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ABSTRACT as well as automated negotiation since agents may no longer be

An alternating offers bargaining model for computationally limited m%t'vate.d to beI?ave 'nc? deswgd way% bounded is chal
agents is presented. The gents compute to determine plans, buf_ ecision making under settings of bounded resources Is chal-

deadlines restrict them from determining an optimal solution. As nging even for. single agentg. Thg field OT Al has long searched
for useful techniques for coping with restricted resources. Her-

the agents compute, they also negotiate over whether to perform ab - q 4 th hould f ; onali
joint plan or whether to actindependently and how, if implemented, | ert Slmon_ ac vocated t aF agents s lould Torgo per ect rationality
in favor of limited, economical reasoning [19]. Considerable work

the value of the joint plan would be divided. Their computing ac- . i :

tions and bargaining actions are interrelated and both incorporatedhas focuseq on deye!oplng)rmatlvemodels that prescribe how

into each agent’s strategy. We analyze the model for equilibrium a comput.atllonally. limited ag.e.rnhould beha}ve (see, for exgmple

strategies for agents under different conditions. It is shown that the [14]). This is a highly nontr|V|a_I und(_ar_taklr)g, encompassing nu-
merous fundamental and technical difficulties. As a result most of

equilibrium strategies for the alternating offers model where agents h hod ; implifyi : f
take turns making offers and counter-offers, even with its extremely those methods resort to various s_|mp_nfy|ng assumptions (see, for
example [15, 3, 1]). While such simplifications can be acceptable

large action space, are equivalent to those of a much simpler single"<. )
shot, take—it—or—leave—it bargaining model. In particular, agents "N Single-agent settings as long as the agent performs reasonably

will compute and make no offers until the first agent's deadline. well, any deviation from full normativity can be catastrophic in
multiagent settings. If the designer cannot guarantee that the strat-

egy (including computing actions) is the best strategy that an agent

Categorles and SUbJeCt Descrlptors can use, there is a risk that an agent is motivated to use some other

1.2.11 Multiagent systems strategy. Even if that strategy happens to be “close” to the desired
one, the social outcome may be far from desirable.
General Terms Game theorists have also realized the significance of computa-

tional limitations (see, for example [13]), but the models that ad-
dress this issue have mostly had a different focus, instead looking
at such things as the complexity of computing strategies [5], both
1. INTRODUCTION memory limitations and limited uniform-depth lookahead capabil-
Recently, there has been a move from having multiagent sys- ity in repeated games [4], and showing that allowing choice in com-
tems with a central designer who controls the behavior of all sys- putation can undue the dominant strategy property of the Vickrey
tem components, to having a system designer who can control onlyauction [16]. On the other hand, in many multiagent settings the
the mechanisn{rules of the game), while allowing each agent to limited rationality stems from the complexity of each agent's (op-
choose their own strategies. The efficiency of the system dependstimization) problem, a setting which is ubiquitous in practice.
on the agents’ strategies. So, to develop a system that leads to de- This paper studies the impact of limited computation on bar-
sirable social outcomes the designer must ensure that each agent igaining. Bargaining between agents has been studied in both the
motivated to behave in the desired way. This can be done using thegame theory literature [10] and the Al literature [6, 11, 7]. In non—
Nash equilibrium solution concept from game theory (or a refine- cooperative game theory, the alternating offers model is a standard
ment) [9]. The problem is that the equilibrium for rational agents model. Much study has focused on the problem of delay in reaching
does not generally remain an equilibrium for computationally lim- agreement, when the value of the joint solution decreases over time
ited agents. This leaves a potentially hazardous gap in game theoryand the values of the individual solutions do not change. Instead, in
this paper we present and analyze an alternating offers bargaining
model where agents have to use limited computational resources
in order to determine what they are bargaining over. The agents’
Permission to make digital or hard copies of all or part of this work for computational actions are interleaved with the bargaining actions
personal or classroom use is granted without fee provided that copies areand each agent’s goal is to maximize its individual utility from the
B oo o e b game. These uilles depend on hat compuaion and bargaining
republish, to post on servers or to redistribute to lists, requires prior speéific §tra}teg|es the agents use. We a.lnalyze the 'bargaln'lng game for equi-
permission and/or a fee. libria and show that the equilibrium strategies are in a certain sense
AAMAS'02 July 15-19, 2002, Bologna, Italy. equivalent to strategies agents would play in a simpler, take-it-or-
Copyright 2002 ACM 1-58113-480-0/02/0007%5.00.
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leave-it bargaining game with computational actions. the problems, giving rise to an intractaliént problem We also
. . assume that the value of any solution to an agent’s individual prob-
1.1 Example Application lem is not affected by what solution the other agent uses to its in-
To make the presentation more concrete, we now discuss an ex-dividual problem. Other applications, beyond the vehicle routing
ample domain where these methods are needed. Figure 1 is amproblem, include manufacturing, classroom scheduling, schedul-
example of a multiagent vehicle routing problem with two geo- ing of scientific equipment among multiple users, and bandwidth
graphically dispersed dispatch centers that are self-interested com-allocation and routing in multi-provider multi-consumer computer
panies. Each center is responsible for certain tasks (deliveries) andnhetworks, to name just a few.
has a certain set of resources (vehicles) to take care of them. So Computation plays several strategic roles in the game. First, it
each agent—representing a dispatch center—has its own vehiclesmproves the solution that is available—for any one of the three
and delivery tasks. Each agentslividual problemis to minimize problems. Second, it resolves some of the uncertainty about what
transportation costs (driven mileage) while still making all of its future computation steps will yield. Third, it gives information
deliveries and maintaining constraints involving maximum route about what solution qualities the opponent can expect, and how the
length, maximum load weight and volume, delivery of all parcels opponent is likely to allocate its computation. In equilibrium, an
and insisting that vehicles return to a depot of its center. This prob- agent may want to allocate computation on its individual problem,
lem isN'P-complete [17]. the joint problem, and even on the opponent’s problem.
In recent work we modeled a 2—agent bargaining setting where
Agemin - dimpmrk ot computing actions were treated strategically [7]. We analyzed sim-
ol AT ple bargaining settings for equilibrium strategies and provided al-
[ =l ' gorithms for computing (off-line) the online computing strategies.
e s |_- Our focus was on the modeling of computing actions as part of
- EE " the agents’ strategies and we used a very simple bargaining model
ﬁ where agents’ bargaining actions were restricted in that only one
== agent was allowed to make a single proposal at a specified dead-
E‘*—'-lt' Tom line. In this paper we study a richer and natural bargaining model —
e the alternating offers model. Computing and bargaining actions are
EI" J t intertwined and agents can make proposals throughout the game.
. We discuss the importance of signaling and belief revision that oc-
cur in such a setting. In the next section we present the model and
describe the computing and bargaining stages. We then analyze the
game for equilibrium strategies.

[

Figure 1: Small example problem instance of the multiagent ve-
hicle routing problem. This instance has two dispatch centers
represented in the figure by computer operators. They receive the
delivery orders and route the vehicles. The light dispatch cen-
ter has light tasks and trucks while the dark dispatch center has 2. THE MODEL
darker tasks and trucks. The dispatch centers receive all of their We study a setting where there are two agemtand3, who are
delivery orders at once, and then have some deadline by which negotiating to reach agreement on whether to coordinate their ac-
they must have determined some delivery route. For example, in  tions in order to accomplish some plan, and if coordination occurs,
some practical settings, the delivery tasks are known by Friday on how to split the proceeds. As the agents negotiate they also
evening and the route plan for the next week has to be ready by compute possible solutions to the three different problems (own,
Monday morning when the trucks need to be dispatched. opponent's, and joint). By some deadlirig, agreement must be
reached or else both agents must implement their individual solu-
There is a potential for savings in driven mileage by pooling the tions with no coordination of actions. The process is divided into
agents’ tasks and resources—e.g., because one agent may be abifiscrete stages. At each stage agents can compute one step on one
to handle some of the other’s tasks with less driving than the other of the three problems. After each agent has made the single com-
due to adjacency. The objective in th@nt problemis to again puting step, one agent is allowed to make an offer to the other,
minimize driven mileage. This problem is agaiff°>-complete. specifying how much it would be willing to pay if the other agent
The agents independently decide which problem they each shouldagreed to cooperate on the joint problem, using the solution com-
spend some of their computation resources on. While they computeputed by the proposing agent. The agent receiving the proposal
solutions for the problems, they engage in bargaining. The agentscan either accept or reject. If the offer is accepted, the joint so-
take turn making proposals where a proposal is an ameuhat lution is implemented and the game ends. If the offer is rejected,
the other agent would be paid if the two agents coordinate their the game continues for another stage, where the roles of the agents
actions and execute the joint solution. The agent not making the are switched. While both agents can observe all proposals and re-
proposal gets to decide whether to accept the offer or not. If the sponses, the computational actions of the agents are private, i.e.,
offer is accepted, the joint solution is implemented. If the offer is an agent cannot directly observe what the other has computed on,
rejected, the game continues to the next round, each agent can takéut can only try to deduce this information from the other agent’s
another step of computation and the agents switch roles for the bar-offers and accept—reject decisions.
gaining stage. If no agreement is reached by the agents’ deadlines . . .
then each agent uses the solution it computed for its own problem. 2.1 Normative Models of Deliberation Control
. When agents have restrictions on their computational capabili-
1.2 The General Settlng ties, there are tradeoffs that must be made when it comes to using
The multiagent vehicle routing problem is only one example the resources in the best way possible. In this section we present a
where the methods of this paper are needed. In general, they arevay for agents to normatively control their computation.
needed in any 2-agent setting where each agent has an intractable We study a setting where computation improves the solution to
individual problem and there is a potential savings from pooling problems. We assume that each agent &agime algorithms



Anytime algorithms, paired with a meta-level control procedure other important aspect in computing is how much time it will take
that determines how long to run an anytime algorithm, and when to obtain a certain solution. The weights on the edges correspond
to stop and act with the solution obtained, are a model that allow to the amount of time to reach the solution at the child, given that
for the trading off of computational resources for quality of results. one has reached the parent. Therefore, the amount of time to reach
The meta-level control procedures are called performance profiles,a certain solution is simply the sum of the edge weights on the path
and are models of how the quality of a solution produced by an to the solution.
algorithm improves with computation time. We specify two different types of performance profilssichas-
There has been a lot of work on performance profile based con- tic anddeterministic In a stochastic performance profile there is
trol of computation [20, 2, 1, 3]. To represent performance pro- uncertainty as to what solutions will be obtained with future com-
files we use gerformance profile treg7]. The advantage of this  putation. At least one node in the tree has multiple children. The
approach is that, unlike earlier approaches, it allows optimal con- uncertainty can arise from the use of randomized algorithms, vari-
ditioning on solution quality so far, the results of execution so far, ation of algorithm performance on different problem instances, or
as well as conditioning on the problem instance and other solution some combination of both. In a deterministic performance pro-

characteristics that may be deemed to be important. file the algorithm’s performance can be projected with certainty.
We index a problentz, i) by < andz, wherei is an agent and That is, the performance profile tree is a branch — all nodes have at
is the problem to be computed on. For each problém), there most one child. Before taking any computation steps, an agent can

is a performance profile tred; ). This represents the fact that ~determine what the resulting solution will be after any amount of
the tree may be conditioned on features of the problem instance.computation is devoted to the problem.

Figure 2 exemplifies one such tree. Agents use the performance profile trees to help in making de-
cisions about how to use their computational resources. As agents
allocate computational time to an algorithm, the solutions returned
move the agents from node to node in the performance profile tree.
The performance profile trees provides information about how the
solution is likely to improve with future computation. In practice,

it is unlikely that an agent knows the solution for every time alloca-
tion without actually doing the computation. Rather, there is uncer-
tainty about how the solution improves over time. A performance
profile tree captures this uncertainty. The tree can be used to deter-
Figure 2: A stochastic performance profile tree for a valuation  mine P(v(*9 |t), denoting the probability that running to algorithm
problem. The diamond shaped nodes are random nodes and the for ¢ time steps results in a solution of valu& ). In particular,
round nodes are solution nodes. At random noge the probabil- the performance profile tree supports conditioning on the path of
ity that the random algorithm uses the number 01%(0) while the solution quality. The performance profile tree that applies given
probability that the algorithm uses number 1i8(1). The edges 3 path of computation is the subtree rooted at the current node
from any solution node have positive weight, while the edges from  Thjs subtree is denoted %= (n). If an agent has reached node
any random node have zero weight. n, which has a solution of value then when estimating how much
additional computation would improve the solution, the agent need

A performance profile tree consists of two types of nodes, as . !
well as weighted edges connecting nodes. Nodes can be sither 0Ny consider paths that emanate from ir)l@deThat is, the agent
lution nodesor random nodes Solution nodes store the solution N€€d only be interested in the SubtrBE™") (n). The probability,
that has been computed at a certain point in time. A solution node En(n’), of reaching a particular future node;, in 79 (n) is
may store only the value of the solution, or may contain informa- SIMPly the product of the probabilities on the path from nade
tion about other solution features, such as slackness in scheduledloden’. The expected value of the solution after allocatimgore
for example. Random nodes occur in the tree whenever a randomtime step to the problem, if the current nodeiss
number was used to chart the path of an algorithm run. For ex- , ,
ample, an anytime algorithm for the Travelling Salesman Problem Z Po(n’) - V(n')

(TSP) randomly chooses cities and swaps them in the route. A ran-

dom node would be inserted into the tree whenever the algorithm where the sum is over the sgt’|n’ is a node in7 *¥) (n) which
randomly selected cities to swap. All edges in the trees have bothis reachable i time step$, andV (r') is the value of the solution

a weight and a label associated with them. Every edge that origi- at noden’.

nates from a solution node has a positive weight, while every edge Computation plays several roles. In particular, agents are free to
emanating from a random node has a weight of zero. The weightsdevote computational time toward their own problems (individual
correspond to the number of computational steps it takes to reachor joint) in order to improve solutions or else gather information so
the child node. Edges from random nodes have zero weight sinceas to have better knowledge as to what is the solution. Agents are
we assume that the choosing of a random number takes no compualso free to compute on other’s individual problem in order to bet-
tation steps for the agent. All edges in the tree are also labelled. ter be able to determine what solution their opponent has obtained.
The label on an edge is the probability of reaching the child node, This information can be used during the negotiation process, or
given that the parent was reached. The labels (probabilities) onin the decision making process about where to devote more com-
edges emanating from solution nodes are obtained from statisticsputation. However, there is one problem with agents computing on
obtained from running the algorithm in the path. The labels (prob- other agent’s problem. An agent may not know which random num-
abilities) on edges emanating from random nodes are the probabil-bers were used if the algorithm was randomized, nor may it have
ities that specific random numbers were used. The labels on thefull information about which problem instances the other agent has
edges allows one to compute the probability of reaching any partic- encountered. Therefore, even if the same amount of computation is
ular future node in the tree given any node. This is done by simply spent on the problem, different agents may get different solutions.
multiplying the probabilities on the path between the nodes. An- To overcome this problem We allow agents to botmputeon



problems andcemulateproblems. Computing on problems means In our setting agents bargain over how to divide the surplus (or cost)
to actually compute on a problem so as to obtain a usable solu- associated with implementing the joint solution. Each agent prefers
tion. Emulation of an algorithm is slightly different. Instead of to receive more rather than less and each has the possibility to opt
computing to obtain a usable solution, agents compute to see whatout of the bargaining procedure and to implement its individual so-
solutions are possible. Whenever a random node is reached in thdution with the associated valug. If the agents reach agreement,
performance profile tree, an agent can choose which random num-then they implement the solution to the joint problem.
ber to use, instead of relying on a random number generator. This An agenti’s goal is to maximize its own utilityy;. Its utility is
allows the agent to obtain information about what could happen determined by what solution is finally implemented and the cost or
along different pathes of the algorithm. When emulating, agents revenue generated by the solution. If agedécides to implement
are also permitted to “back up” a performance profile tree, and use its individual solution that has a value of then the agent’s utility
a different random number to see what other possible solution areis u; = v;. If, instead, the joint solution is implemented then the
obtainable. Solutions obtained while emulating can not be used by agent’s utility depends not only on the value of the solution but also
an agent as solutions to the actual problem, as theyassible on what has been negotiated. If an agent accepts a proposal of
solutions, notctualsolutions. then its utility isu; = x. If it has made an offer of an amount

An agent'sstate of computatiohas two components, the com-  which has been accepted, and has computed a joint solution valued
puting component and the emulating component. The computing vjoint, then its utility isu; = vjoint — .
component consists of one node for each performance profile tree,
TG which is the deepest node reached in the tree while comput- 2-3  Formal Model
ing on the problen{z, ¢). The emulation component consists of a The game is divided into stages. In every stage, both agents are
set of nodes for each performance profile tree. Each set of nodesallowed to perform one computational action on any problem they
is the deepest node reached on the various paths explored by thavant. The computational action is followed by bargaining actions.
agent. For both the computing and emulating components, no ex-In each stage one agent is the proposer and the other agent is the
plicit path information is stored, as a node uniquely defines a path responder. The proposer makes an offerif the offer is accepted
in the tree. The formal definition of the state of computation is as by the responder, the game ends. The joint solution is executed, the

follows. utility for the responding agent isand the utility for the proposing
_ ) _ agent is the value it has computed for the joint solution at that point
DEFINITION 1. Thestate of computatiofor agenti at timei is in time minusz. If the proposal is rejected then in the next stage,

the two agents switch roles for the bargaining portion. The actions

0i(t) = (0:(+7), 0 (+7)) and strategies in such a game can be defined formally as follows.

witht = t¢ 4 ¢°.

The computing componeii,(t°), is a list of nodes, one for each DEFINITION 2. Assume that at time agent: is the proposer.
performance profile tree, that agenhas reached by computing; Anactionfor agent; at timet is
cryeN (z,5) z,7) ; : z,j
05(t°) = (n*7)) wheren*?) is a node in7 *+) Ai() = (@, 2)
with 3, time(n(*") = ¢°. wherea® € {a®,d”,al*™} is a computing action and € R U ()

The emulating componer#t; (t©), is a list of sets of nodes, one  is an offer. The empty offdf, signals that the agent does not want
set for each performance profile. These are the nodes that agent to implement the joint solution at tire

has reached by emulating, Attimet + 1, agenti’s action is
05 (%) = ({n®}) where{n*"} is a set of nodes il **) Ai(t +1) = (a%, res)
and withz(zyj) Ene{n(z,ﬂ} time(n) = t°. wherea® is a computing action andes € {yes,no} is agenti’s

response to the opposing agent’s offer.

In our equilibrium analysis, we assume that agents have the same
performance profile trees for all problems, thaffi$*®) = 7 (%) A historydescribes the computing state of both agents at time
for all problemsz. This models a real world setting where the and the offers and responses of both agents.
agents have been solving similar problems in the past, and have
been improving their algorithms for those problems resulting in ~ DEFINITION 3. Attimet, a history, h(t), is h(t) = 6a(t —
comparable algorithms among the agents. This allows one to dropl) X 0s(t — 1) x ((z,res)i); ;-
the agent indices on the trees, solution values and allocated time
variables. However, all the results still hold if agents have differ-
ent performance profiles for the same problems, as long as this is
common knowledge.

There may be many histories at timeince there are many possi-
ble computation states each agent may be in (recall that computing
actions are private). Lét(;(¢t) = {h(t)} be the set of all possible
histories at time&, as perceived by agent

2.2 Bargaining A strategy for an agent specifies an action for every possible his-

The termbargainingis used to refer to a situation in which tory after which it has to move.

1. Agents have the possibility of concluding a mutually benefi- DEFINITION 4. A strategyfor agenti, 5, is

cial agreement, Si = (0i(t))i=o

2. There is a conflict of interests about which agreement to con- whereT’ is agenti’s deadline andr; (t) : Hq(t — 1) — A;(t).

clude, and ) . . .
We also allow for mixed strategies wherg(t) is a mapping from

3. No agreement may be imposed on any agent without its ap- the set of histories at time— 1 to a probability distribution over
proval. actions at time.



In general, astrategy profilds a vectors = (s1, ... , s,) which On the other hand, in the alternating offers model, each proposal
specifies one strategy for each playén the game. The notation  and response provides information as to what problems the agents
s = (s;,5—;) is used to denote the strategy profile where agent  have computed on and what solutions have been obtained. Propos-
strategy iss; ands_; = (s1,...,Si—1, Si+1,... ,Sn). Each agent als and responses asgnalsthat can be used by agents to update
wants to maximize its utilityu;(s), which is determined once all  their beliefs about where the other has computed. Each agent uses
agents have chosen their strategies and the game has been playethis information, along with the values obtained by its own com-
Game theory is interested in finding stable points on the space of puting actions, to guide its future computing actions, proposals and
strategy profiles. These stable points are cadlqdilibria. There responses.
are many types of equilibria but in this paper we shall be interested Each agent’s beliefs are centered on the state of computation that
in some of the most common ones, dominant strategy equilibria, the other agent is in. Recall, that a state of computation is a list
Nash equilibria, Bayes-Nash equilibria and perfect Bayesian equi- specifying which nodes in which performance profile trees an agent
libria. has reached by computing. An agéistbelief at timet, B;(t), is

A strategy is said to bdominantif it is a player’s strictly best a probability distribution over the set of states of computation that
strategy against any strategies that the other agents might play. Foragentj (j # ¢) may be in at time. Letb;(0;(t)) be the probability
mally, it is defined as follows. with which agent believes that agentis in state of computation
6;(t). An agent updates its beliefs whenever it receives some form
of relevant information. This information comes from one of two

wi(s),5_4) > ui(sh,s_;) Vs_i Vs, # s, sources; the agent’s own computation, and the other agent's pro-
posals and responses. The rest of this section describes how agents

If all agents have a dominant strategy then there is a dominant use these information sources to update beliefs.
strategy equilibrium. First, we require that beliefs be consistent. For example, if at
timet — 1, agent; believed thab; (6, (¢ — 1)) = 0 for some com-
putation staté; (¢t — 1), then agent must have belieb; (0;(t)) = 0
if computation staté; (¢) can only be reached by passing through

Agents may not always have dominant strategies and so dom-?;(t—1). Secondly, agents obtain information from their own states
inant strategy equilibria do not always exist. Instead a different Of computation. This information can be used to update their be-

DEFINITION 5. Agent:'s strategys; is a dominant strategy if

DEFINITION 6. A dominant strategy equilibriuns a strategy
profile consisting of each player's dominant strategy.

notion of equilibrium is often used, that of the Nash equilibrium.  liefs about what computation states the other agent is in. In partic-
ular, given its own computation state at timé; (¢), agent is able
DEFINITION 7. A strategy profiles* is aNash equilibriunif no to compute the probability with which it is possible to move from
agent has incentive to deviate from its strategy given that the other some staté; (t—1) to 0;(¢) by either reading the probabilities from
players do not deviate. Formally the edges of the performance profile subtrees rooted at the nodes in
. . . P , 0;(t), or from already having computed along pathes that contained
Vi ui(si, sZq) 2 uisi, 5Z4) Vsi. nodes irg; (). We denote byP (6, (t — 1) — 6;(t)|6:(t)) to be the

The Nash equilibrium concept assumes that all agents have full probability that ag_enj may h’ave moved from computation §tate
0;(t—1)to6,(t), given agent’s own knowledge from computing.

information about the other agents in the game. This may not al-

. . Then
ways be true. Instead, agents may have secret information that
influences their choice of strategies, yet is unknown by the other b,(6;(¢)) = Z P(0;(t—1) — 0;(t)]0:(t))b:i(0;(t — 1)).
agents. An agent’s choice of actions may provide a signal as to 0;(t—1)
what its private information is. These signals can be used by the
other agents to update their beliefs about the private information.
A Bayes-Nash equilibrium is a Nash equilibrium where agents up-
date their beliefs about other agents’ private information after ob-
serving signals [9]. We analyze the bargaining model using the

perfect Bayesian equilibriurf®]. This solution concept requires f th 4 ., Is give inf .
that players form a complete system of beliefs about the opponents’0 than under no agreemeragentg S proposals give in ormat_lon
about the possible computation states it is in. In particular, it must

types at each decision node that can be reached. The system of be="~ )
liefs is updated according to Bayes’ rule whenever possible. Given be in a computing stat (t) such that

each player's system of beliefs, the strategies form best responses PO EOY) g > P (T — 8 — )],

to one another in the sense of an ordinary Bayes-Nash equilibrium.

A perfect Bayesian equilibrium is a profile of complete strategies  Therefore, once an offer, is observed, agentan update its be-
and a profile of complete beliefs such thjtGiven the beliefs, the  liefs by using Bayes Rules. That is, given original bebig®; (¢)),
strategies are unilaterally unimprovable at each potential decision 29ent; updates it td; (65 (t)) by computing

Agents also use information obtained from observing the bar-
gaining actions of their opponent. Assume that agaeteives a
proposal,xz, from agent;j at timet. Since we assume that agents
are individually rationain the sense that they would never know-
ingly make a proposal that, if accepted, would make them worse

node that might be reached, aii)dthe beliefs are consistent with P20 (t)b: (0. (

. . A / / _ (ZE|]()) Z( j())
the actual evolution of play as prescribed by the equilibrium strate- b;(05(t)) = iz (o)
gies. When we include the computational actions into the agents’ Zoe{%(t)} (]0)bi (o)
strategies, we obtain perfect Bayesian deliberation equilibrium
[7]. 3. RESULTS

, . . . The bargaining settings differ based on whether agents have the
2.4 Agents Beliefs and the Role of S'Qna“ng same deadline or different deadlines, and whether the performance
Bargaining settings where agents are restricted to one round ofprofiles are deterministic or stochastic. Without loss of generality,
communication at the end of the computing phase has been previ-we assume that ageatgets to make the first proposal at timhe=
ously studied [7]. This form of bargaining has the advantage that 1. This means that agent proposes whenever tinteis odd, and
agents did not leak information about their computation strategies. agentd proposes whenever tinmds even.



3.1 Common Deadline
The setting where there is a common deadlinie analyzed first.

The deadline is the time when the agents have to start execution of
their solutions. Agreement between agents can be reached at any

time beforel’, however if no agreement is reachedbythe agents
must act on their individual solutions. No computation can occur
beyond timer.

The expression “flattening out” is used in this section to refer
to paths in the performance profiles. We say that a path of a per-
formance profile to problem has "flattened out” if for some’,
v¥(t') =v*(¢) forallt > ¢'.

3.1.1 Deterministic Performance Profiles

In a deterministic setting there exist situations (determined by
the performance profiles) where there is a unique perfect Bayesian
equilibrium, and other settings where there are multiple equilibria.
The next theorem characterizes these different settings.

THEOREM 1. Case 1 DeadlineT is odd.

1. v*(T) < v°(T) — % (T) and either none of the perfor-
mance profiles or only agent's flatten out. Ageng has a
dominant strategyss = (o5(t))7—, where

(a®,yes) iftodd,t <T,andz > v*(T)
as(t) =< (a®,no) iftodd,t <T,andz < v*(T)
(a®,0)  iftiseven

That is, agent3 computes only on its individual solution,
makes no offers and only accepts an offer if it is greater than
or equal to the value it expects to obtain for its individual

solution.
Agenta has a unique best respons®, = (0. (t))7, where
(af"?“t, 0) iftodd,t < T
(", 0! (T)) t=T
oa(t) =< (a’™ no) tevent < T, and

x < VYT — oP(T)

(a?°™*, yes) otherwise

That is, agenty computes only on the joint solution, makes
no offers and accepts only offers that are greater than the
difference between the best computable joint solution and the
best computable solution for age# individual problem.

. v*(T) < YT — P (T) and the solution tg’s individ-
ual problem flattens out. Agept has multiple equilibrium
strategies. It computes until it obtains the maximum value
for its own problem and then may compute on any of the
problems. It makes empty proposals and accepts any offer
greater than its fallback. Agent’s best response strategy
remains the same as in the first situation.

L v2(T) < ¥°(T) — oP(T) and the solution to the joint
problem flattens out. Agept has a dominant strategy as in
the first situation. Howevery no longer has a unique best
response strategy. Once it has computed the maximum value
for the joint problem it can then compute on any of the three
problems. The bargaining part of its strategy remains the
same as in the first situation.

L v(T) > ¥°™(T) — P (T) and either none of the per-
formance profiles or else only the one for the joint problem
flattens out. Agent has the same dominant strategy as in the
first situation. Agentv also has a dominant strategy which is
to compute on its own problem, make empty offers when
odd and accept any proposal greater thef(7T').

5. v*(T) > v*™"(T) — +*(T) and B’s performance profile
flattens out. There is no longer an undominated strategy for
agent3. Once it has computed the maximum value for its
individual problem then it may continue computing on any
of the three problems. It makes empty proposals and accepts
any offer which is greater than its maximum fallback value.
Agenta has the same dominant strategy as in situation 4.

L vX(T) > (T — o?(T) and o’s performance profile
flattens out. 8 has the same dominant strategy as in the
first situation. Agentx has no unique best response strat-
egy. Once it has computed the maximum value for its own
problem, it may then compute on any of the three problems.
It will make the empty offer whenewues odd and accept any
offer greater tharv™(T").

. If all performance profiles flatten out befdfethen it is pos-
sible that in equilibrium agreement may or may not be reached
before the deadline.

Case 2 DeadlineT is even. Therefore agept gets to make the
final proposal. The equilibrium strategy for agemtis the same
as the equilibrium strategy for ageptis Case 1. The equilibrium
strategy for ageng is the same as that of agemtin Case 1.

Proof: We will only provide a proof of Case 1. The other cases
follow a similar argument. SincE is odd, if the game reaches time
T then agentv will get to make the final proposal. At this moment,
the agents are engaged in a take—it or leave—it game. Agetit
try to make the lowest acceptable offer to agérind ageng will
want to be in its strongest bargaining position by having a high
fallback value. Thatisy® (T'). Sincev’*™*(T") —v? (T) > v*(T),
and both agents knew this before beginning the game, agetit
offer z = v”(T") and ageng will accept.

Assume that agert had made an offer;, at timet < T'. Since
we assume that neither agent would make or accept an offer that
would result in a utility that is less than their expected utility from
making no offer, it must be the case that at titne’*™ () — z >
Vv?(T — t). Sincev®(T — t) < v#(T), upon seeing an offer of
x, agenta would update its beliefs about what possible solution
agents is able to compute for its own problem, reject the offer and
proposev?® (T' — t) at timeT. This results in a lower utility for
agentS. If agenta makes an offey such thaty > +*(T) then
agents will accept it as this offer is greater than what it expects
it can receive if it stays longer in the game. Agenhas a best
response strategy to age#is strategy. It knows that by computing
only on the joint problem and offering agefan amount of,® (T
at timeT", then its utility will bev!*™*(T) — v° (T'). If it computes
t time steps on its own problem anytime in the game then its utility
would bemax[vi®™* (T —t) —v? (T), v™(t)] < V™ (T) =P (T).
Assume that at time¢ < T agenta makes an offer of. If the
offer is accepted by agerit then agenty must update its beliefs
about what solution agert has obtained and must conclude than
it has made an offer which is too high. Therefore, agemtould
deviate from this strategy, and would want to make a lower offer.
In the limit, the offer agen& would want to make (after all belief
updates) ig). O

3.1.2 Stochastic Performance Profiles

In the stochastic setting there is uncertainty associated with the
values being computed. Agents no longer generally have dominant
strategies when it comes to computing and bargaining. A proposal
becomes a signal which leaks information to the other agent about
what values the agent has computed. Each agent would like the
other to believe that it is in a strong bargaining position, i.e., it has



a high fallback value and is willing to bargain hard in order to get joint solution isd = min[da, dg]. If d < d; fori = « or 3, and no

the best possible deal. We obtain the following result. agreement is reached kythen it is in the best interest for agent
o to continue computing on the solution to its individual problems.
THEOREM 2. Assume that the deadlifféis odd and that there What is interesting in this setting is that the agent who has the
exists at least one path in each performance profile that does not st powerin the negotiation is not necessarily the one with the
flatten out beford”. Agent3 has a dominant strategyrs (¢))i—1 latest deadline (unlike in, e.g., [18]). Instead, which agent gets
where to make the offer at the earliest deadline also plays a vital role in
(a’,no0) foroddt,t < T which strategies the agents will want to execute. -
oa(t) = (a®,yes) fort=T andz > v?(T) If bot_h deadllne_s are common l_<now|edg_e, the game is similar to
(a®,n0) fort =T andz < n®(T) the settings described in the previous section except that agreement

must be reached hyin[d., dg]. However, the agents have to take
into account that the agent with the later deadline can compute on
That is, agenf3 computes only on its individual problem, makes its own problem alsafter the first deadline (and before its own

(a®,)  forevent

no offers and only accepts an offer if it is made at timend is deadline). The results from the previous section still hold with the
greater than, or equal to the value it can obtain from the solution following slight modifications to account for this. Due to space
of its individual solution. constraints, we omit the proofs.

Agenta has possibly multiple equilibrium strategies which all
have the same form. Atoddt < T, it offers(), for evert, t < T'it edge, Theorems 1 and 2 holdif (T) is replaced byv® (da),
accepts any offer greater thamax[max v®(T), max v*°"™(T)]. v?(T) is replaced by? (ds) andv®™ (T') is replaced by
It follows a computing p_o_licy ano_l make_s an off_er at the deadline VoMt (min[de, dg)).
such that its expected utility;[u.] is maximized, i.e.,

THEOREM 3. With different deadlines that are common knowl-

If the deadlines are private information, but there is common

Elua) =  max {P(z > v*(1)(" "™ (#™) — x) knowledge of the joint distribution from which the deadlines are
@, (12,10 ont) drawn, f(d«, dg), then the situation is more complicated. Agents
+(1 - P(z > vﬁ(T)))v"‘(t"‘)} must maintain a second set of beliefs about when its opponent’s

deadline will occur. As time passes, the beliefs are updated using
where (t*,t%, °"*) € Part(T). If T is even, the equilibrium Bayes rule and are used in speculating what the opponents fallback
strategies of the agents are reversed. values might be.
L In both the deterministic and stochastic settings a similar prob-
Proof Sketch: The proof follows a similar argument to that of i arises. The only equilibria that exist have the agents waiting for
Theorem 1. The difference is that the agents no longer know with ¢ first deadline to arrive. Early proposals leak too much informa-

certainty what final solutions their opponent may have obtained g tg the opposing agent and thus reduces the proposing agent's
from computing as there is uncertainty in the performance profiles. expected utility.

Therefore, the agent who gets to make the final offer at firmeay . .
use some of its own computational resources in order to refine its 1 HEOREM 4. If the agents’ private deadlines are drawn from
beliefs about what its opponent's fallback value is. O ajoint dlstrlbutl_on,f(da_, dg), ther_1 there W|II_ be no proposing and
In other words, no proposals are made before the deadline. At c_ounter-proposmg until the earliest deadline is reached. At that
the deadline, an agreement may or may not be reached. There ardMe an agreement may or may not occur.
some special cases where there are multiple equilibria.i$fodd
and every path in ageXs individual problem’s performance pro- 4. DISCUSSION
file flattens out beford”, then agen{3 will compute until it has Whether or not agreement is reached depends on the agents’
obtained the maximum fallback value possible after which it may equilibrium strategies, performance profiles and the problem in-
compute on any of the three solutions. Agreement still may or may stance. Determining the equilibrium strategies for the agents in-
not be reached at tim&. If every single path in all performance  volves Bayesian updating as agents update their beliefs as to what
profiles flatten out befor&, then it is possible that the game will  the other agent has obtained as solution values. For a computa-
end beforel". tionally limited agent, the cost of performing such belief revision
The beauty of this result is that it takes a complex situation and may be prohibitive. However, it has been shown that there exist
reduces it to a simple one. While the space of possible actions strategies which are equivalent to the ones played in take-it-or-
for both agents is extremely large, in equilibrium agents behave asleave-it bargaining games. For some settings (depending on the
if they were in a restricted action space where only one agent is performance profiles and knowledge about deadlines) there are al-
allowed to propose at only one time point (i.e., at the deadline). gorithms that can compute offline, the online computing and bar-
This simplified problem was discussed in an earlier paper where angaining policies for agents participating in take-it-or-leave-it bar-
algorithm was presented for determining the agents’ equilibrium gaining games [7]. For example, Algorithm 1, Strategy Finder,
strategies (Algorithm 1) [7]. Given Theorem 2, this algorithm can based on dynamic programming, can be used to determine the opti-
also be used in the alternating offers setting. Then, using the equi-mal computing policy in situations where agents know each other’s
librium strategies, and depending on the algorithms’ performance deadlines and have stochastic performance profiles [7].
profiles and the problem instance, agreement may or may not be In equilibrium, agent3 will follow a computing policy which

reached at the deadline. has it obtain a value af® (T"). The algorithm computes an optimal
. . offer for agentx, for each possible state of computation, given that
3.2 Different Deadlines agent( has computed so as to maximize its fallback value. The
Another situation which may arise is the case where agents havealgorithm then works backwards, determining the optimal compu-
different deadlines. Let the agents’ deadlines be noted.bgnd tation and bargaining actions.
dg. Since a deadline;, means that at time = d, agenti must In certain settings, such as when agents’ deadlines are drawn

begin executing a solution to a problem, the final deadline for the from some joint distribution, determining the optimal strategies is



Algorithm 1 Strategy Finder agents. Using different models of bounded rationality (e.g., costly

Require: T > 0 but unlimited computation [8]) would be another interesting direc-
for each computation stage, (T') at time7’ do tion of further exploration.
25(0a(T)) « argmaxg[Pa(z)[V(n™) — o] + (1 —
Pa(z)V (n2)] Acknowledgments
end for This material is based upon work supported by the National Sci-
for ¢t =T — 1 down to0 do ence Foundation under CAREER Award IRI-9703122, Grant IIS-
for each computation state, (¢) do 9800994, ITR 11S-0081246, and ITR 11S-0121678.
a*(0a(t)) < argmaxa= Eua((a®,0a(t)), S5)]
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end for . . .
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