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1. Introduction

In recent years, finite dimensional variational inequalities modelled in the class of ten-
sors have been introduced and studied. Results on existence, uniqueness and regularity of
solutions are available (see, for instance, [3,4,15] and the reference therein). This class of
inequalities has an important role to study some economic equilibrium problems.

The aim of this paper is to study a general dynamic oligopolistic market equilibrium
problem, which is the problem of finding a trade equilibrium in a supply-demand mar-
ket between a finite number of spatially separated firms which produce several different
goods in a time interval and act in a noncooperative behaviour. For this purpose, tensor
variational inequalities in Hilbert spaces are introduced and analysed. In particular some
existence results, a Minty-Browder-type characterization and some continuity theorems
are obtained. The regularity results allow us to introduce a numerical scheme for comput-
ing the dynamic variational solution. Thanks to a discretization of the time interval, we
are able to use the projection method presented in [6] to solve the static tensor variational
inequalities. After that we construct the dynamic solution by using a suitable interpolation.
Making use of theoretical arguments, the general dynamic oligopolistic market equilibrium
model is examined. It is the time-dependent version of the economic equilibrium problem
presented in [3] and extensively studied in [4] for what concerns the ill-posedness and the
stability analysis. The introduction of the time in equilibrium models is motivated by the
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fact it allows one to explore the dynamics of adjustment processes in which a delay on time
response is operating [14]. For this reason, the model appears as a more realistic general-
ization of the one presented in [3]. Moreover, we apply the theoretical results to establish
the existence and regularity of a dynamic equilibrium solution which allow us to provide
a computational procedure to compute such a distribution.

This economic model has been studied intensively in the last years. In [1], the
dynamic oligopolistic market equilibrium problem has been presented starting by the
time-dependent Cournot-Nash equilibrium principle. In [7] and [2], the behaviour of
the market is described through the Lagrange multipliers, by using the infinite dimen-
sional duality theory. In [8] and [9], the model introduced in [1] has been improved in a
more realistic way with the addition of production and demand excesses. In [11,12], the
model has been analysed from the policymaker’s point of view (with the aim to study how
the commodity shipment can be controlled by means of the imposition of taxes or incen-
tives) and the regulatory tax definition is formulated by an inverse variational inequality.
Different generalizations have been also studied: when the constraint set depends on the
expected equilibrium solution and, hence, the equilibrium conditions are expressed by an
evolutionary quasi-variational inequality [10,13] or when the uncertainty is considered
and consequently the random time-dependent oligopolistic market equilibrium problem
is modelled by a stochastic variational inequality [5].

We organize this paper as follows. In Section 2, we prove some existence and continu-
ity results for tensor variational inequalities in infinite dimensional spaces. Moreover, a
numerical method is presented and its convergence analysis is discussed. In Section 3, we
introduce a time-dependent version of a demand-supply market model and we establish
the equivalence between the general dynamic Cournot-Nash equilibrium principle and a
suitable evolutionary tensor variational inequality. We prove also existence and regularity
results for the dynamic equilibrium distribution. Then, a numerical example is examined.
Finally, Section 4 is devoted to some concluding remarks.

2. Tensor variational inequalities in infinite dimensional spaces

This section deals with the introduction and study of tensor variational inequalities in
infinite dimensional spaces to analyse a dynamic economic equilibrium model.

First, we recall some definitions on tensors. Let us fix finite dimensional vector spaces
Vi,i=1,...,N. An N-order tensor is an element of the N-product space V; x - -- x Vy.
Let us denote tensors by italic capital letters A, B, . ... A tensor A of order N is indicated
by its entries: the element (iy, .. .,in) of A is denoted by a;,, ;. We note that vectors
are tensors of order 1 (denoted usually by small letters v, w, ...) whereas matrices, not
necessarily squared, are tensors of order 2 (denoted usually by capital letters A, B, ... ).
When V; = V,i=1,...,N, an N-order tensor on a vector space V of dimension m has
mN entries. In particular, we denote by RI"1-"~] the class of N-order tensors made by
R™ x ... x R™_ Whereas if m; = m,i = 1,..., N, we indicate by RN the set of all
N-order m-dimensional real tensors. When we fix all indices except two, we obtain slices
(see, for instance, [16]): two-dimensional sections of a tensor. For examples, a third-order
tensor has horizontal, lateral and frontal slices.

The vector space RN becomes an Hilbert space if we endow it with the inner product
{-,-) defined as follows.
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Definition 2.1: Let A, B € RN Let us define the application (~,-):R[N’m] X
RINm R a9

ABZ

Let us denote by || - || the norm induced by the inner product (-, -).
LetI CR,1 < p,q < cosuch that’% + %1 = 1. Let us indicate by LP(I,R[N’m]) the space

of tensor functions A : I — RN"! guch that

I M§
“g

IAIP = /IIA(S)IIP ds < +o0,
1

where || A(s)|P = 11 I ZlN_ |ai,, iy ()|P. The pairing between the reflexive
Banach spaces L1(I, RN-m] ) and L (I, RIN71y is denoted by < -,- > and defined as

LA B >»= /(A(s),B(s)) ds,
I

where A € (LP (I, RWNmy)y* = a1, RIN™Y and B € 171, RN,

Definition 2.2: Let I C R, 1 < p,q < 0o such that 117 + % = 1. Let K be a nonempty,

closed and convex subset of LP(I, RNy and let F: I x K — L1(I, RIN™]). An infinite
dimensional tensor variational inequality is the problem of finding & € K such that

namely
/(F(S,X(S)),y(s) —X(s))ds=0, VYeK.
I

In particular, if we consider the case p =g = 2 and, hence, the Hilbert space
L2([0, T], RNy "an evolutionary tensor variational inequality is the problem of finding
X € K such that

T
/ (F(t, X(1)), V() — X(D))dt =0, VY€K,
0

where K is a nonempty, closed and convex subset of L2([0, T],RIN"1y and F: [0, T] x
K — L2([0, T], RN,

For applications, it is very useful the point-to-point equivalent formulation of infinite
dimensional tensor variational inequality (1), as the next lemma establishes.

Lemma2.3: LetI C R, 1 < p,q < cosuch that% + % = 1. Let K be a nonempty, closed and

convex subset of LP(I, RINMY and let F: I x K — LA(I, RN™ The infinite dimensional
tensor variational inequality (1) is equivalent to

(F(s, X(5), V(s) — X(s)) =0, VY(s) € K(s), ae.inl, (2)

where K(s) = {V(s) e RINM . V) e K}, ace.in L.
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Proof: We only have to show that (1) implies (2), since the opposite implication is trivial.
Arguing by contradiction, if (2) is false, there exists a subset J C I with positive measure
such that

3Y e K: (F(s,X(s), V() — X(5)) <0, ae.in].

Setting
| &X(@), aeinl\],
V) = {:)_)(s), a.e. in/,
we have
CFX),Y — X = / (F(s, X(9), D(s) — X(5)) ds < 0,
]
which is a contradiction. [ |

2.1. Existence results

Some existence results are proved in this section. To this purpose, let us give some
preliminary definitions.

Definition2.4: Let] C R,1 < p,q < oosuch that % + %1 = 1and K be a nonempty subset
of LP (I, RNy A tensor mapping F: I x K — L9(1, RN s said to be

e monotone on K if
L F(X) =FQ),X =Y >»=0, VX, VeK;
e strictly monotone on K if
L FX)—FQ)),X -Y>»>0, VX, YeK, X#);
e strongly monotone on K if there exists v > 0 such that
KFX)=FQ),X =Y >>v|X -Y|>, VX, VeK;
e pseudomonotone (in the sense of Karamadian) on K if
LKFY),X =Y >»>0 = K FX),X =Y >»>0, VX, VeK;
e strictly pseudomonotone on K if

LKFQ),X =Y>»>0 = <K FAX),X -Y>»>0, VX, VeK X#).

Definition 2.5: Let I C R, 1 < p,q < 0o such that % + é = 1 and K be a convex subset
of LP (I, RNy A tensor mapping F : I x K — L1(I, RIN"1) is said to be

o hemicontinuous along line segments if the function
§ > KFEX+(A-§)I)W>, §el01]

is continuous for all X', Y, W € K;
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e continuous on finite dimensional subspaces if for any finite dimensional subspace M of
LP(I, RN with K N M % @, the restricted operator F : KN\ M — Li(I, RN js
continuous from the norm topology of K N M to the weak* topology of L9 (I, RIN-"),

A preliminary result is the following Minty-Browder-type Lemma.

Lemma 2.6: Let I C R, 1 < p,q < 0o such that 117 + é = 1 and K be a nonempty, convex

and closed subset of LP(I, RINmY Let F: 1 x K — LA(I, RIN™) pe a pseudomonotone and
continuous on finite dimensional subspaces tensor mapping. Then X € K is a solution to (1)
if and only if

<K FQ)),Y—-X>»>0, VYeKk. (3)

Proof: First we suppose that X € K is a solution to (1). Since F is pseudomonotone, it
implies
K FQY),Y-X>»>0, VVek

Conversely, taking X € K a solution to (3), we consider
Xo=0Y+(1-6)X ek,

for arbitrary 6 €]0,1] and Y € K. Then Ay € K and, making use of (3), we have 0 <«
F(Xp),Y — X >> 0. Hence, we obtain

L F(Xp),Y — X »>>0. (4)

Letting & — 07, by the continuity of F on finite-dimensional subspaces, we have that
F(Xp) weak*-converges to F(X). Taking into account (4), we deduce that < F(X),) —
X >> 0. Therefore X is a solution to (1). [

We are able to establish the following result which has very mild hypothesis on the tensor
mapping F.

Theorem 2.7: Let] C R, 1 < p,q < oo such that% + é = 1 and K be a nonempty, weakly

compact and convex subset of LP(I,RIN™). Let F: 1 x K — LI(I,RN"™) be a pseu-
domonotone and continuous on finite dimensional subspaces tensor mapping. Then tensor
variational inequality (1) admits at least a solution.

Proof: Let A be a finite dimensional subspace of LP(I, RNy such that ANK is
nonempty. Let us introduce the injection map

Pa: A< [P(I,RIN™)
and its adjoint
Py LA, RV 5 A,

Then the map P} FP4 from A N K into A* is continuous. Since K is weakly compact and,
hence, bounded, the set KN A is closed, bounded and convex in A. Moreover, since A
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is finite dimensional, without loss of generality, we may assume A = RI™" and we may
identify A* with A. Then there exists X4 € A N K such that

K PRFPA(Xy), X — Xy >>0, VX e ANK.
From the previous inequality, it follows
K F(Xp), X =Xy >»>>0, VX¥eANK.
By virtue of Lemma 2.6, we have
LK F(X),X =Xy >»>>0, VX¥eANK. (5)
Now, for all Y € K, we define
SO) ={X¥ eK:<F(D), Y- & >=>0}

The family {S(})) : Y € K} has the finite intersection property. Indeed, for any finite
family of subsets {X;}1<i<m of K, let A be the finite dimensional subspace spanned by
{AXi}1<i<m-. By the finite dimensional case, (5) has a solution X4. Then, in particular, we
obtain

L FX),Xi— Xy >»>>0, Vi<i<m.

Consequently, Xy € ﬂlmzl S(AX;). Then S()) is nonempty, for every ) € K. Since S()))
is weakly closed, for all ) € K, and K is weakly compact, it follows that [ xeg S(X) is
nonempty. Choosing Z € (1] ycx S(X) it results

K F(2),X-Z>»>0, VX €K,

which concludes the proof. |

It is possible to weaken the hypothesis in the previous theorem assuming that the ten-
sor mapping F is not continuous on finite dimensional subspace but only hemicontinuous
along line segments. Precisely we have:

Theorem 2.8: Let I CR, 1 < p,q < oo such that %—l— % =1 and K be a nonempty,

weakly compact and convex subset of LP(LRINMY Let F: I x K — LI(L RN pe g
pseudomonotone and hemicontinuous along line segments tensor mapping. Then tensor
variational inequality (1) admits at least a solution.
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Proof: Let us consider the following nonempty sets:

SQY)={X¥ e K: <K FX),Y - & >=>0}

MQ)={X €eK:<F)),Y—-X>>0].

As first step, we show that ﬂye x M(Y) # @. Since F is pseudomonotone, then S()) C
M(Y). Moreover, since M())) is closed, it follows that

SQ) c MQ)). (6)
Let {1, ..., Yy} be a finite subset of K and let Y € conv({)/1,...,V,}), which means
n n
y = Zaiyi) WithO{,‘ >0 andZai =1.

i=1 i=1

Assume by contradiction that J ¢ |, S(J/;). Then, we get
L FQ),Y =Y »<0, Vi=1,...,n

We have

> i < FQ),Y = Vi =< F),Y = > )i »<0,

i=1 i=1
which is a contradiction. Thus conv({)1,...,Vu}) C U?:l S();) and, since for arbitrary

Yo € K the set S())) is compact, it results that ﬂye x S()) # . Therefore, by (6), we
deduce that (y,cx M(Y) # 0. An element Z € [y, M(Y) # @ is such that

L FQ),Y-Z>»>0.

By using same arguments of Lemma 2.6, we conclude that Z is the desired solution.

Remark 2.1: Let us note that if F is in addition strictly pseudomonotone, then the solution
to the infinite tensor variational inequality is unique. Indeed, let us suppose that (1) has two
solutions X7, X, € K such that X} # A5, that is

L FX),Y—-X »>>0, VY€K, (7)
and

K F(X),Y — ) »>>0, VVeK (8)
We write (7) with Y = A5 and (8) with ) = A}

L F(X), X, — X >»>>0, )
L F(X), X1 — X, »> 0. (10)

Taking into account the strict pseudomonotonicity of F and (9), it results
< F(Xz),.)(z - Xl >> 0,

which is in contradiction with (10).
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Now we deal with the case in which the set K is not weakly compact. In this case is
necessary an additional coercivity condition, as in the following result.

Theorem 2.9: Let I C R, 1 < p,q < 00 such that }7 + é = 1 and K be a nonempty, con-

vex and closed subset of LP (1, RINMY Let F: I x K — LA(I, RIN™) pe a pseudomonotone
and hemicontinuous along line segments tensor mapping. Suppose also that there exists a
nonempty, weakly compact and convex subset C of K such that for every X € K\ C there
exists Z € C with K F(X), X — Z >»> 0. Then, tensor variational inequality (1) admits
at least a solution.

Proof: Let A ={)),...,Y,} be a finite subset of K and let us consider the convex sub-
set C; = conv(A U C), which is weakly compact since C is a convex and weakly compact
subset of K. Then taking into account Theorem 2.8, there exists X € C; such that

L FX),Y-X>»>0, VVeC. (11)

We note that X € C. Otherwiseif X € K \ Cand making use of the coercivity assumption,
we obtain a contradiction with (11). Consider now the following nonempty sets:

SQY)={X¥ e K: <K FX),Y - X >>0},

MQ)={X e K: < F()),Y — & >>0)}.

By using (11), it follows that (i_, S(};) # ¥ and, therefore, (i, S();) # ¥. Since F is
pseudomonotone, it follows

B+ ﬂm C mM(yi)-
i=1

i=1

Thus the family of closed subsets {M())}yek has the finite intersection property. By
the weak compactness of C, we have that ﬂ:’le(yi) # (). By virtue of Lemma 2.6,
X € (L, M(Y)) is also a solution to (1). [ |

Finally we remark that if F is a Carathéodory function such that
I1F(s, X ()19 < ae(s) + | X(s)||P, VX €K, ae.in],

where @ € L'(I,R), then it is hemicontinuous along line segments. Indeed for each
sequence {X,} such that &, — A € [0,1],as r — 400, and for every X, ) € K, it results

lim/IIF(S, X (s) + (1 =2V (5) — F(s, AX (s) + (1 — W)YV (s))]|9ds = 0,
rJr
and, hence,

lim /(F(s,kr?((s) + (1= 21)YV(s)), X(s) — V(s)) ds
rJi

= /(F(s, AX(s) + (1 = 1)V(s)), X(s) — Y(s)) ds.
I
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2.2. Continuity results

In this section, we prove continuity results for tensor variational inequalities. A theoretical
concept we use in the following is the set convergence introduced by Kuratowski in the
1960s [17] for a set sequence in a given metric space (X, d).

Let {K,} be a sequence of subsets of X. Recall that

d —lim K, = {x € X : 3{x,} eventually in K, such that x, — x}

and
d —lim,K, = {x € X : 3{x,} frequently in K, such that x, — x},

where eventually means that there exists § € N such that x, € K,, for any r > §, and fre-
quently means that there exists an infinite subset N € N such that x, € K;, foreveryr € N
(in this last case, according to the notation given above, we also write that there exists a
subsequence {x } € {x;} such that x;, € K, for every r € N).

By definitions, it is easy to verify that d — lim K, C d — lim,K,. Now we can present the
set convergence in Kuratowski’s sense.

Definition 2.10: We say that {K,} converges to some subset K C X in Kuratowski’s sense

ifand only if d — lim K, = d — lim,K, = K.

We observe that the set convergence in Kuratowski’s sense can also be shown verifying
the following conditions:

(K1) for any x € K, there exists a sequence {x,} strongly converging to x € X such that
x; € Ky, foreveryr € N,

(K2) for any subsequence {x,} converging to x € X such that x, € K,, for every r € N,
then the limit x belongs to K.

Let us say that a nonempty subset K of LP(I, RNy verifies the Kuratowski con-
vergence property if and only if for every t € I and every {t,} C I such that t, — ¢, as
r — 400, the sequence {K(t,)}, where K(t,) = {)J(t,;) € RINm . Y e K}, converges to
K(t) in Kuratowski’s sense.

Now, we are able to establish the continuity results for evolutionary tensor variational
inequality (2) under the strong monotonicity assumption on the tensor mapping F.

Theorem 2.11: LetI C R, 1 < p,q < 00 such thatll) + é = 1 and K be a nonempty, con-

vex and closed subset of LP(I, RN") verifying the Kuratowski convergence property. Let
F:1xK — LYIL,RWN") be g continuous and strongly monotone tensor mapping. Then
the solution to tensor variational inequality (2) is continuous in I.

Proof: The existence of a unique solution X'(¢) to (2) is ensured by Theorem 2.8 and
Remark 2.1. Let us fix t € I and a sequence {t,} € I such that t, — ¢, as r — +00. Let
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X (t,) be the unique solution to the tensor variational inequality
(F(ty, X (1)), V() — X(8)) = 0, VY(t;) € K(&). (12)

We have to verify that X'(t,) — X (¢), as r — 4o00. Taking into account the type
Minty-Browder Lemma, for any s € I we have

(F(5,Y(9)), V() — X(s)) = 0, VV(s) € K(s).

By using (K1) applied to X (t) € K(t), there exists a sequence {Z(t,)} such that Z(¢,) €
K(t,), for r large enough, and Z(t,) — X(t), as r - 400. Moreover, we derive that
F(t,, Z(t,)) — F(t, X (1)), as r — 400, by the continuity of F. Setting, for r large enough,
Y(t,) = Z(t,) in (12), we have

(F(tr, X (1)), Z(ty) — X (t)) = 0.
Making use of the strongly monotonicity assumption, we have
VX () = 2P < —(F(tn, Z(1)), X (1) = Z(t) < [FEEDINX ) — 2]
and, consequently,
VX () — Z()ll < IF(Z ()]

Hence, it results

F(t,, Z(t,
X < 1X (5 — Z@)]) + 2] < M FIZW)I.

As a consequence, we have that {X'(¢,)} is bounded. Therefore there exists VW € RINM and
there exists a subsequence denoted again by {X'(#,)}, such that X' (¢,) € K(¢,) and X' (t,) —
W. Making use of (K2), we obtain that WW € K(t). We show that W = X'(t). Applying
again the type Minty-Browder Lemma, we get

(F(ty, Y(tr)), V() — X(8)) = 0, V(&) € K(t).

By using (K1) once more again for any Y (t) € K(t), there exists {)(¢,)} such that V(¢,) €
K(ty), for r large enough, and V(t,) — V(). Then, we obtain

(E(tr, V(t:)), V() — X (t)) = 0.
Passing to the limit as r — 4-00, it follows
(Ft, V(0), V() —W) =0, VY(t) € K(1).
From the Minty-Browder Lemma again, it results
(F&W), V(1) = W) =0, VY(@) € K(1).

From the uniqueness of the solution to (2) we deduce that WW = X (¢) and that X (t,) —
X (t). Finally, since F is continuous, by the inequality

VI[X () — Z) P < (Ftn Z(t)), Z(t) — X (1)),
and the fact that (X (t,) — Z(t,)) — 0, the claim holds. |
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We establish now an analogous result for tensor variational inequalities under the milder
hypothesis of strict monotonicity on F. We show the following continuity result.

Theorem 2.12: LetI C R, 1 < p,q < 00 such that% + é = 1 and K be a nonempty, con-

vex, bounded and closed subset of LP (I, RN verifying the Kuratowski convergence prop-
erty. Let F: I x K — Li(I, RN be a continuous and strictly monotone tensor mapping,.
Then the solution to tensor variational inequality (2) is continuous in I.

Proof: Let {t,} be a sequence in I such that t, — ¢, as r — +00. Let X'() be the solution
to tensor variational inequality (2) and X(¢,), Vr € N, be the solutions to the following
tensor variational inequalities:

(F(ty, X (1)), Y(ty) — X(t)) = 0, VY(t) € K(t,), Vr € N. (13)

Fixed ¢ > 0,let X (¢) be the unique solution to the following perturbed strongly monotone
tensor variational inequality

(F(t, Xe (1) + eXe (D), V() — Xe (D) = 0, V(1) € K(1), in]. (14)

Taking into account Theorem 2.11, it follows that &} (¢) is continuous in I. Hence the
sequence of solutions & (t,), for every r € N, to the following tensor variational inequali-
ties:

(F(tr, Xe(tr) + e Xe(8), V(tr) — Xe(t)) =2 0, VY(t) € K(tr), Vre N (15)

converges to X; (), as r — 4o00. Furthermore, we note that X, () — X(t),as ¢ — 0, in
I. Indeed, considering V(¢) = X, (#),in I, in (2) and Y(¢) = X (¢), in I, in (14) and adding
the inequalities, we have

(F(t, X (1) — F(t, X (1)), Xe (1) — X (D) + e(Xe (1), X(t) — Xe () =0, inl  (16)
For the strict monotonicity assumption on F, it results
(F(t, X (t)) — F(t, Xe (1)), Xe(t) — X (1)) <0, inl
Therefore, by (16), we obtain
e(Xe (D), X(t) — Xe(1) = 0, inl,

and, then,
X7 < (Xe(®), X®) < IXOIXe @], inl.
Hence, we deduce
[XOI < IX®N, inl
Since X (f) € K(t) and K is a bounded subset of L (I, RIN1) it results

X <C, Ve>0,inl.
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Then, there exists a subsequence denoted again by {X: ()} converging in RN to an
element X' (t) € K(t), in I. We need to show that

Xt =X(@®), inl

To this aim, taking into account the continuity of F and passing to thelimitase — 0in (14),
we obtain

(F(t, X)), V() — X(t)) =0, VYY(t) € K(t), in. (17)

Then X is a solution to (2), in I. Since the solution to (2) is unique, then the X, (1) — X (¥),
ase — 0,in L.

By repeating the same arguments with Y (t,) = X (¢,), Vr € N, in (15), and Y(¢t,) =
Xe(t,), for every r € N, in (13), we obtain that there exists a subsequence still denoted
by {X (¢,)}, with X(¢,) € K(¢,), for every r € N, converging to X(t) in RN, namely

X(t,) — X(t),asr — 4o0. Furthermore, by (13), we have
(E(t X(£), V(1) = X(1) 20, YY) € K1),
and, for the uniqueness of the solution to (2), we deduce
riil}:loo X(t) = X(@). |
We would like to underline that the previous results hold also for evolutionary tensor

variational inequalities. In such a case, we obtain the continuity with respect to the time
variable.

2.3. Computational procedure

The continuity results allow us to provide a numerical method, by using a discretization
procedure, for the calculation of solutions to evolutionary tensor variational inequalities.
Under the assumptions of Theorem 2.12, the solution belongs to ([0, T], RINmy Ag a
consequence, we can write (2) with ] = [0, T]andp = g = 2 as

(F(t, X(0), V() — X (1)) = 0, V() € K(®), in [0, T]. (18)

We describe now a procedure to compute the solution to tensor variational inequality (18)
by discretizing the time interval. In detail, we consider a partition of [0, T] such that

O=fHh<thh<...<ti<...<tn=T.

For each value t;,i = 0,1, ..., N, we make use of the projection method presented in [6]
to solve the static tensor variational inequalities

(F(t;, X (1)), Y(t:) — X(t)) =0, VY(t) € K(t;), i=0,1,...,N.
Precisely, starting from any X (#;) fixed, iteratively X (¢;) updates according to the formula
Xie1(t) = Prry (Xie(ti) — aF(ti, Xie(19)),

for k € N, where Pk, (-) is the orthogonal projection map onto K(#;) and « is a suitable
chosen positive step length. We remark that Px,) (X (t;) — aF(t;, Xk(t;))) is the solution
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of the following quadratic programming problem:
1
min  —
Y(t)eK(t) 2

(V(ti), V(i) — (A (ti) — aF (8, Ak (£)), Y (t)),

for k € N. Furthermore X'* is a solution to the tensor variational inequality if and only if
X (ti) = P (X™ (1) — aF(ti, X*(1))).

An accurate analysis on the convergence of such a method has been investigated in [6].
This method gives us the solution of each point-to-point variational problems. To obtain
the solution in the time interval [0, T], the next step is to interpolate, in a suitable way, such
static solutions.

Let us introduce a sequence {r,} of partitions (made up of not necessarily equidistant
points) of the time interval [0, T] such that 7, = {t?, th..., ti\]’},withO = tf <tl<...<

=T, assuming that
ky =max{t: — £ s=1,2,...,N,},

approaches zero, as r — +00.
We construct then the numerical solution to (18) by considering piecewise constant
functions, as below

N,
X, (t) = Z X)L o (D), (19)

s=1

where X (£7) is the solution to (18) for t = £ and 1 ;-1 | is the characteristic function of

the interval [tﬁ_l, [, namely

1 te [t
Lppet s ® :{ [r—l Z[
0 t¢ [tsr ’tr[

We prove that such a sequence converges in L! to the solution to (18). Indeed, let us estimate
the following integral:

/OT
Z[OT

N, £
<3 [ 1o —xaa
s=1""r

Being & uniformly continuous, we deduce that for every ¢ > 0 there exists § > 0 such that
ift e [ti_l, t7] satisfies the condition |t — £}| < § it results

Ny
X0 = XG0
s=1

N, N;
D XD () = Y XE) L o () ”dt
s=1 s=1

&
1X(0) — X)) < 7 Vs=12...,N, ¥reN.
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We choose now r large enough such that k, < §, hence, we obtain
/T
0

The last estimate implies that sequence (19) converges in L!-sense to the solution to
evolutionary tensor variational inequality (18).

N,
i<y %(tﬁ £ Y=, (20)

s=1

N,
X(t) =Y X)L o (8)
s=1

3. The general dynamic oligopolistic market equilibrium model

We are going to present an oligopolistic market equilibrium model in which each firm
produces several different commodities and acts in a time interval. Due to the introduction
of the time dependence, the new model discussed in this section is an extension of the
one introduced in [3]. Moreover, since each firm produces several commodities, it is a
generalization of the model analysed in [1].

Let us consider m firms P;,i = 1,...,m, and n demand markets Q;,j = 1, ..., n, which
are generally spatially separated. Assume that the commodities, produced by the m firms
and consumed by the n markets, are involved during a period of time [0, T], T > 0. Let
us suppose that every firm P; produces ! different commodities. Let us indicate by xZ-(t)
the commodities of kind k shipment between the firm P; and the markets Q; at the time
tel0,T],i=1,...,mj=1,...,n,k=1,...,1I Let us indicate bypf-‘(t) the commodity
output of kind k produced by the firm P;, at the timet € [0, T],i=1,...,m k=1,...,L
Let us indicate by q}‘(t) the demand for the commodity of kind k of the demand market
Qj,atthetimet € [0,T],j=1,...,n,k =1,...,L The variables xg-(t),pf-‘(t) and q]]-‘(t) are
nonnegative, foreveryi=1,...,m,j=1,...,n,k=1,...,], a.e. in [0, T]. For technical
reasons, we assume that X' = (xg-) e L2([0, T], Rlrmily,

We suppose also that the commodity shipment of kind k between the producer P; and
the market Q; has to satisfy time-dependent capacity constraints, namely

0 <xp(t) <xj() <X(t), Vi=1...,mVj=1,...,nVk=1,.,laein[0,T],

where X = (;_cg.) and X = (3?5) are tensor mappings belonging to L?([0, T], Rl""!). Fur-
thermore, we suppose that the following feasibility conditions hold:

n
pr =) "xi(t), Vi=1,...,m,Vk=1,...,1 ae.in[0,T], (21)
j=1
m
qu(t) = ng-(t), Vi=1,...,n,Vk=1,...,], ae.in [0, T]. (22)
i=1

These mean that the quantity produced by each firm P; of kind k, at time ¢ € [0, T], must be
equal to the sum of the commodities of such kind from that firm to all the demand markets,
at the same time ¢ € [0, T]. Moreover, the quantity demanded by each demand market Q;
of kind k, at time ¢t € [0, T], must be equal to the sum of all the commodity shipments
of such kind from all the firms to that demand market, at the same time ¢t € [0, T]. As a
consequence, foreveryi=1,...,m,j=1,...,nand a.e. in [0, T], the total production p;
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by the firm P;,i = 1,...,m, and the total demand g; of the demand market Q;,j =1...,n,
are given by

I n
pi(t) = Z ng(t), Vi=1,...,m, a.e. in [0, T],

k=1 j:l

I m
gi(t) = Z fo;(t), Vi=1,...,n, ae.in [0, T],

k=1 i=1

respectively.
We consider, then, the following convex, closed and bounded subset of the Hilbert space
L2([0, T], R"1) of feasible tensor mappings X € L%([0, T], Rlrmily.

K= {X e L2([0, TLR!™y - 0 < (1) < x(1) < %50,
Vi:1,...,m,\7’j=1,...,n,Vk:l,...,l}. (23)

Moreover, let us introduce fik(t, X (1)), denoting the production cost of the firm P; for
each good of type k, at time t € [0, T],i = 1,...,m,k = 1,...,], which depends upon the
entire production pattern. Analogously, let us denote by d]l.‘(t, X (t)) the demand price for
unity of the commodity of kind k for each demand market Q,j=1,....,n k=1,...,1
assuming that depends upon the entire consumption pattern, at time ¢ € [0, T]. Finally, let
cg-(t, X (1)) be the transaction cost, which includes the transportation cost associated with
trading the commodity between the firm P; and the demand market Q; regarding the good
ofkind k, at time t € [0, T],i=1,...,m,j=1,...,n k=1,...,], and depending upon
the entire shipment pattern.

In our model, the profit v; of the firm P;, i = 1,...,m, at time t € [0, T], is given by

1 n n
vitt, X(0) = Y | Y d e, XO)xfi(t) — [ X (0) = Y it X)) |

k=1 | j=1 j=1

namely the sum of the difference between the price that the demand markets are disposed
to pay minus the production costs and the transportation costs.

The goal is to find a nonnegative commodity distribution tensor mapping X’ for which
the m firms and the n demand markets will be in a state of equilibrium as defined below
by means of a generalization of the Cournot-Nash equilibrium principle.

Definition 3.1: A feasible tensor mapping X'* € K is a general dynamic oligopolistic
market equilibrium distribution if and only if, for each i = 1,.. ., m, it results

vi(t, X* (1)) > vi(t,Xi(t),)efi(t)), VX €K, ae. in [0, T], (24)

where ‘?\A,’ji(t) = X7(®),. ... X[ (1), X (D), ..., X} (1) and X;(t) is a slice of dimension
nl.
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Assuming that the profit function v is continuously differentiable, let us consider the

tensor mapping
v v
pv=4{|—1|.
8x§

Moreover, we will say that Vpv satisfies Assumption (C) if the following conditions hold:

(i) Vpvisa Carathéodory function;
(ii) there exists h € L*>([0, T], R) such that

IVpv(t, X < hOIX @], VX € L2([0, T, RI™),

Let us recall that the function v;, i = 1,. .., m, is said to be pseudoconcave with respect
to the variable X, if

Vi X, ) Xi— Yi) >0
8X 1,-..; i> m

= V,‘(Xl,. X .,Xm) > Vi(Xl,...,Yi,.. .,Xm).

Now, we can establish the following variational formulation.

Theorem 3.2: Let us suppose that, for every firm P;, the profit function vi(t, X (t)) is
pseudoconcave with respect to the variable X;, i =1,...,m, a.e. in [0, T], and continu-
ously differentiable. Let us suppose that the tensor mapping Vpv satisfies Assumption (C).
Then, X* € K is a general dynamic Cournot-Nash equilibrium if and only if it satisfies the
evolutionary tensor variational inequality

L =Vpr(X*), X — X* >
v (t X* ()
_/ ZZZ : (x ,](t)—( ,]) (H)dt > 0, VX eK (25)
i=1 j=1 k=1 ij
Proof: By Lemma 2.3, the evolutionary tensor variational inequality (25) is equivalent to
(—Vpv(t, X*(1)), X (t) — X*()) > 0, VX (t) € K(#), a.e.in [0, T]. (26)

To prove our claim, we assume first that X'*(¢) satisfies the equilibrium condition (24),
which is equivalent to

(=Vpvi(t, X¥* (1)), Xi(t) — X ()) = 0, VX(@) € K@#), ae.in[0,T],i=1,...,m.

Since Vpv; is a continuous function and X, X* € L2([0, T], R[" it follows that ¢ >
(=Vpvi(t, X* (1), Xi(t) — X} (1)) € L2([0, T], R) and, moreover, it results

T
/ (=Vpvi(t, X* (1)), Xi(t) = X7 (t))dt >0, VX eK,i=1,...,m
0

Summing up the previous inequality over all i = 1,. .., m, we obtain (25).
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We assume now that X* € K is a solution to (25) but is not an equilibrium distribution
according to (24). As a consequence, there exist I C [0, T], with m(I) > 0, iefl,...,m}
and X; such that

vi(t, X* (1) < vi(t, X;(D), X*5(1), ae.inl.
By using the pseudoconcavity of the function v;, we deduce

Ivi(t, X (D)
0X;

1

(XF(H) —X;(0) <0, aeinl.

Choosing X' € K such that

X3 (), ae. in[0,T]\I, Vi=1,...,m,
Xi(t) = { X (D), a.e.inl, fori # i,

X;(t), ae. inl, fori =1,

in the left-hand side of inequality (25), we have
T o~
« —VDUXH), X — X e / (—Vpvi(t, X* (1), i(t) — XE(O)dt < 0,
0
which is a contradiction. |

The existence of the equilibrium solution follows by Theorem 2.8 taking into account
that the feasible set K is a convex, closed and bounded subset of L%([0, T], Rl""!) In
particular it results:

Theorem 3.3: Let us suppose that, for every firm P;, the profit function v;(t, X (t)) is pseu-
doconcave with respect to the variable X;, i=1,...,m, a.e. in [0, T], and continuously
differentiable. Furthermore if —Vpv is a pseudomonotone tensor mapping satisfying Assump-
tion (C). Then there exists at least a general dynamic Cournot-Nash equilibrium distribution

X* e K.

3.1. Continuity results for equilibrium distributions

It is also possible to establish conditions under which the general dynamic oligopolistic
market equilibrium problem has continuous solutions with respect to the time variable.
Before to prove such results, we show a preliminary lemma which states that the feasible
set K satisfies the property of the Kuratowski set convergence.

Lemma 3.4: Let X, X € C°([0, T], RI"!) pe nonnegative tensor functions, t € [0, T] and
{t/} be a sequence such that t, — t, as r — +o00. Then, the set sequence

K(ty) = {X(t) e RU™ 2 0 < (1) < xji(tr) < X(ty),
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i=1,....mj=1,...,n k:l,...,l}, VreN,
converges to

Kt = {X@®) e R : 0 < x50) < (1) < %),

i=L...mj=1...,mk=1..1}

in Kuratowski’s sense.

Proof: Letusfixt € [0, T] and a sequence {t,} C [0, T] such that t, — ¢t,as r — +o00. To
reach the claim, it is enough to show that conditions (K1) and (K2) hold. Let X' (¢) € K(¥)
be fixed and let us consider the following sequence:

X(t) = X(t) + min{X(t) — X (1), X(t;) — X(t,)}, VreN.

Let us note that X'(¢,) € K(t,), for every r € N. Indeed, being min{X'(t) — X, X(t,) —
X))} =0, for every r € N, we have X(t,) > X(¢,), for every r € N. On the other
hand, since min{X (t) — i(t),f(t,) — X))} < X(t,) — X(t), for every r € N, it fol-
lows X (t,) < X(t,), for every r € N. Being X (t) < X(t) < X (1), in [0, T], we deduce

lim X(t) = lim {X(t) +min{X(0) - X0, X(t) - X(t)

r——+00

= X (1) + min{X (t) — X (), X (t) — X ()} = X(b).

Then condition (K1) holds.

We prove now condition (K2). Let {X'(t,)} be a fixed sequence, with X' (¢,) € K(t,), for
every r € N, such that X'(t,) — X (¢), as r — +o00. It remains to show that X (t) € K(¢).
Since X (t,) € K(¢,), foreveryr € N,i.e. X(t,) < X(t,) < X (t,), for everyr € N, passing
to thelimitasr — +o00,weobtain X (t) < X(¢) < X(t). Hence, the claim is achieved. W

Making use of Theorem 2.11 and Lemma 3.4, we obtain:

Theorem 3.5: Let X, X € C°([0, T], R("Il) pe nonnegative tensor functions. Let us sup-
pose that, for each firm P;, the profit function v;(t, X (t)) is pseudoconcave with respect
to the variable X;, i = 1,...,n, belonging to C'([0, T] x K, R). Furthermore if —Vpv is
a strongly monotone tensor function satisfying Assumption (C). Then the unique general
dynamic Cournot-Nash equilibrium distribution X* € K is continuous in [0, T].

Taking into account Theorem 2.12, Lemma 3.4 and the boundness of K, we deduce:

Theorem 3.6: Let &,? e C°([0, T], Rlrmily pe nonnegative tensor functions. Let us sup-
pose that, for each firm P;, the profit function v;(t, X (t)) is pseudoconcave with respect to the
variable X;, i = 1,...,m, belonging to C' ([0, T] x K, R). Furthermore if —Vpv is a strictly
monotone tensor function satisfying Assumption (C). Then the unique general dynamic
Cournot-Nash equilibrium distribution X* € K is continuous in [0, T].
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3.2. An example

Let us now consider an economic network consisting of two supply markets and two
demand markets. Each firm produces two different kind of commodities. In Figure 1, the
network is represented, precisely dashed and continuous lines depict the two kinds of com-
modities. We analyse the noncooperative behaviour of the firms in the time interval [0, 2]
computing its evolution in time. The feasible set is

K = {x e L*([0,2, R®) : 2t < xfi(0)
<10t+5 i=12,j=12 k=12, aein [0,2]}.

We consider the production cost function defined by

fLEX (1) = tx] (£) + 2x1,(1), ae.in [0,2],
LX) = x3, (1) + tx}, (1), ae.in[0,2],

£t X (1) = 3x3, (D) + 2tx3,(H),  ae.in [0,2],
BtX®) =t — )3, (1) +x3,(1), ae.in[0,2],

and the demand price function given by
di(t, X (1) = tx},(t) + x5, (t) + 2t — 1, a.e.in[0,2],

1
B (t, X (1) = Ex%l(t) +x3,(H) +3, ae.in[0,2],

d%(t, X)) = x%z(t) + (t+ 1)x%2(t) + 2t, a.e.in[0,2],
d%(t, X)) = 2x%2(t) + tx%z(t) +1, a.e.in[0,2].

The cost transportation function is

1
ch(t,)((t)) = txh(t) + Ex}Z(t) + 3¢, a.e.in|[0,2],
5
(X () = Exil(t) +txd,(t) +4, ae.in[0,2],

3 1 :
chLt, X () = Ex}z(t) - 5x{l(t) —3, ae in[0,2],

et (1, X (1) = x5, (1) + x3,(t), ae. in[0,2],
A X)) = x3,(t) —x3,(1), ae in]0,2],

1 1
(X (1) = Exgl(t) +2x%,(t) + Ex{l(t) +2, ae in[0,2],

C%z (t, X(1) = %x%z(t) + x%l(t) + é(t), a.e. in [0, 2],

(1, X (1) = x5,(t) + tx3,(t) — 2x5,(t), a.e.in [0,2].
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Then, the profit function becomes
vi(t X (1) = x1; (D33 (1) — 2 + Dxyy (1) — %(xﬁ(t)ﬁ + 1y (D3 (1) + 21, (1)

— 2y ()2 + (4 Dy (03 (0) + 2t + Dby () + 2 (e (1))

2 12 12 22 12 2 12

+ tx%z(t)xgz(t) — x%z(t) - ;txfz(t), a.e.in [0, 2],
va(t, X (1) = txi; (x5, () — Z(xgl(t))z + (zt + ;) X1 (1) + %(x%l(t))z — (t+ a3, (D)

+ 13, ()% 4 2x3, (x5, () — (x5,(D)* — txa (DX, (F),  a.e. in [0,2].
Therefore the components of Vpv different from zero are given by

(t X)) = le(t) —2t—1, ae.in[0,2],
11

—(t X)) = —xlz(t) + (t+ l)xzz(t) +2t+1, a.e.in[0,2],

X1
%(t X)) = —xu(t) + x21(t) +2, a.e.in[0,2],
11
(t X)) = 3x12(t) + txzz(t) ;t, a.e.in [0, 2],
X1
@(t X (1) = txd () — 3xdy () + 2t + 3 —txl, (), ae.in]0,2],
le

(t X)) = 2tx22(t) - tx21(t) a.e.in [0, 2],
xzz

(t X (@) = x21(t) —t—1, ae.in|0,2],
21

(t X (1) = 2x},(t) — 2x3,(t), a.e.in [0,2].
22

By Theorem 3.2, the equilibrium distribution is a solution to the following evolutionary
tensor variational inequality:

2 2 2 %
_/ ZZ V’(t i (t))( f§~(t) - (xﬁ)*(t))dt >0, VX ek
0 i1 ke 3

’J

It can be verified that the tensor mapping —Vpv satisfies the assumptions of Theorem 3.5,
thus the general dynamic oligopolistic market equilibrium example has a unique continu-
ous equilibrium solution. We compute an approximate solution to the example by using
the combination of a discretization procedure and the projection method presented in
Section 2.3. Making use of Matlab computations to implement the algorithm, we obtain
the equilibrium distribution curves represented in Figure 2.
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Figure 1. Network structure of the oligopoly.
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Figure 2. Computed equilibrium solution.

4. Concluding remarks

We introduced tensor variational inequalities in Hilbert spaces. Some existence and regu-
larity results are proved. Furthermore a numerical discretization method combined with a
projection one is presented to solve an evolutionary tensor variational inequality. The the-
oretical results are preliminary to analyse a general oligopolistic market equilibrium model
in which each firm produces several commodities in a time interval. The firms act in a non-
cooperative behaviour. Therefore, the equilibrium condition is established as an extension
of the time-dependent Cournot-Nash principle. In addition, it is characterized by means
of an evolutionary tensor variational inequality. Thanks to the variational formulation, the
existence and the regularity of the time-dependent equilibrium distribution are obtained
applying the results proved in the first part of the paper. At last a numerical example is

discussed and solved with the approximate method presented.
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