoted as u,(t) € R?,
to correspondingly generate y,(¢)? However, it is subject to the lack of consideration for the
fundamental trackability problem P1) in ILC [[11]], where there even do not exist any trackability-
related concepts, properties, methods, or results that have been introduced formally and clearly
in the presence of continuous-time ILC systems to our knowledge.

To clearly explore the fundamental trackability problem P1), let Y (s) = 2 [yi(¢)] and Uy (s) =
Z [ux(t)], and then we focus specifically on the linear system given in the frequency-domain
form of

Yi(s) = G1(s)Ur(s) + Ga(s)D(s) ()

where D(s) = £ [d(t)] with d(t) € R™ to represent the possible additional inputs, such as the
disturbance (noise) and the initial (output or state) condition, and G (s) € RF?*P(s) and G,(s) €
RIF7*™(s) are two transfer function matrices. For any specified trajectory y, () of the system (2,
we consider the general case that its Laplace transform exists, and then let Y;(s) = Z [y4(t)]-

We now present a formal concept of trackability in ILC from the perspective of solving
algebraic equations by incorporating the advantage of the Laplace transformation.

Definition 1: For the system (2)), a specified output trajectory y,(¢) € R? is called trackable
in ILC if there exists some input u,(r) € R? such that U,(s) = £ [uy(t)] satisfies the frequency-

domain algebraic equation:

G1(5)Ua(s) = Yy(s) — Ga(s)D(s). 3)



Particularly, if the algebraic equation (@) has a unique solution, then y,(z) is called realizable
in ILC.

For Definition [T} the solving of the algebraic equation (3)) is crucial, where the theory of poly-
nomial matrices [[17] is useful. In classic ILC, the realizability is a usually adopted assumption
for the accomplishment of the tracking tasks (see, e.g., [1], [O]], [10]). However, Definition [
suggests that the realizability may not be required by ILC tracking tasks, whereas the trackability
is necessarily needed. This is owing to avoiding the uniqueness requirement in the trackability,
for which the realizability can actually be included as a trivial case of the trackability for ILC. We
thus aim at dealing with the more fundamental trackability-related ILC problems, as presented
below.

Problem statement. For the system (2), the ILC problem that we address is to first determine
whether the specified trajectory y,(¢) is trackable and then design updating laws to accomplish
the tracking task (I)) in the presence of any trackable y,(¢). To proceed, we further address how
to get all inputs that generate the trackable y,(¢) for the system (). Of our additional interest
is the robustness problem of our trackability-based ILC results with respect to iteration-varying
uncertainties.

We also introduce a new FCS-induced analysis approach to address the aforementioned
trackability-related ILC problems. By directly focusing on the sequence of inputs generated
from the proposed ILC updating law, we aim at exploring properties of the FCS to implement
the ILC convergence analysis. Thanks to the implementation of FCS-based ILC analyses, we
not only aim to avoid imposing some restrictive assumptions commonly needed in ILC, such
as realizability and repetitiveness, but also arrive at unified design conditions to realize the
convergence of ILC from the perspectives of both output and input, regardless of over-actuated
or under-actuated MIMO controlled systems. This contributes to dealing with the fundamental
problem P2) of the ILC convergence analysis.

Before proceeding further with exploring the given problem, we introduce a definition for an
FCS, together with preliminary lemmas for (strictly) proper transfer function matrices.

Definition 2: For any function f;(t) € R", Vr € [0,T], Vk € Z, the resulting functional sequence
{fx(t) : k € Z} is called an FCS if, for any € > 0, there exists some N(¢) € Z (i.e., N(&) depends
on €) such that || fi(r) _fj(t)H}L <eg,Vi,j>N(¢).

By Definition 2] an FCS refers to a functional sequence that satisfies the Cauchy criterion for
the uniform convergence (see also [17, Chapter 1, Theorem 5.3]). In view of this observation,
we propose a lemma to provide a guarantee for how to make a functional sequence generated
by any proper transfer function matrix be an FCS.

Lemma 1: For any function f;(t) € R", Vt € [0,T], Vk € Z, let Fi(s) £ . [fi(t)] be such that,
for some Gr(s) € RF"™"(s),

Fier2(s) = Fiy1(s) = Gr(5) [Fir1 (s) — Fi(s)],  Vk € Zy.



Then the following three statements are equivalent:
1) the sequence {fi(t):k € Zy} is an FCS;
2) the functional sequence {fi(f) : k € Z} converges uniformly to some function fo.(t) € R"
on [0,T];
3) Gpg(s) is proper such that
P (JL%GF(S)) <1.

Further, if f;(t) € C4[0,T], Vk € Z., then fu(t) € C,[0,T].

In addition to Lemma [Il the following one develops a closed property for the space of
continuous functions under the action of proper transfer function matrices.

Lemma 2: If G(s) € RF"™*"(s) is proper, then for any f(t) € C,[0,T], f(t) € C[0,T] holds,
where f(t) £ 271 [G(s)F(s)] with F(s) = .2 [f(t)]. Moreover, if G(s) is strictly proper, then
for any v € R", £~ [G(s)v] € C,s[0,T] holds.

For the proofs of Lemmas [I] and [2, see the Appendix.

III. TRACKABILITY CRITERIA

To develop the basic trackability criteria in ILC, we consider two practical and challenging

problems for the system (2) such that it is subject to:

1) nonzero system relative degree;

2) nonzero initial output condition.

To this end, we notice the physical realization of the system and without loss of generality

present the following conditions:

Cl) Gi(s) and Gy(s) are strictly proper;

C2) D(s) =dy+ D(s) holds for some nonzero vector dy € R” and some strictly proper vector
D(s) € RE™<1(s).

If we denote ®;(t) = £ 1[G (s)] and ®,(¢) = £~ [G,(s)], then we can arrive at that & (¢)
and ®,(r) are smooth, namely, CI)Y ) () and CIng ) (¢) exist for all j € Z, from the condition C1).
In the condition C2), dj is closely related with the initial output condition, and we can actually
gain d(1) = dod(t) +d(t), where d(1) £ £~ [lA)(s)} . Then we can present the following lemma
by resorting to the properties of Laplace transform, especially the initial-value theorem [18]].

Lemma 3: For the system (2) with y;(r) € R? and u(r) € R?, two properties hold under the
conditions C1) and C2) below.

1) In the series form, G;(s) and G, (s) can be written as

o)

Gi(s) = Y. @ (0)s™ 1, Ga(s) = Y @ (0)s~ U+, (4)
j=0 j=0



2) In the time domain, the system can be described as

welt) = /0 "1 (1 — Tyup(1)dT

¢ )
+/0 &, (1 — 0)d(1)dT+Bs(1)dy, VK E L.

From Lemma [3| it is clear that the system relative degree of () is not less than one, and the
initial output satisfies y;(0) = ®,(0)dp, Vk € Z. Similarly to Lemma [3] we can also develop a
time-domain trackability result for ILC with Definition [1l

Lemma 4: Consider the system under the conditions C1) and C2). Then any specified
output trajectory y,(t) is trackable (respectively, realizable) in ILC if and only if there exists

some (respectively, a unique) input uy(¢) € RP such that

[t D) = afe) ~ @2(0)dy
0 ) (6)
—/0 @, (1 — 1)d(t)dt, Vi€ [0,T].

From Lemma 4] we note that the trackability of the specified output trajectory in ILC requires
the integral equation (6) to be satisfied not only at some instant but also over the whole time
interval [0,7]. Of particular note is that the trackable trajectory y,(7) should satisfy y,(0) =
®,(0)dy for the system (2). Thus, we can conclude from Lemmas [3] and 4] that for any trackable

trajectory y4(t), the following initial condition needs to hold:

va(0) =y (0), Vke€Z,. @)

This represents exactly the class of identical initial conditions, and Lemma ! also provides
explanations on why it is required in realizing the perfect tracking tasks of ILC. Otherwise, if
does not hold, then y,(7) is not trackable by Lemma [l Hence, it is obvious from (3) and
(6) that the perfect tracking task (d)) does not hold for any input sequence {u(t):k € Z.},
except for the case that the initial shifts can be fully overcome through certain additional control
mechanisms (see, e.g., [19] for ILC with impulsive actions).

A. Specific Criteria

As is well known, the system relative degree condition plays a fundamentally important role
in accomplishing tracking tasks of ILC [7]. In fact, it indicates that the fundamental trackability
of ILC has an essential relation with the system relative degree condition. To disclose this fact,
we focus on the case of relative degree one for controlled systems, which is the relative degree
condition most considered for ILC. Specifically, for the system (2), it has a relative degree of

one if and only if (see also [20])

C3) Gi(s) has a relative degree of one.



By following the discussions of, e.g., [9]], [20], we know that the relative degree condition
C3) is characterized by some full rank matrix. This, together with ), yields the property shown
in the following lemma.

Lemma 5: Under the condition C1), the condition C3) holds if and only if @®;(0) has full
rank. Namely, ®;(0) has full-row rank when (2)) is over-actuated (that is, ¢ < p); and otherwise,
®,(0) has full-column rank when is under-actuated (that is, g > p).

For the case g > p, we explore Lemma [3 to develop a further property of Gi(s) with the
properties of polynomial matrices.

Lemma 6: Let ¢ > p and the conditions C1) and C3) hold. Then G](s)G(s) € RFP*P(s) is
nonsingular.

Based on Lemma [6] we establish a trackability result of ILC for the system in the under-
actuated case with g > p.

Theorem 1: For the system (2)) with ¢ > p, let the conditions C1)-C3) hold. Then any specified
trajectory y4(t) € C(} [0,T] is trackable in ILC if and only if it can satisfy the initial condition
(@) and the following frequency-domain algebraic equation:

{1-61(9) [6T(5)G1(9)] " GT(s) } Yals) = Ga(s)D(s)] = 0. (®)

Further, for any trackable output trajectory y,(t), the algebraic equation (3)) has a unique solution

in the form of
Ua(s) = [GT(5)G1(s)] ' GT(s) [¥als) — Ga(s)D(s)) ©)

which can fulfill u,(t) = £~ [U,(s)] € C,[0,T].

Remark 1: Because the number of the output variables to be controlled is not less than that of
the input variables, Theorem [1] indicates that the trackable output trajectories for the system (2))
are given exactly by the solutions for the algebraic equation (8], where they need to particularly
satisfy the initial condition (7). Nevertheless, not any output trajectory y,(¢) satisfying the initial
condition () corresponds to the solution of the algebraic equation (8)). Besides, the trackability
results of Theorem [I] can be validated through the frequency-domain methods especially thanks
to leveraging properties of polynomial matrices, which however has not been introduced for ILC
to our knowledge. A fact worth highlighting for Theorem [1] is that for any trackable trajectory
va(t) € qu [0, T, the corresponding input u,4(¢) needs to be continuous such that u,(t) € C,[0,T].

For the case ¢ < p, we note Lemma 3] and denote

CI)171(I) c R?*4

(Dl(l‘): CI)171(Z‘) CI)172(Z‘)] with q)Lz(t)ER‘IX(P*‘I) (10)

and then, without loss of generality, we give a further condition of the condition C3) as follows:
C4) when g < p, let ®(¢) be given in the block form of (I0) such that ®; ;(0) € R7*7 is

nonsingular.
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Otherwise, this can be realized with elementary transformation in column of ®;(0), which has
no influences on our following analyses and results except for the notations. Correspondingly,
by (10), we can write G{(s) € RF7*P(s) as
G11(s) € RF94(5)
Gi(s) = [Gui(s) Gials)] with ) (11)
G1a(s) € RF?*(P=4) (s).
For (L)), we present a nonsingularity property of Gi;(s) based on the properties of polynomial
matrices.

Lemma 7: Let ¢ < p and the conditions C1), C3), and C4) hold. Then Gy(s) is nonsingular.

With Lemma [7, we propose a trackability result of ILC for the system (2) in the over-actuated
case with g < p.

Theorem 2: For the system (2)) with g < p, let the conditions C1)-C4) hold. Then any specified
trajectory y,(t) € C(} [0,T] is trackable in ILC if and only if it can satisfy the initial condition (7).
Moreover, the set of the solutions to the algebraic equation (3)), i.e., that of the desired inputs
for the system to generate the trackable trajectory y,(¢), is given by

Ua = {Ua(s)|G1Ua(s) = Y4(s) — Ga(s)D(s) }
_ {Ud@ _ G (9)als) = Ga(s)D(s)]

0
+

(12)

~G1 (5)Gra(s)

/ Uao(s)

ud72(t) c qu} .

In particular, u,(t) € C,[0,T] if and only if uy,(t) € Cp—y[0,T].

Remark 2: In comparison to Theorem [I, Theorem 2] presents a quite different trackability result
for ILC though they employ the same system relative degree condition. Because the number of
the output variables to be controlled is not more than that of the input variables, Theorem
states that any specified output trajectory fulfilling the initial condition (7)) is trackable for the
system (2). Namely, any specified output trajectory is trackable in ILC for the initial time 7 =0
if and only if it is trackable in ILC within any time interval ¢ € [0, T]. In accordance with this
property, there generally exist multiple inputs that can generate the trackable output trajectory
for the system (@)). Furthermore, it indicates by that since g < p, there are g input variables
essentially required to achieve the tracking task for any output with g variables, whereas the
other p — g input variables can be freely chosen. This actually provides inspiration for the design
and analysis of ILC in the presence of over-actuated systems, where how to find input variables
that essentially work for the output tracking tasks is crucial.

Based on Theorems [I] and @l we can also explore the relation between trackability and
realizability in ILC as a direct result.

Corollary 1: Consider the system (2), and let the conditions C1)-C3) hold. Then for any
specified output trajectory y,(t) € Cc} [0,T] that fulfills the initial condition (7)),
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1) when g > p, y,4(t) is realizable in ILC if and only if it is trackable in ILC;

2) when g < p, y4(t) is trackable in ILC, but not realizable in ILC.

Remark 3: From Corollary (1} it follows that trackability and realizability are equivalent in ILC
of the under-actuated system (2) under the conditions C1)-C3). However, when the system (2)
is over-actuated, realizability no longer makes sense owing to the existence of multiple inputs
that can yield any trackable output trajectory. These observations indicate that trackability plays
a more fundamental role than realizability in performing the ILC analysis.

B. State-Space Case Studies

For the system under the conditions C1)—C3), we assume a time-domain realization in the

form of
(1) = A (1) + Bug (1) +
(1) = Ay (1) + Bu(1) W<t>, Vi €[0,T],Vk € Zy, 13)
k(1) = Cx (1)

where x;(t) € R" is the system state with x;(0) £ xo, Vk € Zy, w(t) € R" is the external
disturbance, and A € R™", B € R"*?, and C € R?*" are the system matrices. By the relation
between and (13]), we know that if let m = 2n, then

D(s)=[x§ WT(s)] €RF>(s)
Gi(s) =C(sI—A) "' B € RF7*P(s) (14)
(

Ga(s) [C(sl—A)*1 C(sl—A)ﬂ € RF?<21(s).
where W (s) = 2 [w(t)]. We can also obtain from (I4) that
@, (1) = CA'B, D) = [Cef” Ce‘ﬂ .

Of note is that (I3) is one of the commonly considered systems in continuous-time ILC (for
more details, see the survey [7]]).

Thanks to (14)), we have for the system (13)) that

1) CI1) naturally holds;

ii) C2) holds if and only if we set dy = [x! 0]" and D(s) = [0 WT(s)]";

ii1) C3) holds if and only if CB has full rank.
In addition, for g < p, if we denote B = [B| B;] with B} € R"*9 and B; € R"<(P=4)  then

iv) C4) holds if and only if CB; is nonsingular.
With the properties i) and ii), we know from Lemma [ that for the system (13), any specified
output trajectory y,(t) € C(} [0,T] is trackable in ILC if and only if there exists some u4(f) such
that, for all ¢ € [0, 7],

/ t Ce" "V Buy(T)dt = y4(1) — Cexg
° t (15)
—/0 CADw(t)dr.
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Clearly, the initial condition (7)) becomes y;(0) = yx(0) = Cxo, Vk € Z., which also coincides
with the facts of and (I3)). In addition, we can directly establish the following trackability
result of ILC as a consequence of Theorems [l and 2]
Corollary 2: For the system (13)), the following results hold for any specified output trajectory
Yya(t) € C(}[()?T]'
1) When g > p, let CB be of full-column rank. Then y,(7) is trackable in ILC if and only if
v4(0) = Cxp holds and its Laplace transform Y;(s) = Z[y,(¢)] fulfills the algebraic equation
&), where D(s), Gi(s) and G,(s) are defined by (I4)). Further, there exists a unique input
correspondingly generate any trackable output trajectory.
2) When g < p, let CB be of full-row rank. Then there exist multiple inputs such that y,(¢)
is trackable in ILC if and only if it satisfies y;(0) = Cxo.

In Corollary 2| we reveal that the trackability is tied closely with the full rank of CB for
continuous-time linear ILC in the presence of the relative degree one. It actually provides a
basic guarantee for the existing ILC design results (for more details, see technical overview of

ILC in [7]), and a clear explanation on why they work effectively in realizing the tracking tasks.

C. Technical Proofs

Next, we give detailed proofs of Lemmas [3H7] and Theorems [1] and 2] especially by resorting
to a frequency-domain analysis method with properties of polynomial matrices.
Proof of Lemma 3 By the condition C1), we can denote Gi(s) and G(s) in the series
form of - -
Gi(s)=Y g5 U, Gals) = Y g5 Ut
Jj=0 Jj=0
for some matrices g1 ; € R?”*P and g, j € R9*™, Vj € Z, . Thus, taking the Laplace transformation
leads to

) tj ) tJ
D (1) = 2 81,j 7y Dy (1) = 2 82,7
=0 J = J

from which we can easily validate
81,j= q)g])(0)7 82,j = q)gj)(0>, Vje y/m

and consequently it is immediate to gain (4). By the conditions C1) and C2), (3) can be

equivalently developed from thanks to taking the inverse Laplace transformation. [ ]
Proof of Lemma : A direct result of Definition [Il [

Proof of Lemma [3: Due to ) in Lemma [3] this lemma is a consequence of the condition
C3) according to the definition of the system relative degree (see also [9], [20]). [ |
Proof of Lemma [6: Under the condition C1), we consider a realization of Gj(s), which
without any loss of generality is denoted by (A € R B € R"™P C € R?*"). Namely, we have
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Gi(s) = C(sI—A)~' B, with which we can validate ®\)(0) = CA/B, Vj € Z,. Thus, a conse-
quence of () is such that

s'Gy(s Z CA/Bs"™ 1
j=0 (16)
+C(sI—A)'A'B, VYi=0,1,--,n.
Let the characteristic polynomial of A be a(s) = det(sI —A) £ Y., a;s' for some @; € R, Vi =

1, -, n—1 and a, =1, and then with the Cayley-Hamilton theorem, we have }} Oa,A’ = O
which, together with (16), leads to

n i—1

Z 0;s'Gi(s) =Y o; ) CA/Bs™ 177 + Z 0,C(sI—A)"'A'B
i=0 j=0 =0

- i o li o\ (0)s1~
i=0  j=0

=0(s)
where Q(s) € RP?7*P(s) (see [17, p. 524]) satisfies

n i—1 . ) i
—Y o Y @V (0)s !
i=0  j=0

7)

n—1 . )
= 0, ®1(0)s" '+ Y @Y (0)5" 1
j=1

n—1 i—1 ) ) )
+ Z o Z (bg]) (O)Slil*] (18)
Z ocj J i—1) )] i

Jj=i+1

y a,-cbﬁf""“(O)] .

j=it1

- anq)l< ZO
i=

n—2
=®(0)s" '+ )

i=0

Clearly, ®(0) is the highest column degree coefficient matrix of Q(s) (see [17, p. 526]). Owing
to ¢ > p, we can obtain from Lemma [3] that ®;(0) has full-column rank under the condition C3),
and hence Q(s) is column reduced or column proper (see [17, p. 527]). Then by (I8), QT (s)Q(s)
is nonsingular because we can use the result (2.4) of [17, p. 527] to arrive at

det (Q"(5)Q(s)) = det (] (0)®,(0)) s -2

+ lower degree terms

£0.
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This immediately leads to that G| (s)Gi(s) is nonsingular since the use of results in

-2
Gl (s)G(s) = <;)a,-s"> 0" (5)Q(s).

That is, the proof of Lemma [6] is completed. [ ]
Proof of Lemma[Z: Let Q(s) 2 [01(s) Q2(s)] for Oy (s) € RP7%4(s) and Q5 (s) € RPI*(P=9)(s).
Then from (1)) and (I7), we have

On(s) = _zn:aiSiGm(S)

i=0

nooicl (19)
=Y o Y @) (0)s 17, vhe{1,2)
i=0  j=0
with which we follow the same lines as (I8) to further get
Qh(S) = q)hh(())snil
(20)

n—2 n o )
+Y ( y ajq>§{;"”(o>>s’, vh e {1,2}.

i=0 \j=it1
Thanks to considering the result (2.4) of [17, p. 527] for Q;(s), we can leverage (20) and adopt
the condition C4) to arrive at

det (Q(s)) = det(Py (0))s""~D4 + lower degree terms
#0

which ensures that Qi (s) is nonsingular. Note also that the use of leads to

-1
n
Gin(s) = (Z OCiS’) On(s), VYhe{l,2}. 1)
i=0
As a direct consequence of (2I), Gy;(s) is nonsingular. u

Proof of Theorem [Il We first prove the equivalent relation between the trackability of a
specified output trajectory y,(t) € C(} [0,T] and the satisfactions of the initial condition (7)) and
the frequency-domain algebraic equation (8) by Y,;(s) = Z [y4(1)].

Necessity: With Definition [I} the trackability of the specified trajectory y,(z) implies that
there exists some input uy(t) € RP for the system (2) to guarantee the satisfaction of the
algebraic equation (3) by Uy(s) = £ [uy(t)]. Then thanks to Lemma [6] we can multiply 7 —
Gi(s) [G{(S)Gl(s)rl G1(s) on both sides of (3) such that

{1-G1(5) [6T(5)61(5)] ' GT ()} Wals) ~ Ga(s)D(s)]

= {1-Gi() [6]()G1()] "' GT(5)} Ga(s)Ua(s)

=0
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i.e., the algebraic equation (8)) is satisfied by Y;(s) = £ [y4(¢)]. In addition, by (@) in Lemma
y4(0) = ®,(0)dy is immediate, and due to (3) in Lemma [3] we have y;(0) = ®,(0)dy, Vk € Z.
This ensures that y,(7) fulfills the initial condition (7).

Sufficiency: From Lemmal@l it is feasible that for the system (2)) under the conditions C1)-C3),
Y, (s) = 2L [yq(t)] fulfills the algebraic equation (§)) for the specified trajectory y,(¢). Hence, we
use (8) to equivalently arrive at

~1
Gi(s) [GI (5)G1(9)]  Gi(s) [Ya(s) = Ga(s)D(s)]
= Ya(s) — Ga(s)D(s)
from which taking Uy(s) in (@) immediately leads to
G1(5)Ua(s) = G1(5)(G1(s)G1()) "' G (5) [Ya(s) = Ga(5)D(s)]
=Y;(s) — Ga(s5)D(s).
That is, Uy(s) is a solution for the algebraic equation (3). From (3 in Lemma [3] we can gain
yi(0) = ®,(0)dy, Vk € Z, which together with the initial condition (7)) leads to y;(0) = ®,(0)dp.

We can consequently obtain
$Ya(s) = 2 [3a(0)) +a(0) = L [a(t)] + B2(0)do. (22)
Since we can rewrite Uy(s) in (@) as
Us(s) =5~ [GT(5)Gi(5)] " GT(5) [s¥a(s)]
- [67(5)G1(5)] ' GT(5)Ga(s)D(s)
then under the condition C2) and with (22)), we can deduce
Ugls) =5 [GT()Gi(s)] ' GT ()L [3al0)

~

~[6T(s)Gi(5)] " GT(5)Ga(s)D(s) (23)
+57 1 [GT(9)G1(5)] ' G (s) [@2(0) — 5Ga(s)] do.

When g > p, we can obtain from Lemma [/ that @?(0)(191 (0) is nonsingular under the conditions
C1) and C3). Then by noting and (I8]), we can verify
s [T —1 AT
lims ™ [GT(5)Gi(5)] ' GT(s)
~1
— lim {[SGI(S)]T [sGl(s)]} [sGT(s)] (24)

§—>00
-1
= [®](0)®1(0)] @ (0).
This, together with the conditions C1) and C2), leads to
) —1 =~
lim [GT(5)G1(5)] ™' GT(5)Ga(5)D(s)

— lim {sfl [GT(5)Gi(s)] GT(S)} lim [sGa(s)] lim D(s) (25)

§—ro0 §—>o0 §—>00

=0
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~

where limy_e [sG2(s)] = $2(0) due to and limy_,., D(s) = 0 are incorporated. In a similar
way as ([23), we can derive

lim s~ [GT(5)Gi (s)] “LGT(5) [@2(0) — 5Ga(s)] = 0. (26)

By incorporating (24)-(@26) into (23), we can employ the result of Lemma 2l to get uy(t) =
LU, (s5)] € Cy[0,T). Thus, Uy(s) in @) not only fulfills (3) but also yields uy(t) = £~ [Uy(s)] €
R?. Then in view of Definition[Il the specified trajectory y,(¢) is trackable in ILC for the system
Q).

Next, we adopt a proof by contradiction to show that if y,(¢) is trackable, then the solution
for the algebraic equation (3)) is unique. Hence, in addition to u,(z) obtained by (9), we assume
an input iiy(r) € R” different from ugy () (that is, iy () # ug()) such that Uy(s) = £ [iiy(¢)] also
satisfies (3), namely,

Yu(s) — Ga(s)D(s) = G1(5)Ua(s). 27)

Then the use of (@) and 27) yields
G1(5)G1(s)Ua(s) = G{ () [Ya(s) — Ga(s)D(s)]
= G1(5)G1(s)Uy(s).

Since G} (s)Gi(s) is nonsingular, we can deduce Uy(s) = Uy(s) which contradicts the made
hypothesis u;(t) # uy(t). Thus, we can conversely conclude that the algebraic equation (3)) has
a unique solution given by (9). [ |
Proof of Theorem [2  Necessity: With the conditions C1)-C4), if y,(¢) is a trackable
trajectory in ILC, then from Lemma[dl y,;(0) = ®,(0)dp holds as a consequence of (@)). Because
@) yields y(0) = D,(0)dp, Vk € Z, by Lemma[3] we immediately know that the initial condition
(@) holds.
Sufficiency: If the initial condition holds, then we employ (), and can actually obtain
va(0) = yr(0) = ®,(0)dy, Yk € Z. In view of this result, we will show that the algebraic
equation (3) is solvable. Due to ¢ < p and with (1), we correspondingly denote u,(t) as

T
ug(t) = [“571(0 u}z(t)} for ug1(t) € R? and uy(t) € RP74. Let us also denote Uy(s) =

T
[U}l(s) U}z(s)} , where Uy 1(s) £ 2 [ug1(1)] and Uy (s) = £ [ug2(t)]. Hence, by incorpo-
rating (I1J), we can equivalently derive from (3) that

G11(5)Uq.1(s) =Ya(s) — G2(s)D(s) — G12(s)Ug2(s). (28)
Because Gy (s) is nonsingular from Lemma [7, we can leverage (28) to arrive at
Uai1(s) = Gy (5) [Ya(s) — Ga(s)D(s) — Gra(s)Us2(s)] (29)

which straightforwardly results in

Gy (9)[¥a(s) — Ga(s)D(s) — Gra(5)Ua2(s)]

Ud(S) = Ud72 (s)



17

Consequently, y,(t) is trackable in ILC, and we can determine the solutions for the algebraic
equation (3) with by taking any u,» () € RP74.
Next, we prove that u,(t) € Cp[0,T] if uy,(t) € Cp,—4[0,T]. By inserting (22), we can rewrite

29)) as 1
Ua,i(s) = [sG11(s)] " [s¥a(s)] — G ()Ga(s)D(s)

— Gy (5)G12(5)Uan(s)
= [sG11(s)] " L [a(1)] — Gy (5)Ga(s)D(s) (30)
+[5G11(5)] 7" [@2(0) — sGa(s)] do

~ Gy} (5)Gr2(5)Ua2(s)-
From and (D), it is clear to see lim;_,o [sG11(s)] = P11 (0), lim_e [sG12(s)] = P 2(0) and
limg_e [sG2(s)] = ©2(0). Then under the condition C4), we have

lim [5G (s)] ™" = @71(0) 31)

which further leads to ;
hm [SGH(S)] [@2(0) — SGZ(S)] =0

y (32)
For the same reason as (32), we can employ the condition C2) to arrive at
P o~ 1. .o~
lim Gy (s)Ga(s)D(s) = lim [sG1(s)] " lim [sGa(s)] lim D(s) o)
=0.
By incorporating (31)-@33) into (30), we benefit from Lemma[2lto obtain that u, ; (t) = £~ [Ud 1(s )} €
Cyl0,T) if ug2(t) =L [Uan(s)] € Cp—g[0,T]. As a consequence, it follows that uy(t) € C,[0, T
if and only if uyo(t) € Cp—4[0,T]. [ |

IV. TRACKABILITY-BASED ILC SYNTHESIS

In this section, we first introduce an ILC updating law with a feedback-based design method
and then explore the developed trackability results to implement the corresponding ILC design
and analysis. In particular, we utilize an FCS-induced approach to establish the ILC convergence
analysis from the viewpoints of both output and input through a unified condition, regardless of

under-actuated or over-actuated MIMO controlled systems.

A. Trackability-Based ILC Results

For the tracking task (1)), let the tracking error be represented as ey () = y4(t) — yi (). Then it
clearly becomes limg_,.ex(¢) =0, V¢ € [0,T], which can actually be seen as a class of “k-state

stability” problems arising from the tracking tasks for ILC (see also [11] for similar discussions).
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Let Ei(s) = £ [ex(t)], which obviously satisfies Ej(s) = Y;(s) — Yx(s), and consequently, the
iteration-domain dynamics of it can be described by

Ept1(s) = Ex(s) — AYy(s), Vk€Zs.
If we consider the system (2)), then we further have
Er1(s) = Ex(s) — Gi(s)AU(s), Vke€Zy

where AU (s) plays the rose as an input to stabilize the k-state Ej(s) from the viewpoint of

iteration-domain dynamics. Thus, we employ the feedback-based design theory and can propose
AU (s) =T(s)Er(s), VkeZy
which equivalently yields an ILC updating law in the form of
Us1(s) = Ur(s) +T(s)E(s), Vk€Zy (34)

with T'(s) € RFP*9(s) as a gain matrix operator to be designed.

Remark 4: In continuous-time linear ILC, we accomplish the design of updating laws by in-
corporating the general feedback-based design method. This bridges an explicit relation between
the design methods of ILC and classic feedback-based control. In particular, (34]) involves classic
PID-type ILC updating laws as special cases. For example, taking I'(s) = sY leads to the D-type
ILC updating law from (34), where Y € RP*9 is constant.

To proceed, we consider applying the ILC updating law to the system and, conse-
quently, can arrive at some design conditions of the gain matrix operator I'(s).

Lemma 8: For the system (2)) under the conditions C1)-C3), let the ILC updating law (34) be
applied under any initial input Uy(s) = £ [uo(t)] for uo(t) € C,[0,T] and any specified output
trajectory y,(t) € C(} [0,T]. Then the following three conditions are equivalent:

1) I'(s) is such that I'(s)G(s) is proper;

2) T'(s) is such that G;(s)['(s) is proper;

3) s~'T'(s) is proper, that is, s~'T'(s) = Ty +I(s) holds for some nonzero matrix I'y € RP*4

and some strictly proper matrix I'(s) € RF?*4(s), where
lim s~'T(s) =T. (35)

Further, if any of the abovementioned conditions 1)-3) holds, then in the time domain, (34)

reads as .
W (1) = (1) + Ty (1) + /0 O (1 — )éy(T)d

+®p(t)ex(0) +Toex(0)6(2), VkeZy,t€l0,T]

(36)

where @x(1) £ 2! [IA“(S)] and, in particular, it follows that

w (1) €Cyl0,T], Vk€Zy & Toer(0) =0, Vk € Z,. (37)
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Remark 5: In Lemma [8 it discloses that under certain design condition, the time-domain
realization of the ILC updating law may involve an impulsive mechanism, as revealed by
(34). Even though it may help to overcome the initial shift problems for ILC (see, e.g., [19]),
the use of the impulsive mechanism is not admissible in practice, as noted in [21]], where it may
yield u;(0) ¢ R” that is not consistent with the condition u,(t) € R? needed by the trackable
y4(t) € R in Definition [1} Fortunately, the impulsive mechanism resulted in (36) is related only
to the initial tracking error that disappears under the initial condition (7). By Theorems [1] and
2] it follows that any trackable output trajectory y,(z) for the system (@) satisfies the initial
condition (7). This, together with Lemma [8] indicates that a sequence of continuous inputs for
ILC can thus be generated to accomplish the tracking tasks under the ILC updating law (34),
as revealed by the equivalent relation (37).

Next, we benefit from Lemma [§] to further gain convergence analysis results of ILC with the
established trackability criteria. From the perspective of input, applying the ILC updating law
to the system (@) leads to

Ukt1(s) = [I =T (s)G1(s)] Ux(s)
+I(s) [Ya(s) = Ga(s)D(s)],  VkeZy

(38)

but, by contrast, from the perspective of output (or equivalently the tracking error), it results in
Epy1(s) =[I = Gi(s)T(s)] Ex(s), Vk € Zy. (39)

By the comparison between (38) and (39), different conditions are actually required for the
convergence analysis of ILC if it is established from the different perspectives of input and
output. In particular, when g # p, convergence conditions required for the input of (38)) and the
tracking error of (39) even contradict with each other. Despite this issue, we try to leverage an
FCS-induced approach of ILC to arrive at a unified design condition for I'(s) such that we can
accomplish the convergence for both input and tracking error, regardless of under-actuated or
over-actuated MIMO systems.
Let us revisit (38)), and then we can arrive at

Uks2(s) = Urs1(s) = [I =T'(s)G1(s)]
X [Uy1(s) = Uk(s)], Vk€Zy.

(40)

By this development of the input sequence {u;(t): k € Z,} and based on Lemma [I, we can
leverage an FCS-induced approach to present an ILC convergence result in the under-actuated
case of the system (@) with ¢ > p by employing the ILC trackability result of Theorem [l as
well as the design result of Lemma [8l

Theorem 3: For the system (@) with g > p, let the conditions C1)-C3) be satisfied, and the
ILC updating law be applied with any initial input Up(s) = .Z [uo(t)] for up(t) € C,[0,T]
and any specified output trajectory y,(t) € Cc} [0,T] that satisfies the initial condition (7). Then
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ur(t) € Cp[0,T], Vk € Z is such that limy_,.ui(?) = u(t) holds for some u.(t) € C,[0,T],
together with giving limy_. Y (f) = Y« () for some y.(t) € C [ T] as

/cplt— )it dr—i—/d)zt— 7)d + s (1)do
if and only if I'(s)G(s) is proper such that
P (I—Slggor(s)c;l(s)> <1 1)
where particularly, I'(s)G(s) is nonsingular such that U.(s) = -2 [u«(t)] fulfills
Uas(s) = [T(5)G1(5)]~ ' T(s) [Ya(s) — Ga(5)D(s)] (42)

Furthermore, the tracking objective () can be achieved if and only if y,(¢) € CC} [0,T] is trackable,
where U (s) = Uy(s) holds for Uy(s) given by (Q)); and otherwise, limy_,c €4 (f) = €w () # 0 holds,
where Eu(s) = Z[e(t)] satisfies

Eo(s) = {1=Gi(5) [F(5)G1 ()] ' T(5) } Wa(s) — Gals)D(s))- “3)

Remark 6: From Theorem 3l we can find that the trackability of a specified trajectory is
a necessary and sufficient condition for achieving the associated tracking objective in ILC of
under-actuated systems. It particularly reveals that a continuous input sequence is generated
by the ILC updating law (34) in the case of any trackable trajectory. This coincides with the
trackability criterion established in Theorem [Il

For the system (@) in the over-actuated case (i.e., g < p), the results established in Theorem
may no longer be applicable. Because of ¢ < p, the convergence condition for ILC may not
hold although I'(s)G/(s) is proper, where a straightforward consequence of the matrix theory
[16] leads to

p (1— lim F(S)Gl(s)) >1, VYg<p.
S§—>00
It clearly contradicts with (1I)). Despite this issue, it is possible for us to design I'(s) such that
P (1 ~ lim Gy (s)r(s)) <1 (44)
§—>00

By noting this condition for (39) and (0) and with Theorem 2| we employ an FCS-induced
approach to develop the following theorem for the system (2)) in the case g < p, which establishes
a quite different ILC convergence result from Theorem [31

Theorem 4: For the system (@) with g < p, let the conditions C1)-C4) be satisfied, and the
ILC updating law (34) be applied with any initial input Up(s) = 2 [uo(t)] for up(t) € C,[0,T]
and any specified output trajectory y,(t) € C(} [0,T] that satisfies the initial condition (7). Then
ur(t) € Cp[0,T], Vk € Z is such that limy_s.ui(?) = u(t) holds for some u.(t) € C,[0,T],
together with the tracking objective (1) being accomplished, if and only if G;(s)['(s) is proper
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and fulfills (44). Furthermore, G| (s)I'(s) is nonsingular such that U.(s) = -Z[u(t)] is dependent

on the initial input Uy(s) and forms a set given by
Une = {Uos) = T(9) G ()T(6)] " [Fals) — Gals)D(s) "
+T(5)Uo(s) uor) € RY |

where I'(s) = [T (s) F;(s)]T is denoted for ' (s) € RF9*4(s) and I'»(s) € RF(P~9%4(s) such
that I'(s) is given by

In particular, 241.c = %, holds.

Remark 7: With Theorem 4] we reveal that for any specified trajectory, the ILC updating law
can be designed to realize the perfect tracking objective in the presence of over-actuated
systems. It particularly indicates that by the selection of initial inputs, all inputs capable of
generating the specified trajectory can be determined. This ILC tracking result is consistent with
the trackability criterion developed in Theorem 2l In addition, the input induced from the ILC
updating law (34)) is continuous for every iteration if and only if the initial input is continuous
since the specified output trajectory is trackable in ILC under the initial condition (7).

Remark 8: In Theorems [3] and 4] a unified condition is given to realize the convergence of
ILC from the perspectives of both input and output, regardless of under-actuated or over-actuated
systems. It ensures that for the ILC updating law (34) obtained with a feedback-based design
method, the learned input U.(s) always exists and, particularly, is the same as the desired input
for generating the trackable output trajectory in ILC. However, it is worth emphasizing that
we make no assumption about the desired input in executing the ILC convergence analysis
thanks to our introduced FCS-induced approach of ILC. This is quite different from classic
convergence analysis approaches of ILC (see, e.g., [1], [9], [10], [21]). Furthermore, our FCS-
induced approach actually establishes the class of uniform convergence results for ILC by
benefiting from Lemma [l

Remark 9: If the initial condition () does not hold, and thus y,(¢) is not trackable in ILC
based on Theorems [1l and 2] then by following the same way as the development of Theorems
and 4} we can still establish the ILC convergence of both input and output, in spite of g > p or
q < p. It is worth emphasizing, however, that by (36), u;(7) € R? may not be ensured. Further, the
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tracking objective can still be realized in the case ¢ < p, whereas it can not be accomplished
in the case g > p. Namely, the use of the impulsive mechanism may be no longer effective in
helping to achieve the perfect tracking objective for ILC in the presence of the initial shifts,
which is different from [[19]].

B. Further Discussions

By [6], [7], one of the practically important problems for the ILC systems is the robustness
with respect to iteration-varying uncertainties. We thus proceed to develop the robustness of our

trackability-based ILC results by reconsidering the system (2) in an uncertain form of
Yi(s) = G1(s)Ux(s) + Ga(s)Dyi(s) (46)

where, in comparison with 2)), Dy(s) = D(s) 4+ O(s) holds and ®(s) represents the iteration-

varying uncertainty satisfying:

C5) Ok(s) = 6; + Ok(s) holds for some 6 € R™ and O(s) € RF"™ ! such that ||6]| < B,
Vk € Z, and H@k(z)H < By, Vi € [0,T), Vk € Z, where G;() 2 .2~ [@k(sﬂ and By and
Bg are some finite bounds.

Then for Theorems 3] and 4] we can show that they have certain robustness against iteration-

varying uncertainties, as below.

Corollary 3: Consider the system (46)) under the conditions C1), C2), C3) and C5). If the ILC
updating law (34) is applied with any initial input Up(s) = £ [uo(t)] for uo(t) € C,[0,T] and any
specified output trajectory y, () € C(} [0,T] that is trackable in ILC for the system (2), then the
robust ILC tracking results can be established as follows.

1) For g > p, let T'(5)G;(s) be proper such that (41} holds. Then for u..(t) determined by
;
limsup sup {le(t)]| < B
k—o  0<t<T

(47)

limsup sup |[u(t) — ue(t)[| < Bu
k—oo  0<t<T

can be accomplished, where B, > 0 and f3, > 0 are small bounds depending continuously
on B¢ and Bg. In particular, when iteration-varying uncertainties disappear, i.e., By — 0
and /35 — 0, the same ILC convergence results as Theorem [3] hold.

2) For g < p, let the condition C4) hold, and G;(s)I'(s) be proper such that holds. Then
the robust ILC tracking objective can be achieved for some u.(t) defined by @3),
and when iteration-varying uncertainties disappear, that is, g — 0 and /35 — 0, the same
ILC convergence results as Theorem [4 can be developed.

By Corollary 3 it indicates that like classic continuous-time ILC in, e.g., [13], [21], the

trackability-based ILC convergence results can be further extended to work robustly and effec-

tively in the presence of iteration-varying uncertainties. This class of robust ILC convergence
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results may also be generalized to deal with iteration-varying uncertainties arising from plant
models. Of special note is that the trackability-based ILC analysis gives a basic guarantee for
the implementation of the ILC design and the robust convergence analysis.

Since most ILC results employ the time-domain descriptions [7]], next we revisit the time-
domain system (13 (i.e., the state-space realization of the system (2))), for which we particularly

consider a commonly employed D-type ILC updating law as
U1 (1) = ur(t) +Yeér(r), Vre|0,T|,VkeZy (48)

where Y € RP*? is a constant gain matrix. Then with Theorems [3 and 4] we can induce the
following ILC convergence results.

Corollary 4: For the system (13), let the ILC updating law @8] be applied under any ini-
tial input uo(t) € C,[0,T] and any specified trajectory y4(t) € CC} [0,T]. When g > p (respec-
tively, ¢ < p), if p(I—YCB) < 1 (respectively, p(I —CBY) < 1), then limy_,e uy(t) = () and
limy 0 Yk (1) = Yw(t) can be achieved for some u(t) € R? and y.(t) € R?. Furthermore, the
tracking objective can be accomplished, together with giving u(t) € C,[0,7T], Vk € Z, if
and only if y, (1) € Cc} [0,T] is trackable.

With Corollary 4] we can see that the trackability-based ILC convergence results are particu-
larly applicable for the classical D-type ILC. But, differently, Corollary 4 reveals that a unified
condition can be obtained to ensure the ILC convergence from the perspectives of both input
and output, regardless of under-actuated or over-actuated systems. This can not be gained with
typical ILC analysis methods (see, e.g., [1], [13], [19]-[22]).

C. FCS-Induced Convergence Analysis

Next, we give the proofs of Lemma [§] and Theorems [3] and Ml by applying Lemmas [l and
and using the frequency-domain analysis method.
Proof of Lemmal8: For I'(s) € RFP*4(s), let y(s) be the monic least common denominator

of all its nonzero entries. We without any loss of generality represent (s) as y(s) = Y7, is’
for some m € Z, some % €R,Vi=0, 1, ---, m—1, and };, = 1. Then we can write ['(s) in the
form of

L(s) =7 '(9)E(s) (49)

where Z(s) € RPP*4(s) is a polynomial matrix. Then let Z(s) be of the form (see, e.g., [17,

(2.6), p. 528])
E(s) :F()Sl-l-rlslfl+"'+Fl_1s+rl (50)
2 Tys' +lower degree terms.
where [ € Z, and I; e RP*9, Vi=0, 1, ---, [ with 'y # 0. The preliminary results of and
(50) help us to deduce that any of the conditions 1)-3) holds if and only if / = m -+ 1. Inspired

by this fact, we next consider the conditions 1)-3) separately.
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With (7)), (18), (49), and (30), we can write I'(s)Gi(s) as
(s)Gi(s) = [y(s)a(s)] " E(s)Q(s)

= (s”*’” +lower degree terms) - (51

X [F()(IDI(O)S"H*I + lower degree terms] .

With (31)), it follows straightforwardly that I'(s)Gy(s) is proper if and only if [ =m+ 1, and
consequently, lim,_,.. I'(s)G(s) = [y®;(0). For the same reason as (31)), we can also arrive at

G (5)T(s) = [a(s)7(s)] " Q(s)Z(s)
= (""" + lower degree terms)f1 (52)
X [@1(O)Fos"+l*1 +lower degree terms}

from which G (s)I'(s) is proper if and only if / = m+ 1. Hence, the use of (32) gives lim,_,.. G (s)['(s) =
®;(0)Tp. In addition, we can leverage (49) and (50) to obtain

s'T(s) = [s¥(s)] " E(s)

- (s”’”rl +lower degree terms)_1 (53)

X (Fosl + lower degree terms)

which obviously guarantees that s~'T'(s) is proper if and only if / = m+ 1. Then as a consequence
of (33), (B3) is immediate.
To proceed, we note y,(t) € Cy[0,T], and thus have sEi(s) = £ [éx(t)] + ex(0). Then we
incorporate the condition 3) to get
Ugi1(s) = Us(s) + [s7'T(s)] [sEx(s)]
= Ug(s) +T0.2 [ex (1)) + T(5)Z [éx(r)] (54)
+T(s)ex(0) + Toex (0).
By taking the inverse Laplace transform on both sides of (34]), we can directly derive (36). Then
in view of (§), we can clearly conclude from [B36) that uy(r) € C,[0,T], Vk € Z if and only if
Toer(0)6(1) =0, Yk € Z, ie., Tper(0) =0, Vk € Z,. Hence, (37) is obtained. u
Proof of Theorem 3 Since the initial condition (7) holds, we have u(t) € C,[0,T], Vk € Z
from Lemma [§l Then owing to ¢ > p, we consider Lemma [l for (4Q) and can arrive at that the
following three results are equivalent:
1) limy_ e g (t) = ues(t) € C,[0,T] holds with its limit being approached uniformly on [0, 77,
which together with () thus results in limy_ e yi (1) = yeo(t) € CC} [0,T];
2) {ur(t):k€Zy} is an FCS;
3) I'(s)Gi(s) is proper such that (41) holds.
To proceed, we can easily leverage Lemmas [3 and [§] to validate that limy_. ['(s)G1(s) = To®1(0)

holds. Then as an immediate consequence of (1)), ['¢®;(0) is nonsingular. In the same way as
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the proof of Lemma [6] we can further obtain that I'(s)G(s) is nonsingular. This, together with
(38)), leads to directly.

Next, we prove the equivalence between the tracking objective (1) and the trackability of
Ya(1)-

Necessity: If the tracking objective (I)) is achieved, namely, limy . Y;(s) = Y;(s), then by
limy o, Uy (s) = Uw(s), it follows immediately from (2) that

G1(5)Ux(s) = Yoo(s) — Ga(s)D(s) = Y;(5) — Ga(s)D(s)

where Y..(s) = limy_,. Y;(s). Namely, U.(s) is a solution of the algebraic equation (3). Then by
Definition [T} y,(¢) is trackable.

Sufficiency: If y,(t) is trackable, then according to Theorem [Il the algebraic equation (3) has
a unique solution Uy(s) shown by (). This, together with (38), yields

Ueir1(s) = [I=T(s)G1(s)]Ux(s) + T(s)G1(s)Uy(s) (55)
by which the use of limg_,. Uy(s) = U(s) leads to
[(5)G1(5)Uss(s) = T(5)G1(s)Ua(s)- (56)

Because I'(s)Gy(s) is nonsingular, we can apply (36) to arrive at Uw(s) = Uy(s). As a conse-

quence, we also have

namely, the tracking objective (1)) can be achieved.

Besides, the abovementioned necessary and sufficient results guarantee that when y, () is not
trackable, or equivalently, the tracking objective (I) does not hold, limy_,.ex(?) = €w(t) # 0 is
thus obvious, where the use of results in

E(s) = lim E(s)
k—roo

=Y,(s) — G1(5)Uxs(s) — G2(5)D(s)

= {I=Gi(5)[[(5)G1(s))'T(s) } [Yu(s) — Ga(s)D(s)]

#0
ie., holds. [ ]

Proof of Theorem H: Thanks to the initial condition (@), it follows that u(t) € C,[0,7],

Vk € Z. holds based on Lemma Bl and that y,(¢) € C}[0,T] is trackable in ILC by Theorem 2
Next, we show the necessity and sufficiency separately.

Necessity: Because the tracking objective (1)) is realized, it is direct that limy . ex(¢) =0,
Vt € [0,T]. By considering Lemmal/[Il for (39) and (0) and applying Lemma 3| for u(r) € C,[0,T],
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Vk € Z, we can develop that if limy_,. () = u(t), together with the tracking objective
being achieved, then G;(s)I'(s) is proper such that holds.

Sufficiency: If G1(s)I'(s) is proper such that (44) holds, then by following the same lines as
adopted in the proof of Theorem 3l we can deduce that G;(s)I'(s) is nonsingular, where we have
limg_y00 G1 (5)I°(s) = @1 (0)Ig and P;(0)Iy is also nonsingular. With this fact and by Lemma [7]
we denote a structured matrix Q(s) € RFP*P(s) in the form of

Qii(s) Qpa(s)
QZI(S) QZZ(S)

where four block matrices involved in Q(s) are given by
Qu1(s) = s[Gi(s)T(s)] ™' G (s)
s[Gi(s)T(s)] ™' Grals)
1

Q(s) =

Qp(s) =[Gy

Qa1 (s) = —T2(5) [G1 (5)T(5)] ™ Ga(s)

Qs (s) =1—Ta(s) [Gi()T(5)] " Gra(s).
We can validate that Q(s) is nonsingular, and proper due to

lim Q(s)

[@1(0)To] " @11 (0) [®(0)To] " @12(0)
—T02[®1(0)To) ' @11(0) I—Tp2[®1(0)To) " @12(0)

T
where Iy, € R(P-a)xq together with I'g; € R?7%9, is such that I\ = [F(T)J l“az} . Simultane-
ously, the inverse matrix W(s) £ Q! (s) € RFP*P(s) satisfies

Wii(s) Wia( )]
)

¥ls) = You(s) Wals)

where four block matrices taking the form of
Wii(s) =s"'Tu(s), Wials) = =Gy} (5)Gials)
Wy (s) =5 T(s), Wanls)=1

are such that ¥(s) is also proper thanks to

lim ¥(s) = | ! —) <0>‘1’17z(0)] '

s—>o0

FO,Z 1

To proceed, we employ Q(s) to propose a nonsingular linear transformation as
Uk*,l(s)
Uk*72(s)
where we correspondingly denote uj (1) = £~ [Ut(s)] € RP, up (1) = 78 [U,:l(s)} € RY, and
g (1) = 71 [Uk*,z(sﬂ € RP74. Due to that u(t) € C,[0,T], Vk € Z and Q(s) is proper, it

Q(s)Ui(s) = Ui (s) =




27

follows that for all k € Z,., we have ui(t) € Cp[0,T], uj | (1) € C4[0,T], and u ,(t) € C)—4[0,T].
Since we can easily verify

sl

| Gl(s)‘P(s):[s*IGl(s)l“(s) 0 (57)

Q(s)['(s) = [

we again consider (38) and can arrive at
U1 (s) = Q(s)Uk1 (s)
= {1 [Q(s)T(5)][G1(5)¥(5)]} Q(s)Ui(s)
+[Q(s)T(s)] [Ya(s) = Ga(s)D(s)]

_ {,_ Gi(s)T(s) 0 }Um

0 0
sl
+1 o | Ha(s) = Gals)D(s)]
and, consequently, Uy, (s) and Uy, (s) are decoupled from each other such that
Ugiq1(s) _ I=Gi(s)I'(s) Of |Ug(s)
U ,(5) 0 I| |US5(s)
k+1,2 k2 (58)
Y, —Gy(s)D
 [f=G006N) e,

A direct consequence of (58) is that U}, | ,(s) = U, (s), Vk € Z, namely, Uy, (s) is iteration-
independent such that

Uials) = Ugals) = [Q@a1(s) Qaa(s)| Uols), ke Zy. (59)
In addition, the use of (58] leads to
Uir11(s) = 1 = Gi(s)T(s)] Ug1 ()
+5[Ys(s) — Ga(s)D(s)], VkeZs

(60)

which immediately yields

Ug2.1(8) = Ui 1(s) = [[ = Gi(s)T(s)]

(61)
< [Uf11(s) = Uty (s)], VkeZy.

Since G(s)I'(s) is proper and (@4) holds, {”7;1(0 ke Z+} is an FCS by applying Lemma [II
to (@I). Thus, there exists some function uZ, () € C4[0,T] such that limy_e 14 ; (1) = u, | (7) in
view of u | (t) € C4[0, T}, Vk € Z... This, together with (60) and the nonsingularity of G (s)I'(s),
implies
UZ () £ lim U7 ()
7 ke (62)
= [Gi(s)T ()] s[Yu(s) = Ga(5)D(s)].
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From (539) and (62)), it is immediate to derive
UZ(s) = lim U/ (s)
k—so0

G (5)T(s)] ™ 5 [Ya(s) — Ga(s)D(s)] (63)

(©21(5) Qaa(5)| Uols)

For (43)), we can easily verify

I['(s)= Wy (s)

and then the use of (63), together with U} (s) = Q(s)U(s) and Q71 (s) = ¥(s), leads to

- [‘Plz(s)

(Q1(5) Qna(s)]

Us(s) £ lim Uy(s)

[G1(5)T(5)] ™' s [Ya(s) = Ga(s)D(s)]

=¥(s) [Q21(S) sz(s)} Uo(s)

[Gi()T()]™" s [Ya(s) — Ga(s)D(s)] (64)

=I(s) [Gi(5)T(s)] " [Ya(s) — Ga(s)D(s)] + T(s)Uo(s)
namely, (43) holds. Furthermore, we incorporate (37)) into (64)), and can validate
[G1(5)T(s)] " s[Ya(s) — Ga(s)D(s)]

G1(5)Un(s) = G (5)¥(s) [Qm(s) sz(s)] U (s)

= Yu(s) — G2(s)D(s)
which ensures
lim Ek(S) = Yd(s) — lim Yk(s)

k—ro0 k—so00
= Ya(s) = [G1(5)Uss(s) + Ga(s)D(s)]
—0

and, consequently, the tracking objective (I) can be realized.

With the above necessary and sufficient result, we next show %4 c = %, by adopting two
steps.

i): Yic C . For any Ux(s) € 2Lc, we take

Uga(s) = [921(5) ng(s)] Uo(s)
+T2(s) [G1(s)T(5)] " [Ya(s) — Ga(5)D(s)]



which, together with (64)), results in
U(s) = ¥(s)

[Gi()T(s)] ™" s[Ya(s ) Ga(s)D(s)]
Uaa(s) —Ta(s) [Gi ($)T(s)] " [Ya(s) = Ga(s)D(s)]
_ |G () [Ya(s) = Ga(5)D(s) = Gra(s)Ua2(s)]

Ua(s)

namely, Us(s) € %;. As a consequence, we have 24 c C %y.
ii): 21c 2 . For any Uy(s) € %, let us take

—G7l\(s s
Gll (I)GIZ( ) {Ud,Z(S)

U()(S) =

—T5(5) [Gi(5)T ()] [als) = Ga(5)D(5)] |

and, consequently, we can use Q1 (s)¥12(s) + Q2 (s)¥22(s) =1 to derive

T(s)Uo(s) = lzzgi [921(S> 922(S>]

—Gl_ll (5)G12(s)
1

~T2(5) [G1 ()] [Yas) = Gals)D(s)] |
- —Gfll (S)Gu(S)
- I

~T2(5) [Gr ($)T(s)] ™ [a(s) = Ga(s)D(s)] |

X

{Udg(s)

{Ud’z(s)

which yields

-1 -1
_Gll(“;)Gn(s) Ugo(s) = _G“(?Gms) () [G1(s)T(s)] " [Ya(s) —
+T(s)Up(s).

This, together with (I2)), leads to

G} Y —Gr(s)D(s
lzd(S) 11 (S)[ d(s)o 2( ) ( )]
—G7 1 (s)Gials
+ H <I) 12( ) IZ(S) [GI(S)I (S)]_l

X [Ya(s) = Ga(s)D(s)] + T (s)Uo(s)
=T(s) [G1(s)T(s)] ™" [Ya(s) = Ga(s)D(s)] + T (5)Uo(s)

which implies Uy(s) € Z1c. Thus, Z1c 2 %, is immediate.
With the steps i) and ii), we can arrive at g c = %y.

Ga(s)D(s)]

29
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Fig. 1. (Example 1). Tracking performances

Iteration Axis

of ILC for g > p. Upper: Case a). Middle: Case b). Lower: Case c).

V. SIMULATION EXAMPLES

Example 1: Consider the system (2)), where

12s — 17

10§s2 +3s+2)
I1s+82

100(s% 4 3s+2)
2552 — 1335 —216

Gl (S)

125 — 17

10§s2 +35+2)
115482
100(s% + 35 +2)
6152 — 255 — 144

| 50(s3 4652+ 115+6)
i 1 1

s+1 s+1
1 1

10(s+1) 10(s+1)
1 Ss+7

50(s3 46524 115+6) |
s—39
10(s%2 4 3s+2)
55+3
5(s243s+2)
52 —20s — 29

| S(s+1)

5(s2 +4s+3)

5(s3+6s>+ 11s+6)
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We clearly have ¢ =3 and p =2, and can verify the conditions C1)—C3). In addition, we consider
three different cases for the specified output trajectory and the initial input as follows:

27420 cos(t) —ex —gt —124osin(t)
| 73809 P\ 71 3809
a) yalt) = 10sin(7)
10sin(57/t)
uo(t>:()
ST [ e 82\ _ 1240
— X —_— p—
| 3809 PATr") ] 3800
b) ya(r) = 10sin(?)
10sin(57 /1)
T
wo(t) = [10 —10]
27420 cos(t) —ex —gt —%sin(t)
| 73809 P\t 5
&) yalt) = 10sin(r)
10sin(57/t)

uo(t) =0

where, for all cases, we have y,(t) € C3[0,T), up(t) € C2[0,T], and the initial condition (7).
Because of g > p, we know from Theorem [I] that y,(¢) is trackable in ILC for the cases a) and
b) since Y;(s) = £ [y4(t)] satisfies the algebraic equation (8) for both cases, but it is not for the
case c). To carry out simulations with the ILC updating law (34)), we choose I'(s) as

E 0.6849 0.6335 —1.25
—0.2807 —0.2596 1.25

with which I'(s)G|(s) is proper and satisfies (1.
Let T = 10, and we plot the simulation results for the Cases a)—c) in Fig. [Il It is obvious

I'(s)=

from this figure that for the Cases a) and b), the tracking errors decrease to zero with increasing
iterations, where the outputs learned after 100 iterations track the specified trajectory perfectly.
With the comparison between the learned input trajectories for the Cases a) and b) in Fig. (1} they
are the same even though we adopt different initial inputs for both cases. This is consistent with
the uniqueness result of Theorems [I] and 3] for the input that can generate the trackable trajectory
in ILC. By contrast to the Cases a) and b), the Case c) considers a specified trajectory that is not
trackable in ILC. Correspondingly, as depicted in Fig. [1| the tracking error does not decrease to
zero with the increasing of iterations although the input still converges in the Case c), where,
in particular, the output learned after 100 iterations can no longer perfectly track the specified
trajectory. By these observations, we demonstrate the trackability criterion of Theorem [II for

the case ¢ > p and the relevant trackability-based ILC tracking result of Theorem [3| together
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Fig. 2. (Example 2). Tracking performances of ILC for g < p. Upper: Case d). Lower: Case e).

with revealing the relation between the trackability of the specified output trajectory and the
accomplishment of the perfect output tracking task in ILC.

Example 2: Let g =2 and p = 3, and then we consider the system (2)) with

2452+ 1555+ 195 12052 +361s+273 17
20(s3+652+11s+6)  100(s3 + 652+ 11s+6)
111s% + 5235 — 348 11152 — 535 —240
Gi(s) = 100(s3 + 652 31 652
$3+6s>+11s4+6) 100(s + 65>+ 115+ 6)
552 +425+45 6152+ 1565 +99
| 10(s3+ 652+ 11s+6)  50(s3+652+11s+6) |
i 1 1 17
s+1 10(s+1)
s+21 55+6
G2) =1 10(s2+ 45 +3) S(2+45+3)
252 +95—9 10s% — 95 — 27
| 2(s3 4652+ 1154+6) 10(s*+ 652+ 11546) |
D(s)=0

for which the conditions C1)-C4) are satisfied. By taking 7 = 10, we are interested in the



33

following two cases of the specified output trajectory and the initial input:

_ | 10sin(t) B
O valt) = 10sin(n/5) | uolt) =0
&) yalt) = _101:1)52[71:(;/)5)_’ uo(t) = [10 ~10 S]T

where y,;(t) € C3[0,T] and uo(t) € C3]0,T). For both cases, we can also verify that the initial
condition (7)) holds, and therefore y,(¢) is trackable in ILC by Theorem 2l To implement the
ILC updating law (34), we select the gain matrix operator I'(s) as

0.6 0.1
I'(s)=s| 0.1 0.1
—0.5 04

which makes Gi(s)I"(s) be proper such that (44)) holds.

In Fig. we depict the simulation results for both Cases d) and e), from which the zero
convergence of the output tracking error along the iteration axis can be observed. In particular,
for both cases, the outputs learned after 200 iterations are capable of tracking the specified
trajectory perfectly, despite which the input trajectories learned after 200 iterations are different
from each other since they correspond to different initial inputs. This validates not only the
trackability-based ILC result of Theorem 4] but also the heavy dependence of the input learned
with ILC on the initial input for the case g < p.

Discussions: By Examples 1 and 2, we illustrate the validity of our trackability-based ILC
analysis for both under-actuated and over-actuated systems. It is clear that the trackability plays
a crucial role in realizing the perfect ILC tracking task. Further, Figs. [l and [2| demonstrate that
it is feasible to employ a unified condition to implement the ILC convergence analysis from the

perspectives of both input and output.

VI. CONCLUSIONS

In this paper, we have discussed the fundamental trackability problems for continuous-time
ILC systems. We have explored the trackability criteria with the help of utilizing the frequency-
domain algebraic equations to determine whether the specified output trajectory is trackable in
ILC, despite under-actuated or over-actuated systems. In particular, we have investigated how to
arrive at all inputs that can generate the trackable trajectory. The (uniform) convergence analysis
has been implemented by newly developing an FCS-induced method of ILC. It has been disclosed
that the perfect output tracking task of ILC is closely connected to the trackability of the specified
output trajectory. Our proposed trackability-based ILC results have been verified through two

simulation examples.
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APPENDIX

Proof of Lemma [[l By Definition 2] and with [17, Chapter 1, Theorem 5.3], we directly
have the equivalence between 1) and 2). Next, we prove the equivalence between 1) and 3).
Sufficiency: Because Gr(s) is proper, let us denote

§—r00
Based on (63) and thanks to p (limy_. Gr(s)) < 1, there exists some induced matrix norm [16]
such that
IDF[| < p1 (66)

where 0 < p; < 1. By (63), we write G¢(s) in the form of
Gr(s) = Gr(s) + D (67)

and thus G (s) € RF"™"(s) is strictly proper such that ®z (1) £ %! [(A?F(s)] € R™ is smooth.
Let Br £ max,cp 71]|Pr(¢)]], and it is obvious that B is finite. By incorporating (67), we can
get from Fyi(s) — Fy1(s) = Gr(s) [Frt1(s) — Fi(s)], Vk € Z4 that, for all 7 € [0,T] and for all
keZ.,,

Jiera(t) = fiy1(t) = /Ot Op(t — 1) [frr1(T) — fi(7)]dT

(68)
+DF [fir1 (1) = fi(®)].-
Then by taking the norm on both sides of (68)) and leveraging (66), we can arrive at
t
[ fi+2(t) = frer1 (0] < /O |Pr (= )| fir1(7) = fi(T) || dT
+|ID -
| tFlI [ fie1(2) = fi(®)]] 69)
< Br [ Mfenr (1) = ()1 dw
0
+P1 [ fier1 (1) = fi(2) ]
for which we consider any A > 0 and can verify
3 t 4 2
[ 1er(@ = fe@lae= [ [ (e) = ()] e
0 0
<Nfin @)= 0l [ Far (70
0
M1

i1 (2) = fie(O)]2-
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To proceed with (69) and (ZQ), we can further obtain

e M firat) = firr ()] SBFe_M/O [ fier1(7) = fi(T)|ldT

+p1e M| fipr (1) — ()]
l—e*

< Br 1 [ fer1(2) = fi(®)]]2

+pre M| it (1) = 1)
< (pr+27"Br) [l fer1 (1) = fi(D)I

which implies that, for all k € Z,

| fex2(t) = firr (0)lIa < (01 + 27" BE) (| fresr (1) = fie(0) |- (71)

Thanks to p; € [0,1), we choose A > 0 such that p; +A !Bz < (p; +1) /22 p. Clearly, p € [0, 1)
holds, and consequently, the use of results in

I fer2(t) = firr (lla < Pl firr (1) = filO)lla, k€ Zy

by which we have

1 fir1(8) = fe®)lla < pMN A1 (1) = fo)|ln, Yk € Zy. (72)

Then from (72)), we know that for any € > 0, there exists some integer N (&) > max{0,In(g(1 —
P)/f1() — fo(t)||a)/In(p)} such that

i1
1fi(t) = fi@)llx < kz [ fier1 (£) = fi() 12
i1
< Y pMIA () = fot)lla
k=

< Y PHIAE )]
k=N(¢)

pN(s)
T 1) = o)l

<

Similarly, we can also get || f;(t) — fj(¢)||x < &, Vj>i>N(g). Then from Definition 2] it follows
that the functional sequence {fi(¢):k € Z} is an FCS.

Necessity: If {fi(t) 1k € Z4} is an FCS, then with Definition 2 limy_,. Afi(¢) =0, Vr € [0, T]
holds. For any given ¢ € [0,T], this is actually an asymptotic stability result of the system (68])

along the iteration axis since (68) essentially denotes a discrete linear system given by

A1 (1) = DrA(D) + @t - DAf(T)dT, ke,
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It basically requires p (Dr) < 1, that is, p (limy_. GFr(s)) < 1. For the necessity of Lemma
the readers can also be referred to that of [22, Lemma 1] because (68]) can be described in the
form of the 2-D linear continuous-discrete system [22, (13)].

Furthermore, if fi(t) € C,[0,T], Vk € Z, then we can easily conclude from the completeness
of the space C,[0,T] that there exists some function fw(f) € C,[0,T] such that limy_e || fx(7) —

Joo()]l2 = 0, iee, limyseo fi () = fio(t) € G,[0, T1. u

Proof of Lemma 2 Let ®(t) = £~ [G(s)]. Since G(s) is proper, ®(r) satisfies P(r) =
®D,,(t) + Ds6(t), where ®y,(t) is smooth and Dg € R™" is such that limy .. G(s) = Dg. By
noticing f(t) = £ ~'[G(s)F(s)], we can validate

?(t):/th)sp(t—f)f(f)df-i-Dgf(t), t€[0,7T]

from which f(t) € C,[0,T] is immediate due to f(¢) € C,[0,T]. Moreover, if G(s) is strictly
proper, then lim;_,.,G(s) =0 and, consequently, ®(r) = £~ [G(s)] is smooth, which guarantees
£~V [G(s)v] = D(t)v € Cx[0,T] for any v € R™. n
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